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1 Introduction and Summary

Defects in field theories have gained considerable attention in recent years, providing a model
of introducing embedded manifolds of lower dimension and studying the interplay of the
theory along these. These notions have been studied extensively in 3-dimensional Topological
Field Theories [FRS02, [KS10, [FSV13,IDKR11]. In [CMS16], they gave a functorial definition
of such defect TQFTs in dimension 3 extending the notion of ordinary TQFTs of Atiyah-
Segal. This was further generalized for dimension n in [CRS19]. In [CRS17], they constructed
the so-called Reshetikhin-Turaev (RT) TQFT with defects, based on the well-known TQFT
of Reshetikhin and Turaev [RT90, RT91] and motivated by the work of [FSV13], which
considers surface defects, which separate regions of possibly different RT theories. In the RT
with defects constructed in [CRS17], every region is governed by the same RT type theory,
surface defects are labelled by symmetric A-separable Frobenius algebras and line defects
are certain multi-modules over algebras, which label incident surface defects.

A useful tool in the study of TQFTs with defects is that of orbifolds [DPRI [FEFRS09).
In the context of TQFTs with defects as in [CRS19], orbifolds are a specific choice of defect
labels, called orbifold datum, which enable the construction of an ordinary TQFT, called the
orbifold theory. Orbifold data in the RT TQFT with defects have been studied in [CRS1S].
They consist of a Frobenius algebra A, an A-(A ® A) bimodule T', bimodule maps « and
@, a certain algebra endomorphism 1 and a scalar ¢ subject to certain conditions. A more
geometric approach on orbifolds in 3-dimensional TQFTs and even (extended) 3-2-1-TQFTs
was established in [SW18]. There are interesting examples of such orbifolds based on the
work on G-crossed extension theory [DGNOQ9, ENOMO09, BN13| with possible applications
in condensed matter physics and topological quantum computing [KK12, BJQ13, BBCW14].
Let D be a G-crossed extension of C. On the one hand, [CRS1§| defines an orbifold datum
for C. On the other hand, one can pass to the equivariantization of D¢ and consider the
corresponding TQFT, called gauge theory of C. In [CRS1S§]|, the authors conjecture that the
two approaches are the same, i.e. the orbifold theory is isomorphic to the gauge theory. A
particular case of such orbifolds is that of permutation orbifolds of a topological bilayer phase
CXC [BJQI3| [F'S14], which makes use of the Zs-crossed extension determined in [BS11]. The
physical realization of such models by, for instance, lattice dislocations and their potential
advantages in universal quantum computing are discussed in [BJQ13].

The first result of this work is giving the permutation orbifold datum of C X C, which
makes use of the Zy-crossed extension in [BS11]. For that, we prove:

Theorem The datum A = (A, T, a, @, 1, ¢) described in section forms an orbifold
datum for the bilayer system C X C.

Moreover, by following the construction of the orbifold theory, we compute invariants of
the spaces $3, 8! x $? and the lens space L(—2,1).

The second part is providing, for a given G-crossed extension D, new G-crossed extensions
D" in Proposition This family of G-crossed extensions gives rise to a family of orbifold
data for the neutral component. For G = Z,, we prove:

Theorem . The datum AW = (AVk THk ok qik ik @) (see Sec. for any j €
{0,1,2,3} and k € {0,1} forms an orbifold datum for C. In particular, the orbifold datum
A = A0 is part of a family of eight orbifold data.
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We then compare these orbifold data and finally, we find that the lens space L(—2,1)
detects the cocycle w, which modifies the associator.
The thesis is organized as follows:

e In Section [2| we introduce some of the mathematical prerequisites needed. Section
briefly introduces the relevant notions of the theory of tensor categories, where we
also fix the conventions used here (taken mainly from [EGNO15, BKOI1, [TV17]). In
Section [2.2] one can find a review of the algebraic data, which appear in the RT TQFT
with defects. Finally, the theory of G-crossed extensions and related notions is given
in Section [2.3] along with some interesting examples.

e In Section (3.1, we recall the construction of RT TQFTs with defects and their asso-
ciated orbifold data [CRSI7, [CRS1§| and in Section , the topological bilayer phase
and the corresponding permutation defects [BJQ13, [FS14]. We also determine the
permutation orbifold data and Section [3.3 includes the orbifold invariants.

e Section {| provides a family of G-crossed extensions. The corresponding orbifold data
for the G = Z, case are presented in Section 4.2] Finally, we compare the different
orbifold data and their orbifold theories.

We also include appendices [A] and [B] for doing graphical calculus with partitions respec-
tively compare a convention difference for the Zs-crossed extensions.

The main new results in this thesis is the explicit computation of the permutation orbifold
data of C X C obtained by its Zs-extension, the study of a family of eight orbifold data and
the comparison of invariants of the lens space L(—2,1) for their orbifold theories.

There are several directions one can go beyond this work. An interesting problem is
to prove the conjecture of [CRSI1S]|, that the gauge theory [CGPW16l, BN13| and the orb-
ifold theory are isomorphic. One can also try to address this for the Zs-crossed category
C X C @ C by using the results of this work, and the work of [EJP18] on the fusion rules of
the corresponding equivariantization. Furthermore, one can try to generalize the results to
multi-layer phases, i.e. on C*V (see [Pasig]).
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2 Preliminaries

2.1 Conventions

We briefly recall some notions in the theory of tensor categories and fix conventions used in
this text. We adopt the definitions introduced in [EGNOI15|] and the graphical calculus as
introduced in [BKOI, Chapter 2].
Throughout this thesis, the field K will be algebraically closed and of characteristic 0.
For a monoidal category C, we will write (unless otherwise indicated) ® for the monoidal
product, 1 for the unit object, ax y z for the associator of objects X,Y and Z. The monoidal
category C™°P will denote the monoidal category with the opposite monoidal product ®@°P.
For the braiding of two objects X and Y we will write cxy : X®Y — Y ®X. Graphically,

we write
-1 /

CXy —\ Cy x =
AN ANy

For a braided category C, we write C* for the braided category with the same underlying
monoidal category, but equipped with the opposite braiding, i.e. Y% = c;}X. A rigid
category is a monoidal category, for which every object X has a left dual *X and a right
dual X*. We adopt the convention used in [EGNO15] (which is the opposite to [BKO01] and
[TV1T7]), i.e. a right dual comes with the (right) evaluation map

@sz:){@)x*—m
N/
coely = 1 - X" X

which are subject to the snake equations. Similarly, the left dual *X of X comes with
left evaluation map &ux : *X ® X — 1 and coevaluation map Soevy : 1 — X ®*X. This
convention is chosen such that the graphical representation is actually directed to the right,
respectively left. For the definition of pivotal, spherical and ribbon categories see [EGNO15].
A twist of an object X will be denoted by fx. In a ribbon category C, we will not distinguish
left from right dualities and therefore we will always write X* and f* for the dual of an object,
respectively morphism. Let C be a ribbon category. The ribbon category C*" is the category
C with opposite braidings and opposite twists, i.e. 0" = 9)}1.

Recall the notion of tensor categories and fusion categories as in [EGNO15, Def. 4.1.1].
Given a fusion category C, we will write I for the set of representatives of isomorphism classes
of simple objects in C and choose 0 = 1 as the representative of [1]. The duality of C induces

an involution map () : I — I, since for any i € I there exists 7 such that i = i* [BK01].

and coevaluation map



Let X be an object in C and i € I. We write N% for the dimension of the vector space

,,,,,

.....

pf\i) o q/(f) = 0y ,id;.

A union of i-partitions of X for each i € I, gives an [-partition such that
D) WIS
i A

l .

I
>

pa = A ax
Graphically, we will write X and X
The fusion coefficients are defined by
Ni];. =dimC(k,i ® j)

and they satisfy ) .
k _ nk _ ATd ATk

A k-partition of X = i ® j for ¢,j € I describes the fusion (and the split) of i and j.
Graphic?élly, fusion basis elements are

vJ
Q A
A and k .

The associativity of the fusion is described by the so called F-matrix. It is defined by

ik

By the definition axioms of partitions, we deduce



A modular tensor category (MTC) is a ribbon fusion category C such that the s-matrix,
see [BKO1], is non-degenerate. Equivalently, its symmetric center (or Miiger center) (C)ff]
is trivial, i.e. every object in the symmetric center is just a direct sum of 1’s, or even that
CHRC™ ~ Z(C), where Z(C) is the Drinfeld center of C.

For graphical calculus in modular tensor categories, we adopt the convention used in
[BKO1], where uncolored links are interpreted as taking the sum of all colorings by the set
of representatives of isomrphism classes of simple objects I with a weight of the dimension
of each simple object.

