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Determinacy in Second Order Arithmetic 143

ROBIN HIRSCH AND IAN HODKINSON
Games in Algebraic Logic: Axiomatisations and Beyond 157

WEI-TORNG JUANG AND HAMID SABOURIAN
Evolutionary Game Theory: Why Equilibrium and Which
Equilibrium 187



vi

KEVIN T. KELLY
Simplicity, Truth, and the Unending Game of Science 223

BOAZ TSABAN
Random Strategies with Historical Memory for the Robin Hood
Game 271

JOUKO VÄÄNÄNEN
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Preface

Infinity can feature in games in various forms: we can play games of infinite
length, with infinitely many players, or allow for infinitely many moves or
strategies. Games of infinite length have been thoroughly investigated by
mathematicians and have played a central rôle in mathematical logic. How-
ever, their applications go far beyond mathematics: they feature promi-
nently in theoretical computer science, philosophical Gedankenexperiments,
as limit cases in economical applications, and in many other fields. The con-
ference “Foundations of the Formal Sciences V: Infinite Games” (FotFS V)
focused on games of infinite length, but was open to include other notions
of infinity in games. It brought together researchers from the various areas
that employ infinitary game techniques to develop cross-cultural bridges.
This volume contains selected and fully refereed papers presented at the
conference.

FotFS V was held from November 26th to 29th, 2004 at the Rheinische
Friedrich-Wilhelms-Universität Bonn, as the fifth conference in the series
Foundations of the Formal Sciences after FotFS I in Berlin (May 1999),
FotFS II in Bonn (November 2000), FotFS III in Vienna (September 2001),
and FotFS IV in Bonn (February 2003).1 The conference series aims at
bringing together researchers from various areas who are interested in the
foundations of formal reasoning. The interdisciplinary character of the con-
ference series makes it necessary for authors to explain their material to
non-specialists and get them interested in the research problems of other
areas. This emphasis on catalyzing joint research between representatives
of various communities is inherited by the proceedings volumes of the series.
The proceedings volumes of the first four conferences appeared in the jour-
nal Synthese (Volume 133, Number 1/2), the book series Trends in Logic
(Volumes 17 and 23) and Studies in Logic (Volume 3), respectively. After
FotFS V, we held another successful meeting in the series, FotFS VI, on
the topic of “Reasoning about Probabilities and Probabilistic Reasoning”
in Amsterdam (May 2007). The next conference, FotFS VII is planned for
October 2008 in Brussels.

The conference.

The conference FotFS V was held at the Mathematisches Institut at the
Rheinische Friedrich-Wilhelms-Universität Bonn, organized in collabora-
tion with the Institute for Logic, Language and Computation (ILLC) at the

1We would like to point out a rather embarrassing misprint in the proceedings volume
of FotFS IV: in the preface, we claim that the conference took place in February 2004.
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Universiteit van Amsterdam. This collaboration was also represented by
the group of organizers (Stefan Bold, Boudewijn de Bruin, Peter Koepke,
Benedikt Löwe, Thoralf Räsch, Johan van Benthem) which consisted of
representatives of both institutes. The main financial sponsor of the con-
ference was the Deutsche Forschungsgemeinschaft (4851/197/04). During
the preparatory phase of the conference, we had the unreserved support
of our host institute for which we would like to extend our gratitude. For
the conference itself, we had a reliable staff of helpers consisting of Irina
Arndt, Dorothée Baoues, Patrick Braselmann, Alexander Gilbers, Philipp
Hieronymi, Bernhard Irrgang, Tikitu de Jager, Jorrit Kirsten, Michael Klein,
Alexander Rothkegel, Karen Seidel, Jip Veldman, Thomas Waltke, and Flo-
rian Werne. The following is a list of all presentations scheduled for our
conference:

Samson Abramsky, Oxford UK: Game Semantics and Infinite Games

Alessandro Andretta, Torino: Wadge-determinacy and the semi-linear ordering

principle

Dietmar Berwanger, Aachen: Rationality and regularity in multi-player games

Julian Bradfield, Edinburgh UK: IF Logic and Fixpoint Logic

Matthias Blonski, Frankfurt: Games in Aggregated Form

Adam Brandenburger, New York NY: Admissibility in Games

Jérémie Cabessa, Lausanne: An infinite game on omega-semigroups

Francien Dechesne, Tilburg / Eindhoven: Game theoretical semantics and infinity

Samson de Jager, Amsterdam: Solving asymmetric combinatorial games

Natasha Dobrinen, State College PA: Infinite Games on Boolean Algebras

Jacques Duparc, Lausanne: Wadge games and sets of reals recognized by simple

machines: An ω-power of a finite context-free language which is Borel above ∆
0
ω

Johannes Emrich, Erlangen: A dialogical decision procedure for predicate logic

Angel Garrido, Madrid: Matrix Theory and Artificial Intelligence

Lorenz Halbeisen, Belfast UK: Infinite Games in Forcing Constructions

Christoph Heinatsch, Münster: The determinacy strength of Π
1
2-comprehension

Ian Hodkinson, London UK: Games in algebraic logic: axiomatisations and beyond

Josef Hofbauer, London UK: Evolutionary dynamics for infinite games

Kevin Kelly, Pittsburgh PA: Ockham’s Razor as the Most Efficient Strategy in the

Infinite Truth-finding Game of Science

Gleb A. Koshevoy, Moscow: Cooperative games with infinite number of players,

Projective systems, and Cores

Kenneth A. Presting, Chapel Hill NC: The Valuation of Choices in The Logic of

Decision



ix

Sandra Quickert, Edinburgh: Games and Model Checking

Hamid Sabourian, Cambridge UK: Stability and equilibrium selection in evolu-

tionary game theory

Victor Selivanov, Novosibirsk: Memoir on Wadge degrees of regular star-free ω-

languages

Marion Scheepers, Boise ID: Infinite Games in Topology

Robert Simon, London UK: Games of incomplete information, ergodic theory, and

the measurability of equilibria

Brian Skyrms, Irvine CA: Replicator Dynamics and the Unreasonable Effectiveness

of Cheap Talk in Evolutionary Games

Fernando Tohmé, Bah́ıa Blanca: A New Set-Theoretic Foundation, Based on De-

terminacy, for Economic Theory

Boaz Tsaban, Jerusalem: Game theory of generalized selection hypotheses

Jouko Väänänen, Helsinki: A new game in infinitary logic

Stefano Vannucci, Siena: On concept lattices of coalitional game forms

Yde Venema, Amsterdam: Automata, logic and games: a coalgebraic perspective

Philip Welch, Bristol UK: A game theoretic approach to quasi-inductive definitions

Enrico Zoli, Firenze: The role of Wolfgang Schmidt’s (α, β)-games in Descriptive

Set Theory

This volume.

The spirit of the conference that brought together researchers from various
fields interested in notions of infinity in games is well reflected in this pro-
ceedings volume. A large number of anonymous referees helped to ensure
the scientific quality of this volume while keeping in mind its intended wide
audience and watching the quality of exposition in the submitted papers.
Some of the referee reports were exceptionally detailed and came with many
helpful suggestions to improve the presentation. We would like to gratefully
acknowledge the support of Jane Spurr of College Publications. The final
typesetting meeting in Amsterdam was supported by grant DN 62-630 of
the Nederlandse Organisatie voor Wetenschappelijk Onderzoek.

Köln/Amsterdam/Bonn
November 2007 S. B. B. L. Th. R. J.F.A.K. v. B.
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Thoralf Räsch, Johan van Benthem (eds.)

Foundations of the Formal Sciences V

Infinite Games

The SLO Principle and

the Wadge Hierarchy
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10123 Torino, Italy
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abstract. The Semi-Linear Ordering principle for continuous
functions (SLO

W) is one of the most useful tools for studying the
Wadge hierarchy, and says that A is continuously reducible to B or
the complement of B is continuously reducible to A, for any two sets
A, B ⊆ R. We survey some old and new results on SLO

W and Wadge
degrees.

1 Introduction

Game theoretic methods figure prominently in set theory and other parts
of mathematical logic. Most of the games studied by set theorists are of the
following form: there are two players (usually denoted by I and II) which
take turns in choosing elements from a non-empty set X, with I playing
first:

I a0 a1 · · ·
II b0 b1 · · ·

The game lasts ω many rounds with I playing first in each round, and at
any finite stage of the game either player knows exactly the opponent’s pre-
vious moves. (In this paper ω is the first transfinite ordinal, identified with
{0, 1, 2, . . . }, the set of all natural numbers.) If the sequence constructed

*The author would like to thank the organizers of the fifth FotFS meeting for the
invitation to talk on the Wadge hierarchy, and Alberto Marcone for suggestions that
greatly simplify the exposition in Section 5.
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by the two players by the end of the game

〈a0, b0, a1, b1, . . . 〉 (1)

belongs to a set C ⊆ ωX specified at the outset, then I wins; otherwise
II wins. (The set ωX is the collection of all f : ω → X.) The set C is
called the pay-off set, and the above game is denoted by G(C). Games of
this form are usually called infinite length, perfect-information, zero-
sum, two players games on X. A strategy for I in G(C) is a recipe1

(i.e., a function on sequences) that tells I how to answer to II’s moves; it
is winning if the sequence (1) obtained following such strategy is in C,
no matter what II plays. (The definition of (winning) strategy for II is
similar.) A game is determined if one of the two players has a winning
strategy—clearly the two players cannot have both winning strategies since
otherwise, pitting them against each other, a sequence which is both inside
and outside the pay-off set would result.

Mycielski and Steinhaus in [MycSte62] started a systematic investigation
of the so-called determinacy hypotheses, i.e., statements of the form

∀C ⊆ ωX the game G(C) is determined. (ADX)

If X is a singleton, then ADX is trivially true, and if X ⊆ Y or, more
generally, if there is an injection from X into Y , then ADY =⇒ ADX . In
[MycSte62] it is shown that ADn ⇐⇒ ADω for every 2 ≤ n < ω, and the
statement ADω is called the Axiom of Determinacy, and it is denoted by
AD. The word axiom is probably a misnomer, since AD is not meant to be
an intuitively true fact about sets. In fact it contradicts a widely accepted
mathematical postulate—the Axiom of Choice, AC—as it implies that all
sets are Lebesgue measurable [MycSwi64]. In other words, AD is false in
ZFC, the Zermelo-Fraenkel set theory ZF augmented with AC.

On the other hand, if the set C is not too complex, then the game
G(C) can be shown to be determined in ZFC: Gale and Stewart showed
in [GalSte53] that for any set X, if C is a closed subset of ωX, then G(C)
is determined, and this was later extended by Martin [Mar75] to all Borel
subsets of ωX. The topology on ωX is given by the complete metric

d(f, g) =

{
2−n if f↾n = g↾n and f(n) 6= g(n),

0 if f = g.
(2)

The Axiom of Choice is essential for these results, since the Gale-Stewart
theorem (the determinacy of all games with pay-off closed in ωX, for any

1The formal definition of strategy for will be given in Section 2.2.
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X) implies AC. Therefore, although the statement that all games on ω are
determined contradicts AC, the statement that all closed games on any X
is equivalent to AC over ZF. On the other hand, by a deep result of Woodin
[Woo88] building on previous work of Martin and Steel [MarSte89], assum-
ing ZFC and the existence of large enough cardinals, it can be shown that AD
holds in L(R), the smallest transitive model of ZF containing all reals and
all ordinals. In particular, AD is consistent with ZF, modulo large cardinals.
Woodin has shown that a similar result holds for ADR, the Axiom of Real
Determinacy, which is much stronger than AD (see [Woo99]). These re-
sults cannot be extended to ADX for other uncountable X, since,e.g., ADω1

and ADP(R) are inconsistent with ZF. It is worth mentioning that the col-
lection of all determined sets depends on the amount of strong axioms of set
theory that one is willing to accept: if we restrict ourselves to ZFC alone,
then we should diet on Borel sets only, but if we are willing to assume the
existence of large cardinals, we might consider projective sets, or sets in
L(R), or even sets in larger inner models for determinacy [Woo99].

The main reason for studying AD and ADR is that they have interest-
ing consequences in descriptive set theory. This area of mathematics, lying
at the crossroads between analysis, topology and set theory, arose from
the labors of the analysts of the turn of the 20th century (Baire, Borel,
Lebesgue, Lusin, Suslin, to name a few) to put integration theory on firm
grounds. After World War II the subject was rejuvenated by the intro-
duction of methods from mathematical logic, and it is nowadays one of
the most active areas of set theory. Modern descriptive set theory can
be roughly defined as the study of definable subsets of Polish spaces, i.e.,
separable completely metrizable spaces. Since any two uncountable Polish
spaces are Borel-isomorphic, and since many set-theoretic questions are in-
variant under Borel isomorphism, it is customary in set theory to dub any
uncountable Polish space R. In set theory it is often desirable to deal with
a version of R which is transparent from a combinatorial point of view, so
we will work with the Baire space ωω and with the Cantor space ω2:
as they are zero-dimensional, they are homeomorphic to their n-th power
(1 ≤ n ≤ ω) so that pairs, tuples, or ω-sequences can be continuously coded
into a single element—something that cannot be done with the real line
(−∞,+∞) studied in Calculus.2 In this paper, R will always stand for the
Baire space,

R
def
= ωω ,

but on a couple of occasions the Cantor space ω2 will also be considered.

2For a more compelling reason why the real line is not suited for our purposes, see
Example 3.
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The concept of “definable set” used in our characterization of modern
descriptive set theory is a bit vague, and it is taken to mean: set in a
reasonable family of sets, like Borel, projective, etc. In any case, such
family should be immune from all pathologies (sets which are non-Lebesgue
measurable, or do not have the property of Baire, etc.) spawned by the
Axiom of Choice. A standard requirement is that such family should be
closed under continuous pre-images, which brings us to the subject matter
of the present paper, the Wadge hierarchy.

Definition 1. For A, B subsets of R, say that A is reducible to B if A is
the pre-image of B, i.e.,

A = f−1(B)

for some f : R→ R, which is called a reduction of A to B. If the reduction
f is continuous, then A is said to be Wadge reducible to B, in symbols

A ≤W B . (3)

The intuition behind this definition is that

the set A is at most as complex as the set B. (4)

Complexity here refers to some intuitive pre-ordering of topological com-
plexity: we require that no set is strictly simpler than its complement.
Thus if (3) holds, any upper bound for the complexity of B yields an up-
per bound for the complexity of A and—conversely—a lower bound for the
complexity of A yields a lower bound for the complexity of B. For example,
if B is Borel (or Fσ, closed, etc.), then also A must be Borel (Fσ, closed,
etc.), and if A is not Borel (Fσ, closed, etc.) then same can be said of B.

Although the notion of continuous pre-image harks back to the dawn
of general topology, and had been used in a variety of situations, it was
William W. Wadge, a PhD student of John Addison in Berkeley in the late-
60s–early-70s, that first studied the structural properties of the relation ≤W

per se. Wadge’s breakthrough relied on a reformulation of the reducibility
relation (3) in terms of games (see Section 2.3 below), and it was during
that time that infinite games and AD and other determinacy hypotheses
were becoming a standard tool in descriptive set theory. In Wadge’s own
words:

Yet nowhere (to our knowledge) is the relation A = f−1(B) for some con-
tinuous f ever explicitly defined and studied as a partial order, not even
in exhaustive work such as Kuratowski (1958) or Sierpiński (1952). In the
latter, Sierpiński discusses preimage in general, continuous image and home-
omorphic image, but not (explicitly) continuous preimage, which is perhaps
the most natural. One possible explanation is that the investigation of ≤
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naturally involves infinite games, and it is only recently that game methods
have been fully understood and appreciated. [Wad83, p. 3]3

Wadge proved a simple, but fundamental result, now known as Wadge’s
Lemma, which has ushered a slew of new results in descriptive set theory.

