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Problem 1. Let H be a finite dimensional Hopf algebra with an invertible antipode. We Set £ = End(H).
1. Explain how to identify H® H* and F (as vector spaces). Explain how to identify E® FE with End(H® H).
2. Prove that F endowed with the A g and the convolution (that we denote p1 g or %) is a bialgebra.
3. Prove that the following formula define an antipode on E:
Se(f)(z) = Z S(x@))(So foS Hzw))zes).
(x)
4. Prove that the maps py : F — H and pgy~ : E — H**°P defined by:
pu(f)=f(Q1) and pu-(f)=¢of
are morphisms of Hopf algebras.
5. Prove that the map py ® pg~ o A is the identification of the first question.
6. Prove that the following equality holds: 7 x i = 3} * r where * denote the convolution on F ® E.
7. Prove that the dual of E is naturally isomorphic to D(H ).

Problem 2. Let A and B be Hopf algebras over a field K. A Hopf-pairing is a linear map 0 : A ® B — K such
that forall a,a’ € Aand b,b’ € B

o(ad' @b) = o(a® b)) - o(a’ @ b)) o(l®b) =e(b)
o(a®@bb') = o(aq)y@b)-o(ap) @) o(a®1) =e(a)
1. Prove that A ® B becomes an associative, unital algebra with unit 1 4 ® 1p, if we set
(a@b)(a @V') = a(agy) S(b))) - olafz) @ besy)aagy @ bez)b'.
2. Show that A ® B becomes a Hopf algebra with
Ala®Db) := aq) ® by ® agp) ® b e(a®b):=¢€(a) - €(b)
S(a®b) = o(an) @ b)) - ola@) @ S(bm)))S(aw) ® S(be)).

3. Let H be a finite dimensional Hopf algebra over K. Show that the evaluation V* @ V' — K defines a Hopf
pairing o : (H*P)* @ H — K.

Problem 3. Let G be a finite group and D(G) the Drinfel’d double of the group (Hopf) algebra K[G] over a field
K. Assume also |G| 1 char K. Due to this assumption, the category C of finite dimensional left D(G)-modules
over K can be shown to be semisimple.

1. Determine the isomorphism classes of simple objects in C for an abelian group G.
2. Determine the isomorphism classes of simple objects in C for G = S3, the symmetric group on three letters.

3. Determine the isomorphism classes of simple objects in C for general G.

!Equivalently one can consider the category ;D of Yetter Drinfel’d module (left module and right comodule), where the compatibility
condition reads: h(l)vo ® h(Q)vl = (h(Q)U)(O) ® (h(g)’u) (1) h(1> .