Let C be a modular tensor category. Then, we have the following identities

>

X and X X

where p* =" 05d? and D = />, d? = \/pTp~ (see [BKOI], Chapter 3]).

i€l

2.2 Algebraic Data

In this section, we briefly recall the algebraic objects, which play a central role in the con-
struction of Reshetikhin-Turaev TQFT with defects (see [T'V17], [FRS02]). When dealing
with string diagrams of an algebra or a certain module, we often omit putting labels and
instead color them by red resp. green.

Definition 2.1. Let C be a monoidal category.

1. An algebra in C is a tuple A = (A, u,n) consisting of an object A and morphisms
p:A®A— Aand n: 1 — A represented graphically:

IThis consists of all objects U € C such that cx ¢ o cy,x = idygx for all objects X.
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These morphisms are subject to the associativity and unitality conditions:

A A

. Dually, a coalgebra in C is a tuple C' = (C, A, €) consisting of an object C' and mor-

phisms
- T
and .

They are subject to the coassociativity and counitality conditions:

VY py

. A Frobenius algebra is a list A = (A, u,n, A, €) such that (A, u,n) forms an algebra,
(A, A, €) forms a coalgebra and the algebra and coalgebra structures are compatible in

the following way



Let C be a braided category. For an algebra A = (A, u,n), we define the opposite algebra
A°P = (A, u°P,n) with multiplication

op .__
PP = frocaa.

The choice of the braiding instead of the opposite braiding is a convention. If u® = p, the
algebra is called commutative. Similarly, for a coalgebra (C,A,¢€), the opposite coalgebra
C° = (C, A°? ¢) has comultiplication

AP = calc oA.
In a braided category, one can define an algebra structure on their monoidal product.

Namely, for algebras A; and A, the monoidal product A; ® A inherits an algebra structure
with multiplication

Ay A,

\

NA1®A, =T @ N2.

Similarly, the product of coalgebras C', and C5 has comultiplication

)

Cy Cy

and unit

and counit
€CL0C, = €1 & €a.

As before, the choice of these braidings is a convention. If A; and A, are Frobenius algebras,
then A; ® A, with the algebra and coalgebra structures described above is a Frobenius
algebra.

Let C be rigid and (A, i, n) be an algebra. Then, its dual A* admits a coalgebra structure
with comultiplication A := p* and counit € := n*. Similarly, the dual C* of a coalgebra C
forms an algebra. If A is a Frobenius algebra, then A* is also a Frobenius algebra.

Definition 2.2. 1. Let A be an algebra in a monoidal category C. A left A-module is a
pair (M,r) = 4M where M is an object in C and r is a left action of A on M, i.e. a
morphism



r A such that //: -

I

A right A-module is a left A-module in C™°P. A module morphism f : (M,ry) —
(N,ry) is a morphism f: M — N such that

2. Let A and B be two algebras. An A-B-bimodule T carries a left A-actionry : AQT — T
and a right B-action rg : T'® B — B which are compatible, i.e.

/ho

We will write 475 to indicate that T carries an A-B-bimodule structure. Any algebra
A has an A-A-bimodule structure with actions given by its multiplication.

3. We say that a Frobenius algebra A is separable if its multiplication p splits as an
A-A-bimodule map. If its right inverse is the comultiplication, i.e.

then we say that A is A-separable.

4. Let C be a ribbon category. A Frobenius algebra A is called symmetric if
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Remark 2.1. e The Frobenius property in Definition is equivalent to A being an
A-A-bimodule map.

e In Definition (4), the morphism A — A* is even an isomorphism of Frobenius
algebras.

Let A be a Frobenius algebra, (M,rys) a right A-module and (N,ry) a left A-module.
The projector pyry € End(M ® N) is defined by

- ]

Its image is the balanced tensor product (M ®4 N )E| One can show for any Frobenius
algebras A, A" and corresponding right (left) modules M, M’ (N, N') that
HOHl(M ®A N, M, ®A’ N/)
consists of the morphisms f: M ® N — M’ ® N’ such that

fopun=[f=pwnolf

Definition 2.3. Let (M, r) be an A-module in some ribbon category C. The twist of M is
the A-module M*™ = (M, r™) with action

Let Ay, ..., A, be algebras. A multi-module 4, a,M isan (A; ® ---® A,)-module M,
or equivalently an object M with A;-actions r; such that

r; © (ldAZ X 7’]) =T;0 (idAj (059 Ti) @) (021‘1714]' X ldM)

77777

.....

Remark 2.2. If A is a commutative symmetric Frobenius algebra, then a left module M is
local or dyslectic if and only if M™ = M [FFRS06].

Definition 2.4. Let (Ay,..., A,) be a list of algebras and k € Z, be minimal such that
Ai = Alik) mod n- A (maximally) cyclic (Ay, ..., A,)-multi-module is an (A4, ..., A,)-multi-
module together with module isomorphism ¢ : M ™" _y M such that Pk = (9;/[1.

The definition of cyclic multi-modules coincides with that of Z, ,-equivariant objects

as in [EGNOI15, Sec. 2.7]. By an ((Ay,€1),..., (A, €,))-multi-module (where ¢; = £) one
means an (A7, ..., A%)-multi-module, where AT := A and A~ := A°P.

2Tt is the coequalizer of r); ® idy and idys @ ry.
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2.3 (G-crossed categories

We recall some of the notions in the theory of GG-crossed categories, which can be found
in [EGNO15, Kir04, [Tur00], from which we deviate by using a right action Conventionlﬂ.
Without loss of generality, we restrict our attention to monoidal categories with trivial
unitality constraints.

Let G be a finite group. We will write G for the monoidal category whose objects are
precisely the group elements with only identity morphisms and the monoidal product is
given by the group multiplication. Let Aut(C) be the category with autoequivalences on C
as objects and natural isomorphisms as morphisms.

Definition 2.5. Let C be a category. A (right) action of G on C is a monoidal functor
R:G"? — Aut(C); g — R,
such that R, = ide.

Similarly, a G-action on a braided category C is a monoidal functor R : G™ — Aut™(C)
such that R, = ide, where Aut™ (C) now stands for the category of braided autoequivalences
and braided natural isomorphisms.

Let D be a tensor category. A G-grading is a decomposition

D =Pc,

geG

which is compatible with the monoidal structure, i.e. for objects X € C, and Y € C} we
have X ® Y € Cgy,. In particular, it follows that 1 € C; and X* € Cy-1, when X € C,. For
X € Cy, we refer to g € G as the degree of X. A G-grading is called faithful, if C, # 0 for all
ge€aqG.

Definition 2.6. A G-crossed category D is a tensor category together with:
1. A G-grading: D =D, Cy-

2. An action R of the group G on D, i.e. a monoidal functor R : G™® — Aut(D) such
that Ry = idp, such that for all g, h € G we have Ry(Cp,) C Cy-1p,.

For a G-crossed category D = (P, Cy, we will call C; the neutral component (or neutral
sector) and non-trivial components C, will be called (g-)twisted components (sectors). Ac-
cordingly, an object in C; will be called a neutral object, while objects in C, (for a non-trivial
g) will be called (g-)twisted objects. From now on, we will write R,(X) = X.g for the action
of g on the object X and similarly R,(f) = f.g for the action of g on the morphism f.

Remark 2.3. The monoidal structure on R is a family of monoidal natural isomorphisms
Pgh i Bno Ry = Ry, for all g, h € G which satisfy

Pg.hk © (ph»k * ing) = Pgh,k © (lde * pg,h)

3We compare this to the convention of a left action in Appendix
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for all g, h,k € G. In particular, we have isomorphisms p, ,(X) : X.gh = X.g.h. Here o and
* denote the vertical resp. horizontal composition law of natural homomorphisms.

The monoidal structure on the functor R, is given by a natural isomorphismﬂ 55 :
®o (Ry x Ry;) = Ry o ® such that

(Xg®Yg)®Zg X g@ (Y.g® Zg)
ﬁff(X,Y)@idzAgl lidx‘g@)ﬁg(Y,Z)
(X®Y)g® Zg XgoY®2).g
Bf(X@Y,Z)l lﬁff(X,Y@Z)

(X©Y)®2).g "2 (X o (Y @ 2))
commutes and 3f(1, X) = idx = G(X, 1) for all X.

We will refer to the isomorphisms p,; and /6’5” as the (action) coherence isomorphisms.
A G-crossed fusion category is a fusion category with a G-crossed tensor structure.

Example 2.1. e Any tensor category C admits a trivial G-crossed tensor structure with
trivial components C, = 0 for all g # 1 and action functor R, = idc.

e Let C be a pointed fusion category, i.e. every simple object is invertible. Then, the set
of isomorphism classes of simple objects forms a finite group . This gives a natural
G-structure, with the obvious grading and the conjugation action (X).g :=1i*® X ®1,
where ¢ € I is the representative of g € G (for details see [DGNOQ9, Prop. 4.61]).

e As a special case of the previous example, consider the fusion category D = Vectg.
This is the category of G-graded vector spaces with associators defined via a 3-cocycle
w € H3(G,K*). The action on the simple objects is action Kj.g := K,-15,, for g, h € G.