Lemma 2 (Wadge’s Lemma). Assume AD. Then for all A,B ⊆ R

A ≤W B ∨ R \B ≤W A . (5)

This implies the converse of the principle (4): if A is simpler than (or as
complex as) B from the topological perspective, and if A ≤W B does not
hold, then R\B ≤W A and hence R\B is simpler than (or as complex as) A,
from which we could conclude thatB is strictly simpler than its complement,
contradicting our basic assumption on the topological complexity of sets.
Note that Wadge’s Lemma fails if the ambient space R is taken to be real line
(−∞,+∞) or any other connected Polish space, as the following example
(taken from [Woo99, Remark 9.26, p. 624]) shows:

Example 3. Let A = Q, let C ⊂ [0, 1] be the usual 1/3-Cantor set and let
B ⊆ C. We claim that there is no continuous reduction of A to B: since B
can be taken to be not in Gδ, and since A ∈ Fσ, then R \ B �W A, and
this will witness the failure of Wadge’s Lemma for A and B. Towards a
contradiction, suppose A = f−1(B) for some continuous f . Then

R = Cl(Q) = Cl
(
f−1(B)

)
⊆ f−1

(
Cl(B)

)
⊆ f−1(C) ,

where Cl denotes the closure. Thus ran(f) ⊆ C. But ran(f) is connected,
and since the connected components of C are its points, it follows that f is
constant, and hence it cannot be a reduction of A to B.

Wadge’s Lemma says that under AD the pre-order ≤W is semi -linear, in
the following sense: if A is not Wadge reducible to B then

¬B
def
= R \B

is reducible to A. For this reason (5) is called the Semi-Linear Ordering
principle for continuous reductions, and it is denoted by SLOW. The equiv-
alence classes of the induced equivalence relation

A ≡W B ⇐⇒ A ≤W B ∧B ≤W A

are called Wadge degrees. The pre-order ≤W on P(R) induces a partial
order on the Wadge degrees which is denoted by ≤, and Wadge’s Lemma

3Kuratowski (1958) and Sierpiński (1952) are, respectively, the monographs [Kur58]
and [Sie52], and ≤ is our ≤W.
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amounts to say that every anti-chain in ≤ is of length 2. By 1972 Wadge
had carried out a thorough analysis of the structure of Wadge degrees
of Borel sets (these result appeared much later in his PhD dissertation
[Wad83]), and in the subsequent years many descriptive set theorists (Mar-
tin, Steel, Kechris, Louveau, to name a few) further developed the theory
of the Wadge degrees. Some of these results are reported in papers in the
Cabal volumes [KecMos78, KecMarMos81, KecMarMos83, KecMarSte88],
some other are buried in PhD theses [Wad83, Van77, Ste77], but—to our
knowledge—there is no single place that gives an overview of the results in
this area of set theory. The ambition of the present paper is to fill this gap
in the literature by surveying some classical and some recent results—other
papers that provide some general information on the Wadge hierarchy are
[Van78b, And03, And06]. Since all of the results presented here have ap-
peared somewhere else (albeit in form of PhD theses), most of them are
stated without proof, but with a reference to the sources. The only excep-
tions are the results in Section 5, which are new and presented in detail.
In Section 2 some standard facts and terminology in descriptive set theory
are recalled—for all undefined concepts, the reader is referred to the stan-
dard monographs [Kec95, Mos80]. Still this is not to meant to be a scholarly
account of the theory of Wadge degrees, and many important modern devel-
opments are completely ignored: for example no attempt was made to cover
the work by Louveau and Saint-Raymond on the strength of Wadge Deter-
minacy of Borel sets [LouSai88, Lou83] or recent applications of Wadge re-
ducibility to automata theory and languages [Dup03, DupFinRes01, Sel03].

2 Basic facts about Wadge degrees

Firstly, let us briefly recall the definitions and notations that will be used
throughout this paper.

2.1 Notation

The set YX is the collection of all functions from Y to X. We endow ωX
with the product topology, where X is taken to be discrete. The resulting
space is completely metrizable (via the complete metric given in (2)) and
it is separable if and only if X is countable. The set <ωX =

⋃
n
nX is the

collection of all finite sequences from X. If s, t ∈ <ωX then sat ∈ <ωX is
the finite sequence obtained by concatenating s with t; when dealing with
sequences of length 1, say 〈x〉, we shall write xat and sax rather than 〈x〉at
or sa〈x〉. The notion of concatenation can be defined also when s ∈ <ωX
and f ∈ ωX: in this case saf ∈ ωX.

A tree on X is a set T ⊆ <ωX which closed under initial segments, i.e.,
t ∈ T ∧ s ⊆ t =⇒ s ∈ T ; the elements of T are called nodes. In particular
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<ωX is a tree on X. A node t ∈ T is terminal if and only if there is no
s ∈ T such that t ⊂ s; tn(T ) is the set of all terminal nodes. A tree without
terminal nodes is said to be pruned. A branch through a tree T on X is
an f ∈ ωX such that f↾n ∈ T for all n ∈ ω. The body of a tree [T ] is the
set of all branches through T . If T is a pruned non-empty tree on X, then
[T ] 6= ∅ by DC—see below for the definition of DC. For n ∈ ω,

x(n) = 〈x, x, . . .︸ ︷︷ ︸
n

〉

is the sequence of n-many consecutive x’s where n ≤ ω, with the under-
standing that x(0) = ∅. If ϕ : <ωω → <ωω is such that

(i) s ⊆ t =⇒ ϕ(s) ⊆ ϕ(t), and
(ii) limn→∞ lh

(
ϕ(x↾n)

)
=∞, for all x ∈ R,

then a continuous function fϕ : R→ R, fϕ(x) =
⋃
n ϕ(x↾n) is defined, and,

conversely, any continuous function from R to R is of the form fϕ. Since ϕ
can be coded by a real, we fix from now on an R-parametrization of the set
of all continuous functions,

{fx | x ∈ R} . (6)

If (ii) is strengthened to lh(ϕ(s)) = lh(s), then the resulting function fϕ
is said to be Lipschitz. Thus f is Lipschitz if and only if

∀n ∈ ω (x↾n = y↾n =⇒ f(x)↾n = f(y)↾n) ,

or, equivalently,
d(f(x), f(y)) ≤ d(x, y) .

Since Lipschitz functions are continuous, in analogy with (6) it is possible
to find an R-parametrization

{ℓx | x ∈ R} (7)

of the set of all Lipschitz functions. Moreover it is not hard to arrange this
so that the map

R× R→ R , (x, y) 7→ ℓx(y) (8)

is continuous—see [AndHjoNee07]. Finally, a Lipschitz function f : R→ R
such that

x↾n = y↾n =⇒ f(x)↾n+ 1 = f(y)↾n+ 1 ,
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is said to be a contraction. Let A ⊆ R. The complement of A is
¬A = R \A. If s ∈ <ωω, then

saA = {sax | x ∈ A} .

The set
A⌊s⌋ = {x | sax ∈ A} (9)

is called the localization of A at s, and clearly (saA)⌊s⌋ = A. If An ⊆ R,
let ⊕

nAn =
⋃
nn

aAn

and let A⊕B =
⊕

nAn where A2n = A and A2n+1 = B.

2.2 Determinacy and Choice

Given a non-empty set X and a C ⊆ ωX, we define a game G(C) in
which two players I and II alternately pick elements from X, with I playing
first. Let a0, a1, . . . and b0, b1, . . . be the sequences of moves by I and II,
respectively. A play of G(C) lasts ω-many rounds so that at the end of the
two players have cooperatively constructed a sequence 〈a0, b0, a1, b1, . . . 〉 as
in (1). Then I wins iff such sequence in in C; otherwise II wins. A strategy
for I is a function

σ : <ωX → X

and it is said to be winning if for any sequence 〈b0, b1, . . . 〉 played by II,
letting a0 = σ(∅), a1 = σ(b0), a2 = σ(b0, b1), . . . , the resulting (1) sequence
is in C. A strategy for II is a function

τ : <ωX \ {∅} → X ,

and it is winning if for any sequence 〈a0, a1, . . . 〉 played by I, letting b0 =
τ(a0), b1 = τ(a0, a1), . . . , the sequence (1) is not in C.

A game G(C) is determined iff one (and only one) of the two players
has a winning strategy, and ADX is the statement that all games on X are
determined.

The Axiom of Determinacy AD (that is ADω) contradicts the Axiom of
Choice, AC, since it implies that:

(LM) every set of reals is Lebesgue measurable,

(BP) every set of reals has the property of Baire,

(PSP) every set of reals is countable, or else it contains a perfect subset,4

and it is well-known that any one of these three properties contradicts AC—
see [Kan03, p. 373–377]. There are weak forms of AC, though, that are
consistent with AD.

4This is known as the perfect set property.
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Definition 4. The Axiom of Countable Choice over X, ACω(X), is
the statement: for any family {An | n ∈ ω} of non-empty subsets of X,
there is a choice function n 7→ an ∈ An.

The Axiom of Dependent Choice over X, DC(X), is the statement:
for any relation R ⊆ X ×X such that ∀x ∈ X ∃y ∈ X (xR y), and for any
x0 ∈ X, there is a sequence x1, x2, . . . such that xnRxn+1, for all n ∈ ω.
The axioms ACω and DC are the global versions of ACω(X) and DC(X),
namely:

∀X ACω(X) and ∀X DC(X) .

The axiom ACω(R) implies that the countable union of countable subsets
of R is countable and that ω1 is regular. It is well-known that AD =⇒
ACω(R) [Kan03, Proposition 27.10], while it is open wether the same is true
for DC(R):

Problem 5. Does AD imply DC(R)?

By a theorem of Kechris’ [Kec84], this is true if V = L(R) is assumed,
and since DC(R) =⇒ DC holds in L(R), it follows that AD is consistent
with DC. By unpublished work of Woodin, the consistency strength of the
statement AD + ¬DC(R) is higher than that of AD, if consistent at all.

2.3 Lipschitz and Wadge games

Wadge introduced two important games on ω. The Lipschitz game for
A,B ⊆ R

GL(A,B)

is the game in which players I and II play natural numbers, ai and bi,
respectively,

I a0 a1 · · ·
II b0 b1 · · ·

and player II wins just in case

a = 〈ai | i ∈ ω〉 ∈ A ⇐⇒ b = 〈bi | i ∈ ω〉 ∈ B .

It is not hard to see that GL(A,B) is a game on ω according to our defini-
tion, i.e., it is of the form G(C) for an appropriate C ⊆ R. A strategy for II
is—essentially—a Lipschitz function, while a strategy for I is a contraction.
Hence

I wins GL(A,B) ⇐⇒ ¬B is reducible to A via a contraction, and

II wins GL(A,B) ⇐⇒ A is reducible to B via a Lipschitz map.
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When A is reducible to B via a Lipschitz function we say that A is Lipschitz
reducible to B and write

A ≤L B .

In order to illustrate the power of game theoretic techniques we pause for
a simple example.

Example 6. Suppose A is a closed set and B is not open, and let us show
that A ≤L B. If A = ∅, then this must hold, since B cannot be equal to
R, so we may assume that A = [T ] with T a non-empty pruned tree on ω.
By case assumption there is an x ∈ B \ Int(B). Then II wins GL(A,B) as
follows:

As long as I plays inside T , then II enumerates x. If at some
round n I leaves T , then II picks a real xn ⊃ x↾n such that
xn /∈ B, and starts following xn rather than x. (Such xn exists
as x is not in the interior of B.)

Thus if I’s play is in [T ], then II’s play will be x ∈ B, and I’s play is not
in [T ], then II’s play will be xn /∈ B, where n is the round when I left the
tree T .

The Wadge game is similar to the Lipschitz game, but II has the further
option of passing (i.e., not playing) at any round, with the proviso that he
must play infinitely often. Formally, II can play at any round a non-integer
move p, which means pass: if the sequence of his moves is definitely equal
to p, then he loses; otherwise consider the sequence of his moves once the p
are dropped: it is infinite and of the form b = 〈bn | n ∈ ω〉, where the bn’s
are the actual moves on II, and II wins iff

a ∈ A ⇐⇒ b ∈ B ,

where a is the sequence of moves of I. Thus the Wadge game can be thought
as the Lipschitz game with player II taking short naps. Defined this way,
GW is not a game on ω because of the p move: one possible way of construing
it as a honest game on ω is to have II play 0 to mean p, and n+ 1 to mean
n, but we will never think of GW this way. Notice that

I wins GW(A,B) =⇒ ¬B is reducible to A via a contraction,

II wins GW(A,B) ⇐⇒ A ≤W B ,

and therefore I’s burden is much heavier in the Wadge game than in the
Lipschitz game.

We can now easily prove Lemma 2, Wadge’s Lemma: by determinacy,
one of the two players has a winning strategy in the game GL(A,B). If II
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has a winning strategy, then A ≤L B, and if I has a winning strategy, then
¬B ≤L A. Therefore AD implies that

A ≤W B ∨ ¬B ≤W A . (10)

and as Lipschitz functions are continuous, this can be weakened to

A ≤L B ∨ ¬B ≤L A . (11)

A set which is reducible to its complement is said to be Wadge self-
dual; otherwise it is said to be Wadge non-self-dual. It is easy to check
that any clopen set other than R or ∅ is self-dual. For an example of non-
self-dual set take R or ∅ or, less trivially, an open or closed set which is not
clopen. Note that Wadge’s Lemma implies that a self-dual set is comparable
with any other set.

2.4 Lipschitz versus Wadge degrees

Two sets are Wadge equivalent, in symbols

A ≡W B ,

iff A ≤W B and B ≤W A. Note that A ≤W B if and only if ¬A ≤W ¬B
and hence

A ≤W ¬A ⇐⇒ A ≡W ¬A .

A ≡W-class is called a Wadge degree and

[A]W = {B | B ≡W A}

is the Wadge degree of A. Since the notion of self-duality is invariant under
≡W we can speak of (non-)self-dual Wadge degrees. All these notions can
be recast for Lipschitz reductions: in this case we shall speak of Lipschitz
degrees, and since Lipschitz functions are continuous, every Wadge degree
is union of Lipschitz degrees. It is easy to check that

[R]W = [R]L = {R} and [∅]W = [∅]L = {∅}

are minimal among Wadge degrees, and among Lipschitz degrees. The strict
part of the pre-orders ≤L and ≤W are defined by

A <L B ⇐⇒ A ≤L B ∧ B �L A,

A <W B ⇐⇒ A ≤W B ∧ B �L A .

Lemma 7. For any A,B ⊆ R,

A <L B =⇒ ¬A <L B ,

A <W B =⇒ ¬A <W B .
(12)
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Proof. Since B �L A then ¬A ≤L B by (10), so it is enough to check that
B ≡L ¬A does not hold: otherwise A ≤L B and transitivity imply that
A ≤L ¬A and therefore A ≡L ¬A ≡L B, contradicting A <L B. The case
for <W is identical. q.e.d.

