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Problem 1. Let g,h be Lie algebras over a field K. Recall that the enveloping algebra U(g) of g was
constructed in the lecture as the quotient of the tensor algebra T'(g) by the two-sided ideal I C T'(g)
generated by the vectors x ® y —y ® « — [z, y] with =,y € g. The canonical embedding ¢4 : g — U(g) was
given by the map x — x + I.

1. Show that for every Lie algebra homomorphism ¢ : g — b there is a unique morphism U(yp) :
U(g) — U(h) of associative algebras, such that vy 0 ¢ = U(p) o t4.

Solution. Let us recall that the universal property of the universal enveloping algebra (U(g),tq) of the
Lie algebra g reads like as follows. For every (unital associative)' K-algebra, and every morphism
(of Lie algebras) f : g — A, there exists a unique unital> morphism (of algebras) f: U(g) — A.
This can be summarized by the following diagram.:

U(g)
. \
¢ |3 (unital)
Y

g——>4

f

The algebra U(h) is unital and associative. The map tyo¢: g — U(h) is a Lie algebra map, hence,

thanks to the universal property we know that there exist a unital map U(@) := vy 0 ¢ such that the
following diagram commutes:

U(g)

g m U(h)

This is what we wanted. The uniqueness follows from the fact that, as an algebra, U(h) is generated
by 1g(g) and by 1 and the image hence the images of these element by U(¢) are determined by the
required equality. O

2. Let ¢ : g — ¢’ and ¢ : ¢’ — g” be Lie algebra homomorphisms. Show that the equalities U(idy) =
idy(g) and U(p o ¢) = U(¢) o U(p) hold. (Hint: Use the universal property of the enveloping
algebra)

Solution. This says that U is a functor from the category of Lie K-algebra to the category of K-
algebra. The diagram

idy(g)
U(g) —=U(9)

Lg Lg
idg
g

%g

IWhen not mentioned this hypotheses are implicit.
2This means 1 is mapped to 1, and this is NOT an implicit hypothesis!



commutes and the uniqueness of the previous question implies that idy gy = U(idg). In the following
diagram the two squares commutes:

U(y) U(¥)
Ul(g) U(g') U(g")
LQJ\ Lg/\J\ Lg//
® ’ P
g g [
This implies that the following diagram commutes:
U(4)oU(p)
Ul(g) U(g")
ng Lg//\T
o
g g
And this gives U(v) o U(p) = U(1 o ), once more by the uniqueness of the first question. O

3. Show the existence of an isomorphism U (g°PP) — U(g)°PP of associative algebras. (Hint: Show that
U(g)°PP together with the linear map ¢ : g°PP — U(g)°PP,z — x + I fulfills the universal property
of the enveloping algebra of g°PP.)

Solution. As vector spaces U(g)°PP and g°PP are nothing but identical (I really mean identical,
not isomorphic) to U(g) and g. Hence the map vg : g — U(g) can be regarded as a map from
g°PP to U(g°PP). We will show that the pair (U(g)°PP,iq) satisfies the universal property of the
universal enveloping algebra for g°PP. This will implies that there exists a unique isomorphism
A U(goPP) — U(g)°PP such that Ao tgorr = tg. Let A be a K-algebra and f : g°P* — A a (Lie
algebra) map. This is as well a map of Lie algebra from g to A°PP, hence there exists a unital
map of algebra f : U(g) — A°PP such that f o, = f. The map f can be regarded as a map from
U(g)°P? — A. Hence we have the following commutative diagram:

U(g)r?
. \
/ | 3Uf (unital)
\
gopPP A

This proves that U(g)°PP fulfills the universal property of the universal enveloping algebra g°PP. [

Problem 2. Let G be a finite group, C[G] its associated C-algebra. A C[G]-module is also called a
representation of G (:= Darstellung von G).

1. Let M be a finite dimensional C[G]-module. Prove that the C[G]-module structure of M induces
a group homomorphism p,r : G — End(M). Prove the reciprocal statement: if V is a vector space

and p : G — End(V) a group homomorphism, prove that we can endow V with a structure of
C[G]-module.

