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Exercise 25 (5 P)

Let R be a commutative graded ring and let I ⊂ R be an ideal. Denote by
π : R → R/I the canonical projection. Show that the following statements are
equivalent.

1. I is homogeneous.

2. If i ∈ I can be written as i =
∑
d∈Z ud with ud ∈ Rd (and with only finitely

many ud non-zero), then also ud ∈ I for all d ∈ Z.

3. I is generated by homogeneous elements.

4. R/I =
⊕

d∈Z π(Rd).

Exercise 26 (7 P)

Let R be a graded commutative ring and let I ⊂ R be a homogeneous ideal.
Show:

1. I is prime if and only if for all homogeneous elements f, g ∈ R we have:
fg ∈ I ⇒ f ∈ I ∨ g ∈ I.

2.
√
I is homogeneous

3. Suppose (Iα)α∈M is a family of homogeneous ideals. Then also 〈Iα|α ∈ M〉
and

⋂
α∈M Iα are homogeneous ideals.

What about the converse implications in 2 and 3?

Exercise 27 (9 P)

Show:

1. The ideal of a cone is proper (i.e. not all of the polynomial ring) and homo-
geneous, and homogeneous proper ideals describe cones.

2. Let M ⊂ Pn be a non-empty subset. Then Ia(C(M)) = Ip(M).

3. Let J ( S be a homogeneous ideal. Then C(Zp(J)) = Za(J) and P (Za(J)) =
Zp(J).

4. The bijections P and C between subset of Pn and cones in An+1 restrict to
bijections

(a) between algebraic sets in Pn and closed cones in An+1,

(b) between projective varieties and affine varieties which are cones.

Please turn over.
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Exercise 28 (3 P)

Let m,n ∈ Z>0 and N = (m+1)(n+1)−1. Label the coordinates of a point z ∈
kN as zi,j with 0 ≤ i ≤ m and 0 ≤ j ≤ n. (In other words, pick a permutation
to identify {0, 1, . . . ,m} × {0, 1, . . . , n} with {0, 1, . . . , N}.) Consider the map
f : Pm × Pn → PN ,

((p0 : · · · : pm), (q0 : · · · : qn)) 7→ (z1,1 : · · · : zm,n)

with zi,j = piqj .

Show that f is well-defined and injective, and that the image of f is the algebraic
set given by the common zeros of

T = {Zi,jZk,l − Zi,lZk,j | 0 ≤ i, k ≤ m , 0 ≤ j, l ≤ n} .
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