Wadge’s Lemma says—essentially—two things:

(i) the antichains in the Wadge degrees have length at most 2 and are of
the form {[A]W, [¬A]W} with A non-self-dual, and

(ii) if we identify every non-self-dual degree with its dual (i.e., if we col-
lapse each anti-chain to a single object), then the resulting order is
linear.

And similarly for the Lipschitz degrees. Donald A. Martin, building on pre-
vious work of Leonard Monk, showed in 1972 that—under the identification
as in (ii) above—a well-order is obtained both in the case of Wadge and
Lipschitz degrees.

Theorem 8 (Martin–Monk). Assume AD. Then there is no sequence
〈An | n < ω〉 of sets of reals such that either ∀n ∈ ω (An+1 <L An) or
∀n ∈ ω (An+1 <W An).

Corollary 9. Assume AD and DC(R). Then the ordering on the Wadge
and Lipschitz degrees is well-founded.

Proof. Since each Wadge degree is a union of Lipschitz degrees, it is enough
to prove the result for Lipschitz degrees. Towards a contradiction, suppose
A 6= ∅ is a collection of Lipschitz degrees without a minimal element and
let A be a set such that [A]L ∈ A. Consider the tree

T =
{
〈x0, . . . , xn〉 ∈

<ωR | ∀i < n
(
ℓxi+1

(A) <L ℓxi
(A)
)
∧

∀i ≤ n ([ℓxi
(A)]L ∈ A)

}
,

searching for an infinite descending chain 〈[ℓxi
(A)]L | i ∈ ω〉 in A. (The ℓx’s

are defined in (7).) By case assumption on A, T is a pruned tree on R, and
hence by DC(R) it must have an infinite branch, contrarily to Theorem 8.

q.e.d.

Since the Lipschitz (Wadge) degrees are essentially well-ordered, we will
speak of the Lipschitz (Wadge) hierarchy, and ‖A‖L (‖A‖W) is the or-
dinal of A in the well-founded pre-order ≤L (≤W). For technical reasons, it
is convenient to start counting from 1 rather than 0; in other words

‖R‖L = ‖R‖W = ‖∅‖L = ‖∅‖W = 1 .
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Since the Lipschitz and Wadge degrees are essentially well-ordered, we will
speak of the Lipschitz or Wadge hierarchy, respectively. A successor de-
gree is a degree which has an immediate predecessor, i.e., its rank is a
successor ordinal different from 1. A degree which is not minimal (i.e.,
different from {R} or {∅}) and not a successor is called limit.

Recall (Open Problem 5) that it is not known whether AD implies DC(R).
Obviously an affirmative answer would simplify the hypotheses of Corollary
9, and to the best of our knowledge, the following weakening of Problem 5
seems also to be open:

Problem 10. Is DC(R) needed for Corollary 9? In other words: does AD
imply the well-foundedness of the Wadge and Lipschitz hierarchies?

Proof of Theorem 8. Any <W-descending sequence is a <L-descending se-
quence, so it is enough to prove the Theorem for <L. Towards a contra-
diction suppose An+1 <L An for all n. By (12) for Lipschitz reducibil-
ity, ¬An+1 <L An must hold, so by Wadge’s Lemma player I wins both
GL(An, An+1) and GL(An,¬An+1): for the sake of definiteness fix winning
strategies σ0

n and σ1
n for I in these games. For z ∈ ω2 let

Gzn =

{
GL(An, An+1) if z(n) = 0 ,

GL(An,¬An+1) if z(n) = 1 .

The games {Gzn | n ∈ ω} will be played simultaneously with I using σ
z(n)
n in

Gzn and II copying I’s moves from the next game, Gzn+1. To see how this is

done consider the diagram of Figure 1, where
σn

is the strategy σ
z(n)
n

and is the copying strategy. I starts by filling-in the first column,
then II copies and fills-in the second column. Now I can use his strategies
to fill-in the third column. And so on. Let azn = 〈azn(i) | i ∈ ω〉 be the real
played by I is Gzn. Then azn+1 is also the real played by II in Gzn. So we have
the following

z(n) = 0 =⇒
(
azn ∈ An ⇐⇒ azn+1 /∈ An+1

)

z(n) = 1 =⇒
(
azn ∈ An ⇐⇒ azn+1 ∈ An+1

)
.

(13)

Notice that if z and w are eventually equal, that is for some m0

∀m ≥ m0 (z(m) = w(m)) ,

then
∀m ≥ m0 (azm = awm) .

Claim 11. Suppose z, w ∈ ω2 are such that ∃!k ∈ ω (z(k) 6= w(k)). Then

az0 ∈ A0 ⇐⇒ aw0 /∈ A0 .
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I σ0(∅) = az0(0) az0(1) az0(2) az0(3)

Gz0

II az1(0)

σ0

az1(1)

σ0

az1(2)

σ0

I σ1(∅) = az1(0) az1(1) az1(2)

Gz1

II az2(0)

σ1

az2(1)

σ1

I σ2(∅) = az2(0) az2(1)

Gz2

II az3(0)

σ2

I σ3(∅) = az3(0)

Gz3
II

Figure 1. The Martin-Monk diagram

Proof of Claim 11. As z and w agree after k, then azk+1 = awk+1. By (13)
above, azk ∈ Ak ⇐⇒ awk /∈ Ak. As z↾k = w↾k and again by repeated
applications of (13), az0 ∈ A0 ⇐⇒ aw0 /∈ A0. q.e.d.

Therefore the set
F = {z ∈ ω2 | az0 ∈ A0}

has the property that

∀z, w ∈ ω2 (∃!k z(k) 6= w(k) =⇒ (z ∈ F ⇐⇒ w /∈ F )) . (14)

Any subset of the Cantor set that satisfies (14) is called a flip-set since
the truth value of “z ∈ F” flips between true and false every time a coor-
dinate of z is changed. No flip-set can have the property of Baire or can
be Lebesgue measurable5 and therefore the existence of F contradicts AD.

5The argument in [Kec95, Theorem 8.46 and Exercise 8.50] proves it only for the Baire
property, but the same proof, using the fact that if a set X is Lebesgue measurable then
µ(X ∩ Ns) = 0 or µ(X ∩ Ns) = µ(Ns) for some s, does it for the measure case.
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Having reached a contradiction, the proof of Theorem 8 is complete.
q.e.d. (Theorem 8)

2.5 The structure of the Wadge hierarchy

Suppose A0 <L A1 <L A2 <L . . . . Then each Ai is Lipschitz reducible
to
⊕

nAn, since II wins GL(Ai,
⊕

nAn) by playing i and then copying I’s
moves, so [

⊕
nAn]L is an upper-bound of the [An]L’s. In fact it is the least

upper-bound: if B <L

⊕
nAn then I wins GL(

⊕
nAn, B) via some strategy

σ. If i = σ(∅) is I’s first move, then σ induces a winning strategy for II
in GL(¬B,Ai) and therefore ¬B ≤L Ai. Since Ai <L ¬An for i < n by an
analogue of (12), we have B ≤L An for all sufficiently large n’s. Moreover

⊕
nAn ≤L ¬(

⊕
nAn) =

⊕
n¬An

since II wins GL(
⊕

nAn,
⊕

n¬An) as follows: if I plays n, then II plays
n + 1 and then follows any winning strategy for the game GL(An,¬An+1)
(which exists by (12)).

We have stated the above results for the Lipschitz hierarchy, but the
proofs go through verbatim for the Wadge hierarchy. To recap: any in-
creasing ω-sequence of Wadge/Lipschitz degrees has a self-dual least upper
bound given by the

⊕
-construction.

Lemma 12. Assume AD. If [A]L is self-dual then, for any k ∈ ω, the
degree [kaA]L is self-dual and is the least Lipschitz degree above [A]L.

Proof. A ≤L kaA is clear. Fix τ a winning strategy for II in GL(A,¬A).
Then I wins GL(kaA,A) by playing k and then following τ . Therefore II
cannot have a winning strategy and hence kaA �L A. Suppose B <L k

aA
and let σ be a winning strategy for I in GL(kaA,B). Then II can use σ to
win GL(¬B,A), showing thus that ¬B ≤L A, hence B ≤L ¬A and therefore
B ≤L A. q.e.d.

Recall from (9) the notion of localization.

Corollary 13. Assume AD. If A is Lipschitz self-dual, then A⌊n⌋ <L A for
any n.

Proof. Notice that A⌊n⌋ ≤L n
aA⌊n⌋ ≤L A: if A⌊n⌋ is self-dual then the first

inequality is strict by Lemma 12; if A⌊n⌋ is non-self-dual and A ≤L A⌊n⌋,
then A ≡L A⌊n⌋ and hence A would be non-self-dual, a contradiction. q.e.d.

Using Lemma 12 at successor stages and by taking least upper bounds
(the

⊕
-construction) at limit stages, it follows that any self-dual [A]L is
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followed by ω1-many self-dual degrees. By the preceding arguments, if
cof(‖A‖L) = ω, then A is self-dual. Conversely, if [A]L is a limit degree
and self-dual, then by Corollary 13

∀n
(
A⌊n⌋ <L A

)
.

If cof(‖A‖L) > ω, let B be a set such that ‖A⌊n⌋‖L ≤ ‖B‖L < ‖A‖L, for
all n: then A =

⊕
nA⌊n⌋ ≤L B, a contradiction. In other words, we have

shown that any limit Lipschitz degree of uncountable cofinality must be
non-self-dual. Therefore the Lipschitz hierarchy looks like this:

• • • •
• • • · · ·︸ ︷︷ ︸

ω1

• • • · · ·︸ ︷︷ ︸
ω1

· · · · · · • · · · · · · · · · · · ·
• • • •

↑

cof = ω

↑

cof > ω

(15)

John Steel and Robert Van Wesep—at the time graduate students in
Berkeley—used the technique of Theorem 8 (the so-called Martin–Monk
method) to prove the following:

Theorem 14 (Steel–Van Wesep). Assume AD. Then

A ≤W ¬A =⇒ A ≤L ¬A .

For a proof see [Van78b, Theorem 3.1].

Corollary 15.
Assume AD and that A �W ¬A. Then B ≤W A =⇒ B ≤L A.

It is easy to check that each ω1-block of consecutive self-dual Lipschitz
degrees is contained in a single self-dual Wadge degree, and by the Steel–
Van Wesep Theorem a Wadge self-dual degree is made-up exactly of one
ω1-block of self-dual Lipschitz degrees. Therefore in the Wadge hierarchy
self-dual degrees and non-self-dual pairs alternate, with self-dual degrees
at limit stages of countable cofinality, and non-self-dual pairs at levels of
uncountable cofinality:

• • • • •
• • • · · · · · · • • · · · · · · • · · ·

• • • • •
↑

cof = ω

↑

cof > ω

(16)

The bottom of the hierarchy is occupied by the non-self-dual pair [R]W and
[∅]W. Immediately above there is the self-dual degree of all clopen sets
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(except for R and ∅), and above that the non-self-dual pair of all open and
all closed sets (except for the clopen sets); the Fσ and Gδ sets appear at
level ω1.

2.6 The length of the Wadge hierarchy

The ordinal
Θ = sup{α | ∃f (f : R ։ α)} ,

the supremum of the ordinals which are surjective images of R, figures
prominently in the more abstract parts of descriptive set theory. Under
AD, it is a very large cardinal—see [Kan03, p. 396–399]. The following
result from [Sol78] explains why Θ is important to us.

Theorem 16. The length of the Wadge hierarchy is Θ.

Proof. We start with a few preliminaries. Let

J : P(R)→P(R)

J(A) = {0ax | fx(0ax) /∈ A} ∪ {1ax | fx(1ax) ∈ A} ,
(17)

where {fx | x ∈ R} as in (6). If J(A) ≤W A via some fx0
, then 0ax0 ∈ J(A)

iff fx0
(0ax0) /∈ A: a contradiction. Similarly J(A) ≤W ¬A is impossible,

and therefore
A,¬A <W J(A) . (18)

We are now ready to prove the theorem. Fix an A ⊆ R. For every β ≤ ‖A‖W
there is a B ≤W A such that β = ‖B‖W and hence there is an x ∈ R such
that B = f−1

x (A). Therefore the map

R ։ ‖A‖W + 1, x 7→ ‖f−1
x (A)‖W

witnesses that ‖A‖W < Θ.

Conversely, let α < Θ. We shall construct sets of real Aν (ν < α) such that

ν < ξ =⇒ Aν <W Aξ ,

and hence α ≤ sup{‖A‖W | A ⊆ R}. Being α < Θ arbitrary, this will
complete the proof. Fix f : R ։ α and let

Aν = J({x⊕ y ∈ R | f(x) < ν ∧ y ∈ Af(x)}) ,

where

x⊕ y (m) =

{
x(n) if m = 2n,

y(n) if m = 2n+ 1.
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If ν < ξ < α, then let x0 ∈ R be such that f(x0) = ν: then z 7→ x0 ⊕ z
witnesses that Aν ≤W {x ⊕ y ∈ R | f(x) < ξ ∧ y ∈ Af(x)}, and therefore
Aν <W Aξ by (18). q.e.d.

Since Θ is an uncountable cardinal, then ω1 ·Θ = Θ, hence the length of
the Lipschitz hierarchy is also Θ.

2.7 The Wadge hierarchy in the Cantor space

Some of the results discussed so far hold also for the Cantor space (with the
same proof). For example, if ≤W and ≤L denote continuous and Lipschitz
reducibility in ω2, and AD is assumed:

• Wadge’s Lemma holds for subsets of the Cantor space,

• ≤L and ≤W are well-founded,

• the Steel–Van Wesep Theorem 14,

• {ω2} and {∅} are the two bottom degrees both in the Wadge and in
the Lipschitz hierarchies,

• in the Wadge hierarchy, the self-dual and non-self-dual pairs alternate,

• the length of the Lipschitz and Wadge hierarchies is Θ.

Since the
⊕

n-construction cannot be carried out in the space ω2, many
results have to be changed accordingly: for example

• each self-dual Wadge degree is the union of an ω-chain of Lipschitz
self-dual degrees,

• all limit levels of the Lipschitz and Wadge hierarchies consist of a
non-self-dual pair.

In other words, the Lipschitz degrees of the Cantor space look like this:

• • • •
• • • · · ·︸ ︷︷ ︸

ω

• • • · · ·︸ ︷︷ ︸
ω

· · · · · · · · · · · ·
• • • •

and the Wadge degrees of the Cantor space look like this:

• • • •
• • • · · · · · · • · · · · · ·

• • • •
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3 Boldface pointclasses

A pointclass is a non-empty, proper subset of P(R); if moreover it is closed
under continuous pre-images, then it is said to be a boldface pointclass.
(We will only be concerned with boldface pointclasses.) Boldface point-
classes are denoted with boldface capital Greek letters like Γ, Λ, ∆, etc.,
and by Wadge’s Lemma they are either of the form

Γ = {B ⊆ R | B ≤W A} (19)

or
Γ = {B ⊆ R | B <W A} . (20)

The dual of Γ is the pointclass

Γ̆ = {¬A | A ∈ Γ} .

