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Exercise sheet no 5 due: 15th of May 2019
1 (5-Lemma revisited) Consider the following commutative diagram of exact sequences

Ay Ay As Ay As

lfl ifz ifs lfz; ifs)
B, B1 B, B2 Bs B3 By Ba Bs
Check under which assumptions on f1, fa, f1, f5 we can deduce that the map f3 is a monomorphism or an
epimorphism.

2 (The 9 = 3 x 3-lemma) We consider the following commutative diagram with exact columns:

o a9 (o'} [e %}

0 0 0
0 Ay As Az 0
0 By By Bs 0
0 Ch Cs Cs 0
0 0 0

(1) Prove that the top row is exact if the two bottom rows are exact and that the bottom row is exact if

the two top rows are exact.
(2) What happens if the top and bottom rows are exact? Can you deduce that the middle row is exact or

do you need an extra condition?

3 (Degrees)
(1) Prove the Brouwer fixed-point theorem: Let X be a closed ball Bg(z) C R™ for n > 1 and let f be a
continuous map f: Br(xz) — Bgr(x). Prove that f has a fixed point.
(2) Use this to show that every (a;;) = A € M(n x n;R) with non-negative a;; must have an eigenvector
with non-negative coordinates.

4 (More linear algebra) Let A € O(n + 1). Then multiplication by A induces a continuous self-map on S".
What is its degree?