Definition 2.7. A G-crossed braided fusion category is a G-crossed fusion category equipped
with natural isomorphisms ¢§, : X ® Y =Y ® X.h for all X € C; and Y € C}, such that
the diagrams

X®YZ idz®@(BE)~

1
XoYV)9Z 25 70 (XoY)k =5 Z0 (X.koY.k)

—1
wﬂﬂk

ax.y,z (Z (29 Xk) QRY.k

C)R}’Z@idyjk
-1
Ax.z vk

id cl
X@Y®Z) X @(Z0Yh) 2% (X ©Z) 0 Yk

4We write the superscript R to keep in mind that we deal with a right action. In Appendix |B| we will
compare this to the convention of a left action.
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and

X oz) 2 (Y@Z)@thm—pﬂ(maz )@ X.g.h

w‘qh
axly.z Y ®(Z® X.g.h)
(X®Y)®Z—> Y@ Xh)®Z 2%y @ (X.he Z)

commute and cf, = cf | =idy.

Remark 2.4. The above diagrams are the G-crossed analogue of the ordinary hexagon
axioms. The neutral component C; in a G-crossed braided fusion category is, in particular,
a braided fusion category.

Example 2.2. 1. Any braided fusion category is trivially a G-crossed braided fusion
category as in Example

2. Let D be a pointed braided fusion category. Then, the group G of isomorphism classes
of simple objects is abelian and D is a G-crossed braided category. In particular, let G
be a finite abelian group. Then, Vect is naturally a G-crossed braided fusion category.

Following [Kir04], we define a twist in a G-crossed braided category D as a family of
natural isomorphisms 6% : X — X.g for any X € C,, such that

3. 9)]?@1/ = C)@.h,X.g.h © C;g,y.h ° (95? ® 95)7
where we omit writing the obvious structure maps of the action functor.
If D is a G-crossed fusion category equipped with a twist 6 such that

0% =g~ (0%)"
we say that D is a G-crossed ribbon category. If we restrict our attention to the neutral
sector Cy, we notice that it has the structure of an ordinary ribbon category.

Graphical calculus for G-crossed categories is well established [TurlOa]. To distinguish
from the ordinary string diagrams in the non-crossed setting, string diagrams for the G-
crossed case will be coloured blue. For instance, the braiding c¥ y and the morphism ¢ y :=
(cf ;1 x) " olidx ®p;;,1) : X®Y — Y.g7'®X are graphically represented in Figure . The
dotted arrows indicate the degree of the corresponding strand. Hence, every strand which
passes over gets twisted by the degree (or its inverse) of the other strand.

Let D = @@ C, be a G-crossed braided fusion category. Then, we say that D is a G-crossed
extension of C = C;. Similarly, we have the notion of G-crossed ribbon extensions of ribbon
fusion categories.

We recall the notion of equivariantization of a category with a group action [EGNOT5],

Def. 2.7.2

14



=

X9 Y
Figure 2: G-crossed braiding graphically.

Definition 2.8. Let D be a category with a G-action R. The equivariantization of D is a
category D¢. The objects are pairs (X, {’Y;(}geg) where X € D and ’y;( : X.g & X such that

X.g.h [M X.gh

('Yg)-hl l’yfih

Xh—" o X

commutes. A morphism (X, {7, }gec) = (Y. {7) }4ec) is a morphism f: X — Y in D such
that

Voo fg=Ffon)

Let D be a G-crossed braided fusion category. Then, its equivariantization is a braided
fusion category. In fact, there is a dual construction called deequariantization, which estab-
lishes a bijection between G-crossed braided fusion categories and braided fusion categories
containing Rep(G) [EGNOI5, Theorem 8.24.3].

Example 2.3. 1. Let D be a pointed braided fusion category [BN17] with the G-crossed
braided structure via conjugation as described in Example 2.1 Then, by the results of
[DGNOQY, Prop. 4.61], we have a braided equivalence (D)¢ ~ Z(D).

2. In particular, for D = Vect?, in our previous example, we have (Vect$)¥ ~ Z(Vecty,) ~
Rep(D“(@)), where the last equivalence is between the center of Vecty: and the repre-
sentation category of the twisted Drinfeld double of the group G' [NNOS].

The simple objects and fusion rules of DY were studied in [BNT3]. Let X be a simple
object in the G-crossed fusion category D and I'x = {X.g|g € G} be the orbit of the induced
action of G on the set of simples. Moreover, let G, := {g € G|X.g = X} be the stabilizer of
this action. Then, the simple objects in D¢ are in 1-to-1 correspondence with pairs (I'y, ),
where 7 is an irreducible projective n-representation for a certain 2-cocycle 1. The object
associated to the pair (I'x, 7) is Sy ») = ™ @ Pycp, Y- If there is a spherical structure on
the category, the dimension of this object is given by the formula

dim(S(pXJ)) = dxlrxl dlm(ﬂ')
This implies
Dpc = |G|"*Dp = |G| D¢ (2.3)
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3 Defects and Orbifold Data

3.1 Topological Field Theories with defects and orbifold data

The notion of closed n-dimensional TQFTs defined as symmetric monoidal functors on a
certain bordism category Bord,, was extended in [CMSI16] for n = 3 and then in [CRS19)
for arbitrary n by introducing the notion of an n-dimensional TQFT with defects (now on
a certain source category of decorated bordisms Bord(D)). This is done by enlarging
Bord,, into Bord®™* (stratified bordism category) and then labeling strata in this setting
with appropriate defect data.

Definition 3.1. 1. A (closed) n-dimensional stratified manifold is an n-dimensional closed
smooth manifold M together with a filtration M = F,, D --- D Fy D F_; = () such
that:

o M; := F;\F;_; is a j-dimensional smooth manifold with a choice of orientation
of its connected components M}*, also called j-strata.

o If Mo N, # 0, then M C M.

e The total number of strata is finite.

2. A morphism of (closed) stratified manifolds from (M, {F;}) to (M',{F/}) is a con-
tinuous map f : M — M’ such that f(M;) C M; and f restricts to an orientation
preserving smooth map on each stratum M;".

One can generalize the above definition to include manifolds with boundary.

Definition 3.2. 1. An n-dimensional stratified manifold with boundary is an n-dimensional
smooth manifold M with boundary OM together with a filtration M = F,, D --- D
Fy D F_; = () subject to the following conditions:

e The interior M° with filtration FJ’ = M° N F} forms a stratified manifold.

o M; := F;\Fj_; is a smooth submanifold with OM; C OM and all strata meet M
transversally.
e Its boundary OM with filtration F}' = OM N Fjy, is a closed stratified (n —

1)-dimensional manifold with orientations on its j-strata given by the induced
orientations of the corresponding (j + 1)-strata in M.

2. A morphism of stratified manifolds with boundary is a continuous map f : M — M’
such that f(OM) C OM’, f(M;) C Mj, f restricts to a smooth orientation preserving
map on each stratum and f|gys is a morphism of (closed) stratified manifolds.

Any smooth manifold (with boundary) can be viewed trivially as a stratified manifold.
Let 31,35 be two closed (n — 1)-dimensional stratified manifolds. A bordism M : ¥ — ¥ is
a compact n-dimensional stratified manifold M together with an isomorphism (of stratified
(n — 1)-manifolds) ¢ : OM = 35V 11 55, where ¥ denotes the manifold ; with reversed
orientation and reversed orientation on its strata. Two bordisms M, M, : 331 — X5 are called
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equivalent if there exists an isomorphism (of stratified manifolds) f : M; = M, compatible
with the boundary parametrisations.
Finally, the category Bord>" consists of:

e Objects: (n — 1)-dimensional closed stratified manifolds.
e Morphisms: Bord®™ (¥}, %) is formed by equivalence classes of bordisms ¥; — Y.

For now, we restrict to n = 3 and consider stratified bordisms without any 0-strata in
the interiof!|

A set of 3-dimensional defect data is a tuple D = (D3, Do, D1, s,t,7) where D; is a set of
labels for ¢-strata in 3-bordisms and:

o s,t: Dy x {£} — Ds (source/target map) such that for e € {+} s(f,€) = t(f, —e).
e j: Dy x{x} = DsU]],, Pn/Zy, (junction map)
are functions that describe adjacent strata, where
B ={(dy, ... din) € (D2 x {£})"|s(di) = t(di11),i € {0,m — 1}, 5(dm) = t(d1)}

and Z,, acts by cyclic permutations (see [CMS16] for details).