A pointclass is self-dual if it coincides with its dual, otherwise it is non-
self-dual—for example: the classical Borel pointclasses Σ0

α (0 < α < ω1)
and the projective pointclasses Σ1

n (1 ≤ n) are non-self-dual (and so are
their duals Π0

α and Π1
n), while the collection of all clopen sets ∆0

1 and the
collection of all Borel sets ∆1

1 are self-dual. If Γ is non-self-dual, then it
must be as in (19) with A non-self-dual, and, conversely, if A is non-self-dual
then {B ⊂ R | B ≤W A} is non-self-dual. By Wadge’s Lemma, if Γ,Λ are

boldface pointclasses then either Γ ⊆ Λ or else Λ̆ ⊆ Γ, and by the results
in the preceding section, AD + DC(R) yields a complete description of all
boldface pointclasses.

3.1 Universal sets and the separation property

A set U ⊆ R× R is universal for Γ if

Γ = {U{x} | x ∈ R} ,

where U{x} is the x-section of U , that is

U{x} = {y | (x, y) ∈ U} .

Γ is said to have a universal set if there is a U ⊆ R× R which is universal
for Γ and the image of U under the standard homeomorphism R × R ∼= R
is in Γ. It is not hard to see that all Σ0

α’s and all Σ1
n’s (and their duals)

have a universal set [Kec95, Theorems 22.3 and 37.7].

Theorem 17. Assume AD and let Γ be a non-self-dual pointclass. Then
Γ has a universal set.
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Proof. Fix A ∈ Γ \ Γ̆: by Wadge’s Lemma Γ = {B | B ≤W A} with A
non-self-dual. We claim that

{ℓ−1
x (A) | x ∈ R} = Γ .

The inclusion from left-to-right follows from the fact that Lipschitz functions
are continuous; conversely, if B ≤W A but B �L A, then A ≤L ¬B by (11),
hence B ≡W ¬B ≡W A would be self-dual, contrarily to our assumption.
Therefore

U = {(x, y) | ℓx(y) ∈ A}

is universal for Γ. q.e.d.

A non-self-dual boldface pointclass Γ has the separation property if
given any two disjoint A,B ∈ Γ there is a C ∈ Γ ∩ Γ̆ such that A ⊆ C
and C ∩ B = ∅. A theorem of Sierpiński [Kec95, Theorem 22.16] says
that the Π0

α’s have the separation property. Lusin’s Separation Theorem
[Kec95, Theorem 14.7] says that Σ1

1 has the separation property, and by
Moschovakis’ Second Periodicity Theorem—assuming all projective sets are
determined—the same is true of Σ1

2n+1 and Π1
2n [Kec95, Corollary 39.9].

Using the Martin–Monk technique, Steel [Ste81b] and Van Wesep [Van78a]
proved that

Theorem 18. Assume AD and let Γ be a non-self-dual pointclass different
from {R} and {∅}. Then exactly one among Γ and Γ̆ has the separation
property.

3.2 Infinitary Boolean operations

Another fact that holds true of the classical Borel and projective pointclasses
is that they are obtained via some “construction procedure” from open sets.
To be more specific: an ω-ary Boolean operation is a function

F : ωP(R)→P(R)

such that for some fixed set T ⊆ ω2 (called the truth table of F ) such that
the truth of the statement “x ∈ F (〈A0, A1, . . . 〉)” depends on whether the
sequence 〈χA0

(x), χA1
(x), . . . 〉 is in T , that is:

x ∈ F (〈An | n ∈ ω〉) ⇐⇒ 〈χAn
(x) | n ∈ ω〉 ∈ T .

It is not hard to see that the Σ0
α’s and the Σ1

n’s are of the form

{F (〈An | n ∈ ω〉) | An ∈ Σ0
1} , (21)
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for some carefully chosen F . (For the Σ1
1 use the fact that analytic sets

are obtained by applying Suslin’s operation (A ) to closed sets—see [Kec95,
Theorem 25.7].) A pointclass that can be written as in (21) is said to be
generated from open sets by an ω-ary Boolean operation.

The next result generalizes the previous observation to all non-self-dual
boldface pointclasses, and it is obtained by knitting together results from
[Ste77, Van77, Wad83].

Theorem 19 (Radin, Steel, Van Wesep, Wadge). Assume AD +
DC(R) and let Γ be a non-self-dual boldface pointclass different from {R}
and {∅}. Then Γ is generated from open sets by an ω-ary Boolean opera-
tion.

Since an ω-ary Boolean operation F is completely determined by its truth
table T = TF (which is a subset of the Cantor space ω2), the Wadge degree
of F is defined to be the Wadge degree (in ω2) of TF . All ω-ary operations
used to construct Σ0

α from open sets have a Borel Wadge degree (i.e., their
truth table is a Borel set): for example the operations of countable unions
〈An | n < ω〉 7→

⋃
nAn and countable intersections 〈An | n < ω〉 7→

⋂
nAn

have truth tables {x ∈ ω2 | ∃nx(n) = 1} and {x ∈ ω2 | ∀nx(n) = 1}
respectively, which are open and closed, respectively. On the other hand
the Wadge degree of operation (A ) is the degree of complete Σ1

1 sets, and
therefore it has a complexity just beyond the realm of Borel sets. John Steel
has conjectured (personal communication) the following:

Conjecture 20. Assume AD + DC(R) and suppose Γ is non-self-dual and

closed under countable unions and intersections. Then either Γ or Γ̆ are
closed under operation (A ).

For more results on general boldface pointclasses see [Kec77, Ste81a,
KecSolSte81, Lou83, Bec88].

4 How much determinacy do you really need?

All the results in the preceding sections are stated under the “blanket
assumption” that the Axiom of Determinacy (possibly augmented with
DC(R)) holds true. A closer inspection shows that the key determinacy
hypotheses used in those proofs are that

all Lipschitz games are determined, (ADL)

or that

all Wadge games are determined, (ADW)
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and in fact, in several proofs, only the statements

∀A,B ⊆ R (A ≤W B ∨ ¬B ≤W A) , (SLOW)

and

∀A,B ⊆ R (A ≤L B ∨ ¬B ≤L A) , (SLOL)

were used, where the acronym SLO stands for semi-linear ordering. It is
straightforward to check that

ADL SLOL

AD

ADW SLOW

(22)

and it is quite natural to ask whether any of the implications above can be
reversed. A conjecture, probably due to Robert Solovay, states that—under
an additional assumption—all arrows above can be reversed:

Conjecture 21. Assume V = L(R). Then SLOW =⇒ AD.

This conjecture is wide open and can be phrased as saying that for sets
in P(R) ∩ L(R) the Axiom of Determinacy and the Semi-Linear Ordering
principle for continuous maps are equivalent. A plausible scenario for verify-
ing it, is to prove the conjecture for larger and larger pointclasses contained
in P(R)∩L(R) using core model theory. For example, Leo Harrington (for
n = 1, [Har78]) and Greg Hjorth (for n = 2, [Hjo96]) showed that

Theorem 22. Assume SLOW for all sets in Π1
n, where n = 1, 2. Then all

Π1
n games are determined.

Unfortunately, there are challenging difficulties to extend core-model
techniques at higher projective levels, hence the statement of Theorem 22
is open for n ≥ 3. On the other hand, by results of Alain Louveau and
Jean Saint Raymond [LouSai88], SLOW for Borel sets is provable in second
order arithmetic, while, by a celebrated result of Harvey Friedman [Fri71],
the determinacy of all Borel games is not a theorem of ZFC−Replacement:
probably, though, these results should not be construed as evidence for the
falsity of the Conjecture, but rather that any proof that AD follows from
SLOW should be indirect enough that it cannot be scaled-down to the realm
of Borel sets. Another way to give some evidence that the conjecture is true,
is to prove that the usual regularity properties for the reals follow already
from SLOW. To the best of our knowledge, only two such results are known:
in [And03] it is shown that
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Theorem 23. Assume SLOW. Then ACω(R), the Axiom of Countable
Choices over R, holds.

The second well-known consequence of determinacy which is known to
follow from SLOW is the PSP, the Perfect Subset Property, i.e., the state-
ment that each subset of R is either countable, or else it contains a perfect
subset.

Theorem 24 (Wadge). SLOW =⇒ PSP.

Proof. Let X ⊆ R be arbitrary and let

G = {x ∈ R | ∀n∃m > n x(m) = 0}

be the set of all sequences containing infinitely many 0’s. By SLOW either

(i) X ≤W ¬G, or else
(ii) G ≤W X.

Suppose (i) holds. Since G is Gδ, then X is Fσ, i.e., X =
⋃
n Cn where each

Cn ⊆ R is closed. By the Cantor-Bendixson theorem (which is provable in
ZF) each Cn is either countable, or it contains a perfect set: if some Cn
contains a perfect set, then so does X; otherwise each Cn is countable,
hence by Theorem 23 and the remark following it, X is countable.

Suppose now (ii) holds, and let f : R → R be continuous and such that
f−1(X) = G. Let also ϕ : <ωω → <ωω be such that f = fϕ. We will
construct a complete binary tree T such that [T ] ⊆ G and f↾[T ] is injective,
and therefore f

(
[T ]
)

will be a perfect subset of X. Recall that two finite
sequences u, t are incompatible, in symbols: u ⊥ t, if u * t e t * u. We
will construct a map <ω2→ <ωω, w 7→ sw such that

• z ⊂ w =⇒ sz ⊂ sw,

• z ⊥ w =⇒ sz ⊥ sw.

The required tree will be T = {t ∈ <ωω | ∃w ∈ <ω2 (t ⊆ sw)}.
Set s∅ = ∅. Since ~0 ∈ G and ~1 /∈ G, then f(~0) ∈ X and f(~1) /∈ X,

hence there are n,m such that ϕ(0(n)) ⊥ ϕ(1(m)). Let s0 = 0(n) and
s1 = 1(m) a0: since ϕ is monotone ϕ(s0) ⊥ ϕ(s1). Arguing as before,
f(si

a~0) 6= f(si
a~1), for i = 0, 1, so there are n′,m′ such that ϕ(si,0) ⊥

ϕ(si,0), where si,0 = si
a0(n′) and si,0 = si

a1(m′) a0. We can now repeat
the argument for s0,0, s0,1, s1,0, s1,1, constructing all sw for w of length 3,
and so on. q.e.d.

It is open wether the other regularity properties follow from the Semi-
Linear Ordering principle, for example:
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Problem 25. Show that LM, the statement that all sets of reals are Lebesgue
measurable, and BP, the statement that all sets of reals have the property
of Baire, both follow from SLOW.

Even the non-existence of a flip-set (a fact implied by either LM or BP—
see page 14) is not known to follow from SLOW:

Problem 26. Show that SLOW implies that there are no flip-sets.

Although we do not know how to prove determinacy from SLOW, the
other arrows in the diagram (22) can be reversed.

Theorem 27. Assume DC(R). Suppose that there are no flip-sets (a fact
which follows from either LM or BP). Then

ADW ⇐⇒ ADL ⇐⇒ SLOL ⇐⇒ SLOW .

The proof is contained in the union of [And03] and [And06]: in the first
paper the equivalence among the first three statements is shown, while in
the second paper the result is extended to SLOW as well.

In view of this result, the expression “Wadge determinacy” denotes any-
one of: ADL, ADW, SLOL, and SLOW. The import of Theorem 27 is that
SLOW (together with DC(R) and, say, BP) is enough to prove the results in
Sections 2 and 3; in particular, it is enough to prove that the structure of
the Wadge degrees is as in (16). Clearly, a proof of Open Problem 26 would
allow us to remove one assumption in the statement of the theorem.

5 Other spaces

The Baire and Cantor spaces are of the form ωX, where X is discrete and
ωX is given the product topology: a complete compatible metric is given
by (2), and ωX is separable if and only if X is finite or countable. A further
generalization is given by the spaces of the form [T ], where T is a pruned
tree on some non-empty set X. The relations of continuous and Lipschitz

pre-image in [T ] are denoted by the symbols ≤[T ]
W and ≤[T ]

L . The notions of
Wadge and Lipschitz games can be adapted to the spaces [T ] by requiring
that both players maintain their positions in T , the first player to break
this rule resulting in an immediate loss: the two games are denoted by GTW
and GTL . The Semi-Linear Ordering principle can be stated for [T ], or more
generally, for any topological space X :

∀A,B ⊆ X
(
A ≤X

W B ∨ X \B ≤X
W A

)
, (SLO(X ))

where ≤X
W denotes the relation of continuous reducibility in X . In order to

study SLO(X ) on different X ’s, it is convenient to introduce the following
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terminology: the Wadge structure6 of the space X is the model-theoretic
structure

〈P(X ),¬X ,≤X
W〉

where ¬X is a 1-ary operation of taking complements, ¬XA = X \A. Sup-
pose X is a retract of Y, that is, X is a closed subset of Y and there
is a continuous surjection π : Y ։ X which is the identity on X . (The
map π is called a retraction of Y onto X .) We claim that the map
Φ : P(X ) → P(Y), Φ(A) = π−1(A) is an embedding of the Wadge struc-
ture of X into the Wadge structure of Y: it is easy to check that it is an
injective map that preserves complementation, so it is enough to show that

A ≤X
W B ⇐⇒ Φ(A) ≤Y

W Φ(B) .

If f : X → X is continuous and A = f−1(B), then f ◦ π : Y → X ⊆ Y
witnesses Φ(A) ≤Y

W Φ(B); conversely, if g : Y → Y is continuous and
Φ(A) = g−1

(
Φ(B)

)
, then π ◦ g↾X : X → X witnesses A ≤X

W B. Therefore
we have shown

Proposition 28. If π : Y ։ X is a retraction, then the map A 7→ π−1(A)
is an embedding of the Wadge structure of X into the Wadge structure of
Y. In fact

SLO(Y) =⇒ SLO(X ) .

(The last statement is immediate since SLO is a ∀-formula in the language
for Wadge structures, and therefore downward absolute.) Since S ⊆ T
implies that [S] is a retract of [T ] (see [Kec95, Proposition 2.8]), then SLOW

implies SLO(ω2) and, more generally, SLO([T ]) for any pruned tree T on a
countable set.

If T is a tree on X, then ADX —the statement that all 0-sum, perfect
information, two-player games on X are determined—implies SLO([T ]). If
X = R, then SLO(ωR) follows from ADR which, by unpublished results of
Woodin, is consistent modulo large cardinals. On the other hand ADω1

is
inconsistent with ZF [Kan03, Exercise 27.12], and the main result of this
section is that the same is true of SLO(ωω1), that is to say: there are

A,B ⊆ ωω1 such that A �
ωω1

W B and ωω1 \B �
ωω1

W A.

Theorem 29. The principle SLO(ωω1) is inconsistent with ZF.

Proof. The proof is an elaboration of the ideas behind Theorem 23—see
[And03, Theorem 3, p. 77]. Suppose SLO(ωω1) holds, and let π : ωω1 ։ ωω
be the retraction

π(x)(n) =

{
x(n) if x(n) < ω,

2 otherwise.