Solution. FEasy. O



2. (Sorry there were a few typos in this questions) Let M be a finite dimensional C[G]-module and
N a sub-module of M. Let us consider N’ a supplement of M as a vector space (in general N’ is
NOT a C[G]-module), and denote p the projector from M to N along N’. By using the map

1
mi= 2 > par(g) opopul(e) ™,

geG

prove? that we can find a submodule N’ of M such that M = N @ N".

Solution. Let us first prove that m is a projector on N: for all x € M, we have:

momia) = #22 Z prr(g1) opo par(g1) ™" o par(g2) opo par(g2) ()
g91,92€G
- #IGZ Z par(g1) op(pM(gl)_l o pm(g2) OPOPM(92)_1($))
91,92€G
1

e > parlgr) o (par(g1) ™" 0 par(ga) o po par(g2) ™ (@)

91,92€G

zﬁ > pulga) opopu(ga) " (2))

91,92€G
1
=— > pulge) opopar(ge)  (z))
#G gng'

= 7(x).

So that w is a projector. It’s image is clearly contained in N and as its trace is equal to the trace
of p it’s image is exactly N. Let us now show that it is a C[G]-module map. It is enough to show
that m commutes with pprr(h) for every h in G. We have indeed:

mopu(h) = # Z pr(g) opopalg)~" o p(h)
geG

1
== pulg)opopulg th)™
4G
geG
1

G > pa(g)opopu(g™'h)

geqG

1
=72 rulg)opopu(h g™
)Y

> pulhg)opopu(g) !

g'=h~'geqG

#G
#G Z par(h) o prr(g’) opopa(g) ™

g'=h~1geqG

1
 #G
1
- #G
= pym(h)om.

The projector 7 is a C[G]-module map, hence N” := kerw is a C[G]-module (why ?), and we have
M=N®N'. O

3If A is an algebra, we say that a A-module N is simple if N does not contain non-trivial sub-modules. And that an
object is indecomposable if it cannot be expressed as a direct sum of two sub-modules. This question shows that in the case
of group algebras for finite groups, these two notions coincide (why?), this is NOT true in general.



3. Let My and M> be two simple C[G]-module and f : M; — M a morphism of C[G]-modules.
Suppose that f is different from 0. Prove that M; and My are isomorphic.

Solution. The kernel and the image of f are submodules of My and Ms, but this two modules are
simple, hence ker f = {0} orker f = My and Im f = {0} or Im f = Ms. As f is non zero we have:
ker f = {0} and Im f = Ma, so that f is an isomorphism. O

4. With the same notations and the same hypothesis as the previous question, and by considering the
eigenvalues of f, prove that f is an homothety (that is a multiple of the identity)?.

Solution. The question is not completely clear (sorry): since My and My are different (isomorphic
bu different!), one cannot speak about the identity morphism. So we have to suppose that f is an
endomorphism of My. Let A € C be an eigenvalue of f, f — MNday, is a C[G]-module map. Hence
its kernel has to be {0} or My, since it is not {0}, it is My and f is an homothety. O

Problem 3 (Burau representations of the braid group). We consider B,, the braid group on n strands
and with its standard generators (0;)1<i<n—1. Let ¢ be a non-zero complex number.

1. Prove that the following data yields a well-defined complex n-dimensional representation of B,,:

I
1—¢t ¢
1 0
Infifl

g;

It is called the Burau® representation of the braid group.
2. Prove that this representation is not irreducible (look for a common eigenvector).

3. Let us denote by b, ba, . .. b,_1 the standard basis of C". Prove that the (n — 1)-dimensional space
spanned by (t'b; — t71b; 1 1)o<i<n_2) is invariant by the action of B,,. This is a new representation
of the braid group called reduced Burau representation of the braid group.

4. Compute the matrix associated to o; by the reduced Burau representation in the given base.

4This is Schur’s lemma. Schur (1875 — 1945) was a German mathematician.
5Werner Burau (1906 — 1994 ) was a german mathematician and was professor in Hamburg.



