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Abstract

We consider a nonlinear reaction diffusion system of parabolic type known as
the monodomain equations, which model the interaction of the electric current
in a cell. Together with the FitzHugh-Nagumo model for the nonlinearity they
represent defibrillation processes of the human heart. We study a fairly gen-
eral type with co-located inputs and outputs describing both boundary and
distributed control and observation. The control objective is output trajectory
tracking with prescribed performance. To achieve this we employ the funnel con-
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troller, which is model-free and of low complexity. The controller introduces a
nonlinear and time-varying term in the closed-loop system, for which we prove
existence and uniqueness of solutions. Additionally, exploiting the parabolic
nature of the problem, we obtain Holder continuity of the state, inputs and
outputs. We illustrate our results by a simulation of a standard test example
for the termination of reentry waves.

Keywords: Adaptive control, funnel control, monodomain equations,
FitzHugh—Nagumo model
2010 MSC: 35K55, 93C40

1. Introduction

We study output trajectory tracking for a class of nonlinear reaction dif-
fusion equations such that a prescribed performance of the tracking error is
achieved. To this end, we utilize the method of funnel control which was de-
veloped in [I], see also the survey [2]. The funnel controller is a model-free
output-error feedback of high-gain type. Therefore, it is inherently robust and
of striking simplicity. The funnel controller has been successfully applied e.g. in
temperature control of chemical reactor models [3], control of industrial servo-
systems [4] and underactuated multibody systems [5], speed control of wind
turbine systems [6l [7, 4], current control for synchronous machines [8], [4], DC-
link power flow control [9], voltage and current control of electrical circuits [10],
oxygenation control during artificial ventilation therapy [I1], control of peak
inspiratory pressure [12] and adaptive cruise control [13].

A funnel controller for a large class of systems described by functional differ-
ential equations with arbitrary (well-defined) relative degree has been developed
n [I4]. It is shown in [I5] that this abstract class indeed allows for fairly gen-
eral infinite-dimensional systems, where the internal dynamics are modeled by a
(PDE). In particular, it was shown in [16] that the linearized model of a moving
water tank, where sloshing effects appear, belongs to the aforementioned system
class. On the other hand, not even every linear, infinite-dimensional system has
a well-defined relative degree, in which case the results as in [I4], [I] cannot be
applied. Instead, the feasibility of funnel control has to be investigated directly
for the (nonlinear) closed-loop system, see [I7] for a boundary controlled heat
equation and [I8] for a general class of boundary control systems.

The nonlinear reaction diffusion system that we consider in the present paper
is known as the monodomain model and represents defibrillation processes of the
human heart [I9]. The monodomain equations are a reasonable simplification
of the well accepted bidomain equations, which arise in cardiac electrophysiol-
ogy [20]. In the monodomain model the dynamics are governed by a parabolic
reaction diffusion equation which is coupled with a linear ordinary differential
equation that models the ionic current.

It is discussed in [21I] that, under certain initial conditions, reentry phenom-
ena and spiral waves may occur. From a medical point of view, these situations



35

40

can be interpreted as fibrillation processes of the heart that should be termi-
nated by an external control, for instance by applying an external stimulus to
the heart tissue, see [22].

The present paper is organized as follows: In Section [2] we introduce the
mathematical framework, which strongly relies on preliminaries on Neumann
elliptic operators. The control objective is presented in Section [3] where we
also state the main result on the feasibility of the proposed controller design in
Theorem The proof of this result is given in Section [f] and it uses several
auxiliary results derived in Appendices [B] and [C] We illustrate our result by a
simulation in Section [l

Nomenclature. The set of bounded operators from X to Y is denoted by

L(X,Y), X’ stands for the dual of a Banach space X, and B’ is the dual of an
operator B.
For a bounded and measurable set Q C RY, p € [1,00] and k € No, WkP(Q; R?)
denotes the Sobolev space of equivalence classes of p-integrable and k-times
weakly differentiable functions f : Q — R™, WFP(Q;R™) = (WkP(Q))", and
the Lebesgue space of equivalence classes of p-integrable functions is LP(2) =
WOoP(Q). For r € (0,1) we further set

WrP(Q) = { feLrQ) ‘ <(x,y) — W) € LP(Q2 x Q) }

For a domain © with smooth boundary, W*?(9€) denotes the Sobolev space
at the boundary.

We identify functions with their restrictions, that is, for instance, if f € LP(Q)
Qp C Q, then the restriction f|o, € LP(£2) is again dentoted by f. For an
interval J C R, a Banach space X and p € [1,00], we denote by LP(J;X)
the vector space of equivalence classes of strongly measurable functions f :
J — X such that ||f()||x € L?(J). Note that if J = (a,b) for a,b € R, the
spaces LP((a,b); X), L?([a,b]; X), L?([a,b); X) and L?((a,b]; X) coincide, since
the points at the boundary have measure zero. We will simply write LP(a, b; X),
also for the case a = —oo or b = co. We refer to [23] for further details on Sobolev
and Lebesgue spaces.

In the following, let J C R be an interval, X be a Banach space and k € Ng.
Then C*(J;X) is defined as the space of k-times continuously differentiable
functions f : J — X. The space of bounded k-times continuously differentiable
functions with bounded first k derivatives is denoted by BC*(J; X), and it is a
Banach space endowed with the usual supremum norm. The space of bounded
and uniformly continuous functions will be denoted by BUC(J; X). The Banach
space of Holder continuous functions C%"(J; X) with r € (0,1) is given by

CO™(J; X) = { f € BC(J; X) ‘ [f]r == sup 7@ = £l < 00 }

tseds<t  (t—8)"
£l == W[ flloo + [f]r
see [24, Chap. 0]. We like to note that for all 0 < r < ¢ < 1 we have that
CcY(J; X)CC*(J;X) C BUC(J; X).
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For p € [1,00], the symbol W1P(J; X) stands for the Sobolev space of X-
valued equivalance classes of weakly differentiable and p-integrable functions
f :J — X with p-integrable weak derivative, i.e., f, f € LP(J; X). Thereby,
integration (and thus weak differentiation) has to be understood in the Bochner
sense, see [25, Sec. 5.9.2]. The spaces L? (J;X) and W,'P(.J; X) consist of

loc loc
all f whose restriction to any compact interval K C J are in LP(K;X) or

WhP(K; X), respectively.

2. The FitzHugh-Nagumo model

Throughout this paper we will frequently use the following assumption. For
d € N we denote the scalar product in L2(Q; R?) by (-,-) and the norm in L?()

by | - I

Assumption 2.1. Let d < 3 and 2 C R? be a bounded domain with Lipschitz
boundary 0S). Further, let D € L>=(Q; R4 be symmetric-valued and satisfy
the ellipticity condition

d
36>0: foraelcQVEERY: ¢TD()E = Z Dij(Q)&:&; > 0||€)Ea. (1)

i,j=1
To formulate the model of interest, we consider the sesquilinear form
a: Wh3(Q) x Wh3(Q) = R, (21, 20) — (Vz1, DV2y). (2)
We can associate a linear operator to a.

Proposition 2.2. Let Assumption[2.1] hold. Then there exists exactly one op-
erator A : D(A) C L*(Q) — L*(Q) with

D(A) = {22 € WH(Q) | Fyo € LX(Q) V21 € WH(Q) : alz1,22) = — (21,42) }

and

Vz € WH(Q) Ve € D(A) & a(z1,22) = — (21, Aza) .

We call A the Neumann elliptic operator on 2 associated to D. The operator
A is closed, self-adjoint, and D(A) is dense in WH2(Q).

Proof. Existence, uniqueness and closedness of A as well as the density of D(A)
in WhH2(Q) follow from Kato’s First Representation Theorem [26, Sec. VI.2,
Thm 2.1], whereas self-adjointness is an immediate consequence of the property
a(z1,22) = a(zg, 21) for all 21, 20 € WH2(Q). O

Note that the operator 4 in Proposition is well-defined, independent
of any further smoothness requirements on 0f2. In particular, the classical
Neumann boundary trace, i.e., the derivative of a function in the direction of
the outward normal unit vector v : 9Q — R¢ does not need to exist. However,
if 9Q and the coefficient matrix D are sufficiently smooth, then

Az =divDVz, z€D(A) ={z2eW?*Q) | (v|-DV2)|sa =0 },
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see [27, Thm. 2.2.2.5]. This justifies to call A a Neumann elliptic operator. We
collect some further properties of such operators in Appendix [A]

Now we are in the position to introduce the model for the interaction of the
electric current in a cell, namely

0(t) = Av(t) + p3(v(t)) — u(t) + Is,i(t) + Bls e (t), v(0) = vy,

u(t) = csv(t) — cau(t), u(0) =up,  (3)
y(t) = B'o(t),
where
p3(v) == —cqv + cov? — c30°,
with constants ¢; > 0 for i = 1,...,5, initial values vg,uy € L?*(Q), the

Neumann elliptic operator A : D(A) C L*(Q) — L*(Q) on Q associated to
D € L>®(;R¥*4) and control operator B € L(R™, Wh2(Q)), where W12(Q)’
is the dual of W2(Q)) with respect to the pivot space L?(f2); consequently,
B e LWL2(Q),R™).

System is known as the FitzHugh-Nagumo model for the ionic cur-
rent [28], where

Iion(”v U) = p3(v) - U

The functions I ; € L (0,T; L*(Q2)), Is . € L .(0,T;R™) are the intracellular
and extracellular stimulation currents, respectively. In particular, I, . is the
control input of the system, whereas y is the output.
Next we introduce the solution concept.

Definition 2.3. Let Assumption [2.]] hold and A be a Neumann elliptic opera-
tor on Q) associated to D (see Proposition , let B € LR™, W12(Q)"), and
ug,vo € L*(Q) be given. Further, let T € (0,00] and I,; € L% _(0,T;L*(Q)),
Is. € L (0,T;R™). A triple of functions (u,v,y) is called solution of on
[0,T), if
(i) v e L20,T; Wh2(Q)) N C([0,T); L*(Q)) with v(0) = vy;
(ii) w e C([0,T); L*(Q2)) with u(0) = ug;
(iii) for all x € L*(Q), 0 € W12(Q), the scalar functions t — {(u(t),x), t —
(v(t),0) are weakly differentiable on [0,T), and for almost all t € (0,T)
we have

gt (v(),0) = —a(v(t), 0) + (ps(v(t)) — u(t) + Lsi(t), 0) + (Ls.e (1), B'O) g
% <u(t)7 X> = <CSU(t) - C4u(t)’ X> )
y(t) = B'u(t), W
4
where a: WH2(Q) x WH2(Q) — R is the sesquilinear defined as in (2).
Remark 2.4.

a) Weak differentiability of t — (u(t),x), t — (v(t),0) for all x € L*(2),
0 € Wh2(Q) on (0,T) further leads to v € W20, T; W12(Q)') and u €
W12(0,T; L?(Q)).



ss b) The Sobolev Embedding Theorem [23, Thm. 5.4] implies that the inclusion
map W12(Q) — L°(Q) is bounded. This guarantees that pz(v) € L?(0,T; L?(2)),
whence the first equation in 1s well-defined.
c) Let w € L*(Q). An input operator of the form Bu = u - w corresponds to
distributed input, and we have B € L(R, L?(Q)). In this case, the output is
given by

y@:Lw@«wm&w

A typical situation is that w is an indicator function on a subset of Q; such
choices have been considered in [29] for instance.
d) Let w € L*(09Q). An input operator with

Ba= [ w(©)-=(e)do )
o0
corresponds to a Neumann boundary control

v(©)T - (Vo)(€) =w(€) - Lie(t), &€

In this case, the output is given by a weighted integral of the Dirichlet bound-
ary values. More precisely

o) = [ () () (E)do
o
Note that B' is the composition of the trace operator

tr: 2z = 2lyg

% and the inner product in L?(0SY) with respect to w. The trace operator sat-
isfies tr € L(W/2+22(Q), L2(09)) for all € > 0 by the Trace Theorem [30,
Thm. 1.39]. In particular, tr € L(W2(Q),L?(0N)), which implies that
B € LWY2(Q),R) and B € L(R, W12(Q)).