6The definition of Wadge structure and Proposition 28 are due to Alberto Marcone.
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(The rationale for the 2 in the formula above is explained in (23) below.)
Then, by Proposition 28, SLOW follows and hence Theorem 23 holds. We
will show that there exist an ω1 sequence of reals, contradicting PSP and
hence Theorem 24. In order to simplify the notation, let’s agree that G is
the Wadge game on the space ωω1, i.e., G = GTW where T = <ωω1. Similarly

≤
ωω1

W and <
ωω1

W are abbreviated with � and ≺. For X ⊆ ωω1, let

X▽ =
⋃

n<ω

0(n)a1aX and X◦ = {~0} ∪X▽ .

Notice that X � X▽ and X � X◦ via the function x 7→ 1ax. If X ⊆ ω2,
then X▽,X◦ ⊆ ω2 and

π−1(X▽) = X▽ ∧ π−1(X◦) = X◦ . (23)

(This is the point of the specific definition of π.) For any x ∈ ω2 let Ex be
the binary relation on ω given by

nExm⇐⇒ x(〈n,m〉) = 1

where 〈·, ·〉 : ω × ω → ω is a standard bijection, e.g., 〈n,m〉 = 2n(2m+ 1).
As usual, WOα is the set of all reals coding a well-order of type α ≥ ω, i.e.,

WOα = {x ∈ ω2 | 〈ω,Ex〉 ∼= α} .

By a theorem of Jacques Stern [Ste78]

Wα
def
= WOωα ∈ Σ0

2α+2 \Σ
0
2α+1 .

Since W ◦
α is a countable union of sets in Σ0

2α+2, then R \W ◦
α ∈ Π0

2α+2, and
therefore

α < β =⇒
(
Wβ �W R \W ◦

α, R \Wα, W
▽
α

)
. (24)

Let
A =

⋃

1≤α<ω1

αaW ◦
α and B =

⋃

h∈ω
1≤α<ω1

0(h) aαaW▽
α .

We claim that
A 6� B ∧ B 6� ωω1 \A ,

and hence SLO(ωω1) fails.

Lemma 30. B 6� ωω1 \A.

Proof of Lemma 30. Suppose otherwise, and let τ be a winning strategy
for II in G(B, ωω1 \ A). Let I play 0’s as long as II passes: since τ is
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winning, there is a first round h when II plays some ordinal number ᾱ, that
is τ(0(h)) = ᾱ. Let I answer ᾱ + 1, so that after this inning is over, the
positions of the two players are

I

h︷ ︸︸ ︷
0 · · · · · · 0 ᾱ+ 1

II p · · · p︸ ︷︷ ︸
h−1

ᾱ i

where i ∈ ω1 ∪ {p} and p denotes “passing”. Since τ is winning, II can use
τ to win what’s left of the game. In other words, recalling the notion of
localization of a set at a given sequence (9):

W▽
ᾱ+1 = B⌊0(h)aᾱ+1⌋ � (ωω1 \A)⌊〈ᾱ,i〉⌋ ,

and this last set is

(ωω1 \A)⌊〈ᾱ,i〉⌋ =





ωω1 \W ◦
ᾱ if i ∈ {p, 0},

ωω1 \Wᾱ if i = 1,
ωω1 if i > 1.

The third case is impossible, since the only X such that X � ωω1 is ωω1

itself and W▽
ᾱ+1 6=

ωω1. Therefore

W▽
ᾱ+1 �

ωω1 \W
◦
ᾱ ∨ W▽

ᾱ+1 �
ωω1 \Wᾱ .

Proposition 28 and (23) imply that

W▽
ᾱ+1 ≤W R \W ◦

ᾱ ∨ W▽
ᾱ+1 ≤W R \Wᾱ ,

and since Wᾱ+1 ≤W W▽
ᾱ+1 either of these contradicts (24).

q.e.d. (Lemma 30)

Suppose now A � B and let τ be a winning strategy for II in G(A,B).
If I plays αa~0 ∈ A, then II cannot respond with ~0 since ~0 /∈ B, so for any
α ≥ 1 let mα ∈ ω be least such that τ(αa0(mα)) = γα > 0, and let hα be the
number of 0’s played so far; that is, after the mαth inning is completed, the
sequences of actual moves7 played by I and II are αa0(mα) and 0(hα) aγα,

7That is, disregarding the p’s.
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respectively. (Notice that hα < mα is possible, since τ can pass.) If γα < α
then

Wα �W
◦
α

= A⌊αa0(mα)⌋

� B⌊0(hα) aγα⌋

= W▽
γα

and hence, by Proposition 28, Wα ≤W W▽
γα

, contradicting (24).

Therefore α ≤ γα, for all 1 ≤ α < ω1. Since αa~0 ∈ A but 0(hα) aγa
α
~0 /∈ B,

player II cannot go on playing 0’s forever, and arguing as before, the first
non-zero ordinal played must be a 1. Let g(α) ∈Wγα

be such that

0(hα) aγα
a0(i) a1ag(α)

is τ ’s answer to I playing αa~0. Let C ⊆ ω1 be unbounded and such that the
map α 7→ γα is injective. Since the Wα’s are disjoint, then the map C → R,
α 7→ g(α), yields an ω1 sequence of distinct reals, contradicting PSP.

q.e.d. (Theorem 29)

Let us make a few remarks about the proof. Recall that a set A ⊆ ωX is
Σ1

1 if it is the projection of a closed subset of ωX ×R, and it is ∆1
1 if it and

its complement ωX \A are both in Σ1
1. Every Borel set of ωX is ∆1

1 and if
X is countable the converse holds by a classical theorem of Suslin [Kec95,
Theorem 14.11]. For X uncountable Suslin’s theorem fails and ∆1

1 is strictly
larger than the collection of Borel sets, and an alternative definition of ∆1

1 is
the following: it is the smallest D ⊆P(ωX) containing all open sets, closed
under complements, countable unions, and open-separated unions, i.e.,
for any family Ai ∈ D (i ∈ I) such that there are open disjoint sets Ui ⊇ Ai,
then

⋃
i∈I Ai ∈ D. Working in ZFC, Martin showed in [Mar90] that all ∆1

1

games with pay-off in ωX are determined and therefore under AC, no pair
of ∆1

1 sets can witness the failure of SLO(ωω1). On the other hand, the
statement that

∀X ∀C ⊆ ωX (C is closed =⇒ G(C) is determined)

implies AC. Therefore Martin’s theorem implies AC and hence it is not
provable in ZF. Notice that Theorem 29 does not give an explicit pair of
sets A,B ⊆ ωω1 such that

ZF +ACω(R) ⊢ G(A,B) is not determined,
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since G is a game on ω1, and by results of Harrington and Kechris [HarKec81,
p. 133–134] there may be no definable instance of the failure of ADω1

. What
Theorem 29 does show is that there is an explicit pair of ∆1

1 sets A and B
such that (provably in ZF +ACω(R)) B 6� ωω1 \ A and such that A � B
implies the existence of an ω1 sequence of distinct reals: this contradicts
PSP, but it is a consequence of AC, and in fact ZFC ⊢ A � B. This is
completely analogous to the proof that ADω1

is inconsistent: consider the
game in which I plays an ordinal α ≥ ω in the first round and II constructs
a z ∈ ω2 by playing 0’s and 1’s in the remaining rounds (I’s moves are
irrelevant after the first round) with II winning just in case z ∈ WOα.
Then I cannot have a winning strategy and AC implies II has a winning
strategy; but any strategy for II yields an ω1-sequence of distinct reals.

6 Other reducibilities

So far we have only considered continuous and Lipschitz reductions, but
obviously one can consider the reducibility notion

A ≤F B ⇐⇒ ∃f ∈ F
(
A = f−1(B)

)

where F is a “reasonable” collection of functions from R to R: for example
we require that F contains the identity function (so that ≤F is reflexive),
that it is closed under composition (so that ≤F is transitive), and that
it contains all Lipschitz functions (so that ≤L refines ≤F ). Moreover the
notions of Semi-Linear Ordering principle for functions in F (SLOF ), F-
degree [A]F , etc. can be defined accordingly. The exact definition of what
“reasonable” means is not important here—a precise definition is given in
[AndMar03, Definition 2, p. 178], where such F is dubbed amenable. The
point is that F can be taken to be the collection of all Lipschitz functions, of
all continuous functions, of all Borel function. Another interesting amenable
F is the set of all ∆0

α-functions, where f : R→ R is ∆0
α if and only if

A ∈∆0
α =⇒ f−1(A) ∈∆0

α ,

or, equivalently, if
A ∈ Σ0

α =⇒ f−1(A) ∈ Σ0
α .

Thus a function is ∆0
1 if and only if it is continuous. It is not hard to

check that a function is ∆0
2 if and only if the pre-image of an open set

is ∆0
2 (see [And06]) so every ∆0

2-function is Baire-class 1. The converse,
however, is not true since the pre-image of a Σ0

2 via a Baire-class 1 function
is, in general, a Σ0

3 set. The ∆0
2-functions have been investigated, albeit

with different names, in the literature: for example in [JayRog82] are called
first level Borel functions and in [Kir92] are called Baire one star functions.
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Notice that if f is Baire-class α then f is a ∆0
α·ω-function, so the hierarchy

of ∆0
α-functions yields an alternative stratification of the Borel functions.

When F is the collection of all ∆0
α-functions or of all ∆1

1-functions (i.e.,
Borel functions) we replace the “F” in ≤F , [A]F , SLOF , etc. with ∆0

α or
∆1

1. In [AndMar03] it is shown8 that

Theorem 31. Assume SLO∆1
1 + DC(R). Suppose also that there are no

flip-sets. Then ≤∆1
1

is well-founded and the structure of the ∆1
1 degrees is

analogous to the one of the Wadge degrees (see (16)): self-dual degrees and
non-self-dual pairs of degrees alternate, with self-dual degrees at limit levels
of countable cofinality, and non-self-dual pairs at limit levels of uncountable
cofinality.

The length of the ∆1
1 hierarchy is Θ: to see this repeat the proof of

Theorem 16 using an R-parametrization {gx | x ∈ R} of all Borel functions
instead of {fx | x ∈ R}.

Every ∆1
1 degree is the union of Wadge degrees: if SLOW is assumed, any

non-self-dual ∆1
1 degree is a (necessarily non-self-dual) Wadge degree, while

any self-dual ∆1
1 degree is the union of several consecutive Wadge degrees,

for example: the least self-dual ∆1
1 degree is the union of all Wadge degree

of Borel sets other than ∅ and R. In other words: if

β
def
= ‖A‖W , A ∈ Σ1

1 \∆
1
1

or, equivalently, if β is the length of the Wadge hierarchy restricted to Borel
sets, then the least self-dual ∆1

1 degree is the union of β consecutive Wadge
degrees. (The actual value of β is revealed in Theorem 32 below.) The next
self-dual ∆1

1 degree, i.e., the one containing the sets of the form A⊕¬A with
A ∈ Σ1

1 \ Π1
1, is obtained by stacking together an even larger (i.e., more

than β) block of consecutive Wadge degrees, and so on. This should be
contrasted with the case of the Wadge-vs-Lipschitz hierarchies where each
self-dual Wadge degree is the union of ω1 consecutive Lipschitz degrees.

The length of the Wadge hierarchy restricted to ∆0
α or ∆1

1 was explicitly
computed in [Wad83]: Recall that ε(α) is the αth fixed point of the map
γ 7→ ωγ so that ε : Ord→ {γ | ωγ = γ} is the enumerating function and

ε(0) = sup{ω, ωω, ωω
ω

, . . . } .

If F : Ord → Ord is increasing and continuous at limits, then so is F ′ :
Ord → Ord, the function enumerating all fixed points of F . Thus we can

8The reader should be warned that in [AndMar03] the pre-order ≤
∆1

1
is denoted by

≤B and the ∆1
1 degrees are called Borel-Wadge degrees.
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define

ε(0) = ε ,

ε(α+1) = (ε(α))′ ,

ε(λ) = the function enumerating
{
γ | ∀α < λ

(
ε(α)(γ) = γ

)}
,

if λ is limit.

Note that
∀α < ω1

(
ε(α)(ω1) = ω1 = ε(ω1)(0)

)
.

Wadge in [Wad83] proved that:

Theorem 32.

(a) Let γ0 = 1 and γi+1 = ω
γi

1 . Then the length of the Wadge hierarchy

restricted to ∆0
n+1 sets (n ≥ 1) is γn.

(b) For any α ≥ ω, consider its Cantor normal form

α = ω1+ν0 + ω1+ν1 + · · ·+ ω1+νn + k

where ν0 ≥ · · · ≥ νn and k ∈ ω. Then the length of the Wadge
hierarchy restricted to ∆0

α sets is

ε(ν0)
(
ε(ν1)

(
· · · (ε(νn)(ω1 + ω1 · γk)) · · ·

))
.

(c) The length of the Wadge hierarchy restricted to ∆1
1, i.e., the Borel

sets, is
β = ε(ω1)(1) .

Theorem 31 is similar to Theorem 27, as it asserts that a certain Semi-
Linear Ordering principle implies structural results for the relevant hier-
archy. But the analogy stops here. Theorem 27 is a result in the meta-
mathematics of descriptive set theory, asserting that the structural prop-
erties of the Wadge hierarchy which hold under AD, follow from seemingly
weaker principles, and that these principles are all equivalent. On the other
hand the structural property of the ∆1

1 hierarchy stated in Theorem 31 were
not previously known under any hypothesis. Another important difference
between the two results is that there is no known analogue of the game GW

for the ∆1
1 hierarchy: the arguments in [AndMar03] are non-trivial gener-

alizations of the ones in [And03]. Clearly, if F is an amenable collection of
Borel functions, then

SLOW =⇒ SLOF =⇒ SLO∆1
1 ,
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and because of the similarities between Theorems 27 and 31, it is tempting
to formulate the following

Conjecture 33. Assume DC(R) and that there are no flip-sets. Then

SLO∆1
1 ⇐⇒ SLOW .

Compounding this with Conjecture 21, we have a stronger

Conjecture 34. Assume V = L(R). Then

SLO∆1
1 =⇒ AD .

Towards proving Conjecture 33, in [And06] it is shown that

Theorem 35. Assume DC(R) and that there are no flip-sets. Then

SLO∆0
2 ⇐⇒ SLOW .

Therefore if any two sets A and B can be compared using ∆0
2 functions,

i.e., A ≤∆0
2
B or ¬B ≤∆0

2
A, then they can be compared using continuous

functions. In [And06] it is also shown that SLO∆0
2 implies that the structure

of the ∆0
2 degrees behaves like the structure of Wadge degrees, that is:

self-dual degrees and non-self-dual pairs of degrees alternate, with self-dual
degrees at limit levels of countable cofinality, and non-self-dual pairs at limit
levels of uncountable cofinality. Thus the ∆0

2 hierarchy looks like this:

2 2 2 2

2 2 · · · 2 2 · · · 2 · · · · · ·
2 2 2 2

↑

cof = ω

↑

cof > ω

Moreover SLO∆0
2 implies that any non-self-dual ∆0

2 degree is a Wadge degree
and every self-dual ∆0

2 is a obtained by collapsing a block of consecutive
Wadge degrees: if [A]∆0

2
is self-dual and A is of minimal Wadge rank among

sets in the ∆0
2 degree, then [A]∆0

2
is obtained by coalescing the next ‖A‖W ·

ω1 Wadge degrees after [A]W. The next diagram summarizes the situation:
the Wadge degrees are denoted by • while the ∆0

2 degrees are denoted by �

•

•

•
• · · ·
•

︸ ︷︷ ︸
ω1

•

•

•
• · · · · · ·
•

︸ ︷︷ ︸
ω2

1

•

•
· · · · · · · · · (25)
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The ∆0
2 hierarchy is intimately related to the cardinality9 |Γ| of boldface

pointclasses. Say that Γ is cardinality pointclass just in case
∣∣Γ′
∣∣ < |Γ|,

for any Γ′ ⊂ Γ. The first few cardinality pointclasses are: {∅}, {R},
∆0

1. On the other hand
∣∣Σ0

1

∣∣ = |R| =
∣∣∆0

1

∣∣, so neither Σ0
1 nor Π0

1 is a

cardinality pointclass. In fact, it can be shown that
∣∣∆0

2

∣∣ = |R|, so there is

no cardinality pointclass Γ such that ∆0
1 ⊂ Γ ⊆∆0

2.

