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1 (Projective modules and dual bases)
Let R be a ring. Prove that an R-module P is projective if and only if there exist elements pi, i ∈ I, with

pi ∈ P for some indexing set I and R-linear maps ϕi ∈ HomR(P,R) for i ∈ I such that

• For all x ∈ P , ϕi(x) = 0 for almost all i ∈ I.
• For all x ∈ P , x =

∑
i∈I ϕi(x)pi.

2 (Morita equivalence)
Let R1 and R2 be two rings. Let M be a left R1-module and a right R2-module. Recall that we call M an

R1-R2-bimodule if for all r1 ∈ R1, r2 ∈ R2 and all m ∈M

(r1m)r2 = r1(mr2).

The rings R1 and R2 are called Morita equivalent, if there is an R1-R2-bimodule P and an R2-R1-bimodule
Q such that Q⊗R1

P ∼= R2 as R2-R2-bimodules and P ⊗R2
Q ∼= R1 as R1-R1-bimodules.

• Show that P is projective as a left R1-module and as a right R2-module.
• Prove that any ring R is Morita equivalent to the ring Mn(R) of n× n-matrices over R.
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