3. Control objective

The objective is that the output y of the system tracks a given reference
signal which is yef € W1>°(0,00; R™) with a prescribed performance of the
tracking error e := y — Yo, that is e evolves within the performance funnel

Fpi={ (t,0) € [0,00) x B™ | o()]eflam <1 }

defined by a function ¢ belonging to

P, = e Wh(0, 00; R =0, V6 >0, inf ot)>0 p,
5 {s@ (0,00;R) | ¢ljo, t;g+590() }

o for some v > 0.
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The situation is illustrated in Fig.

The funnel boundary given by 1/¢ is
unbounded in a small interval [0,7] to

allow for an arbitrary initial tracking

error. Since ¢ is bounded there exists

1/@(t) X > 0 such that 1/p(t) > X for all
t > 0. Thus, we seek practical track-
lle(t)] ing with arbitrary small accuracy A > 0,
but asymptotic tracking is not required

Figure 1: Error evolution in a funnel F, in general.
with boundary 1/¢(t).

R™

The funnel boundary is not necessarily monotonically decreasing, while in
most situations it is convenient to choose a monotone funnel. Sometimes, widen-
ing the funnel over some later time interval might be beneficial, for instance in
the presence of periodic disturbances or strongly varying reference signals. For
typical choices of funnel boundaries see e.g. [31], Sec. 3.2].

A controller which achieves the above described control objective is the funnel
controller. In the present paper, it suffices to restrict ourselves to the simple
version developed in [I], which is the feedback law

ko
L= (t)2(|Bv(t) = Yret (t)||fm

where kg > 0 is some constant used for scaling and agreement of physical units.
Note that, by ¢[j,4] = 0, the controller satisfies

Is,e(t) = (B/’U(t) - yref(t))7 (6)

Vi e[0,7]: Lse(t) = —ko(B'v(t) — yret(t)).

We are interested in considering solutions of @, which leads to the following
weak solution framework.

Definition 3.1. Use the assumptions from Definition [2.3 Furthermore, let
ko > 0, yret € WH(0,00;R™), v > 0 and ¢ € ®.,. A triple of functions
(u,v,y) is called solution of system with feedback @ on [0,T), if (u,v,y)
satisfies the conditions (i)—(iii) from Definition with Iy as in (6)

Remark 3.2.

a) Inserting the feedback law (@ into the system , we obtain the closed-loop
system

 koB(Bu(t) — yrer(t)
1= ()?[|B'v(t) = yhret (t) |fm

(1) = Av(t) + ps3(v)(t) — u(t) + L;,i(t)

u(t) = csv(t) — cqu(t).
(7
Consequently, (u,v,y) is a solution of (3), (6) (resp. (7)) if, and only if,
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(i) v e L*(0,T; W12(Q)) N C([0,T); L*(Q))) with v(0) = vo;
(i) u € C([0,T); L*(2)) with u(0) = ug;
(iii) for all x € L*(Q), 0 € W12(Q), the scalar functions t — (u(t),x),
t — (v(t),0) are weakly differentiable on [0,T"), and it holds that, for
almost all t € (0,T),

i (1), 0) = —a(v(t),0) + (p3(v(t)) — u(t) + Lsi(t),6)
ko (B'v(t) — yret (t), B'0)gm

1= @(0)[1B'0() = yrer()[Fn” (8)
ar (), x) = (esv(t) — cault), x)
y(t) = B'o(t).

The system is a nonlinear and non-autonomous PDE and any solution
needs to satisfy that the tracking error evolves in the prescribed performance
funnel F,. Therefore, existence and uniqueness of solutions is a nontrivial
problem and even if a solution exists on a finite time interval [0,T), it is not
clear that it can be extended to a global solution.

b) For global solutions it is desirable that I, . € L°(5,00;R™) for all § > 0.
Note that this is equivalent to

liin sup o(t)?||B'v(t) — yrer (t)||Z2m < 1.
— 00

It is as well desirable that y and I, . have a certain smoothness.

In the following we state the main result of the present paper. We will show
that the closed-loop system has a unique global solution so that all signals
remain bounded. Furthermore, the tracking error stays uniformly away from the
funnel boundary. We further show that we gain more regularity of the solution,
if B e L(R™, W™2(Q)") for some r € [0,1) or even B € L(R™, W12()). Recall
that B € L(R™, W"2(Q)') if, and only if, B’ € L(W"?(Q),R™). Furthermore,
for any r € (0,1) we have the inclusions

LR™ W2(Q)) C LR™, L*(Q)) € LR™, W™(Q)")  LR™, W2(Q)).

Theorem 3.3. Use the assumptions from Definition[3.1. Furthermore, assume
that ker B = {0} and I,; € L>(0,00; L?(2)). Then there exists a unique solu-
tion of (7)) on [0,00) and we have

(i) u,1,v € BC([0,00); L*())
(ii) for all § > 0 we have
v € BUC([6,00); WH2(Q)) N C™/2([6,00); L*(2)),
Yy Lse € BUC([& OO); Rm);
(iii) e >0VI>0VEt>: p(t)?|Bv(t) — Yret(t)||Zm < 1 — eo.

Furthermore,
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a) if additionally B € L(R™, W"™2(Q)") for some r € (0,1), then for all § > 0
we have that

v e CO2([6,00); L2(Q)),  y, Is.e € CV1TT([5,00); R™).

b) if additionally B € L(R™, L*(2)), then for all § > 0 and all X € (0,1) we
have

v € CON[8,00); L2(Q)),  y, L. € CON([6,00);R™).

c) if additionally B € LR™, W12(Q)), then for all § > 0 we have y,Is. €
WLoo(§, 00; R™).

Remark 3.4.

a) The condition ker B = {0} is equivalent to im B’ being dense in R™. The

latter is equivalent to im B’ = R™ by the finite-dimensionality of R™.
Note that surjectivity of B' is mandatory for tracking control, since it is
necessary that any reference signal yret € WH(0,00;R™) can actually be
generated by the output y(t) = B'v. This property is sometimes called right-
invertibility, see e.g. [32, Sec. 8.2].

b) If the input operator corresponds to Neumann boundary control, i.e., B is as
in (B)) for some w € L?(0Q), then B € L(R, W"2(Q)") for some r € (1/2,1),
cf. Remark , and the assertions of Theorema) hold.

¢) If the input operator corresponds to distributed control, that is Bu = u - w
for some w € L*(Q), then B € L(R,L*(Q)), cf. Remark [2.4]d), and the
assertions of Theoremb) hold.

4. Proof of Theorem [3.3

The proof is inspired by the results of [33] on existence and uniqueness
of (non-controlled) FitzHugh-Nagamo equations, which is based on a spectral
approximation and subsequent convergence proofs by using arguments from [34].
We divide the proof in two major parts. First, we show that there exists a unique
solution on the interval [0,7]. After that we show that the solution also exists
on (7,00), is continuous at ¢t = v and has the desired properties.

4.1. Solution on [0,7]
Assuming that t € [0,7], we have that ¢(t) = 0 so that we need to show

existence of a pair of functions (v,u) with the properties as in Definition (i)
(iii), where simplifies to

& (0(t),0) = —a(v(t),0) + (ps(v(t)) — u(t) + Lsi(t), 0) + (Lee(t), B'O) g »
Su(t), x) = (esv(t) — cau(t), x) )
L o(t) = —ko(B'v(t) — yret (1)),
y(t) = Bo(t).



Recall that a : Wh2(Q) x Wh2(Q) — R is the sesquilinear form (2).

Step 1: We show existence and uniqueness of a solution.
Step 1a: We show existence of a local solution on [0,~]. To this end, let (6;);en,
be the eigenfunctions of —A and «; be the corresponding eigenvalues, with
a; > 0 for all i € Ny. Recall that (6;);en, form an orthonormal basis of L?()
by Proposition . Hence, with a; := (vg, 6;) and b; := (uo,0;) for i € Ny

and .
op =Y aibi, ug =Y bifi, neN,
=0 ]

we have that v — vg and u}} — ug strongly in L?(€2).
Fix n € Ny and let v; := B'6; for i = 0,...,n. Consider, for j = 0,...,n, the
differential equations

n

fj (t) = —oyp; (t) — v;(t) — <ko (Z Yimi(t) — yref(t)> 77j> + (Ls,i(t), 05)
]R'm,

=0
+ <p3 (Z Ni(t)ei) 79j> ;
1=0
vj(t) = —cav;(t) + csp;(t), with 11;(0) = ay, v;(0) = by,

(10)
defined on D := [0,00) x R2(™+1)_ Since the functions on the right hand side
of are continuous, it follows from ODE theory, see e.g. [35, § 10, Thm. XX],
that there exists a weakly differentiable solution (™, v™) = (to, - -y thn, Yoy - - -, Vn) -
[0,T,) — R+ of such that 7), € (0,00] is maximal. Furthermore, the
closure of the graph of (u™,v™) is not a compact subset of .

Now, set v, (t) = D0 o pi(t)0; and w,(t) := Y1 v;(t)0;. Invoking (10) and
using the functions 6; we have that for j = 0,...,n the functions (v, u,) satisfy

(0n(t),0;) = —a(vn(t),0;) — (un(t), 05) + (pa(vn(t)), 05) + (Ls,(t), 0;)
- <kO(B/'Un(t) — Yref t)),B/9j>Rm 5 (11)
(tn (t),0;) = —ca (un(t), 05) + 5 (vn(t), 0;) -

o~ —

Step 1b: We show boundedness of (vn,u,). Consider the Lyapunov function
candidate

Vi IAQ) X I(Q) 5 R, (0,u) o g (eslol? + ). (12)

Observe that, since (6;)ien, are orthonormal, we have [v,||* = Y27, 4 and

10



Jun|* = > =0 v?. Hence we find that, for all ¢ € [0,T},),

M
LV (), un () T o5 S s (1) (1) + Z v ()it
7=0
= —c5 Z ajpi(t)? —cs Y vi(t)?
=0

—c5 <k0 <Z’yiui( — Yret (t ) Z’YJNJ >
=0

+¢5 (3 (vn (), vn (1)) + ¢5 (Ls,i(1), vn(t))

R™

hence, omitting the argument ¢ for brevity in the following,

%V(@mun) = — c50(Vn, vn) — Callun|® + cs5 (Is.is vn) 13
— cskol|en|[im + c5ko Ens Yret)gm + €5 (P3(Vn), )

where

) i= Y vitti(t) = yrer(t) = B'va(t) — yrer (t).
=0

Before proceeding, recall Young’s inequality for products, i.e., for a,b > 0 and
p,q > 1 such that 1/p + 1/q = 1 we have that

aP  b?
ab < — 4+ —,
p q

which will be frequently used in the following. Note that
<p3(vn)7vn> = _CIHUn||2 + 2 <U72wUn> - CSHUnHi%