Lemma 36. Assume PSP. Then |R| <
∣∣Σ0

2

∣∣ and therefore Σ0
2 and Π0

2 are
cardinality pointclasses.

Proof. By a theorem of Tarski’s [Tar39]

|X| < |PWO(X)| ,

where PWO(X) = {Y ⊆ X | Y is well-orderable}—for a beautiful proof of
this result see [Kan97, p. 294]. By PSP

PWO(R) = {Y ⊆ R | Y is countable }

and since every countable set of reals is Fσ we are done. q.e.d.

This result implies that
∣∣Σ0

1

∣∣ <
∣∣Σ0

2

∣∣, and Greg Hjorth showed in [Hjo98]
that, assuming AD,

α < β =⇒
∣∣Σ0

α

∣∣ <
∣∣Σ0

β

∣∣ . (26)

In [Hjo02] he extended (26) to the projective hierarchy by showing that AD
implies ∣∣∆1

1

∣∣ <
∣∣Σ1

1

∣∣ <
∣∣Σ1

2

∣∣ < . . . (27)

and hence Σ1
1 is also a cardinality pointclass. On the other hand (26)

and (27) do not imply that Σ0
α or Σ1

n are cardinality pointclasses, when
α ≥ 3 and n ≥ 2. In [AndHjoNee07] a characterization of all cardinality
pointclasses is given. First a definition: a pointclass Γ is ∆0

2-closed if and
only if A ∈ Γ ∧B ≤∆0

2
A =⇒ B ∈ Γ.

Theorem 37. Assume AD + DC(R) and let Γ be a boldface pointclass
containing ∆0

2.

(a) If Γ is non-self-dual, then Γ is a cardinality pointclass if and only if Γ
is ∆0

2-closed.
(b) If Γ is self-dual, then Γ is a cardinality pointclass if and only if either

9Since we do not assume AC, |X| < |Y | means that there is an injective function from
X into Y , but no injective function from Y into X.
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• Γ =
⋃
α<λ Γα, where λ is limit and the Γα’s are non-self-dual,

⊂-increasing, and ∆0
2-closed; or else

• Γ = {B ⊆ R | B ≤W

⊕
nAn}, where the An’s are non-self-dual,

<W-increasing, and the pointclasses {B ⊆ R | B ≤W An} are
∆0

2-closed.

In particular: Σ0
α (α ≥ 2), ∆0

β (β ≥ 3), Σ1
n, and ∆1

n are all cardinality
pointclasses.

It is worth pointing out that any pointclass Γ with a universal set (such
as the Σ0

α’s and Σ1
n’s) is the surjective image of R hence AC implies it is of

cardinality 2ℵ0 .
Going back to the ∆0

2-hierarchy, it is open whether the results in [And06]
can be generalized to the ∆0

α hierarchy, for α > 2. Note that requiring

∀α < ω1 SLO∆0
α is weaker than requiring SLO∆1

1 , but a proof that

∀α < ω1

(
SLO∆0

α =⇒ SLO∆0
1
)

would perhaps suggest a method for proving Conjecture 33, as SLO∆0
1 is

just another name for SLOW. The proofs in [And06] suggest that the ∆0
3

hierarchy should arise from the ∆0
2 hierarchy much like the ∆0

2 hierarchy is
arises from the Wadge hierarchy (see diagram (25)). We also believe that
further generalizations to larger α’s should ultimately provide an alternative
proof of Theorem 32. To appreciate the difficulties of such generalizations
we must take a closer look at the proofs in [And06]: they rely on a game-
theoretic reformulation (due to Van Wesep) of ∆0

2 reducibility, known as
back-track reducibility. In the back-track game Gbt(A,B) the two players
play integers, with player II having the privilege of passing or back-tracking
(i.e., erasing all his moves) at any round and the obligation of not back-
tracking infinitely often and of playing infinitely often. Therefore at the
end of the game the two players will have produced two reals a and b, and
II wins if and only if a ∈ A ⇐⇒ b ∈ B. If II has a winning strategy in
Gbt(A,B), then A is said to be back-track reducible to B. (For more on
the game Gbt the reader is referred to [And03, And06, Ste77, Van77].) Let
us call any function f : R → R arising as a strategy for II in a back-track
game a back-track function: by [And06] these are exactly those functions
for which there exists a countable partition of R into closed sets Cn (n ∈ ω)
such that each f↾Cn is continuous. Since every Σ0

2 subset of the Baire
space can be decomposed in a countable disjoint union of closed sets, the
Cn’s above can be indifferently taken to be Σ0

2 or ∆0
2. In [JayRog82] it is

proved that
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Theorem 38 (Jayne-Rogers). Let f : R → R be a function such that
each f↾Cn is continuous, where {Cn | n ∈ ω} is a partition of R into closed
sets. Then f is ∆0

2. Hence f is a back-track function if and only if f is ∆0
2.

Any extension of Theorem 35 and the other results in [And06] to the ∆0
α

hierarchy (α ≥ 3) will probably use some sort of generalization of Theorem
38 to ∆0

α functions. And even if a completely different way of obtaining
such an extension exists, a generalization of (or lack thereof) Theorem 38
is an interesting question per se. Very little is known in this direction: the
only (negative) result is that the obvious generalization

f is ∆0
α+1 iff there is a partition {Cn | n ∈ ω} of R into Π0

α sets
such that each f↾Cn is continuous

is false when α ≥ ω: in [Chi+91] a function f : R→ R which is Baire class
1 (hence ∆0

ω, and a fortiori ∆0
ω+1) is constructed so that for any countable

partition {Cn | n ∈ ω} there is an n0 such that f↾Cn0
is discontinuous.

We conclude this paper with another interesting—albeit vague—question:
Is there a Wadge-style game for higher levels of reducibility, like ∆0

α-redu-
cibility (α ≥ 3)? Brian Semmes has recently (spring 2005) devised a game
that captures the collection of all function for which there is a partition of
R into ∆0

3 sets {An | n ∈ ω} such that f↾An is ∆0
2. Thus Semmes’ result

comes close to solve the question for α = 3, but the question for higher α’s
is wide open.

Note added in proof.

Luca Motto Ros in [Mot07] has shown that the structure of the ∆0
α-degrees

is similar to the one of the Wadge degrees, extending the results of [And06]
and [AndMar03]. Furthermore his analysis can be extended to non-Borel
(e.g., Σ1

n) families of reductions.
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abstract. We study the complexity of model-checking for the fix-
point extension of Hintikka and Sandu’s independence-friendly logic.
We show that this logic captures ExpTime; and by embedding PFP,
we show that its combined complexity is ExpSpace-hard, and more-
over the logic includes second order logic (on finite structures).

1 Introduction

In everyday life we often have to make choices in ignorance of the choices
made by others that might have affected our choice. With the popularity of
the agent paradigm, there is much theoretical and practical work on logics
of knowledge and belief in which such factors can be explicitly expressed in
designing multi-agent systems. However, ignorance is not the only reason for
making independent choices: in mathematical writing, it is not uncommon
to assert the existence of a value for some parameter uniformly in some
earlier mentioned parameter.

Hintikka and Sandu [HinSan96] introduced a logic, called Independence-
friendly (IF) logic, in which such independent choices can be formalized by



40 Julian Bradfield and Stephan Kreutzer

independent quantification. Some of the ideas go back some decades, for IF
logic can also be viewed as an alternative account of branching quantifiers
(Henkin quantifiers) in terms of games of imperfect information. Indepen-
dent quantification is a subtle concept, with many pitfalls for the unwary. It
is also quite powerful: it has long been known that it has existential second-
order power. In previous work [BraFrö02], the first author and Fröschle
applied the idea of independent quantification to modal logics, where it
has natural links with the theory of true concurrency; this prompted some
consideration of fixpoint versions of IF modal logics, since adding fixpoint
operators is the easiest way to get a powerful temporal logic from a simple
modal logic. This led the first author to an initial investigation [Bra03] of
the fixpoint extension of first-order IF logic, which we call IF-LFP . It turned
out that fixpoint IF logic is not trivial to define, and appears to be very
expressive, with the interaction between fixpoints and independent quan-
tification giving a dramatic increase in expressive power. In [Bra03], only
some fairly simple complexity results were obtained; in this paper, we obtain
much stronger results about the model-checking complexity of IF-LFP . For
the data complexity, we show that not only is IF-LFP ExpTime-complete,
but it captures ExpTime; and for the combined complexity, we obtain an
ExpSpace hardness result. This latter result is obtained by an embedding
of partial fixpoint logic into IF-LFP, which shows that on finite structures
IF-LFP even includes second-order logic, a much stronger result than the
first author previously conjectured.

2 IF-FOL and IF-LFP

2.1 Syntax

First of all, we state one important notational convention: to minimize
the number of parentheses, we take the scope of all quantifiers and fixpoint
operators to extend as far to the right as possible.

Now we define the syntax of first-order IF logic. Here we use the version
of Hodges [Hod97], and we confine the ‘independence-friendly’ operators
to the quantifiers; in the full logic, one can also specify conjunctions and
disjunctions that are independent, but these are not necessary for our pur-
poses — their addition changes none of our results.

Definition 1. As for FOL, IF-FOL has proposition (P,Q etc.), relation
(R,S etc.), function (f, g etc.) and constant (a, b etc.) symbols, with given
arities. It also has individual variables v, x etc. We write ~x,~v etc. for tuples
of variables, and similarly for tuples of other objects; we use concatenation
of symbols to denote concatenation of tuples with tuples or objects.

For formulae ϕ and terms t, the (meta-level) notations ϕ[~x] and t[~x] mean
that the free variables of ϕ or t are included in the variables ~x, without
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repetition. The notions of ‘term’ and ‘free variable’ are as for FOL.
We assume equality = is in the language, and atomic formulae are defined

as usual by applying proposition or relation symbols to individual terms or
tuples of terms. The free variables of the formula R(~t) are then those of ~t.
The compound formulae are given as follows:

• Conjunction and disjunction. If ϕ[~x] and ψ[~y] are formulae, then
(ϕ ∨ ψ)[~z] and (ϕ ∧ ψ)[~z] are also formulae, where ~z is the union of ~x
and ~y.

• Quantifiers. If ϕ[~y, x] is a formula, x a variable, and W a finite set
of variables, then (∀x/W.ϕ)[~y] and (∃x/W.ϕ)[~y] are formulae. If W
is empty, we write just ∀x. ϕ and ∃x. ϕ.

• Game negation. If ϕ[~x] is a formula, so is (∼ϕ)[~x].

• Flattening. If ϕ[~x] is a formula, so is (↓ϕ)[~x].

• (Negation. ¬ϕ is an abbreviation for ∼↓ϕ.)

Definition 2. IF-FOL+ is the logic in which ∼, ↓ and ¬ are applied only
to atomic formulae.

2.2 Traditional semantics

In the independent quantifiers the intention is that W is the set of indepen-
dent variables, whose values the player is not allowed to know at this choice
point: thus the classical Henkin quantifier ∀x ∃y

∀u ∃v, where x and y are indepen-
dent of u and v, can be written as ∀x/∅.∃y/∅.∀u/{x, y}.∃v/{x, y}. This
notion of independence is the reason for saying that IF logic is natural in
mathematical English: statements such as “For every x, and for all ε > 0,
there exists δ, depending only on ε . . . ” can be transparently written as
∀x, ε > 0.∃δ/x. . . . in IF logic.

If one then plays the Hintikka evaluation game (otherwise known as the
model-checking game) with this additional condition, which can be formal-
ized by requiring strategies to be uniform in the ‘unknown’ variables, one
gets a game semantics of imperfect information, and defines a formula to
be true if and only if Eloise has a winning strategy.

These games are not determined, so it is not the case that Abelard has
a winning strategy iff the formula is not true. For example, ∀x

∃y .x = y (or

∀x.∃y/{x}. x = y) is untrue in any structure with more than one element,
but Abelard has no winning strategy.

An alternative interpretation of the logic, dating from the early work on
branching quantifiers, and one that is easier to handle mathematically in
straightforward cases, is via Skolem functions with limited arguments. In
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FOL, the first order sentence ∀x.∃y. x = y is converted via Skolemization
to the existential second-order sentence ∃f : N → N.∀x. x = f(x). In this
procedure, the Skolem function always takes as arguments all the universal
variables currently in scope. By allowing Skolem functions to take only
some of the arguments, we get a similar translation of IF-FOL: for example,
∀x.∃y/{x}. x = y becomes ∃f : 1 → N.∀x. x = f(). It can be shown that
these two semantics are equivalent, in that an IF-FOL sentence is true in
the game semantics if and only if its Skolemization is true.

It is also well known that IF-FOL+ is equivalent to existential second-
order logic (in the cases where this matters, ‘second-order’ here means func-
tion quantification rather than set quantification). This is because the
Skolemization process can be inverted: given an ESO sentence, it can be
turned into an IF-FOL sentence (or equivalently, a sentence with Henkin
quantifiers). We shall make use of this procedure later. Details can be
found in [Wal70, End70], but here let us illustrate it by a standard example
that demonstrates the power of IF logic. Consider the sentence ‘there is
an injective endofunction that is not surjective’. This is true only in infi-
nite domains, and therefore not first-order expressible. It can be expressed
directly in ESO as

∃f. (∀x1, x2. f(x1) = f(x2)⇒ x1 = x2) ∧ (∃c.∀x. f(x) 6= c)

which for the sake of reducing complexity below we will simplify to

∃f.∃c.∀x1, x2. (f(x1) = f(x2)⇒ x1 = x2) ∧ f(x1) 6= c.

The basic manoeuvre for talking about functions in IF-FOL is to replace
∃f.∀x by ∀x.∃y, so that y plays the rôle of f(x). In FOL, this works
only if there is just one application of f ; but in IF-FOL, we can do it for
two (or more) applications of f : we write ∀x1.∃y1, and then we write an
independent ∀x2/{x1, y1}.∃y2/{x1, y1}. Now in order to make sure that
these two (xi, yi) pairings represent the same f , the body of the translated
formula is given a clause (x1 = x2) ⇒ (y1 = y2). Applying this procedure
to the ESO sentence above and optimizing a bit, we get

∀x1, x2.∃y1/x2.∃y2/x1.∃c/{x1, x2}. (y1 = y2 ⇔ x1 = x2) ∧ y1 6= c.