Decorated closed surfaces are closed 2-stratified manifolds with j-strata labeled by ele-
ments in D; ;. Morphisms of decorated closed surfaces are morphisms of stratified surfaces
which also respect the decorations. Decorated 3-bordisms between decorated surfaces are
stratified 3-bordisms (with j-strata labeled by elements in D,) between the underlying strat-
ified surfaces whose boundary parameterization is also compatible with decorations. Two
such bordisms are called equivalent if they are equivalent as stratified bordisms and the
corresponding isomorphism (of stratified manifolds) is also an isomorphism of decorated
manifolds. These data form the decorated bordism category Bord$® (D).

Definition 3.3. A 3-dimensional TQFT with defects given by defect data ID is a symmetric
monoidal functor
Z : Bord§® (D) — Vect.

Defects in Reshetikhin-Turaev TQFT

Let C be a modular tensor category, which is anomaly free, i.e. p™ = p~. Then, C
gives rise to a 3-dimensional TQFT Z® : Bordj"(C) — Vect. The category Bordi’(C)
consists of C-marked surfaces and bordisms with embedded C-coloured ribbon tangles’| For
the construction of the Reshetikhin-Turaev TQFT see [TurlOb, Chap. 4] and [BKO1, Sec.
44].

5This is not a significant restriction as there is a canonical way to add O-strata labels in a given 3-
dimensional defect TQFT. The details can be found in [CMS16],[CRS19].

SWhen pt # p~ one replaces the source category by the extended category m;lb (C), whose objects are
pairs (3, \) where X is an object in Bord3?(C) and A C H; (N, R) a Lagrangian subspace, and its morphisms
are pairs (M,n), where M is a morphism in Bord”(C) and n € Z (The same extension is made for RT
TQFT with defects).
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The goal is to obtain a TQFT with defects using the theory of RT. Surface defects
were already studied in [KS10, [FSV13]. In [ESV13], they considered surface defects, which
separate two RT theories described by modular tensor categories C; and Cy and found that
such defects exist if and only if C; X C5* is braided equivalent to Z (W) for some fusion
category W. A TQFT with defects as in Definition was given in [CRS17], where every
region is governed by the same RT theory. Let C be a modular tensor category. There is
defect data D¢ = (DS, DS, DS, s,t, j) with:

. D§={C)
o DS = {A-separable symmetric Frobenius algebras in C}
° Df = I,ez, Ly, where

Lo = {M S C‘@M = ldM}

and
L, ={((A1,e1),...,(An, &), M)|A; € DS, e; € {£},
M cyclic multi-module for ((Aq,€1), ..., (An,€))}

o s(A,+)=C=1t(A %) VA € DS
L4 .](((Ala 61)7 R (Ana Gn), M)) - [((Ah 61)7 ey (Ana En))]

Theorem ([CRS17]). There is a 3-dimensional defect TQFT Z : Bordj® (D) — Vect.
The construction on a decorated bordism N goes roughly as follows (see [CRS1T]):

e Pick a triangulation]’| for every 2-stratum of N labeled by an algebra A. Its Poincare
dual is thickened into a ribbon network (with coupons). Color each ribbon by A and
each coupon by p for a negative orientation and A for a positive orientation.

e Thicken every 1-stratum in N labelled by ((Ay,€1),. .., (An, €,), M) into an M-colored
ribbon and attach ribbons from the incident surface defects via the action maps p;.

e Evaluate the RT TQFT on the resulting C-marked bordism.

e This gives a construction, which is independent of the choice of triangulation in the
interior. To get rid of the dependence on the boundary, one does a limit construction.

Example 3.1. Surface defects labeled by a A-separable symmetric Frobenius algebra A
with the topology of a sphere $2 can be replaced by inserting in the theory the dimension
of A. To see this, consider the triangulation

A 1

----------

"By a triangulation we mean a A-complex with a total order on its vertices.
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Its dual triangulation leads to

Orbifold Construction
From n-dimensional defect TQFTs and some orbifold data A subject to certain axioms
one can construct a closed n-dimensional TQFT Z4 called the associated orbifold theory

[CRS19]. In [CRS18| such a construction is made for the previous mentioned defect RT
TQFT.

A (special) orbifold datum A consists of labels Ajz, Az, A1, Ad, Ay in the corresponding
defect label sets as well as point insertions v, ¢ for 2-strata resp. 3-strata. These data are

subject to the orbifold axioms [CRSI8, Sec. 2.2]. In Figure [3| the local neighborhoods of
such defects are depicted.

L
I |

Figure 3: Local neighborhoods of orbifold defects.
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The construction of the orbifold theory Z4 on bordisms goes roughly as follows:

For a bordism N pick a triangulation. Its Poincare dual gives a stratification of N.

Label each j-stratum by A; for j > 0 and each positively (negatively) oriented 0-
stratum by AJ (Ay). Each 3-stratum N$ comes with a ¢X»=(V5)/2insertion, while
each 2-stratum N§' comes with a 1)Xs=(N2)_insertion, where Xsym denotes the symmetric
Euler characteristid] [CRSI19].

Evaluate the defect TQFT on this decorated bordism.

Finally, one does a limit construction to get rid of the dependence of the triangulation.

An orbifold datum for a defect RT TQFT (with modular tensor category C) consists of:

7.

. A3 =C,

. Ay = A a A-separable symmetric Frobenius algebra in C,

A1 =T =4 Ths an A— (A® A)-bimodule (with left action p and right actions p1, ps),
- Ad = a € Homu, ayasas(a;Tagas @ay asTasag, 4, Tagag @a, 4, Taz45), ﬂ

. -/46 =ac HomAhAzAsAe (A1TA4A6 ®A4 A4TA2A5’ AlTA2A3 ®A3 A3TA5A6)’

. 1/1 & EndAA(A)X,

¢ S Endc(]l)x.

Moreover, define

= ¢ 7/)1,2 = L2 1/1

and

The above data are subject to the following string diagrammatic identities.

8The symmetric Euler characteristic of a stratum M;* in a manifold M is defined by Xsym (M$) =
2x(M*) — x(Ms* N OM).
9We keep the indices to keep track of the different actions of A on T.

J
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Y3 5 V3
e = = (b_l
W2 [ ¥3 P2

Turaev-Viro Theory
Topological Field theories of Turaev-Viro type can be described via a certain orbifold
theory. This is the result of [CRSI8, Thm. 4.5].

Definition 3.4. Let S be the spherical fusion category with a set of representatives of simple
objects I. Define

L. A= @ieIK

2. T =@, 4er S ® 5, k)

3. aiA@ = Y dg FaYN @
LA p= Yy dg (Fp) TN @
5. ¢? = diag(dy,...,d)
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6. ¢ = (dim(S))™!
For the details see [CRS18| Sec. 4].

Proposition 3.1 ([CRSIS|). The datum AS := (Vect, A, T, o, @, ? ¢) forms an orbifold
datum.

The orbifold theory assigned to A° describes the Turaev-Viro theory. This was proven
in [CRS18, Theorem 4.5]

Theorem ([CRSIS]). Let S be a spherical fusion category and A the orbifold datum from
Definition [3.4f Then, there is an isomorphism

ZTS = Z s,

Orbifold Data from G-crossed ribbon extensions

Let C be a ribbon fusion category and let D = @ C, be some G-crossed extension. Then,
there is a particularly interesting orbifold datum for C, which is derived from this extension
[CRSIS, Sec. 5]. The algebra A is G-graded, i.e. A =@ A,, where A, as an object is the
internal End ([Ost03]) of some simple object m, in Cy, i.e.

Ay = End(my) = m; @ my.
The bimodule is T' = @ T}, 5, where
Ty :=my, @ mg @ my

is an Agp-(A,®A,) bimodule. The bimodule mapsarea = @ oypranda= @ qgnk,

g,h,keG g,h,keG
where
gni Lognk @ Thi — Tynp @ Ty,
Agnk: Lgnk @Thg — Tgni @ Typ
and

¢2|Ag = dT_)’Li ' j'dAg’
¢=1G|"".

The precise definition of the algebra structure, the bimodule structure as well as the bimodule
maps will be given in section for G = Z,. For arbitrary finite groups G see [CRS1S].

Remark 3.1. In [CRSI§| they conjecture that such orbifold theories, which are obtained
via a G-crossed ribbon extension, are of Reshetikhin-Turaev type of the equivariantization
DC ie.

Zy 2 ZRTDY

This relates the construction mentioned here with orbifoldizing or gauging in other literature

[CGPW16, BBCW14).
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Example 3.2. Let C = Vect be the trivial category and let G be a finite abelian group.
Then, Vectys is a G-crossed extension of Vect as discussed in Example It is easy to
check from the definition that the resulting orbifold datum A from this extension coincides
with the orbifold datum AS from Definition for the spherical fusion category S = Vect.
Therefore, this is a Turaev-Viro theory

Z_A ~ ZTV,VeCtG

Recall by the results of [TV92] that the Turaev-Viro theory of a spherical fusion category S
the RT TQFT of the Drinfeld center Z(S). This implies that

Z.A ~ ZRT,Z(VectG)‘ (31)

This agrees with the above mentioned conjecture, since the equivariantization of Vectq is
equivalent to Rep(D(G)) ~ Z(Vects) (see Example [2.3)).