3e4/3
4

4
_ C
cal (3, 0a) | = | (v, o) | < 2 flonllde + L5102,

where the latter follows from Young’s inequality with p = % and ¢ = 4. Choosing

3
€= (%63)Z we obtain

27¢3

C3
< a1 = erlloall® = ol

<p3 (Un)a 'Un>

Moreover,
_ 1.2 2
<6n7yref>Rm < §Hen||Rm + §||yref||]Rm

and 1
€1 2 2
Isia n S - n Isi )
(Lsi5vn) NWH+%J,H

11



such that can be estimated by

LV (0n, 4n) < — c5a(vn, va) — || all? = 0 e — S 4
2 o+ 5 Wl + g—cém
< — esalvn,vn) = B o 2~ ER g, [, — B o 4,
+ S 2 + 5 il + S 21

where [|Z5il2,00 = esssupsq ([, s, (¢, )2 d()l/g. Setting

k005 1 2764
Cuo = B 2, 4 D + o0,
3

we obtain that, for all ¢ € [0,T},),

V(vn(t),un(t))—|—05/0 a(vn(s),vn(s)) ds —|—%/ llvn (5)]|? ds

csko ¢ _ 9 C3Cs5 4
+ 5 / I€n(s)||gm ds + 3 / lon(s)||74 ds < V(vg,ul) + Coot.
0 0

Since (u¥,v%) — (ug,vp) strongly in L?(Q2) and we have for all p € L?(Q) that

D000 =D (p,6:)* <> (p,0 > .00 =llpl,
=0 1=0 =0 =1

it follows that, for all ¢ € [0,T},),

t

t
cslun (1 + lun ()] + 285/ a(vn(s), vn(s)) ds +cres | [oa(s)l* ds
0 0

t t
tesho [ (o) ds +eacs [ loa(9)Leds < 2Cuct +eslual + o]
0 0

Step 1c: We show that T,, = co. Assume that T}, < oo, then it follows from (14

together with that (vp,u,) is bounded, thus the solution (u™,v™) of (|10) is

bounded on [0,7;,). But this implies that the closure of the graph of (u™,v™)
is a compact subset of D, a contradiction. Therefore, T,, = oo and in particular

the solution is defined for all ¢ € [0,~].

Step 1d: We show convergence of (vn,un) to a solution of () on [0,7]. First

note that it follows from that

Ve [0,9]: fon@®)® < Co,  lun®)* < Cu

12



for some C,,C, > 0. From and condition in Assumption it follows
that there is a constant Cs > 0 such that

/W Vo, (£)]|2 dt < 5*1/7 a(vp(t),va(t)) dt < Cs.
0

0

This together with and implies that there exist constants C,Cs > 0
with

lonllZaozi@y < C o Nvnllze@mwrz@) < Ca (16)
Note that directly implies that

v l1Z2 0,522y < Crs -
/ 3/4
lvall 273052075 (0)) = (||v72LH%2(OW;LZ(Q))> <cit.
Multiplying the second equation in by ; and summing up over j € {0,...,n}
leads to

. Cq .
||un||2 = _E%HUnHZ +¢5 <Un7un>

2
Cyq C 1, .
< _E%HUMP + 55”1%”2 + §‘|Un||2v

thus
[l < —cagellunll® + llvall®.

Upon integration over [0,7] and using this yields that
v v X
| oIt < ey [P <6
0 0

for some Cj3 > 0, where the last inequality is a consequence of . This
together with implies that there is C3 > 0 such that [|u,||w1.2(0,y;22(0)) <
Cs.

Now, let P, be the orthogonal projection of L?(2) onto the subspace gener-
ated by the set { 6; |i=1,...,n }. Consider the norm

n 1/2
[ollwr2 = <Z(1 + ai)| (v, 0;) |2>

=0

on W12(Q) according to Proposition and Remark By duality we have

that
n 1/2
9]l (w.2yr = (Z(l + i) (0, 0;) 2)

=0

is a norm on W12(Q)' cf. [36, Prop. 3.4.8]. Note that we can consider P, :
Wh2(Q) — Wh2(Q)’, which is a bounded linear operator with norm one, inde-
pendent of n. Using this together with the fact that the injection from L?2(£2)

13



into W12(Q)’ is continuous and A € L(W2(Q), W2(Q)’), we can rewrite the
weak formulation (11]) as

Un = PnAUn + Pnp?z(vn) - Pnun + PnIs,i - PanO(B/Un - yref)~ (18)

Since v, € L?(0,v; W2(£2)) and hence, by the Sobolev Embedding Theorem,
vp € L2(0,7; LP(Q)) for all 2 < p < 6, we find that p3(v,) € L2(0,v; L?(2)). We
also have Av,, € L?(0,v; W'2(Q)") and Bko(B'vy, — yret) € L?(0,v; WH2(Q)")
so that by using the previously derived estimates and , there exists Cy > 0
independent of n and ¢ with

||®n||L2(0,v;W1*2(Q)’) < Cy.

Now, by Lemma we have that there exist subsequences of (u,), (v,) and
(n), Tesp., again denoted in the same way, for which

Up — u € WH2(0,v; L2(Q)) weakly,

Up — u € WH(0,; L2(Q)) weak*,

v — v € L*(0,7; WLQ(Q)) weakly,

vp — v € L(0,7; L*(Q)) weak™,

v — v € L0, L4(Q)) weakly,

Up — 0 € L2(0,v; WH2(Q)") weakly.

Moreover, let pg =p; =2 and X = Wh2(Q), Y = L*(Q), Z = WH2(Q)". Then,
[34, Chap. 1, Thm. 5.1] implies that

Wi={wuell(0,vX) [uelLl0,2)}

with norm [|u| £ro (0,4, x) +[|%]| Lr1 (0,7;v) has a compact injection into L0 (0,v;Y),
so that the weakly convergent sequence v, — v € W converges strongly in
L2(0,v; L3(2)) by [37, Lem. 1.6]. Further, (u(0),v(0)) = (ug,vo) and by v €
Wh2(0,v; L*(Q)), v € L?(0,v;WH2(Q)) and v € L?(0,v; WH2(Q)’) it follows
that u,v € C([0,7]; L3(£2)), see for instance [37, Thm. 1.32]. Moreover, note
that B'v — yef € L?(0,v; R™). Hence, (u,v) is a solution of (7)) in [0,v] and

o(t) = Av(t) + p3(v(t)) — u(t) + L,i(t) — Bko(B'v(t) — yret(t))  (20)

is satisfied in W12(2)". Moreover by (17), [34, Chap. 1, Lem. 1.3] and v, —> v 1n
L4(0,7; L*()) we have that v3 — v3 weakly in L*/3(0,v; L*/3(2)) and v2 — v
weakly in L?(0,~; L?(2)).

Step le: We show uniqueness of the solution (v,u). To this end, we separate
the linear part of ps so that

p3(v) = —c1v —e3ps(v), P3(v) =02 (v —c), c=cy/cs.

Assume that (v1,u;) and (va, u2) are two solutions of (7)) on [0, ~] with the same
initial values, v1(0) = v2(0) = vy and u1(0) = u2(0) = ug. Let tg € (0,7] be
given. Let Qo = (0,%p) x Q. Define

5(t, €)= [ (t, O + Jva(t, ),

14



and let
QM ={(t,0) € Qo | =(t,¢) <A}, A>0.

Note that, by convexity of the map z — 2P on [0, 00) for p > 1, we have that
Va,b>0: (%a—i— %b)p < %ap + %bp.

Therefore, since vi,va € L*(0,7; L*(Q)), we find that ¥ € L*(0,~; L(Q)).
Hence, by the monotone convergence theorem, for all ¢ > 0 we may choose
A large enough such that

/ IS HINAG 1) <.
Qo\QA

Note that without loss of generality we may assume that A > £. Let V := vy —v;
and U := ug — uq, then, by @,

V= (A—cl)V —c3(p3(va) — p3(v1)) — U — ko BB'V,

U= C5V - C4U.

By [37, Thm. 1.32], we have for all ¢ € (0,) that
1d 2 _ /Iy 1d 2 _ /1
L4V =(Vo.vE), S$I0oP=(00,00),

thus we may compute that

SEWVIP+35IUIP = (A= aD)V = U = koBB'V,¢5V) — ca|U|]* + ¢5(U, V)
— cse3 (P3(v2) — p3(v1), V)
=c5 (A — 1)V, V) — csko (B'V,BV) — ca|U||?
— cse3 (p3(v2) — p3(v1), V)
< —cses (Pa(va) — p3(v1), V).

Integration over [0, ty] and using (U(0),V(0)) = (0,0) leads to
SV (1) + 21U (t0)]12 = —cses / ° /Q (Ba(02(C, 1)) — Bs(0n(C, D)V (G, 1) A dt
——csca | (a(ua(.1) = paler (G ODV (1) de e
QA
meses [ Gs0aG0) B (G OIV(G D C

Note that on Q* we have —A < v; < A and —A < vy < A. Let a,b € [—A, Al
then the mean value theorem implies

(B3(b) = P3(@)(b — a) = p5(&) (b — a)?

15



145

for some & € (—A, A). Since p4(€) = 3¢% — 2¢£ has a minimum at
«_ C
$=3

we have that
2

(B3(b) — B3 (@) (b — a) = PH(E) b~ )” = =S (b~ 0)”.

Using that in the above inequality leads to
2
FIVCOI + FIUCI < esesy [ VG H2ac

— eses / (B(02(C, 1)) — Ba(or (C, D)V (G, 1) dC dt
Qo\QA

2
< 6503% V(¢ )2 d¢ dt

+ eses / 1B (v2(C. £)) — pa(or (G, )IV(C, D] dC d
Qo\QA

02 to
S%%sAW@W“+%mAQ@m“ﬁWM”
0

02 to
Sgg/‘MW@WHW@W&+%Me
0

Since € > 0 was arbitrary we may infer that

o 2c3c?
SV ()1 + 51U o) |* <

to
| sver + duopa.

Hence, by Gronwall’s lemma and U(0) = 0,V (0) = 0 it follows that U(¢y) = 0
and V(to) = 0. Since ty was arbitrary, this shows that v; = vy and u; = ug on
[0,7].

Step 2: We show that for all € € (0,7) and all t € [e,7] we have v(t) €
Wh2(Q).
Fix € € (0,7). First we show that v € BUC([e,7]; W12(Q2)). Multiplying the
first equation in by f1; and summing up over j € {0,...,n} we obtain

an||2 = —%%Cl(’l)n,’l)n) - <Un,’Un> + <p3(vn)ai}n> + <Is7iai)n>

- kO <Blvn — Yref, B/'[}n>Rm
= —%%a(vn,vn) - <Un,'l}n> + <p3(vn)7vn> + <Is,i7{)n>
— ko <B,vn — Yref, B/i}n - yref>]Rm — ko <Blvn — Yref, yref>Rm

Furthermore, we may derive that

d, 4 3. 2 .
5500 = dup 0, = —C—g(pg(vn) — covy, + clvn)vn, thus
. C3 4 4 2. .
P3(Un)0p = —— U, + C2U;, 0 — €1V,

4dt

16



and this implies, for any § > 0,
di”vn”L4 + 2 <”72van> — €1 (Un, )

e

4

C3 .2 &1 2 1. 2
< Z*llvnllL4+ Sllvallza + < anll + 5 L Ollvall” + 51wl

<p3(vn); vn) < -

15) 5
< =2l + 2 (dlonlls + 310012) + 5 (56, + 3h017)
Moreover, we find that, recalling €, = B'v,, — yret
. 0 @ 0C, 1
(s 50) < il + 5=l S 22 4 o,
. ) 1
(Tnisin) < S0l + sl

_ . 1, .
<en7yref>]Rm S §||67LH]%{W + §||yref||§o'

Therefore, choosing d large enough, we obtain that there exist constants Q1, Q2 >
0 independent of n such that

. 1 ko g4 ._ 1.
lonll? < = 5 &a(on, va) = 2 & lonllfs = 2 & llealln + 5 l1onl

ko _
+Q1llonllzs + Q2+ 5||enllfw,

thus,

. C3 —
902+ 55 (a(vn, va) + Fllenllts + kollen )

S 2Q1||Un|‘%4 + 2@2 + k()”én”]]%m

As a consequence, we find that for all ¢ € [0,~] we have

cst

(1P + 8 (ta(one), on(0) + S lon @)1 + Follen ()1

(2Q1t+ 2) [0n (8|74 + a(vn (), va(t)) + 2Qat + kot + 1)/ () [|Zm -

Since t||7,(¢)||> > 0 and ¢ < 7 for all ¢ € [0, 7], it follows that

3 (18000100 (0) + S n(OlEs + Katln O

(2017 + 2 lon (B3 + a(on(8), on(8)) +2Qy + ko + DlfEn(®) [

IN

Integrating the former and using , there exist P;, P, > 0 independent of n
such that for ¢t € [0,~] we have

cst
ta(vn(t), v (1)) + i|| on (8|74 + Kot[en (B[R < Py + Pat.