The ‘game negation’ ∼ corresponds to swapping the roles of the two
players in the game. In ordinary logic, with perfect information, this corre-
sponds exactly to classical negation; but in IF-FOL it does not. The issue
of negation is still controversial, particularly for open formulae; but one
approach, taken by [Hod97], is to define the ‘flattening’ operator ↓, which
smashes its argument down to a classical formula by removing all the unifor-
mity constraints imposed by imperfect information. Then classical negation
is defined to be game negation applied to a flattened formula.
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2.3 Trump semantics

The game semantics is how Hintikka and Sandu originally interpreted IF
logic. Later on, the trump semantics of Hodges [Hod97], with variants
by others, gave a Tarski-style semantics, equivalent to the original. This
semantics is as follows:

Definition 3. Let a structure A be given, with constants, propositions
and relations interpreted in the usual way. A deal ~a for ϕ[~x] or ~t [~x] is an
assignment of an element of A to each variable in ~x. Given a deal ~a for
a tuple of terms ~t [~x], let ~t(~a) denote the tuple of elements obtained by
evaluating the terms under the deal ~a.

If ϕ[~x] is a formula and W is a subset of the variables in ~x, two deals ~a

and ~b for ϕ are ≃W -equivalent (~a ≃W ~b) if and only if they agree on the
variables not in W . A ≃W -set is a non-empty set of pairwise ≃W -equivalent
deals.

The denotation [[ϕ]] of a formula is a pair (T,C) where T is the set
of trumps, and C is the set of cotrumps. If ϕ has n free variables, then
T,C ⊆ ℘(℘(An)) – that is, a (co)trump is a set of deals.

• If (R(~t))[~x] is atomic, then a non-empty set D of deals is a trump if
and only if ~t(~a) ∈ R for every ~a ∈ D; D is a cotrump if and only if it
is non-empty and ~t(~a) /∈ R for every ~a ∈ D.

• D is a trump for (ϕ∧ψ)[~x] if and only if D is a trump for ϕ[~x] and D
is a trump for ψ[~x]; D is a cotrump if and only if there are cotrumps
E,F for ϕ,ψ such that every deal in D is an element of either E or
F .

• D is a trump for (ϕ∨ψ)[~x] if and only if it is non-empty and there are
trumps E of ϕ and F of ψ such that every deal in D belongs either to
E or F ; D is a cotrump if and only if it is a cotrump for both ϕ and
ψ.

• D is a trump for (∀y/W.ψ)[~x] if and only if the set {~ab | ~a ∈ D, b ∈ A }
is a trump for ψ[~x, y]. D is a cotrump if and only if it is non-empty
and there is a cotrump E for ψ[~x, y] such that for every ≃W -set F ⊆ D
there is a b such that {~ab | ~a ∈ F } ⊆ E.

• D is a trump for (∃y/W.ψ)[~x] if and only if there is a trump E for
ψ[~x, y] such that for every ≃W -set F ⊆ D there is a b such that {~ab |
~a ∈ F } ⊆ E; D is a cotrump if and only if the set {~ab | ~a ∈ D, b ∈ A }
is a cotrump for ψ[~x, y].

• D is a trump for ∼ϕ if and only if D is a cotrump for ϕ; D is a
cotrump for ∼ϕ if and only if it is a trump for ϕ.
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• D is a trump (cotrump) for ↓ϕ if and only if D is a non-empty set of
members (non-members) of trumps of ϕ.

A trump for ϕ is essentially a set of winning positions for the model-
checking game for ϕ, for a given uniform strategy, that is, a strategy where
choices are uniform in the ‘hidden’ variables. The most intricate part of the
above definition is the clause for ∃y/W.ψ: it says that a trump for ∃y/W.ψ
is got by adding a witness for y, uniform in the W -variables, to trumps
for ψ.

In the absence of flattening, a cotrump is simply a trump for the game
negation of a formula, in other words a set of winning positions for Abelard
in the model-checking game. If one ignores flattening, it is not necessary to
maintain cotrumps in the semantics, and so we shall often elide them.

It is easy to see that any subset of a trump is a trump. In the case of
an ordinary first-order ϕ(~x), the set of trumps of ϕ is just the power set of
the set of tuples satisfying ϕ. To see how a more complex set of trumps
emerges, consider the following formula, which has x free: ∃y/{x}. x = y.
Any singleton set of deals is a trump, but no other set of deals is a trump.
Thus we obtain that ∀x.∃y/{x}. x = y has no trumps (unless the domain
has only one element).

The strangeness of the trump definitions is partly to do with some more
subtle features of IF logics, that we do not here have space to discuss, but
which are considered in detail in Ahti-Veikko Pietarinen’s thesis [Pie01].
However, to take one good example, raised by a referee, consider ϕ =
∃x.∃y/{x}. x = y. What are its trumps? As above, the trumps of
∃y/{x}. x = y are singleton sets of deals. The only potential trump for
ϕ is the set containing the empty deal D = {〈〉}. Applying the definition,
D is a trump for ϕ if and only if there is a singleton deal set {a} for x such
that there is a b such that {b} ⊆ {a}. The right hand side is true – take
b = a – so D is a trump. How come, if there is more than one element in A?
Surely we must choose y independently of x, and therefore ϕ can’t be true?
Not so: because the choices are both made by the same player (Eloise), she
can, as it were, make a uniform choice of y that, by ‘good luck’ agrees with
her previous choice of x. Since she is not in the business of making herself
lose, she will always do so. In game-theoretic terms, this is the difference
between requiring a strategy to make uniform moves, and requiring a player
to choose a strategy uniformly. In fact Hintikka and Sandu tried to hide this
issue by only allowing the syntax to express quantifications independent in
the other player’s variables, which is in practice all one wishes to use in any
case; but they also incorporated it by asserting that a player’s choices are
always independent of their own earlier choices, which is intuitively bizarre.
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Hodges removed the syntactic restriction to make his semantics cleaner,
exposing the issue more obviously.

A sentence is said to be true if {〈〉} ∈ T (the empty deal is a trump
set), and false if {〈〉} ∈ C; this corresponds to Eloise or Abelard having a
uniform winning strategy. Otherwise, it is undetermined. Note that ‘false’
is reserved for a strong sense of falsehood – undetermined sentences are
also not true, and in the simple cases where negation and flattening are not
employed, an undetermined sentence is as good as false. Note also that the
game negation ∼ provides the usual de Morgan dualities, but that it cannot
be pushed through flattening.

2.4 IF-LFP

We now describe the addition of fixpoint operators to IF-FOL. This is
slightly intricate, although the normal intuitions for understanding fixpoint
logics still apply.

Definition 4. IF-LFP extends the syntax of IF-FOL as follows:

• There is a set Var = {X,Y, . . .} of fixpoint variables. Each variable X
has an arity ar(X).

• If X is a fixpoint variable, and ~t an ar(X)-vector of terms then X(~t)
is a formula.

• Let ϕ be a formula with free fixpoint variable X. ϕ has free indi-
vidual variables ~x = 〈x1, . . . , xar(X)〉 for the elements of X, together
with other free individual variables ~z; let fvϕ(X) be the length of
~z. Now if ~t is a sequence of ar(X) terms with free variables ~y, then
(µX(~x).ϕ)(~t)[~z, ~y] is a formula; provided that ϕ is IF-FOL+. In this
context, we write just fv(X) for fvϕ(X).

• Similarly for νX(~x).ϕ.

To give the semantics of IF-LFP, we first define valuations for free fixpoint
variables, in the context of some IF-LFP formula.

Definition 5. A fixpoint valuation V maps each fixpoint variable X to a
pair

(VT (X),VC(X)) ∈ (℘(℘(Aar(X)+fv(X))))2.

Let D be a non-empty set of deals for X(~t)[~x, ~z, ~y], where ~y are the free

variables of ~t not already among ~x, ~z. A deal d = ~a~c~b ∈ D, where ~a,~c,~b
are the deals for ~x, ~z, ~y respectively, determines a deal d′ = ~t(d)~c for X[~x, ~z].
Let D′ = { d′ | d ∈ D }. The set D is a trump for X(~t) if and only if
D′ ∈ VT (X); it is a cotrump if and only if D′ ∈ VCX.
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The intuition here is that a fixpoint variable needs to carry the trumps
and cotrumps both for the elements of the fixpoint and for any free variables,
as we shall see below. Then we define a suitable complete partial order on
the range of valuations, which will also be the range of denotations for
formulae; it is simply the inclusion order on trump sets and the reverse
inclusion order on cotrump sets:

Definition 6. If (T1, C1) and (T2, C2) are elements of (℘(℘(An)))2, define
(T1, C1) � (T2, C2) if and only if T1 ⊆ T2 and C1 ⊇ C2.

This order gives the standard basic lemma for fixpoint logics:

Lemma 7. If ϕ(X)[~x, ~z] is an IF-FOL+ formula and V is a fixpoint valua-
tion, the map on (℘(℘(Aar(X)+fv(X)))2 given by

(T,C) 7→ [[ϕ]]V[X:=(T,C)]

is monotone with respect to �; hence it has least and greatest fixpoints,
constructible by iteration from the bottom and top elements of the set of
denotations.

Thus we have the familiar definition of the µ operator:

Definition 8. [[µX(x).ϕ(X)[~x, ~z]]] is the least fixpoint of the map on
(℘(℘(Aar(X)+fv(X)))2 given by

(T,C) 7→ [[ϕ]]V[X:=(T,C)];

and [[νX(x).ϕ(x)[~x, ~z]]] is the greatest fixpoint. µζX,xϕ means the ζth ap-

proximant of µX(x).ϕ, defined recursively by µζX,xϕ = ϕ(
⋃
ξ<ζ µ

ξ
X,xϕ).

A distinctive feature of the definition, compared to the normal LFP def-
inition, is the way that free variables are explicitly mentioned. Normally,
one can fix values for the free variables, and then compute the fixpoint, but
because of independent quantification this is not possible in the IF setting.
For example, consider the formula fragment

∀z. . . . µX(x). . . . ∨ ∃y/{z}.X(y)

The independent choice of y means that the trumps for the fixpoint depend
on the possible deals for z, not just a single deal.

2.5 Examples of IF-LFP

In order to give some human-readable examples of IF-LFP, we here reproduce
a section from [Bra03]. For convenience, we introduce the abbreviation
ϕ⇒ ψ for ψ ∨ ∼ϕ provided that ϕ is atomic.
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Let G = (V,E) be a directed graph. The usual LFP formula R(y, z) :=
(µ(X,x).z = x ∨ ∃w.E(x,w) ∧X(w))(y) asserts that the vertex z is reach-
able from y. Hence the formula ∀y.∀z.R(y, z) asserts that G is strongly
connected. Now consider the IF-LFP formula

∀y.∀z. (µ(X,x).z = x ∨ ∃w/{y, z}. E(x,w) ∧X(w))(y).

At first sight, one might think this asserts not only that every z is reachable
from every y, but that the path taken is independent of the choice of y and
z. This is true exactly if G has a directed Hamiltonian cycle, a much harder
property than being strongly connected.

Of course, the formula does not mean this, because the variable w is fresh
each time the fixpoint is unfolded. In the trump semantics, the denotation
of the fixpoint will include all the possible choice functions at each step,
and hence all possible combinations of choice functions. Thus the formula
reduces to strong connectivity.

It may be useful to look at the approximants of this formula in a little
more detail, to get some intuitions about the trump semantics. Considering
just

H := (µ(X,x).z = x ∨ ∃w/{y, z}. E(x,w) ∧X(w))[x, y, z],

we see that in computing each approximant, the calculation of
[[∃w/{y, z}. . . . ]] involves generating a trump for every possible value of
a choice function f : x 7→ w. This is a feature of the original trump se-
mantics, and can be understood by viewing it as a second-order semantics:
just as the compositional Tarskian semantics of ∃x. ϕ(x) involves comput-
ing all the witnesses for ϕ(x), so computing the trumps of ∃x/{y}. ϕ in-
volves computing all the Skolem functions; and unlike the first-order case,
it is necessary to work with functions (as IF can express existential second-
order logic). Consequently, the nth approximant includes all states such
that x → f1(x) → f2f1(x) → . . . → fn . . . f1(x) = z for any sequence of
successor-choosing functions fi. Thus we see that the cumulative effect is
the same as for a normal ∃w, and the independent choice has indeed not
bought us anything.

It is, however, possible to produce a slightly more involved formula ex-
pressing the Hamiltonian cycle property in this inductively defined way, by
using the standard trick for expressing functions in Henkin quantifier logics.
We replace the formula H by

∀s.∃t/{y, z}. E(s, t) ∧ (µX(x).x = z ∨
∀u.∃v/{x, y, z, s, t}. (s = u⇒ t = v) ∧ (x = u⇒ X(v)))(y).

This works because the actual function f selecting a successor for every
node is made outside the fixpoint by ∀s.∃t/{y, z}. E(s, t) ∧ . . .; then inside
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the fixpoint, a new choice function g is made so that X(g(x)), and g is
constrained to be the same as f by the clause (s = u ⇒ t = v). (The
reader who is not familiar with the IF/Henkin to existential second-order
translation might wish to ponder why ∀s.∃t/{y, z}. E(s, t)∧µ(X,x).x = z∨
(x = s⇒ X(t)) does not work.)

2.6 The issue of negation

As we remarked above, negation is a somewhat problematic concept in
IF logics. In the game-theoretic presentation, IF sentences may be true,
false, or undetermined. When we say that an IF logic is equivalent to a
classical logic, such as IF-FOL = Σ1

1, we mean that the IF formula is true
if and only if its classical equivalent is true. Hence if an IF sentence ϕ is
undetermined, its translation ϕ̂ is false; and so∼ϕ is certainly not equivalent
to ¬ϕ̂. Hodges’ introduction of the ↓ operator provides a way to get classical
negation into IF sentences: if ϕ is an IF sentence that is undetermined, it
has neither trumps nor cotrumps; hence ↓ϕ has the empty deal as a co-
trump, since 〈〉 is a non-member of the co-trumps of ϕ; and so ∼↓ϕ is true.
The intuitive interpretation of ↓ on formulae with free variables is unclear,
and its combination with game negation more so. Indeed, there is not a
simple game account of the flattening operator.

The arguments we apply in the following results rely largely on the abil-
ity to simulate operations on functions by operations on trumps. It is un-
clear to us how to combine boolean negation on the functional side with
game/flattening negation on the trump side. The model-checking upper
bound holds also for the full IF logic with negation and flattening; and the
complexity lower bounds hold a fortiori for the full logic. However, our
lower bounds, obtaining by translating from classical logic to IF logic, use
various techniques to avoid having to translate classical negation to IF nega-
tion, and it would be useful to know whether additional power is obtained
from IF negation.

3 Second-order inductions and independence-friendly
logics

It has been known from the early studies of Henkin quantifiers [Wal70,
End70] that existential second-order sentences can be transformed into sen-
tences with the Henkin quantifier, and thus into IF-FOL. A technique
frequently used in our results is the translation of existential second order
inductions into IF-LFP. For this we show that the translation of existential
second-order logic into independence-friendly logic can be extended to a
translation of positive existential second-order inductions into independence-
friendly fixpoint logic. Throughout this paper we only consider finite struc-
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tures. Therefore we only give the translation for finite structures here. We
first give a formal definition of positive Σ1

1-inductive formulae.