3.2 Zs-crossed extension of C X C and orbifold data

3.2.1 Topological Bilayer Phase

The mathematical notions presented in Section have relevance in physics in the so-called
topological phases of matter, as described in [BBCW14]. If a topological phase carries some
global symmetry described by a finite group G, it is natural to ask it is possible to gauge
this into a local symmetry. Mathematically, this is provided by the theory of G-extensions
[ENOMOQ9]. As suggested in [BBCW14], simple objects in the twisted components C, do
not behave like intrinsic quasi-particles but rather than extrinsic quasi-particles (defects).
Passing through the equivariantization of a G-crossed extension is referred to as gauging the
symmetry, while deequivariantization is referred to as condensing.

A special topological phase is the so called bilayer phase. Mathematically, this is the
Deligne product C X C of a modular tensor category C with itself. It has an obvious Z,-
action, which permutes both layers. The physical realization of such systems is described in
[BJQ13] and their study could bring several benefits to topological quantum computing. In
[BERST0], they gave a family of module category structures on C over CXC. In [BS11], they
gave explicitly the structure of a Zs-crossed extension on D = C X C @ C with all associated
structure maps explicitly by applying the theory of G-equivariant modular functors [KP0OS]|.
This permutation action was later studied in the context of defects in [F'S14].

In this section, we will combine the work of [BS11] and [CRSI18| to determine the per-
mutation orbifold data. Since the orbifold data in the latter are defined just by G-crossed
graphical calculus, it is only a matter of replacing the corresponding structure maps of this
extension. The structure maps are provided explicitly in the appendix[B] For these string di-
agrammatic computations, we use the properties of fusion bases, which are given in Appendix

[A]l For this part, let
D= d

will be the dimension of C. The category C is assumed to be anomaly free, i.e. p™ = p~.
Furthermore, we write g for the non-trivial element in Zs.
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3.2.2 Algebra

The algebra A; is the trivial Frobenius algebra 1p = 1 X 1. Now, let m = my be a
simple object in the twisted component, i.e. a simple in C. We determine the structure on

Ay =m* ®@m in the following way.
Unit:
The unit 7, : I1X 1 — A, is

coet,, = u

Thus, we have 7, = coet,, ®x id;.
Multiplication:
The multiplication pg, : Ay ® Ay — Ay is

Hg =

2

1y = (idye ® 800 @ id,y) 0 (idyr ® aptne

Therefore, we get

Graphically, this is

&

//l/g Q A

-
g
e
>
I
—_

Counit:
The counit ¢, : A, = 1 X 1 is defined by

Thus, we have ¢, = d,, D - &v,, ®x id;.
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Comultiplication:
The comultiplication Ay : A; — A, ® A, is

./

Ag = dr_nl
(3.6)
ie.
A = ! o © (Ut e @ ) © (e ® E0607, @ i),
Graphically, this is
1 k
.
A, = di—’iD Kk A
2,5,k A=1
m ml J (3.7)

In fact, let us check for instance the A-separability of this algebra using the corresponding

k

string diagrams in C.




did, _
=5 D% = idm-gm
iJ,k A
m n
where in the last step we used that
S e
2, i
We collect the above results into the algebra
A=A DA, (3.8)

which is a A-separable Frobenius algebra.

Remark 3.2. The Frobenius algebra A, for m = 1 with multiplication (3.4) and comulti-
plication (3.7)) is part of the family of Frobenius algebras in C X C determined in [BFRSI(].
They also show that this Frobenius algebra is an Azumaya algebra.

3.2.3 Bimodule

In the general case, the bimodule components were defined by Ty, ;, = my . ® mg & my,.

Therefore, in our case we have four components to consider. As objects they are
[ J Tl,l == I]_ & I]_
e Tyi=m"®@m

e Tiy=m"®m
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° Tgyg:m®m.

In all cases, we have trivial actions of A; = 1X1. The bimodules T} ; and 7 4 are simply the
algebra A, as a A, — A,-bimodule. Finally, T, , carries a right (A4, ® A,)-module structure.
The action r : Ty, ® A, — A, is defined by

.

( *\ (3.9)
That is

ry = Cﬁ,m o (id,, ® @2 ®id,,) o (id,, ® a;:m*’m) O G m.m*@m © (Eﬁ’m ® idpmrem)-

=

Graphically, we have

(3.10)

The action 75 is given by

To =

)

(3.11)

Thus, it is the same as the multiplication map up to the first strand, which has opposite
orientation. Therefore, graphically

(3.12)
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The above results form the A-A ® A-bimodule
T=T 10T, T ,DT,,. (3.13)

3.2.4 Bimodule Maps

The next step is to determine the bimodule maps

&g1,92,93 * T9179293 ® T92,g3 - Tglgz,gs ® Tg1792

and
Q1,95 Lgrga.9s @ Tg1.90 = Tg1,9005 © T o8

for all g1, g2, g3 € Zs, i.e. eight components for each.
The map a3 is just the identity of 1 X 1. Next, we consider when there is exactly one
non-trivial element. The map ay11:Ty1 ® T — T,1 ® Ty, is given by

N

Qg1,1 =

This diagram is the same as (3.6|) up to the dimension factor. This implies ay 11 = dy- A,
which we computed in (3.7). The bimodule map ay 1,4 : 11, ® 114, — 11, ® 11, is given by

Q119 = m

which is the multiplication from (3.3), i.e. oy, = 4 and the corresponding diagram in

CRC in (3.4).

The bimodule map ;41 : 714, ® Ty — Ty1 ® T4 is defined by

Q19,1 =

vun
8

One can easily see, that oy 41 = ag11 0 @119 = dig 0 p1g. This results to
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mm/-‘r\ m 1S r S

Using the associativity property of fusion (equation (A.4]) in appendix, this transforms

mue_’/ k i k

to

Ok A

d.
01,91 = @i,k,r,s Z)\ EZ

mm/—'—r\ m S T S

Moving on, we compute the components with two non-trivial group elements. The bi-
module map ay g1 : Ty, @ Ty — T 1 ® T, 4 is given by

F 3

Qg,g,1 = m
(3.14)

coincides with the definition of the action «,,1 = 2 (see equation (3.12))).
The map aq 44 : 111 @Tyy — Ty e ® Ty, is given by

N

A

4 (3.15)

Q1,99 =

which translates to

-1
m*,m,m

Qrgg =0, o (idméi*@)mm) o(id, ®a ) © Qpm* mem © (éoevm ® idymgm)-

m,m,m*Q@m
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Therefore, we get

m (3.16)
The bimodule map a1, : Ty g @ T1g — Ty 4 ® Ty is defined by

|/
Qs -

which is the concatenation of diagrams (3.16) and (3.14)), i.e. ag14 = 1940 Qgg1-

Graphically, this is , ,
ANl

LN,

Finally, the map o g4 : Ty1 @ Ty g — T14 @ T, 4 is

/

_ v
Qg,g,9 = I/

The result is
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g9 = D X Z de ‘

1,7,78 k Au

mlm r Im Imls
The above components collect to the bimodule map

a:TRT>T®T (3.18)

The bimodule maps @, 4, 4, are computed similarly. Namely,

011 = idy (3.19)
a1,1,g = Qg1 (320)
69’171 = 041,179 (321)
Q191 = Q191 (3.22)

The bimodule map &g g1 : 111 @ Tyg — Ty g — Ty1 is

N

Qg,g1 =

The result is

Qg g1 = @ Z D

i3,k A=1
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The bimodule map @ 44 : Ty, @ T1 g — T11 @T11 — Ty 4 is defined by

.

'\

TN

This coincides with the diagram (3.9)) which implies @; 4, = 71.
Finally, the bimodule map @y 44 : 11, ® Ty 4 — Ty1 ® T, 4 is given by

\

- A
Qg,9.9 = 7

Qlgg =

which implies

ok

Qg.g9 = @ Z

’i,j,T,S k )‘uu'

ml m
The above data form the bimodule map

a:TRXT—-TT (3.23)
The point insertions are
¥ =ida, @ d%idy, (3.24)
and ] ]
e 3.25
¢ Zo| 2 (3:25)

This concludes all the elements of the permutation orbifold datum, which is stated in the
following theorem.

Theorem 1. The datum A = (A, T,a,@,v, ) from (3.8), (3-13), (B.18), (3-23), (3.24) and
(3.25) forms an orbifold datum for the bilayer C X C.
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Example 3.3. Consider the trivial category C = Vect. The double copy Vect X Vect is
equivalent to just Vect. Choosing the half-twist isomorphism o = id, the Zs-extension of
Vect coincides with the category Vecty,, see Example

From Example 3.2] we know that the associated orbifold theory is isomorphic to the
Turaev-Viro theory of Vectz, or equivalently the RT TQFT of Rep(D(Zs)). In particular,
this is an instance of the Kitaev’s Toric Model [KK12].