17



150

155

Thus, there exist constants Cs, Cg > 0 independent of n such that

Vi€ [0,7]: ta(vn(t),va(t)) < Cs A tlen(t)]

rm < Cg.

Hence, for all € € (0,7), it follows from the above estimates together with (14)
that v, € L>®(e,v; WH2(Q2)) and €,, € L>(e,v; R™), so that in addition to ([19)),
from Lemma we further have that there exists a subsequence such that

v — v € L®(e,v; WH2(Q)) weak”

and B'v € L*(e,v;R™) for all € € (0,7), hence I . € L*(0,v; R™)NL> (e, v; R™).
By the Sobolev Embedding Theorem, W12(Q) < LP() for 2 < p < 6 we have
that p3(v) € L (e,~; L2(£2)). Moreover, since holds, we can rewrite it as

8(t) = (A= erJo(t) + I, (t) + BL . (¢),

where I, := cov? — c3v® —u + I;; € L?(0,7v; L*(Q)) N L>®(e,v; L*(2)) and
Proposition (recall that W2(Q)’ = X_; 5 and hence B € L(R™, X_;5))
with ¢ = ¢; implies that v € BUC([e,~]; W12(£2)). Hence, for all € € (0,7),
v(t) € WH2(Q) for t € [¢,7], so that in particular v(y) € WH2(Q).

4.2. Solution on (v, 00)

The crucial step in this part of the proof is to show that the error remains uni-
formly bounded away from the funnel boundary while v € L>(vy, oo; WH2(Q)).
The proof is divided into several steps.

Step 1: We show existence of an approzimate solution by means of a time-

varying state-space transformation.
Again, let (6;)ien, be the eigenfunctions of —A and let a; be the corresponding
eigenvalues, with a; > 0 for all i € Ny. Recall that (6;);en, form an orthonormal
basis of L?(Q2) by Proposition [A.1). Let (uy,v,y) := (u(y),v(7)), a; :== (v, 0;)
and b; := (u,,8;) for i € Ny and

Then we have that v — v, strongly in Wh2(Q) and ul) — wu, strongly in
L?(Q). As stated in Remark we have that ker B = {0} implies B'D(A) =
R™. As a consequence, there exist ¢1,...,¢n € D(A) such that B'q; = ey for
k =1,...,m. By Proposition , we further have ¢ € C%(Q) for some
ve(0,1).

Note that U := |J,,cy Un, where U,, = span{6;}I"_, satisfies U = W'2(Q) with
the respective norm. Moreover, B'U = R™. Since R™ is complete and finite
dimensional and B’ is linear and continuous it follows that B'U = R™. By
the surjectivity of B’ we have that for all k € {1,...,m} there exist ny € N
and g € Up, such that B'q;, = e;. Thus, there exists ng € N with g € U,
for all & = {1,...,m}, hence the g, are a (finite) linear combination of the
eigenfunctions 6;.

18



Define ¢ € WH2(Q; R™)NC%V(Q; R™) by ¢(¢) = (ql(C), . ,qm((:))—r and q - Yyef
by

(0 Yret) (£, C) - qu Yretk(t), (€D, t>0.

We may define g+ ¥yef analogously. Note that we have (¢-yret) € BC(]0,00) X ),
because

m
|(q yref t( Zqu”oo”yref,k”oo
k=1

for all ¢ € Q and ¢t > 0, where we write || - ||oc for the supremum norm. We
define Qka = (qi,0;) for k=1,...,m, j € Ng and ¢q}} := Z?:o gr,; for n € Ny.
Similarly, ¢" = (q%,...,q%) " for n € N, so that ¢" — ¢ strongly in WH2(Q).

In fact, since g, € U, for all k =1,...,m, it follows that ¢" = ¢ for all n > ny.
Since B’ : W"2(Q) — R™ is continuous for some r € [0, 1], it follows that for all
6 € Wm2(Q) there exists I',, > 0 such that

1B'0llzm < Tr[|0]lw->.

For n € Ny, let

n n -1
fin = ((n+ DT+ [0 = ¢" - et (N [fyrr2)) -

Note that for v, € W'2(Q) it holds that x, > 0 for all n € Ny, (kp)nen, is
bounded by I';-! (and monotonically decreasing) and x,, — 0 as n — oo and by
construction

Vn € No: kullB' (v —q" - yret (7))

Consider a modification of ¢ induced by k,,, namely

rm < 1.

On =@+ kn, nENp.
It is clear that for each n € Ny we have ¢, € W1H°°([y,00); R), the estimates
lonlloo < l@lloe + Tt and [|¢nlloo = [|¢]loo are independent of n, and ¢, —
¢ € ®, uniformly. Moreover, inf;~., ¢, (t) > 0.
Now, fix n € Ny. For ¢ > ~, define

k
o(e) == %67
wo(t) == @n(t)pn(t )71,
F(t,2) = () f-1(8) + n(t) fot) + fi(t)z + n(t) ™" fo(t)2?
2

— c3n(t)” 22, zeR,

eeR™, |le|lrm < 1,

f—l(t) = Is,i + Z yrcf,k(t)Aqka

k=1

fo(t) = —q - (Gret(t) + c1yret(t)) + c2(q - Yret(t))® — c3(q - yrer (),
J1(t) = (g Yret (t))(2¢2 — Bes(q - Yret (1)),

f2(t) :== c2 — 3e3(q - Yret (),

g(t) == c5(q - Yret (t)).
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We have that f_1 € L* (v, 00; L*(Q)), since

[

1/2
2,00 1= €58 SUp;>., (/ fo1(¢,t)? d/\)
Q

m
2,00 + 3 ket lloo | Agr|z2 < oo.
k=1

S ||Is,i

Furthermore, we have that fy € L*((vy, 00) x ), because

2
m m
oGt < (liretllo + callpretlloo) D Naklloo + c2llyretl| <Z |qk||m>
k=1

k=1
m 3
+ C3||yref|‘§o <Z |Qk||oo> for a.a. (C,t) €N x [7700)7
k=1

whence
[ folloso,00 1= esssup;>. ceq [fo(¢, )| < .

Similarly || f1]lee,00 < 00, || f2]l00,00 < 00 and ||gl|co,c0 < 00.
Consider the system of 2(n + 1) ODEs

f15(t) = —ajpuj(t) — (e1 — wo(t))p;(t) — v;(t) — <</5 (Z Bleiﬂi(t)> ’3'9a‘>

=0

vj(t) = —(ca = wo(8))v;(8) + cspi(t) + n(t) (9(2), 65)

R™

2
< } ,
Rm

1 (Y) = Kn <aj - Z%,j%&,k(ﬂ) , vi(y) = knbj, j € No.
k=1

defined on

D:= { (ty 1105 - -+ s fos Vs - - -, V) € [y, 00) x R2(HD

Z Vi ki
i=0

with initial value

Since the functions on the right hand side of are continuous, the set D
is relatively open in [y, 00) x R2™*1) and by construction the initial condition
satisfies (7, o (), -« s n(7), v0(¥), - - -, Un(7)) € D it follows from ODE theory,
see e.g. [35] § 10, Thm. XX], that there exists a weakly differentiable solution

(Mna Vn) = (IU/O) ey Uy YOy ey Vn) : [,YaTn) — RQ(n+1)
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such that T, € (y,00] is maximal. Furthermore, the closure of the graph
of (™, v™) is not a compact subset of D.
With that, we may define

= w00, wa(t) =D vi)0s,  en(t) =Y BOyu(t), te[y,T)
=0 =0 1=0
and note that

n n n

Zy 1= Zn(f}/) = Kn(vfyl - qn 'yrcf(’y))v Wy = wn(f}/) = Rply.
From the orthonormality of the 8; we have that
(2n(t),05) = —a(zn(t),0;) — (c1 — wo(t)) (2n(t), 0;) — (wn (), 6;)
— (¢ (B'zn(t)) , B'0j)gm + (F (t, 2n(t)) , 05) , (23)
(n(t),05) = —(ca — wo(t)) (wn(t),05) + cs (zn(t), 05) + on (9(1),05) -

Define now L
Un (t) = Qon(t)i Zn(t) + qn . yref(t)7

7i(t) = pn(t) " wi(t),

then v, (t) = D0 o @i(t)0; and w, () = Y i, 7;(t)0;. With this transformation
we obtain that (v,,u,) satisfies, for all § € WH2(Q), x € L?(Q) and all t €
[v,T,) that

& (0n(1),0) = — a(va(1),0) + (p3(vn(t) + (¢ — 4") - Yrer(t)) — un(t), 0)
+ <Is,i(t) —(q—4q")  Yret (t) + Zyref k(t)A(qr — qZ),9>
+ (I2.(1),B'0),,,

& (un(t),x) = (es(valt) + (¢ — ¢ ) “Yret (1)) — caun(t), X)

n _ k() / v P (2
el = = T P TBon(® = 0 g @) & (D) =0 e (1),

with (un(7),vn (7)) = (uy,vy). Since there exists some ng € N with ¢ = ¢ for
all n > ng, we have for all n > ng, § € WH2(Q) and x € L*(Q) that

& (a(),8) = — a(vn(t), ) <p3(vn('5)) — un(t),0)
+ (Lo,i(8),0) + (12e(t), B'0) 5
% <un(t)v X> = <05'Un(t) - C4’U,n(t), X> ) <25)

n _ :ZC() /’U _
Is,e(t) 1 ﬁpn(t)QHB’Un(t) — yref(t)H]]ng (B n(t) yref(t))a
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Step 2: We show boundedness of (zp,wy) in terms of o.
Consider again the Lyapunov function and observe that ||z, (t)[|* = 327, 15 (1)
and [|w, (t)[]? = D", v;(t)%. We find that, for all ¢ € [y,T,,),

AV (an(t) wa ) = 5 Z s 6)is (1) + Z (67550
- —es Z 51 (67 — ex(er — o) imw?
~ (e~ wlt) 2_: (07 — €5 (6(en(®)), en(t) o
F ol <g<t>7 Z uz-<t>ez->

+c; <F (757 ZM(W%) 72Hi(t)9i> ;
i=0 i=0

hence, omitting the argument ¢ for brevity in the following,

GV (s wn) = = e5a(2n, 20) — (e — wo)llznl* = (ca — wo)[Jwnl|?
kollen||fm (26)
- 50”7HR2 +c5 <F(t72n)azn> + ¢n <g7wn> .
]- - Hen| Rm

