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Problem 1. We consider the C-algebra H generated by C and X with the relations:

C2 = 1, X2 = 0 and CX +XC = 0.

1. Show that se�ing ∆(C) = C ⊗ C and ∆(X) = 1⊗X +X ⊗ C yields a well-de�ned Hopf-algebra.

2. What is the order of S?

3. Show that

R =
1

2
(1⊗ 1 + 1⊗ C + C ⊗ 1− C ⊗ C) +

1

2
(X ⊗X +X ⊗ CX + CX ⊗ CX − CX ⊗X)

is a universal R-matrix.

4. Deform R1 into Rq with q in C to obtain a one parameter family of universal R-matrices.

5. Relate R−1q and Rq .

Problem 2. Let H be a quasi-triangular Hopf algebra with R-matrix R =
∑

(R)R(1) ⊗ R(2). Let X be a right
H-module and de�ne δ : X → X ⊗H by

v 7→
∑
R

vR(1) ⊗R(2).

1. Show that (X, δ) is a right H-comodule.

2. Show that the right action and the right coaction on X ful�ll the (right-right) Ye�er-Drinfeld condition:

(idX ⊗ µ)(τH,X ⊗ idH)(idH ⊗ (δρ))(τX,H ⊗ idH)(idX ⊗∆)

=(ρ⊗ µ)(idX ⊗ τH,H ⊗ idH)(δ ⊗∆).

Problem 3. LetH be a bialgebra in a strict braided category C with braiding c, i.e. H is equipped with an algebra
and a coalgebra structure which are compatible in the following way

∆µ = (µ⊗ µ)(id⊗ cH,H ⊗ id)(∆⊗∆), ∆ ◦ η = η ⊗ η, εµ = ε⊗ ε, εη = id1.

A right-right Ye�er-Drinfeld module over H is an object X in C together with an (associative, unital) action
ρ : X ⊗H → X and a (coassociative, counital) coaction δ : X → X ⊗H such that

(idX ⊗ µ)(cH,X ⊗ idH)(idH ⊗ (δρ))(cX,H ⊗ idH)(idX ⊗∆)

=(ρ⊗ µ)(idX ⊗ cH,H ⊗ idH)(δ ⊗∆).

1. Assume that H is a Hopf algebra, i.e. there is a morphism S : H → H such that

µ(S ⊗ id)∆ = ηε = µ(id⊗ S)∆.

Show that X is a Ye�er-Drinfeld module, if and only if

δρ =(idX ⊗ µ)(cH,X ⊗ idH)(idH ⊗ ρ⊗ µ)(S ⊗ idX ⊗ cH,H ⊗ idH)

(idH ⊗ δ ⊗∆)(cX,H ⊗ idH)(idX ⊗∆)
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2. LetH be a Hopf-algebra. Show thatH is a Ye�er-Drinfeld module with δ := ∆ and ρ := µ(S⊗µ)(cH,H⊗
id)(id⊗∆).
Hint: �e following equality holds (S ⊗ S) ◦∆ = c−1H,H ◦∆ ◦ S.

Problem 4. Let K be a �eld and let H,L be two bi-algebras over K and φ : H → L a morphism of bialgebras.
Denote by H-Mod resp. L-Mod the category of le� modules over H resp. L and by Comod-H resp. Comod-L
the category of right H resp. L comodules.

1. Show that φ induces a functor Φ : L-mod→ H-mod.

2. Show that the functor Φ is strict monoidal.

3. Show that φ induces a functor Ψ : comod-H → comod-L. Is this functor monoidal?

4. LetH,L be quasi-triangular with R-matrices R,R′. Show that in this case the functor Φ is braided, if and
only if (φ⊗ φ)(R) = R′.

Problem 5. LetH be a quasi-triangular Hopf algebra, with antipode S,R-matrixR = R12 and Drinfeld element
u =

∑
R S(R(2))R(1). We denote ∆′ = τ ◦∆.

1. Show that the following formula endow H ⊗H with a structure of module-H⊗4:

(x⊗ y) • (a⊗ b⊗ c⊗ d) = S(b)xa⊗ S(d)yc.

2. Compute R21 •R23 and R21 • (R23R13R12R14).

3. Prove the following equality in H⊗4: R12(∆⊗∆′)(R) = R23R13R12R14R24.

4. Prove that:
∆(u) = (R21R)−1(u⊗ u) = (u⊗ u)(R21R)−1

5. Prove that g = u(S(u))−1 is group like, and that S4 is an inner automorphism.
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