3.3 Computations of Invariants of the Orbifold TQFT

In this section, we will compute some invariants associated to the permutation orbifold the-
ory. Since the construction of the orbifold theory involves oriented triangulations and their
Poincare duals, it quickly becomes complicated and tedious to work with, even for cases like
the state space of $2 or invariants of $' x $? etc. Therefore, we will make the assumption,
that every stratification with local neighborhoods as in Figure |3| and with contractibleEl
strata in all dimensions is the result of a Poincare stratification by the use of the orbifold
axioms. We refer to such stratifications as orbifold stratifications. Every surface defect ap-
pearing in this section, will inherit the paperplane orientation.

The 3-sphere

Consider the stratification of $* in Figure dla] One can think of the $? as a surface
defect, together with a bubble sitting on its surface and a smaller bubble on the side. In
total, there are four separate regions, the interiors of the sphere and the bubbles as well as
the exterior part. The surfaces give rise to six different strata and there are four line strata,
all between the two 0-strata. Every stratum is contractible and in particular, the 3-strata
and the 2-strata come with ¢ resp. 1%-insertions. Using the axioms of orbifold data, one can
separate the bubbles in expense of two v/*-insertions and obtain the stratification in Figure
4Dl

-

(a) Orbifold stratification of $3 with an

5 . (b) Stratification of $3 with an $2-
$--defect with two stacked bubbles.

defect and two separated bubbles.

Figure 4

10A j-stratum M & in a bordism M is called contractible, if it is a contractible j-manifold and oM N My
is contractible as a (j — 1)-manifold.
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Moreover, the stratification of Figure can be simplified via the bubble move of orb-
ifolds. The result is illustrated in Figure [, where there is only the surface defect of $2
together with a 1*-insertion and two ¢’s.

Figure 5: Stratification of $3 via an $2-defect.

In Example [3.1, we have seen that RT TQFT with defects replaces a sphere stratum by
the dimension of the Frobenius algebra label. In the same way, a sphere stratum with point
insertion 1* gives a factor of tr,(¢*). Hence, the orbifold invariant is

Z4(8) = PirahZ(S) = Diraw?)

In the case, where the orbifold data is coming from a G-crossed extension, i.e.

e

and

v =EPd, Pida,,
g

the orbifold theory on the sphere is

1 1 1 1
ZA(S) = ——— —dim(A,) = ——= l=——. 3.26
A5 = Befar 2 ) = par 21T B (320
On the other hand, the gauge theory assigns
1 1
ZRTDY @3y _ —
( ) DDG DC|G|’

where the last equality follows from equation (2.3]), which agrees with the result of the orb-
ifold theory as expected by Remark [3.1}

The space $! x $?

To compute the orbifold theory on $' x $2, we consider the stratification in Figure [6a
One can think of this stratifcation as the result of a torus defect with the meridian disks of
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(0} .¢
” - lr S ~ T~ ~
. . . 1 2
(a) Orbifold sftratlﬁcatlon 'of 5 ><' 5 (b) Stratification of $' x $2
via a torus d(? ect, two mfarldlnan disks via a torus, two meridian
?ndahalf—cyhnder wrapping aroung the disks and a bubble on the
orus.

torus.

Figure 6

itself and its complement torus. Moreover, there is a half-cylinder that wraps around the
torus as depicted in the figure. Obviously, this stratification is sufficient, but too complicated
as it consists of many strata, including six O-strata. However, we are able to use the orbifold
axioms once again to obtain a simpler stratification. Using the axioms we can retract the
outer half-cylinder into a bubble as depicted in Figure[6b] As before, the bubble move gives
the stratification shown in Figure [7]

There are two 3-strata, which are open balls and therefore get a ¢ factor each. There are
four 2-strata 1,2, Cy and C5. The surface defects o1 and Y5 are disks and therefore carry
%-insertions, while Cy and C, are cylinders, hence there come without point insertions. The
line defects separating these surfaces are the two green lines.

The next step is to evaluate this decorated manifold using the RT TQFT with defects
as constructed in [CRS17]. For this, we need to obtain a ribbon network by stratifying each
surface by its dual triangulation and then attaching each algebra ribbon to the corresponding
module ribbons. If the surface is a disk carrying a -insertion, then it is easy to see
that by construction, this will only result to a %?-insertion on the adjacent module via the
corresponding action. This can be seen by the following identities, which make use of the
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Figure 7: Stratification of $! x $2 via a torus surface and two meridian disks.

algebra properties and the fact that ¢ is an A-A-bimodule map.

zpz zpz 2 <
) F o

Hence, the disk defects ¥; and X, each insert 17 resp. 13 on the neighbouring line defects.

Consider now the cylinder defects. Choose the triangulation and its dual of a cylinder as
shown in Figure [8a] where the left and right side get identified. The resulting ribbon graph
gives rise to a morphism xk : A* — A*. The two free ends of this ribbon graph will then
attach via the action maps onto the adjacent line defects.

A 4

Y

(a) Stratification (b) Ribbon network

Hence, the resulting ribbon graph embedded in $! x $2 is
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It only remains to evaluate the ordinary RT TQFT on this bordism. The space $! x $2
is obtained via surgery of $% along the unknot (with no framing) (see [PS10] on surgery).
Therefore, by the construction of the Reshetikhin-Turaev invariants we get the formula

Z4(5" X 8) = D S

Let us now restrict to the G-graded case. One can show for the morphism « restricted to
the algebra A, that
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Then, the above formula becomes

ZAS % $2) =G Y d2d?

mp " Mgp

,heG

= |G|~ ZZd A At dim(Ty ) dim(T pe1n)

My Mgp Mg My,

:\GHZ1:1

g;h

since the dimension of T} ; is equal to dmgh dynydm,, - This result comes to no surprise as this
invariant counts the dimension of the state space on $2.

Lens Space

We now consider the lens space L(—2,1) and pick the stratification obtained via its
Heegaard diagram [PS10] as shown in Figure @ There are two regions corresponding to the
interior of the solid tori. There are four 2-strata, which are all just disks. These are the
two meridian disks as well as the two surface regions on the torus. The four line defects are
the line segments on the meridians, which are separated by the two O-strata placed in the
intersection points of both meridians. One can check, that this is a valid stratification for
our orbifold theory.

The next step is to replace each surface defect by ribbons colored by the algebra A and
attach them to the ribbons of the bimodule 7. The O-strata will then be replaced by the
bimodule maps @ (in both cases) because of their orientation. Since the surfaces are all
disks, they only contribute via 1)-insertions on one adjacent line. The resulting ribbon
graph embedded around the core of the inner torus is given in Figure [10, where we define
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Figure 9: Heegaard diagram of a lens space

the morphism A: T® T — T ® T by

a

v
Lo
~eu3

w2
Ui

Figure 10: Lens Space with embedded graph.

(3.27)

Recall that a Lens space L(n,1) for an integer n is obtained via surgery on $° along
the unknot with an n-framing, i.e. L(n,1) = Mo~ [BKOI]. Hence, by definition of the
Reshetikhin-Turaev invariants, we get



971
Zu(L(~2.1)) = D*¢* A\—/Q—D"
U (3.28)

Consider now the G-graded case. Then, equation ((3.28]) becomes

971
/ —
Sia U
ZA(L(-2,1)) = D2lG1 2 Y | Mg
g:

Th,hflgh )

(3.29)

where Ag s 2 Th p-100@Tyn n-19n — Tgn p—1gn @Th n-14n are the components of the morphism
A, ie.

Tynh-1gh Th.h-1gn
A
o A
_og-1g-14-1 -1
Agvh - dmgdmhdmghdh—lgh
i (8
rJ
+

After a short calculation, by inserting the definition of &g 1, one gets
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_ g-1,4-1 -1
Agyh - dmhdmghdhflgh' Mp=1gh Mp=1gh

Th,hflgh Tgh,hflgh (331)

where the empty coupons are the identities and blue strands indicate the use of G-crossed
graphical calculus.