Next we use some Young and Hélder inequalities to estimate the term

(F(t,zn), 2n) = n(t) (f-1(1), zn) +pn(t) (fo(1), 2n) + (J1(E)2n, 2n)

171 IO 11

+ on(t)! <f2(t)z,2” zn> —c3pn ()72 <zf’l, zn> )
~——
Iz :HZTLH%A

For the first term we derive, using Young’s inequality for products with p = 4/3
and g = 4, that

3/2 1/4 m 3/2 1/4
< <21/2%/ [Lal ezl >+Z<(4m)1/4*""/ Iretlloc | Agel ez >

C§/4 ; 21/2()0}1/2 — Cé/4 ) (4771)1/4()0711/2
4/3

< PRI | 3am) Pl WA O | sl

> 4c§/3 Pt 403);/3 8‘;0721

and with the same choice we obtain for the second term

3/2 1/4 4/3
1< (276 Wolloese M zal \ _ 23RSl IR callznlls
= c§/4 ’ 21/490}/2 4011,,/3 8p2
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Using p = ¢ = 2 we find that the third term satisfies

2 2
Il S 290n||f1Hoo,oo, \/a‘znp < 250n‘|f1||oo,oo|Q| + C3H2’n||%4
Vs 2¢n c3 8¢7,

and finally, with p = 4 and ¢ = 4/3,

)

1/2 174 |3
L < (07 1 Fallooysos 12nl*) = 3201 || fallooo | 63"z
= n s 63/4 8071-/2\/3
PRI | @

Summarizing, we have shown that

1303 C3
(F(t,2n),2n) < KO@% - m||zn||i4 < KO%QL - mllzn\l‘ﬁ,
where
o PRI N 3 et 1 Agi |22
0= 1L/3 + Z 1/3
C3 k=1 dcg

21/33) foll &l | 20f1l1%./0l | 9Pl 2l 0l
+ /3 + p + 103 .

4ecq 3 3

Finally, using Young’s inequality with p = ¢ = 2, we estimate the last term

in as follows

< Pallalieocl® e

2
o (g, w0a) < T 2wl

We have thus obtained the estimate
%V(va wn) < - (U - 2WO)V(Zna wn)

kollenllgn  cscs
1= lenllgm 207

(27)

— c5(2n, 2n) — C5 2nll74 + P2 K1,

where

2 |9
o =2min{c1,c4}, K1 =c5Ko+ %
4
In particular, we have the conservative estimate
%V(zn,wn) < —(0 = 2w)V (2, wy) + 02K,
on [v,T,), which implies that

t

V(zn(t), wn(t)) Se‘K(t’”)V(zn(v)wn(v))+/ e Mg, (5)2 K ds,
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where
t
K(t,s) :/ o—2wo(T)dr =0(t—3s)—2Ing,(t)+2Inp,(s), Y<s<t<T,.

Therefore, invoking ¢, (y) = kn, for all ¢t € [y, T},) we have

esll2a ()12 + l[wn (E)]I? = 2V (2 (1), wa (1))
< 26‘”“‘”>%34§33vwzn<v> n(y >>+—3551wn<>2

= on®? ((esllog = " grer () + a2+ 2K1071)

< @n(t)? (csllvy = @~ gret(N? + llus|* + 2K107) .
Thus there exist M, N > 0 which are independent of n and ¢ such that

Vte [y, Tu): llza(®)]? < Mpn(t)? and [wa(®)]* < Nea(t)?,  (28)
and, as a consequence,

Vte [, Tn): lloa(t) = ¢" pret®)|? < M and [u.()]* <N.  (29)

Step 3: We show T,, = oo and that e, is uniformly bounded away from 1
on [y,00).
Step 3a: We derive some estimates for %Hznﬂ2 and for an integral involving
|znl|74. In a similar way in which we have derived we can obtain the
estimate

3aillznll* < — a(zn, z) — (e1 = wo)llanz + llznllllwnl
kollen][Zm (30)

T JlenllEn 262 K,
1- ”en”]]%m 2 2 H n||L4 + 0<pn
Using (28) and —ei|zq||* < 0 leads to
kollen | Em
%%Hznnz S B a(znazn) - ﬁ 2(,02 ||ZnHL4
n|lgRm

+ |@llooMepn + (Ko + VMN)g?2

Kollen | Fm
Hzn”2 < —a(zn, 2n) — 1_ H: ﬁgg - 2()02 | nHL4 + K1pn +K290n (31)

on [v,T,), where K7 := M||¢||co and Ko := Ko+ vV MN. Observe that

en'
2 dt|

nllznllzs < — |2nl? + K,

29%
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where K3 = K; + Ks||¢||co- Therefore,

t

c s —
S () (o)l ds
A
1 [t _
<Kafe' =) = 5 [ euls) ()P ds
vy
1 n|l2
= K3(et — eﬁy) - 5 <et¢n(t)_1||zn(t)”2 - Hi:”e’y>
1 ¢ 2 2
. / € 0n(5)"2(pn(5) — @ (5)) ]| 2n(5)]| 2 ds
Yy

t
e — .
< 5 2Ks + (Il + 77 + [12l100) M) + sne” ([0311 + [l - et (MII),

and hence there exist Dy, D1 > 0 independent of n and ¢ such that

¢
Vie [y, Tn): / e*9n(s)°[l2n(s)l|74 ds < Die’ + wn Do (32)
g
Step 3b: We derive an estimate for ||%,||?. Multiplying the first equation in
by f; and summing up over j € {0,...,n} we obtain
. 1 C1 ko
12nll® = = S &a(zn 20) = 5 G ll2nll” + 5 & (1 = llenllm)

+ (wozn + F (t,2n) — Wn, Zn) .

We can estimate the last term above by

. Tl o2 122 e 12 & 70 1.
ny “n Sf n A n = A OOM T4 n )
(wozns 2n) < SR Pn22al + 2120l S SIRIEM + Tllznl

. 7 1.
(=wn, 2n) < gllwnll* + 5112l

. 7 G
(F(t,2n), 20) < 500 (mz et iell 26 IAGw NI + 112113 0 + ||fo||§o,oo|9|>
k=1

7 T
+ 1l ccllznll® + Sn 1 falle co 120 114

5. 2 €3 4 4
+ﬂ\|2n|| *@a”zn”m-

Inserting these inequalities, substracting %Hzn ||? and then multiplying by 2 gives
C3

7 il #nllze

12nl* = = Ga(zn, 20) = 1 lzall” + ko g (1 = flenllgn) — 55
Pn

dt

+ 70, (mz et gell 2 IAGw I + 115113, 00 + | foll30 oo |21 + ||f1|§o,ooM+N>
k=1

+TNQ12M + 703 f2112 o ll2n | -
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Now we add and subtract 24|z, |?, thus we obtain

2dt

1 C3
lnl? < = a(zn, 20) - ( + 2) Sllzall® + hoe (1 = llenlo) — 5% G n I3

+ 11 foll36 001921

+7(lellee + 15" (mz lyret.ioll 26 [l AG I + 1175113

+||J‘?1||§o,oof\4>+7(N(||sollooJrl“rl)er||<b||§o ) + 70021 226 oo ll2nll 74

1
5l

By the product rule we have

C3 -3 . 4
o llanllhs == (5251l ) = cag®éanlznlhe

n

thus we find that

éal? + ghatems 20) — Ko 10 = ) + 3 (2 ol
1 (53)
<= (et 3) dlealP + B+ Ealanlle + 5P

where

By = (el + T (mz lyret. ol 26 1 AGe [ + 126,413 00 + 1Lfoll 2,00 €2

+ Iflllio,ooM> +7(N(llelloo + T + [l9ll5M),

By = T| fall30 oo (llloc + T71) + csll¢llo

are independent of n and ¢.
Step 8c: We show uniform boundedness of e,. Using in we obtain

1 _
) ol + By + oo

léall + <= (14 5

kollen||fm

— e nllps + Kion + Kapj,
1_”6””]1%m 2 2” ||L4 ¥ 90

— a(zn, 2n) —

1 _
== (et 3) dlalP + Eag®lnl
ko

1= lenllgm

—CL(Zn,Zn)— 2902 ||Zn||L4+A
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where
=
202

A =B+ Ki(llolloo + T;) 4+ Ka(ll@lloc + ;1) + Ko,

pn = &(2n, 2n) — ko In(1 — ”en”]l%m) + szz||i4’
and we have used the equality

len[Fm 1

S L1 [ S —
1—[len]|gm 1—len]fm

Adding and subtracting ko In(1 — [|e,,||Z) leads to

. . 1 _
fall 4 i < = pu = (14 3) il + Ba?lnll

1
— ko ( +1In(1 — ||en||2m)> +A
1= lenllgm :

1 .
<o+ ) Bleal? + Baglanllie 44 (38

where for the last inequality we have used that

1 1 9
Vpe(-1,1): T > In (1 —p2> = —1In(1 — p?).
We may now use the integrating factor e’ to obtain

) 1 _ .
i@mm:&mem<—d(m+2)iwmhﬂwwfww@+mt€wm?
<0

Integrating and using yields that for all ¢ € [y, T,,) we have

t 1
e'pn(t) — pn(7)e? < (EaDy + A)e! + ki, EaDg — / e’ (01 + 2> %Hzn(s)ﬂ2 ds

v

1
< (EaDy + M+ waBaDoc+ (e + 3 ) [

1 t
+(q+)/eﬂ%@m%m
2 Yy

1
s<@m+Aw+%@ﬂﬁ(“+ﬁﬂﬁw%—q%aww

1
#(e1+3) Qo+ T7201C
Thus, there exit =1, =5, =3 > 0 independent of n and ¢, such that

pu(t) < pu()e” 7 4 21 4 Ky (Bo + KnEz)e” ¢,
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Invoking the definition of p,, and that e~ (t=" <1 for t > ~ we find that

Vi€ [y, Tn): pa(t) < p) +E1 + ko2 + K Es, (35)
where
pO =K Cl(?) _q yref(')/) 7):: q yref( ))—kolﬂ(l—lﬁi”B/(U:’;—qn 'yref(’y»”]%m)
+ HnH’Ufy yref(’y)”%‘l - pn( )

Note that by construction of x,, and the Sobolev Embedding Theorem, (p2),en
is bounded, p” — 0 as n — oo, so that p? can be bounded independently of n.
Again using the definition of p,, and we find that

1 - —_ -
ko ln <2> = pn — a(2n, 2n) — 2 l2nllfe < 0 + Ep + KnZo + K2E3,
1— [lenlgm 2

and hence

———— <exp 1 (py 4+ E1 + kn B2 + K2E3) | = (n).

1—lenllm ~ ko " "
We may thus conclude that

Vie [, Th): llen®)lgn <1—e(n), (36)

or, equivalently,

Ve[, Tn): @n(t)’B' (vn(t) = a" - gret(t))l|2m <1 —e(n). (37)

Moreover, from (BF)), the definition of p, koIn(1 — [le,|3.») < 0 and Assump-
tion 2.1] we have that

3IVanl® + 5= 2@2 l2nllZs < P5 + B + KnZ2 + 7 Zs.

Reversing the change of variables leads to

Ve [y, Tn): 0pn(®)?[V(vat) = ¢ yret ()1 + @n(8)*[[0n(8) = 4" - yret (t) |74
< 0 4+ Z) + KnZg + K2E3,
(38)

which implies that for all ¢ € [y,T},) we have v, (t) € WH2(Q).
Step 3d: We show that T,, = co. Assuming 7T,, < oo it follows from that
the graph of the solution (u™, ™) from Step 2 would be a compact subset of D,
a contradiction. Therefore, we have T,, = co.