For the group G = Z,, there are four summands in equation . One can easily see
that the summand with A; ; gives just Y, 6;?d?, which is the contribution of the uncolored
link with framing -2. The map Ay, : T, 1 ® T, = T, ® T, is given by

Tg,l Tg,l

91 Tyq (3.32)

It easily follows that the corresponding summand gives ) . 6, 2d?. Furthermore,

Tg,g Tl,g

Ag71 - d_2' 3

T, Ty, (3.33)
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and

T,

9.9

T, (3.34)

After a short calculation, in both cases, inserting the above into the summands of equation
(13.29), we find that the part remaining is

(3.35)

Example 3.4. Let C = Vect with the Zs-extension Vectz,. From (3.29)), we find

ZA(L(=2,1)) = 111 Y o1=1

g,h€Zo

g°=1
Remark 3.3. To find an orbifold stratificaton for the Lens space L(—2,1), we used its
Heegaard diagram. One can do this for any lens space L(p, q), where the number of strata
depends on each space. For instance, the Heegaard diagram of $3 will contain exactly one
0-stratum.
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4 A family of G-crossed categories and orbifold data

4.1 Parametrizing G-crossed categories

In this section, we provide modifications of the structure maps of G-crossed categories, which
lead to a family of distinct G-crossed categories. This is inspired from passing from Vectg
to Vect? for an abelian group G with an abelian cocycle (w, o) [EGNO15].

Parametrized Associators
Let D be a (right) G-crossed category as described above. Then, we can modify the
associators by defining for a 3-cochain w : G x G x G — K* the associators

axyz = w(g1, 92, 93)ax,y,z (4.1)

where g1, g2, g3 are the degrees of the objects X, Y, Z. These are still natural isomorphisms as
the category is G-graded. To ensure that the pentagon axioms are still satisfied, we impose
the equation

w(g1, 92, 9394)w (9192, g3, 91) = w(g2, g3, 9a)w (g1, 9293, 9a)w(91, 92, g3)- (4.2a)
Thus, w is a 3-cocycle, i.e. w € Z3(G). Moreover, the triangle axioms imply
w(gb 1792) = 17 (42b)

which by the cocycle equation (4.2al) implies
W(gl, 1a92) = w<917927 1) = w(l,gl,QQ) = 17

i.e. w is a normalised cocycle. So far, this modification ensures that D“ is a G-graded
monoidal category. The compatibility condition with the action is satisfied

w(97'919,9 929, 9" 939) = w(g1, g2, g3), (4.2¢)

i.e. invariant under conjugation.

Modified Braidings Let D be now a G-crossed braided category with braidings cx y.
Let 0 : G x G — K* be a 2-cochain. As before, we now modify the braiding by defining

Ky = 0(g1, g2)cx v (4.3)
where g1, go are the degrees of X and Y. The unitality of the braiding is satisfied, if
o(g,1) =0(1,9) = 1. (4.4a)

The hexagon axioms are satisfied if

' =w(g3, 95" 9193, 95 '9293)0 (g1, g3)

(9192, 93)w (91, 92, 93)~ (
(91,93 95 "9293) "0 (g2, g3) (4.4b)
(
(

w

(g1, 9293)w (g1, 92, 93) =w (92, 93, (9293) ' 91(9293)) "o (95 ' 9192, 93)
w(g2, 9519192, 93)0 (91, 92) (4.4c)
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The action coherence condition is satisfied if

o(97' 919,97 929) = (g1, 92), (4.4d)

i.e. if ¢ is invariant under conjugacy.

Remark 4.1. Notice that if G is an abelian group, this is the same as the notion of abelian
cocycles (w,0) € Z3, (G) (see [EGNOTH]).

Example 4.1. Consider G = Zy = {1,¢g}. It is well known, that the abelian cohomology
of Zy is given as H3,(Zy) = Z,. Namely, after normalizing the four inequivalent abelian
cocycles, they are given by o
w(g,9,9) =™
and o
o(g.9) i= €™/
for j € {0,1,2,3}.
If in addition D is rigid, then the dualities pick up the modification made to the associator.

Namely, let D be rigid with evaluation and coevaluation maps eb, coel, v, toev. The rigidity
conditions are:

1. (@X ®idx) o a}}X*7X o (idx ® coetx) = idx
2. (idx- ® elx) o ax~ x.x- 0 (Coelx ®idx-) = idx~
3. (idx ® &vx) 0 ax x-x o (foevy ®idy) = idx
4. (vx ®@idx-) o axt x y- o (idx- ® Coevy) = idx-

Hence, the evaluation and coevaluation maps change according to the associator modifi-
cation. For an object X € C,, we set:

ety = (g) - elx (4.52)
coel'y = K (g) - coely (4.5b)

and similarly with %(g) for the left evaluation and coevaluation maps, where we fix ?(g)
as a square root of w(g, g1, ¢) and % (g) as a square root of w(g—*,g,g).

In this way, D (and D“* if braided) becomes G-crossed (braided) rigid category. Notice
also, that by definition the dual functor on morphisms remains the same as for f € C,(X,Y),

f* = (idx ® ely) @ (idx- @ (f @ idy+)) 0 ax- xy- o (Coeby @ idy-)

Modified Twists
Let D be now a G-crossed ribbon category with twist 6. The left dualities are induced
using the twist, i.e. *X = X* with maps

[ ) %X = @X O CX*,X O <1dX* ®9X)
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° éoevx = (9;(1 ®idx«) o €x» x © coebx

just like in the non-crossed case.

Thus, it is pivotal with *f = f*. Let us now modify the twist by introducing a function
v : G — K* and define for X € C,

0% == v(g)fx. (4.6)
This defines a natural isomorphism. To ensure that the twist axioms are satisfied, we
impose

v(l)=1 (4.7a)
v(h~'gh) = v(g) (4.7b)
v(gh) = o(h,h™ gh)a(g, h)v(g)v(h) (4.7¢)
and for the ribbon property
v(g™") = v(g). (4.7d)

The modification on the twist implies

% (9)=TR(9)olg™" 9)v(g)

and
®(9) =v(9)"olg.g7") R (9)-
All in all, out of a given G-crossed ribbon extension of C one obtains a family of distinct

G-crossed extensions by modifying the structure maps. This is formulated in the following
proposition.

Proposition 4.1. Let D be a G-crossed ribbon fusion extension of a ribbon fusion category C
with associativity constraints axy,z, bradings cxy and twist Ox and let D*°" be the category
equipped with the modified structure maps of equations , , . If w,o,v satisfy
equations (4.2a)-(4.2d),[d.4ad)-(4.4d) and (4.7a)-(£.7d), then D" is a G-crossed ribbon
extension of C.

Example 4.2. Continuing the example of G = Z, we find that the modification of the twist
should satisfy (1) = 1 and o(g, g)?v(9)* = 1, i.e. v(g) = +0(g,g). Thus we have

v(g) = ot (i/2+k)
for j as before and k € {0,1}. We also fix for the dualities
Rlg) =
as a square root of w(g, g,g) and thus
?(g) — im(i/2+k)

Since j € {0,1,2,3} and k € {0,1}, we have a family of eight distinct Zs-crossed ribbon
Cz(ite)gories DUk The dimension of an object in the twisted sector is then modified as
AP = ey
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4.2 Parametrized orbifold data

Let {D7*} be the family of Z,-crossed ribbon fusion categories from example . Let
A = (A T,a,a,v,¢) be the orbifold datum of C derived by D = D% as in [CRSIS].
We now describe a family of orbifold data AW* = (Ak T3k qik @ik ik @ik) which are
obtained by the different Zs-crossed structures.

The underlying objects of A%* and T7* are the same as those of A and T respectively.
In what follows, we only give the non-trivial changes. The component algebra Ag’k has the
following structure maps.

(k) — pimi/2

/‘Lg :u!]
D) = e=imil2y

AGR) = e=imil2p (48)

) — il
The bimodule components Tg”f and T f: are just the algebra object Ag’k and therefore, their

left and right non-trivial actions are given by p*. The bimodule T7* is a right module over
Ak @ AJ*. The actions are given by

ik .
,r.§] ) _ 67,71']/2,’,_1

réj’k) _ emj/zr2 (4-9)
The bimodule maps o/* : T® T — T ®@ T are given by
aé{fi _ efiwj/2+i7rkoég’171
agjlk; . emj/zal,w
gj,glg = e™a g,
Oéggk; - €7mj/2+i7rk0él’g7g (410)
as(ij,,g]? - em/%‘gy,l
agty =™ a1,
gy =g
and
@f] % 627”/2069’171
Oég ]i(); 6—i7rj/2+z7rkal71’g
ag % e”kal,g,l
aft = emila, (4.11)

P . —
—(J ) —e zwg/Q—I—mrka

Xg.g.1 9,951
(J»k) J— irk—

ag,l,g e Oé97 9

=(5.k) — imi—=

Qggg9 — € "Qggg
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Moreover,

YOR|Ag = ™2y . (4.12)
The scalar ¢/ = ¢ = 1/|G| remains as before.

Theorem 2. The datum A = (A THk ik qik pi* ) for any j € {0,1,2,3} and
k € {0,1} forms an orbifold datum for C. In particular, the orbifold datum A = A0 s
part of a family of eight orbifold data.

In particular, the orbifold datum of CXC in Theorem [1]is part of an eight element family
of orbifold data.