Step 4: We show convergence of the approximate solution, uniqueness and
reqularity of the solution in [y,00) x Q.
Step 4a: we prove some inequalities for later use. From we have that, on
[, 00),

on 2 znlls < p5 + B1 + KnZa + K Es.
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Using a similar procedure as for the derivation of we may obtain the esti-
mate

¢
Vt>0: / 0n(8) 3 2n(s)]|3a ds < kpdo + dyt (39)
Y

for dy,d; > 0 independent of n and t. Further, we can integrate on the
interval [y, t] to obtain, invoking p,(t) > 0 and (| .,

t
. 1
J s < 8 (14 3) R, = - IP) + Balndo + i) + A
¥
for all t > ~. Hence, there exist Sy, S1, 52 > 0 independent of n and ¢ such that
t
Vit >y / 120(s)]|2ds < p2 + Sokn + S1k2 + Saot. (40)
v
This implies existence of S3,S4 > 0 such that
t
Vt>y: / H%(g@nvn)HQ ds < p% + Sokp + Sik2 + Sst + S, (41)
¥

In order to improve , we observe that from it follows

3aillznll* < — alzn, zn) — (1 — wo)||2n||2 + llznlll[wnll

Kollen [[&m
S 1= lenll? +K
1-— H‘in”]?gm 2 2 l ”HL4 OSDn
Kollen |[Fm
: WOHZHHQ 2902 ||ZWHL4 + KQSDVL - (ZnaZn) o Wa
' ni|Rm

which gives

2ko0r,” llenllfm

dt@n2‘|zn”2 <2K3 — CBSﬁn4H2n||L4 2(,0;2a(zn,zn) T 2
- HenH]Rm

This implies that for all ¢ > ~ we have

t - ~ 2kown (8)72]len(s)]|Em
/ C3<,0n(5> 4Hzn(5)||i4 + 2%0”(5) Qa(zn(5)7zn(s)) + 01 _( ﬁe (lL)|(2 )H]R ds
g n R™
< 2Kot + vy — ¢ yret ()%,
(12)

which is bounded independently of n. This shows that for all ¢ > v we have

63/ [vn(s) = @™ - Yret (5)[[ 14 ds +/ 2a(vn(s) = ¢" - ret (s), vn(s) — 4" - Yret(s)) ds

+/t 2ko|B' (vn(5) — 4" - Yret () | Fm

ds SZKt-i- Uy — q - Yret (7Y 2.
1= 00 (8)2]1B' (1n(5) = ¢"  yret (5)) [ 2 2t + [lvy ()l

(43)
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In order to prove that |[1i,]|? is bounded independently of n and ¢, a last calcu-
lation is required. Multiply the second equation in by ; and sum over j
to obtain

[ |* = —(ca = wo) (wn, 1) + €5 (zn, n) + Pn (g, 1n) -

Using (wo — ca)wp, = (¢n — capn)e;, twy, and the inequalities

) < 2|1 2 =2 12 4 1l
—(ca — wo) (Wn, 1n) < 2||go — ca0|| 207 2 |wa|? + :
3 (11 - [l 12
< 5l + eallllloo + TN + =7,

. 3c2 1. .
s (znstin) < 222 20l +

3C§M
2

. 3 _ 1. .
o (g, tm) < S (l¢lloo + T2 llg11% 0O + g\lwnHQ,

_ 1.
< (lelloo +T71)* + llibnll?,

it follows that for all ¢ > ~ we have
[ ()1 <[]l + ca(llelloe + T 1))°N
+3EM([lelloo + T 1% +3([[elloe + T )29l 0012,

which is bounded independently of n and ¢t. Multiplying the second equation
in by ¢, ! and 6; and summing up over i € {0,...,n} leads to

(44)

%(‘P;lwn) = _8072¢nwn + ‘P;lwn = _04907:11”” + 35@;1'% + gn,
where .
gn = (9,6:) 0.
i=0
Taking the norm of the latter gives
[ (ontwn) || < cavonlwall + esor llznll + llgall
< calN + s M + [|glloo,c0,
thus
Ve i (t)] < eaN + esM + [lg]c e (45)
Step 4b: We show that (v, u,) converges weakly. Let T' > ~ be given. Using
a similar argument as in Section we have that v, € L2(y,T;W1%(Q))
and v, € L2(vy,T; WH2(Q)"), since (43) together with implies that I, €
L3(v, T;R™) and v, € L?(~, T; W12(Q)).
Furthermore, analogously to Section [I.I] we have that there exist subsequences
such that
Uy — u € WH2(y, T; L?(Q)) weakly,
vp — v € L?(y, T; WH2(Q)) weakly,

U — 0 € L*(7, T; (WH3(Q))') weakly,
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so that u,v € C([y,T); L3(Q)). Also v2 — v? weakly in L?*((y,T) x ) and
v3 — v3 weakly in LY3((y,T) x Q).
We may infer further properties of v and v. By , , & we have
that wy,,, lie in a bounded subset of L>(y,00; L?(f)) and that v, lie in a
bounded subset of L>(,00; L2(12)). Moreover, < (p,v,) € L2 (v, 00; L*(1)).
Then, using Lemma we find a subsequence such that
Up — u € L®(v,T; L*(Q)) weak*,
Uy — w0 € L®(vy,T; L*(Q)) weak”,
Vp — v € L(v, T; L*(Q)) weak™,
Onp — v € L®(y, T; WH2(Q)) weak”,
Op — 0 € L2 (v, T; WH2(Q)") weakly,
Pnin — o0 € L?(y,T; L*()) weakly,
since ¢, — ¢ in BC([y,T];R). Moreover, by inf;~~4s5 () > 0, we also have

that v € L>®(y + 6, T; WH2(Q)) and v € L(y + 6, T; L*(2)) for all § > 0.
Further, x,, p° — 0 and

e(n) — eo:=exp(—ky'Z1).

n—0o0

Thus, by , , & we have v € L4((,T) x ) and for almost all
t € [v,T) the following estimates hold:

[o(t) = ¢ grer (D) < VM,
lu(®)] < VN,
e()?(1B"0(t) = yret (t) R < 1 — €0, (46)

()Y (0(t) = 4 - et )1 + 0 ()2 [|0(t) = ¢ - yret (B)l|74 < E1,

[0(s) = @ yret (5|74 ds < 2Kt + [lvy — g yrer (7).
¥

Moreover, as in Section v, — v strongly in L2(y,T; L*(Q2)) and u,v €

C([y, T); L2()) with (u(y),v(y)) = (uy, vy).
Hence, for xy € L?(Q2) and 6§ € W12(Q) we have that (u,,v,) satisfy the inte-
grated version of , thus we obtain that for ¢ € (y,T)

(0(t),0) = (v,.0) + / —a(0(s).8) + (ps(v(s)) — u(s) + Lui(s).6) ds.
T
+/< (), B0, ds.

(u(t),x) = (uy, X —|—/ csv(s) — cqu(s), x) ds,
v

2 (B/’U(t’) - yref(t))

RmM

1 p()?]Bw ()—yrcf(t)\
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160

165

170

by bounded convergence [38, Thm. I1.4.1]. Hence, (u,v) is a solution of (7)) in
(v,T). Moreover, also holds in W12(Q)’ for ¢ >+, that is

0(t) = Av(t) + pa(v(t)) + Bl o (t) — u(t) + Lo 4(t). (47)

Step 5: We show uniqueness of the solution on [0, 00).
Using the same arguments as in Step le of Section together with v,u €
L*((v,T) x ), it can be shown that the solution (v,u) of is unique on
(v,T) for any T' > 0. Combining this with uniqueness on [0,7] we obtain a
unique solution on [0, co).

Step 6: We show the regularity properties of the solution.
To this end, note that for all § > 0 we have that

v e LE (v, 00, WH2(Q)) N L (7 + 6, 00; WH2(Q)),
so that I, =I5 ; + cov? — cv® —u € L2 (7, 00; L2(2)) N L% (v + 6, 00; L2()),

ocC
and the application of Proposition yields that v € BC([y,o0); L*(2)) N
BUC((ry,00); WH2(Q)). By the uniform continuity of v and the completeness
of W12(Q), v has a limit at ¢t = +, see for instance [39, Thm. I1.13.D]. Thus,
v € L®(y,00; WH2(Q)). From Section and the latter we have that v €

L2 (0,00; WH2(Q)) N L% (8, 00; WH2(Q)) for all § > 0, so we have

loc
I € Li, (0,00, R™) N L*(8,00; R™),
v € Li (0,00, WH2(2)) N L (8, 00; W*(Q))
N BC([0,00); L*(Q)) N BUC([6, 00); W*(9)),
so that I, == I ; + cov® — c3v® —u € L2 (0, 00; L2(Q)) N L>(4, 00; L2(Q)).

loc
Recall that by assumption we have B € L(R™, W"™2(Q)") for some r € [0,1].
Applying Proposition we have that for all § > 0 the unique solution of
satisfies
ifr=0: YA€ (0,1): ve C™[600); L*(Q));
if r € (0,1): veC¥/2([8,00); LE(Q)); (48)

ifr =1 veC%/2([5,00); L*()).

Since u, v € BC([0,00); L2(2)) and @ = c4v—csu, we also have . € BC([0, 00); L2(Q)).

Now, from and B’ € L(W™2(Q),R™) for r € [0, 1] we obtain that
e forr =0and \ € (0,1): y = B'v € CO([, 00); R™);
o forr € (0,1): y = Bv e COL7"([§,0); R™);
o for r =1: y = B'v € BUC([§, 0); R™).
Further, from we have
Vit o(t)?Bv(t) = yret(t)[fm <1 - eo,

hence I; . € L™(0,00;R™) and I; . has the same regularity properties as v,
since we have that ¢ € @, and yer € WH(0,00; R™). Therefore, we have
proved statements (i)-(iii) in Theorem [3.3] as well as a) and b).
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It remains to show c), for which we additionally require that B € L(R™, W2((2)).
b € WH2(Q) such that (B'z); = (x,b;) for all i =

Then there exist by, ...

1,...,m and x € L?(Q). Using the b; in the weak formulation for i = 1,...,m,

we have

% (v(t),bi) = —a(v(t),b;) + (p3(v(t)) — w(t) + Ls i (t), bi) + (Ls,e(t), B'Di) gm -

Since (B'v(t)); = (v(t), b;), this leads to

%(B'v(t)i) = —a(v(t),b;) + (p3(v(t)) — u(t) + Isi(t), bi) + (Ls.e(t), B'bi)pm -

Taking the absolute value and using the Cauchy-Schwarz inequality yields

|G (Bu(®)i| < Dl Leellv(®)llwr21billwaz + ps(v(8)) — w(t) + Lo,i ()] L2 [1b:]l 2

+ [ s, (8)]

B'b|

Rm Rm 5

and therefore

Vi=1,...,mVd>: H%(B'v)iHLw(&m;Rm) < o0,

by which y = B'v € W1>(5,00;R™) as well as I, € WH(§,00; R™). This

completes the proof of the theorem.

5. A numerical example

O

In this section, we illustrate the practical applicability of the funnel controller
by means of a numerical example. The setup chosen here is a standard test
example for termination of reentry waves and has been considered similarly
e.g. in [40, 2I]. All simulations are generated on an AMD Ryzen 7 1800X @
3.68 GHz x 16, 64 GB RAM, MATLAB® Version 9.2.0.538062 (R2017a). The
solutions of the ODE systems are obtained by the MATLAB® routine ode23.
The parameters for the FitzHugh-Nagumo model used here are as follows:

C1
C2
0.015 0
92(071)27 D= l: 0 0015:|a C3
. cs
Cs

1.614
0.1403

~ | 0.012
0.00015
0.015

The spatially discrete system of ODEs corresponds to a finite element discretiza-
tion with piecewise linear finite elements on a uniform 64 x 64 mesh. For the
control action, we assume that B € L(R*, W2(Q)’), where the Neumann con-

trol operator is defined by

Bz= (fF1 2(§) do, pr z(§) do, ng z(§) do, fr4 z(§) dU)T )

Iy ={1} x[0,1],
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Figure 2: Snapshots of reentry waves for t = 100 (left) and ¢ = 200 (right).

The purpose of the numerical example is to model a typical defibrillation pro-
cess as a tracking problem as discussed above. In this context, system is
initialized with (v(0),u(0)) = (vg,us) and Is; = 0 = I, ., where (v§,uy) is
an arbitrary snapshot of a reentry wave. The resulting reentry phenomena are
shown in Fig. 2| and resemble a dysfunctional heart rhythm which impedes the
intracellular stimulation current I, ;. The objective is to design a stimulation
current I, . such that the dynamics return to a natural heart rhythm modeled
by a reference trajectory yrer. The trajectory yper = B'vper corresponds to a
solution (Vyef, Urer) Of with (vyer(0), uret(0)) = (0,0), Is . = 0 and

I i(t) = 101 - w(&)(Xa0,511 () + X[209,301) (1)),

where the excitation domain of the intracellular stimulation current I, ; is de-
scribed by

1, if (& — 3)? — $)2<0.022
w(é): , 1 (61 ‘2) +(§ 2) < 0.0225,
0, otherwise.

The smoothness of the signal is guaranteed by convoluting the original signal
with a triangular function. The function ¢ characterizing the performance fun-
nel (see Fig. |3)) is chosen as

0, t € [0,0.05],
p(t) = ¢
tanh(qg5), t > 0.05.

Fig. [4] shows the results of the closed-loop system for (v(0),u(0)) = (v§, ug)
and the control law

Loo(t) = 0.75

1= o(2(1B"0(t) = yret (D) [Zm
which is visualized in Fig.|5l Let us note that the sudden changes in the feedback

law are due to the jump discontinuities of the intracellular stimulation current
I, ; used for simulating a regular heart beat.

(B'v(t) = yret (1)),
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Figure 3: Error dynamics and funnel boundary.

We see from Fig. [d] that the controlled system tracks the desired reference

180 signal with the prescribed performance. Also note that the performance con-

straints are not active on the interval [0,0.05]. Fig. |5| further shows that the
tracking is achieved with a comparably small control effort.

Appendices

A. Neumann elliptic operators

185 We collect some further facts on Neumann elliptic operators as introduced
in Proposition
Proposition A.1. If Assumption[2.1 holds, then the Neumann elliptic operator
A on Q associated to D has the following properties:
a) there exists v € (0,1) such that D(A) C CO(Q);
w b) A has compact resolvent;
c) there exists a real-valued and monotonically increasing sequence (oj)jen,
such that
(1) o =0, a1 >0 and lim,_, oj = 00, and
(ii) the spectrum of A reads o(A) ={ —o; | j €Ny }
and an orthonormal basis (0;)jen, of L*(S2), such that

Ve e D(A): Ax:—Zaj (x,0;)0;, (49)
7=0

and the domain of A reads

D(A) =4 Y N5 | (Aj)jen, with > a3|A;> < oo o (50)
j=0

J=1
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Figure 4: Reference signals and outputs of the funnel controlled system.

Proof. Statement [a)) follows from [41], Prop. 3.6].
To prove E[), we first use that the ellipticity condition implies

Sllzll + 1Azl = [|=[lwr.2. (51)

Since 99 is Lipschitz, © has the cone property [23, p. 66], and we can apply
the Rellich-Kondrachov Theorem [23, Thm. 6.3], which states that W12(Q) is
compactly embedded in L?(£2). Combining this with (51)), we obtain that A has
compact resolvent.

We show . Since A has compact resolvent and is self-adjoint by Proposi-
tion we obtain from [36l Props. 3.2.9 & 3.2.12] that there exists a real
valued sequence (ov;)jen, with lim; o || = oo and (49), and the domain of
A has the representation . Further taking into account that

VzeDA): (z,Az) = —a(z,2) <0,

we obtain that o; > 0 for all j € Ny. Consequently, it is no loss of generality
to assume that (o) en, is monotonically increasing. It remains to prove that
ag = 0 and a; > 0: On the one hand, we have that the constant function
1o € L?(Q) satisfies Alg = 0, since

Vze Wh2(Q): (2, Alq) = —a(z,1q) = — (Vz1, DV1g) = 0.
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On the other hand, if z € ker A, then

0={(z2,Az2) = —a(z,2) = —(Vz,DVz),

*
- | | .
0 200 400
t
[
B — I4,s,e
1y _v‘ ‘_
- | | .
0 200 400

s and the pointwise positive definiteness of D implies Vz = 0, whence z is a
constant function. This gives dimker A = 1, by which ag =0 and oy > 0. U

B. Interpolation spaces

We collect some results on interpolation spaces, which are necessary for the
proof of Theorem For a (more) general interpolation theory, we refer to

200 [42] .

Definition B.1. Let X,Y be Hilbert spaces and let o € [0,1]. Consider the

function

K:(0,00)x (X+Y)—=R, (t,z)—

The interpolation space (X,Y),, is defined by

r=a+b

inf__lallx + 6]y
€X,bey,

(X,Y)ai={zeX+Y \ (t=tK(t) € 2(0,00) },
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and it is a Hilbert space with the norm
2/l x,yya = It = 7K (¢, z)] 2.

Note that interpolation can be performed in a more general fashion for
Banach spaces X, Y. More precise, we may utilize the LP-norm of the map
t — t~*K(t, ) for some p € [1,00) instead of the L2-norm in the above defini-
tion. However, this does not lead to Hilbert spaces (X,Y),, not even when X
and Y are Hilbert spaces.

For a self-adjoint operator A : D(A) C X — X, X a Hilbert space and
n € N, we may define the space X, := D(A") by Xo = X and X, 11 =
{zeX, | Av € X,, }. This is a Hilbert space with norm ||z||x, , = | — Az +
Azl x,, where A € C is in the resolvent set of A. Likewise, we introduce X_,
as the completion of X with respect to the norm ||z||x_, = [[(=A] + A)~"z|.
Note that X_,, is the dual of X,, with respect to the pivot space X, cf. [36]
Sec. 2.10]. Using interpolation theory, we may further introduce the spaces X,
for any o € R as follows.

Definition B.2. Let o € R, X a Hilbert space and A : D(A) C X — X be
self-adjoint. Further, let n € Z be such that o € [n,n + 1). The space X, is
defined as the interpolation space

Xa = (Xna Xn+1)a—n~

The Reiteration Theorem, see [42, Cor. 1.24], together with [42] Prop. 3.8]
yields that for all « € [0,1] and a1, @y € R with a; < ay we have that

(XalaXa2>oc = Xa1+a(a27041)- (52)

Next we characterize interpolation spaces associated with the Neumann elliptic
operator A.

Proposition B.3. Let Assumption hold and A be the Neumann elliptic
operator on ) associated to D. Further let X,, a € R, be the corresponding
interpolation spaces with, in particular, X = Xo = L?(Q2). Then

X, o =W"(Q) forallr € [0,1].

Proof. The equation X/, = W12(Q) is an immediate consequence of Kato’s
Second Representation Theorem [26, Sec. V1.2, Thm. 2.23]. For general r € [0, 1]

equation implies
X, j2 = (Xo, X1/2)r-

Now using that X, = L?(Q) by definition and, as already stated, Xijp =
Wh2(Q), it follows from [30, Thm. 1.35] that

(L%(), WH2(Q), = W"2(9),

and thus X, o = W"2(Q). O
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Remark B.4. In terms of the spectral decomposition , the space X, has
the representation

Xo = Z/\j@j ()‘j)jENo with ZOJ?O“)\AQ < o0 . (53)
7=0

j=1

This follows from a combination of [42, Thm. 4.33] with [{2, Thm. 4.56].

C. Abstract Cauchy problems and regularity

We consider mild solutions of certain abstract Cauchy problems and the
concept of admissible control operators. This notion is well-known in infinite-
dimensional linear systems theory with unbounded control and observation op-
erators and we refer to [36] for further details.

Let X be a real Hilbert space and recall that a semigroup (T;);>0 on X is
a L(X, X)-valued map satisfying Ty = Ix and Ty = T;Ts, s,t > 0, where
Ix denotes the identity operator, and ¢ — T;x is continuous for every = € X.
Semigroups are characterized by their generator A, which is a, not necessarily
bounded, operator on X. If A: D(A) C X — X is self-adjoint with (z, Az) <0
for all x € D(A), then it generates a contractive, analytic semigroup (T;);>0
on X, cf. [43] Thm. 4.2]. Furthermore, if additionally there exists wg > 0
such that (z, Az) < —wpl|z||* for all x € D(A), then the semigroup (Tt)i>0
generated by A satisfies ||T;|| < e “°! for all ¢ > 0; the smallest number wy for
which this is true is called growth bound of (Tt):>9. We can further conclude
from [44, Thm. 6.13 (b)] that, for all & € R, (T});>0 restricts (resp. extends) to
an analytic semigroup ((T|a)¢)e>0 on X, with same growth bound as (T;)¢>o.
Furthermore, we have imT; C X, for all ¢ > 0 and r € R, see [44, Thm. 6.13(a)].
In the following we present an estimate for the corresponding operator norm.

Lemma C.1. Assume that A : D(A) C X — X, X a Hilbert space, is self-
adjoint and there exists wy > 0 with (z, Az) < —wyl|z||? for all z € D(A). Then
there exist M,w > 0 such that the semigroup (T¢)i>0 generated by A satisfies

Vae0,2] VE>0: ||Tellex,xn) < M(L4t"%)e "
Thus, for each o € [0,2] there exists K > 0 such that

sup taHTtHE(X,XQ) < K.
te(0,00)

Proof. Since A with the above properties generates an exponentially stable
analytic semigroup (T¢)¢>0, the cases a € [0,1] and o = 2 follow from [45]
Cor. 3.10.8 & Lem. 3.10.9]. The result for o € [1,2] is a consequence of [45]
Lem 3.9.8] and interpolation between X; and Xa, cf. Appendix O

Next we consider the abstract Cauchy problem with source term.
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Definition C.2. Let X be a Hilbert space, A: D(A) C X — X be self-adjoint
with (x, Ax) <0 for all z € D(A), T € (0,00], and o € [0,1]. Let (Ty);>0 be
the semigroup on X generated by A, and let B € LIR™, X_,). For xzg € X,
pe[l,o0, feLi (0,T;X) and u € L} (0,T;R™), we call z : [0,T) - X a
mild solution of

&(t) = Az(t) + f(t) + Bu(t), z(0)=ux0 (54)

on [0,T), if it satisfies

VEC[0,T): 2(t) = Tyzo + /O T, , f(s)ds + /O (T|_a)i_sBu(s)ds.  (55)

We further call x : [0,T) — X a strong solution of on [0,T), if ¢ in
satisfies v € C([0,T); X) N W,5P(0,T; X _1).

Deﬁnitionrequires that the integral fg('H‘La)t,sBu(s) ds is in X, whilst
the integrand is not necessarily in X. This motivates the definition of admissi-
bility, which is now introduced for self-adjoint A. Note that admissibility can
also be defined for arbitrary generators of semigroups, see [36].