Example 4.3. Consider C = Vect with the extension Vectz,. Then, the modification by
the cocycle w leads to the category Vecty,. One can easily check, that the orbifold datum
derived by the extension coincides, once again, with the orbifold datum for the Turaev-Viro
theory of Vecty , which is isomorphic to the RT TQFT of Rep(D“(Z;)). Therefore, this
datum describes Dijkgraaf-Witten theories.

If we restrict our attention to the algebras Aéj’k), then we notice that they only depend
on j, i.e. Aéj’o) = Aéj’l). Moreover, they are isomorphic as Frobenius algebras with the
isomorphism f : AV A, = ALY oiven by f = ei™/2 . id. Hence, the Frobenius algebras
A% which are part of the orbifold data A’* are all pairwise isomorphic.

4.3 Comparison of the modified orbifold data

In [CRS18] they give the notion of a Morita transport of an orbifold datum. Let A =
(A, T, a,@, 1, ¢) be an orbifold datum for a MTC C and let B be a symmetric A-separable
Frobenius algebra, such that A and B are Morita equivalent with Morita module X € A-B-
Mod, i.e. X*®4 X = B as B-B-bimodules and X ® X* = A as A-A-bimodules. The Morita
transport of A along X is the list

AX = (B7 TX7 O{X7aX7 wX7 ¢)7

where TX = X* ®4 T ®44 (X ® X) is an B-(B ® B)-bimodule. For the precise definition of
each object, we refer to [CRSI8| Def. 3.7].

We consider now the case where B and A are even isomorphic as Frobenius algebras
with f : A — B such an isomorphism. In particular, they are Mortia equivalent with Morita
module X = B. We write T for the object T with the induced B-(B® B)-bimodule structure.

Define ¢p := fot o f~1.

Lemma 1. The list B := (B, T, o, @, 0, @) forms an orbifold datum and its orbifold theory
is isomorphic to the orbifold theory of the Morita transport AX, i.e.

Zp = Z x.
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Proof. To prove that B is an orbifold datum, one needs to check the orbifold equations.
One can easily check these by using that f is an isomorphism of Frobenius algebras and the
definition of the induced B-actions.

Next, we want to show that the associated orbifold theory is isomorphic to that of the
Morita transport. To see this, we first notice that

TX =B*®@,T @44 (B® B)
~B* @p T ®pp (B® B) (4.13)
~B*@T BT =T
as B-(B ® B)-bimodules, where we used, that B* = B as Frobenius algebras (from equation

(2.2)). Using this bimodule isomorphisms, we find that the diagrams

TX @ TX oX, 7X g X

gl lg

TQT ——TxT

and
—X
TXTX 2 TX o TX
TRQT —* > TQT
commute.

This is exactly the notion of a T-compatible isomorphism between the orbifold data AX
and B := (B, T,a, @, ¢) [CRS18, Def. 3.12]. Therefore, by [CRSI8, Lem. 3.13, Prop.
3.11] we have isomorphic orbifold theories

]

Let us now return to our case, where we have the algebra isomorphism f : AU*) — A,
Then, we get by the above lemma the orbifold datum

B(]’k) — (A’ T7 O{(j7k),a(j7k), w(%’ﬂ) ¢)7

which is T-isomorphic to the Morita transport of A** along A and describes the same orb-
ifold theory as A7*. Thus, to compare the orbifold theories of the distinct orbifold data, it is
sufficient to compare the ones associated to BY*) and the original orbifold theory A. These
differ only in their bimodule maps and ¢ insertions.

Comparison of Invariants

In section [3.3] we computed the invariants of the orbifold theory on $2, $! x $2 and
L(=2,1). The first two invariants do not change under the different orbifold data A’* as
they are just equal to % respectively 1. However, there are certain non-trivial terms of the
bimodule maps and the dimensions in equation (3.29)) which depend on the parameters j, k.
Namely, for the different orbifold data B**, A gets modified as
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gk _

o Avy =A
gk _

hd Al,g - ALQ

° Aj’k — oM\
g,1 — g,1
Jk — pimj

° Ag,g =e" Ny

Example 4.4. Consider the orbifold data for Vect derived by the Zs-extension. Then, we
get

1 L 1 .
Zpik(L(—=2,1)) = 1(2 +2e™) = 5(1 +e™).

Therefore, the lens space L(—2,1) detects the 3-cocycle w.
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A Partition Properties

Let C be a ribbon fusion category and I the set of representatives of isomorphism classes of
simple objects. For an object X and i € I, let {p,} and {g,} be an i-partition as introduced
in Section [2.1] Then, such partitions satisfy the following equalities, which can be found in
[TV17, Lemma 4.9].

(A.2)
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B Right Z,- crossed structure on D=CXC_C & C

B.1 From left to right G-crossed categories

Let D = @, Cy denote a G-crossed category with left action functor L : G — Aut(D)
[EGNOT5]. We will write D = D for this left stucture. However, we also get a right
G-crossed structure by defining the right action functor by the composite

G™P — G & End(D),

where we pass through group inverses. Thus, we have R, := L, and structure maps
Pgh = Ap-14-1. This functor is monoidal as a composition of monoidal functors. We will
also write D for D seen as a right G-crossed category.

If in addition, D is left G-crossed monoidal, then D¥ is right G-crossed monoidal with
the same underlying monoidal structure, since R,(Cp,) := Ly-1(Cy) C Cy-144. The coherence
isomorphisms ﬁf are given by the (left) coherence isomorphisms ,8;_1. The same happens if
we have a rigid structure. If D' is G-crossed braided with braiding c%Y XRY -9 Y®X,
then we find braidings for its right crossed counterpart. The (right) crossed braiding cﬁy :
X®Y Y ®X.h:=Y ®h1.X is defined via the (left) under-crossing

Ci’y = 6ggy.
We notice that by doing that, the neutral sector is given the opposite braiding. Thus, if D*
was a braided extension of the braided category C, then its right counterpart D¥ is a right
crossed extension of C™V.

If in addition, we have a (left) twist 0% : X — ¢.X, then we get a (right) twist 6% : X —
X.g: =g 1 X by

0% =g 1 (0%) o )\;_1179

Again, restricted to the neutral sector, this corresponds to changing the twist by the
opposite twist. Therefore, if D was the G-crossed ribbon extension of a ribbon fusion
category C, then D¥ is a right G-crossed ribbon extension of C™.

B.2 Z,-crossed extension of C X C

In[BS11], they input an anomaly free modular tensor category C and they obtain a (left)
Zo-crossed extension of C X C. Let C be the modular tensor category of interest. In this
section, we input C™ in their results, to obtain a left crossed extension of C**VKIC™. Passing
to the convention of right crossed extensions as instructed in the previous section, we obtain,
as wished, a right crossed extension of C X C.

We adopt the same convention as in [BS11] and omit writing the tensor product of C on
objects, i.e. X®cY = XY and by ® we denote the tensor product of D. The tensor product
of two objects in the neutral sector is just the tensor product in the Deligne product, i.e.

(Al IE Az) ® (Bl & Bg) == AlBl IE AQBQ.
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For the tensor product of a neutral and a twisted object, we have
(A1 Ay) @ X = A1 A X

and
X® (Al X Ag) = XAlAQ.
Finally, the tensor product of two twisted objects is given by
XY =PXYiei
iel

The unit 1p is the unit in CX C, i.e. 1 X 1 and the left and right unitality constraints
are identities.
Associators:

The associativity constraint on three neutral objects is

A A1RA5,B1XBy,C1RCy = 1dAlBlCl®AQB2Cg-

For the associativity constraints of two neutral objects and one twisted object, we get:

. -1 .
AARAS,BIRB,,x = 1da, Qc ¢y, g @c idp,x

X, A,8Ay,B:18B, = 1dx 4, ®c Cay B, Q¢ idp,

QA RA>,X,B1KBy —

Al A, Bl B

Remark B.1. The above associativity constraints endow C with a bimodule structure over
C X C. They are part of a family of such bimodule structures, found in [BERST0].

The associativity constraints between one neutral object and two twisted objects are
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ax,y,mma, = D 2\

AA1RA2, XY = @i,j ZA

_ rFy
ax.am4,y = D; 4

XA

Finally, the associativity constraint of three twisted objects is

\

_ i A A \r\
axyz =@, 5

xl vl Z

Braiding:
The braiding of two neutral objects is just the braiding in CX C, i.e.

R _
CA1|XA2,81|Z’BQ - CAlyBl ®K CAZyBZ'

The braiding between a neutral and a twisted object is
and
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R _
CAIRALX = \

Al A ))
X ama, = ﬂ o1
Xl Al Ay

The braiding of two twisted objects is

where o is the morphism described in [BS11] coming from the half-twist, which squares
to 6.

The twist of a neutral object coincides with the twist in CX C, i.e.

Oam4, = 04, Ok Oa,,

while the twist of a twisted object is given by the half-twist morphism 0y = ox.
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