Definition C.3. Let X be a Hilbert space, A: D(A) C X — X be self-adjoint
with (x, Azx) < 0 for all x € D(A), T € (0,00], o € [0,1] and p € [1,00]. Let
(T¢)e>0 be the semigroup on X generated by A, and let B € L(R™, X_,). Then
B is called an LP-admissible (control operator) for (T;)i>o, if for some (and
hence any) t > 0 we have

t
Vue LP(0,t;R™) 1 dpu ::/ (T|—a)t—sBu(s)ds € X.
0

By a closed graph theorem argument this implies that ®; € L(LP(0,t;R™), X)
for allt > 0. We call B an infinite-time LP-admissible (control operator) for
(Tt)e>0, if

sup || P+ < 0.

>0

In the following we show that for p > 2 and a < 1/2 any B is admissible and
the mild solution of the abstract Cauchy problem is indeed a strong solution.

Lemma C.4. Let X be a Hilbert space, A : D(A) C X — X be self-adjoint
with (z, Az) <0 for all z € D(A), B € LIR™,X_,) for some « € [0,1/2], and
(Tt)i>0 be the analytic semigroup generated by A. Then for all p € [2,00] we
have that B is LP-admissible for (T;)i>o-

Furthermore, for all vg € X, T € (0,00], f € LY. (0,T;X) and u €

loc

LY (0, T;R™), the function x in is a strong solution of on [0,T).

loc

Proof. For the case p = 2, there exists a unique strong solution in X_; (that
is, we replace X by X_; and X_; by X_5 in the definition) given by and
at most one strong solution in X, see for instance [45, Thm. 3.8.2 (i) & (ii)],
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so we only need to check that all the elements are in the correct spaces. Since
A is self-adjoint, the semigroup generated by A is self-adjoint as well. Further,
by combining [36, Prop. 5.1.3] with [36, Thm. 4.4.3], we find that B is an L2-
admissible control operator for (T¢):>o. Moreover, by [36, Prop. 4.2.5] we have
that

t
(t — Tz +/ (T|—a)¢—sBu(s) ds) € C([0,T); X) N W,22(0,T; X_y)
0

and from [45, Thm. 3.8.2 (iv)],
t
(t »—)/ T f(s) ds) e C([0,T); X) N W,22(0,T; X_1),
0

whence = € C([0,7); X) N WL?(0,T; X_1), which proves that z is a strong
solution of on [0,7).

Since B is L2-admissible, it follows from the nesting property of L? on finite
intervals that B is an LP-admissible control operator for (T;);>o for all p €
[2,00]. Furthermore, for p > 2, set f == f + Bu and apply [45 Thm. 3.10.10]
with f € L (0,T; X_,) to conclude that x is a strong solution. O

loc

Next we show the regularity properties of the solution of , fA=A
and B = B are as in the model . Note that this result also holds when
considering some to > 0, T" € (tp,00], and the initial condition x(tp) = zo
(instead of z(0) = z%) by some straightforward modifications, cf. [45, Sec. 3.8].

Proposition C.5. Let Assumption hold, A be the Neumann elliptic op-
erator on Q0 associated to D, T € (0,00] and ¢ > 0. Further let X = Xy =
L?(Q) and X,, r € R, be the interpolation spaces corresponding to A accord-
ing to Definition [B.3. Define Ay = A — cI with D(Ay) = D(A) and con-
sider B € LIR™, X_,,) for a € [0,1/2], u € L2 (0, T;R™) N L>(5, T;R™) and

loc

feL? (0,T; X)NL>(5,T; X) for all § > 0. Then for all zo € X and all § > 0

loc

the mild solution of (with A = Ay and B = B) on [0,T), given by = as
n , satisfies
(i) if a =0, then

YA€ (0,1): =€ BC([0,T); X)NC[5,T); X);
(i) if a € (0,1/2), then
x € BC([0,T); X)NCO=2([6,T); X) N C%12([6, T); Xo);
(iil) if « = 1/2, then
x € BO([0,7); X) N C*V2([5,T); X) N BUC([6,T); X1 2)-
Proof. First observe that by Proposition [2.2] the assumptions of Lemma [C.4] are

satisfied with p = 2, hence z as in is a strong solution of on [0, T) in the
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sense of Definition[C.2] In the following we restrict ourselves to the case T' = oo,
and the assertions for T' < oo follow from these arguments by considering the
restrictions to [0,7"). Define, for ¢t > 0, the functions

xp(t) == Txo, x¢(t) ::/0 Ti—sf(s)ds, z,(t) ::/0 (T)|—a)t—sBu(s) ds,
(56)

so that x = xp + 75 + Xy.

Step 1: We show that x € BC([0,00); X). The definition of A in Propo-
sition implies that for all z € D(A) we have (2, Az) < —c||z[|?. The self-
adjointness of A moreover implies that Ay is self-adjoint, whence [43, Thm. 4.2]
gives that Ay generates an analytic, contractive semigroup (T;);>o on X, which
satisfies

Vt>0Vae X : ||Tw| <e . (57)

Since, by Lemma x is a strong solution, we have z € C([0,00); X) N
VVlif (0,00; X_1). Further observe that B is L*°-admissible by Lemma

Then it follows from and [46, Lem. 2.9 (i)] that B is infinite-time L°°-
admissible, which implies that for z, as in we have

lullo < (supn@tu) o < o0,
t>0

thus z,, € BC([0,00); X). A direct calculation using further shows that
zp,xy € BC([0,00); X), whence z € BC([0,00); X).
Step 2: We show (i). Let § > 0 and set f := f + Bu € L% _(0,00; X) N

L (0, 00; X), then we may infer from [24, Props. 4.2.3 & 4.4.1 (i)] that
YA e (0,1): z e CON[J,00); X).

From this together with Step 1 we may infer (i).
Step 3: We show (ii). Let 6 > 0, then it follows from [24] Props. 4.2.3 & 4.4.1 (i)]
together with o € X and f € L*(J, 00; X), that

zp +xp € CU([8,00); X)) N CH([S,00); X)
= C%1729([6,00); Xa) N C¥174([6, 00); X).

Since we have shown in Step 1 that © € BC([0, 00), X), it remains to show that
z, € CO1729([§,00); X)) N CO172([8,00); X).

To this end, consider the space Y := X_,. Then (T;);>0 extends to a semi-
group ((T\_a)t)t>O on Y with generator Ag o : P(Ag,a) = X—at1 C X_q =Y,
cf. 24, pp. 50]. ‘Now, for 7 € R, consider the interpolation spaces Y, as in
Definition by means of the operator Ag . Then it is straightforward to
show that Y, = D(Af,,) = X,_q for all n € N using the representation (53)).
Similarly, we may show that Y,, = X,,_, for all n € Z. Then the Reiteration
Theorem, see [42] Cor. 1.24] and also , gives

VreR: Y, =X, ..
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Since B € L(R™,Y), [24], Props. 4.2.3 & 4.4.1 (i)] now imply

Ty € 00’1_20‘([5, 00); Ya,) N C’O’l_a([é, 0); Yy,)
= C%172%([6,00); Xo) N CP ([0, 00); X),

which completes the proof of (ii).

Step 4: We show (iii). The proof of z € C%'/2([§, 00); X) is analogous to that
of z € C%1=2([8,00); X) in Step 3. Boundedness and continuity of x on [0, c0)
was proved in Step 1. Hence, it remains to show that z is uniformly continuous:
Again consider the additive decomposition of z into z, zy and z, as in .
Similar to Step 3 it can be shown that xj,z; € C%Y/2([s, 00); X1/2), whence
wp, vy € BUC([6,00); X1/2). It remains to show that x,, € BUC([d,00); X1/2).

Note that Lemma gives that x5 = x(d) € X. Then x, solves 2(t) =
Aoz (t) + Bu(t) with z(0) = x,,(d) and hence, for all ¢ > § we have

Ty (t) =Ty_s2,(0) —l—/(S (T|—a)t—sBu(s)ds (58)

—a, (1)

Since z,,(6) € X by Lemma remains to show that 25, € BUC([6, 00); X1 2).
We obtain from Proposition[A.1jc|) that Ay has an eigendecomposition of type (49)
with eigenvalues (—5;)en,, B = @; + ¢, and eigenfunctions (8;);en,. More-
over, there exist b; € X_y 5 for i = 1,...,m such that B = >, b; - & for all
& € R™. Therefore,

t oo m
sl = [ P03 (b ui(r),6) dr
§=0 i=1

t oo m
= / Zefﬁj(t*T)Qqui(T) <b1,9]> dT,
—! i=1

where the last equality holds since u;(7) € R and can be treated as a constant
in X. By considering each of the factors in the sum over ¢ = 1,...,m, we can
assume without loss of generality that m = 1 and b := by, so that

t o0
20 (t) = / > e HUTy(7) (b,6;) 6 dr .
5 =
7=0

Define b/ := (b,0;) for j € Ny. Since b € X_1/5 we have that Z;io b3/ B;
converges, which implies

S = i (12)2 < oo0. (59)
j=0 "

Recall that the spaces X, a € R, are defined by using A € C belonging to the
resolvent set of A, and they are independent of the choice of A. Since ¢ > 0
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in the statement of the proposition is in the resolvent set of A, the spaces X,
coincide for A and Ay = A — cl.

Using the diagonal representation from Remark and [36, Prop. 3.4.8], we
may infer that x5 (t) € X1/p for a.e. t > §, namely,

o) 2

t
501, 0 < 30 850 ol sy [ €00 0 )

7=0

2
f||u||Loo<m>Z ( — D)

j(]

Hence,

125Dl x, 2 < Null Lo 5,000 V'S (60)

Now let t > s > § and ¢ > 0 such that ¢t — s < 0. By dominated convergence
[38, Thm. I1.2.3], summation and integration can be interchanged, so that

[EAGEEAG]
) s t 2
<l ey S 5 (02 ( /6 A=) _ oAl 4y 4 / o B (t=7) dT)
j=0 s

oo

2
<Al s Z(ﬁ( )
L

0o
< 4lullFos (5,00 Z
=0

We can conclude from that the series F': (0,00) — (0,.5) with

e_ﬂj")2

o
b7)?
:Z( ) (l_e—ﬁjo')Q
i B
converges uniformly to a strictly monotone, Continuous and surjective function.
Therefore, F' has an inverse. The function x% is thus uniformly continuous
on [§, 00) and by we obtain boundedness, i.e., 2, € BUC([6, 00); X1/2). O

Finally we present a consequence of the Banach-Alaoglu Theorem, see e.g. [47]
Thm. 3.15].

Lemma C.6. Let T > 0 and Z be a reflexive and separable Banach space. Then

(i) every bounded sequence (wp)nen in L>®(0,T;Z) has a weak* convergent
subsequence in L>(0,T; Z);
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(i) every bounded sequence (wp)nen in LP(0,T;Z) with p € (1,00) has a
weakly convergent subsequence in LP(0,T;Z).

Proof. Let p € [1,00). Then W := LP(0,T;Z’) is a separable Banach space,
see [38, Sec. IV.1]. Since Z is reflexive, by [38, Cor. III.4] it has the Radon-
Nikodym property. Then it follows from [38, Thm. IV.1] that W' = L9(0,T; Z)
is the dual of W, where ¢ € (1,00] such that p~! + ¢~ = 1. Assertion
now follows from [47, Thm. 3.17] with p = 1 and ¢ = co. On the other hand,
statement follows from [48, Thm. V.2.1] by further using that W is reflexive
for p € (1,00). O
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