Definition 9. An (n, k)-ary third-order variable R is a variable interpreted
by a set whose members are n-tuples of k-ary functions. Let, for some
k, n < ω, R be a (n, k)-ary third-order variable. A formula ϕ(R, f1, . . . , fn)
is Σ1

1-inductive if it is built up by the usual formula building rules for Σ1
1

augmented by a rule that allows the use of atoms Rf1 . . . fn, where the
fi are k-ary function symbols, provided that the variable R is only used
positively in ϕ.

Σ1
1-inductive formulae ϕ can be used to define least fixpoint inductions in

the same way as first-order formulae with a free relation variable in which
they are positive are used to define fixpoint inductions. So we can define
the stages Rα, α < ω, of the fixpoint induction in ϕ which ultimately lead
to the least fixpoint of the operator defined by the formula ϕ. We call
a relation that is obtained as the least fixpoint of a Σ1

1-inductive formula
Σ1

1-inductive. Note, that the Σ1
1-inductive relations are third-order objects,

i.e., sets of functions.
We show next that any Σ1

1-inductive third-order relationR can be defined
by an IF-LFP-formula in the sense that there is a formula ϕ(R, ~x, y), positive
in the second-order variable R, such that the maximal trumps in the least
fixpoint of the operator defined by ϕ are precisely the graphs of the functions
in R. For the sake of simplicity, we only consider the case of (1, k)-ary
inductions, i.e., where the fixpoint is a set of functions.

An important concept used in the following proofs is the notion of func-
tional trumps; and a technically useful concept is that of maximal trumps.

Definition 10. Let ϕ(~x, y) be a formula. A trump T for ϕ is functional in
~x and y, if for all pairs (~a, b), (~a′, b′) of deals in T we have b = b′ whenever
~a = ~a′. T is maximal if there is no T ′ ) T that is a trump for ϕ.

Note that because any subset of a trump is a trump, the trumps of a
formula are determined by its maximal trumps. Of course, any subset of a
functional trump is functional.

Notation. In the following proofs we will frequently use a construction like

∀~x/{~x1, y1, . . . , ~xn, yn}∃y/{~x1, y1, . . . , ~xn, yn}
(
(~x = ~x1 → y = y1) ∧ ϕ

)

for some formula ϕ. We will abbreviate this by

∀~x∃y clone(~x1, y1; ~x2, y2 . . . , ~xn, yn)ϕ.

and we will usually omit the list (~x2, y2 . . . , ~xn, yn) of other variables which
appear in the independence sets of the quantifiers, assuming that all other
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variables than the clones and originals are in that list. Essentially, this
formula says that the Skolem functions fy and fy1 chosen for y and y1, re-
spectively, are the same. The next lemma makes this precise and establishes
some useful properties of the clone construction.

Lemma 11. Let A be a structure and let ~x be a k-tuple of variables.

(i) Let ψ be a formula defined as ψ(~x, y) := ∀~x′∃y′clone(~x, y)ψ′. Then the
trumps for ψ are precisely the sets of deals (. . . ,~a, f(~a)) for ~a ∈ A|~x|

functional in ~x and y with some Skolem function f , such that the deals
(. . . ,~a, f(~a),~a′, f(~a′)) for ~a ∈ A|~x| form a trump for ψ′. In particular,
if ψ′ is the formula true, then the trumps of ψ are exactly the sets of
deals functional in ~x and y.

(ii) Let ϕ(~x′, y′) be a formula with only functional trumps and let ψ be
defined as ψ(~x, y) := ∀~x′∃y′clone(~x, y) ϕ. Then the trumps for ψ and
the trumps for ϕ are the same, in the sense that for every trump T ′ ⊆
Ak+1 of ϕ there is a trump T ⊆ Ak+1 of ψ such that an assignment of
elements ~a to the variables ~x′ and b to y′ is a deal in T ′ if, and only if,
the corresponding assignment of ~a to ~x and b to y is a deal in T and,
conversely, for every trump T of ψ there is a corresponding trump T ′

for ϕ.

Proof. We first prove Part (i) of the lemma. Following our notation, the
formula ψ is an abbreviation for

∀~x′/{~x, y}∃y′/{~x, y}(~x = ~x′ → y = y′) ∧ ψ′.

Towards a contradiction, suppose there was a non-functional trump T for
ψ, i.e., T contains deals (~a, b) and (~a, b′) for some ~a and b 6= b′. By the
semantics of universal quantifiers, this implies that there must be a trump
for ∃y1/{~x, y}(~x = ~x′ → y = y′) ∧ ψ′ containing (~a, b,~a) and (~a, b′,~a). But
then, the set {(~a, b,~a), (~a, b′,~a)} is a {~x, y}-set (recall Definition 3). Hence
there must be a trump T ′ for (~x = ~x′ → y = y′) ∧ ψ′ and an element c so
that T ′ contains the deals (~a, b,~a, c) and (~a, b′,~a, c). But this is impossible

as not both b = c and b′ = c can be true but obviously every deal (~d, e, ~d′, e′)

in a trump for (~x = ~x′ → y = y′) satisfies the condition that if ~d = ~d′ then
also e = e′. Finally, if T is a functional trump, then the corresponding T ′

must be a trump for ψ′, and so the deals (~a, b,~a, b) must be a trump for ψ′.

Part (ii) of the lemma follows analogously. q.e.d.

The next lemma shows that every formula in Σ1
1 is equivalent to a formula

in IF-LFP. The proof of the lemma follows easily from the work on Henkin-
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quantifiers. However, as we need the lemma also for formulae with free
function variables we give an explicit translation of Σ1

1-formulae into IF-FOL.

Lemma 12. Let ϕ(f1, . . . , fn) be a Σ1
1-formula with free function variables

f1, . . . , fk. Then there is a formula ϕ̂(~xf1 , yf1 , . . . , ~xfk
, yfk

) ∈ IF-FOL such
that for every structure A a set T is a maximal trump for ϕ̂ if, and only if,
there are functions F1, . . . , Fk such that A |= ϕ(F1, . . . , Fk) and

T = {(~a1, b1, . . . ,~ak, bk) : Fi(~ai) = bi for all 1 ≤ i ≤ k}.

Proof. We first present the standard translation of Σ1
1 into independence-

friendly first-order logic (in a less efficient but more transparent form than
normal). Let ψ be a first-order formula containing a free function variable g.
For the variable g, introduce variables ~x0, y0, and for each of the i = 1, . . . , n
applications g(~ti) of g introduce variables ~xi, yi. Then the Σ1

1 sentence ∃g. ψ

is translated to ψ̂0 = ∀~x0.∃y0. ψ̂1, where

ψ̂i = ∀~xi.∃yi. clone(~xi−1, yi−1)ψ̂i+1

for i = 1, . . . , n, and ψ̂n+1 is ψ with each g-containing atom Q(g(~ti)) re-
placed by ~xi = ~ti ⇒ Q(yi).

We can stop short of the final ∃f , and translate ψ itself to ψ̂1, giving the
lemma for one function symbol. By Lemma 11(i), the trumps for ψ̂n are
the sets of deals functional in ~xn−1 and yn−1 such that when extended by
a Skolem function they are trumps for ψ̂n+1. Now ψ̂n+1 is classical, so its
trumps are just the sets of deals satisfying it classically.

Now repeated application of Lemma 11 to ψ̂n−1, . . . , ψ̂1 that the trumps
for ψ̂1 are functional in ~x0 and y0, with a Skolem function g such that ψ̂n+1

is true when every yi is replaced by g(~xi), as required.
It remains to deal with multiple function variables, and to allow some

of them to be explicitly closed by existential quantification. To manage
multiple function symbols, it is easiest to process them in parallel: if we
are dealing with g and h, then extend the above translation to work simul-
taneously with ~x, y for g and ~u, v for h, in the obvious way: put both sets
of function-constraining conjuncts in, and both sets of ∀∃ quantifiers. The
two sets of variables should made independent of each other. (This would
look much more obvious in Henkin quantifier notation.) If it is desired to
quantify some of the function variables by ∃, then simply apply the final
stage of the translation to those variables. q.e.d.

We are now ready to prove the main theorem of this section.



52 Julian Bradfield and Stephan Kreutzer

Theorem 13. Let R be a (1, k)-ary third-order variable and let ϕ(R, f) be
a Σ1

1-inductive formula where f is a k-ary function symbol. Then there is a
formula ϕ∗(R, ~x, y) ∈ IF-LFP, where R is a k + 1-ary second-order variable
that only occurs positively in ϕ and ~x is a k-tuple of variables, such that
the least fixpoint R∞ of ϕ satisfies the following properties.

1. Every trump T in R∞ is functional.
2. Every maximal trump encodes the graph of a function in R∞ and,

conversely,
3. for every function f ∈ R∞ there is a trump T in R∞ encoding the

graph of f .

Proof. Let ϕ(R, f) be as in the statement of the theorem. Without loss of
generality we assume that ϕ has the form

ϕ(R, f0) := ϕ0(f0) ∨ ∃f1 . . . ∃fn
(
(

n∧

i=1

Rfi) ∧ ϕ1

)

so that R does not occur in ϕ0 or ϕ1. (See [EbbFlu99] for a proof of this
normal form for existential first-order inductions. The proof for this case is
analogous.) The formula ϕ is translated into a formula ϕ̂(R, ~x, y) ∈ IF-LFP

defined as follows:

ϕ̂(R, ~x, y) := ∀~x1.∃y1.clone(~x, y)
(
ψ0(~x, y) ∨ ψ1(R, ~x1, y1)

)

where
ψ0(~x, y) := ∀~xf0∃yf0 clone(~x, y) ϕ̂0(~xf0 , yf0)

and
ψ1(R, ~x1, y1) := ∀~xf0∃yf0 clone(~x1, y1) ψ′

1(~xf0 , yf0)

and

ψ′
1(R, ~xf0 , yf0) := ∀~xf1∃yf1 . . . ∀~xfn

∃yfn∧n
i=1(∀~x′∃y′clone(~xfi

, yfi
)R~x′y′) ∧

ϕ̂1(~xf0 , yf0 , ~xf1 , yf1 , . . . , ~xfn
, yfn

).

We claim that the formula ϕ̂ satisfies the properties stated in the theorem.
Let A be a structure with universe A. By Lemma 11(i), the trumps T for
are functional in ~x and y, with Skolem function g such that g satisfies ψ0

or ψ1.
We show by ordinal induction that every maximal trump in Rα is the

graph of a function in Rα and, conversely, the graph of every function in Rα
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is a trump in Rα. For limit ordinals (including 0) this follows immediately
from the induction hypothesis.

Now let α = 1. We show first that every maximal trump in R1 is the
graph of a function in R1. By definition, R0 = ∅ and therefore the sub-
formula ψ1 can not be satisfied by any trump. Hence, the only trumps in R1

are the functional trumps for ψ0. By Lemma 12, a set T ⊆ Ak+1 is a trump
for ϕ̂0 if, and only if, there is a function f : Ak → A such that (A, f) |= ϕ0

and for all deals (~a, b) ∈ T we have f(~a) = b. Hence, the maximal trumps
for ϕ̂0 are precisely the graphs of functions satisfying ϕ0. Thus, by Part (ii)
of Lemma 11, we get that the maximal trumps for ∀~x1∃y1clone(~x, y) ϕ̂0 are
the graphs of functions satisfying ϕ0.

Conversely, let f be a function satisfying ϕ0. By Lemma 12 the trump
T := {(~a, b) : f(~a) = b} is a trump for ϕ̂0 and hence for ∀~x1∃y1clone(~x, y) ϕ̂0.

Now let α > 1 be a successor ordinal, i.e., α = β+1 for some β > 0. Again
we first show that every maximal trump in Rα is the graph of a function
f ∈ Rα. This is clear for all trumps of ψ0 as they are already contained in
R1. Now consider the formula ψ1. For simplicity we assume without loss of
generality that all tuples ~xf0 , . . . , ~xfn

are of arity k. By Lemma 12, the max-
imal trumps for ϕ̂1 are the sets T ⊆ A(n+1)(k+1) such that there are func-
tions f0, . . . , fn satisfying ϕ1 and for all tuples (~a0, b0, . . . ,~an, bn) we have
(~a0, b0, . . . ,~an, bn) ∈ T if, and only if, fi(~ai) = bi for all i. Further, applying
the induction hypothesis and Lemma 11, we get that the maximal trumps
for
∧n
i=1(∀~x′∃y′clone(~xfi

, yfi
) R~x′y′) are sets T of deals such that there are

functional trumps T1, . . . , Tn ∈ Rβ which, by induction hypothesis, are the
graphs of functions f1, . . . , fn ∈ Rβ , and for all tuples (~a1, b1, . . . ,~an, bn)
we have (~a1, b1, . . . ,~an, bn) ∈ T if, and only if, fi(~ai) = bi for all i. Thus,
every maximal trump of

∧n
i=1(∀~x′∃y′clone(~xfi

, yfi
) R~x′y′)∧ ϕ̂1 is functional

in ~xf0 and yf0 and this function f satisfies ϕ1 for some interpretation of the
variables f1, . . . , fn by functions from Rβ . Therefore f is contained in Rα.
Thus, by Lemma 11, every maximal trump for ψ1 encodes the graph of such
a function f ∈ Rα.

The converse is again easily seen. For every function f ∈ Rα\Rβ choose
functions f1, . . . , fn ∈ Rβ so that A |= ϕ1(f0, . . . , fn). By induction hypoth-
esis, the graphs of these functions are trumps in Rβ . Hence, we can choose
these trumps in the conjunction

∧n
i=1(∀~x′∃y′clone(~xi, yi) R~x

′y′). Lemma
12, then, establishes the claim. q.e.d.

4 Independence-Friendly vs. Partial Fixpoint Logic

By definition, independence-friendly fixpoint logic is a least fixpoint logic.
However, contrary to the fixpoint logics usually considered in finite model
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theory, here the fixpoints are not sets of elements but sets of trumps and
therefore essentially third-order objects. In particular, it is no longer guar-
anteed that any fixpoint induction closes in polynomially many steps in the
size of the structure – to the contrary, it may take an exponential number of
steps to close. We will see below, that this greatly increases the expressive
power of IF-LFP compared to normal least fixpoint logics.

As a first step in this direction we relate independence-friendly fixpoint
logic to partial fixpoint logic. Partial fixpoint logic is an important logic in
finite model theory. Among the various fixpoint logics commonly considered
in finite model theory, it is the most expressive subsuming logics such as
LFP and IFP and, on ordered structures, even second-order logic SO.

Definition 14 (Partial Fixpoint Logic). Partial fixpoint logic (PFP) is
defined as the extension of first-order logic by the following formula building
rule. If ϕ(R, ~x) is a formula with free first-order variables ~x := x1, . . . , xk
and a free second-order variable R of arity k, then ψ := [pfpR,~x ϕ](~t) is also

a formula, where ~t is a tuple of terms of the same length as ~x. The free
variables of ψ are the variables occurring in ~t and the free variables of ϕ
other than ~x.

Having defined the syntax, we now turn to the definition of the semantics.
Let ψ := [pfpR,~x ϕ](~t) be a formula and let A be a finite structure with
universe A providing an interpretation of the free variables of ϕ other than
~x. Consider the following sequence of stages induced by ϕ on A, where Fϕ
is the functional defined by ϕ.

R0 := ∅

Rα+1 := Fϕ(Rα)

As there are no restrictions on ϕ, this sequence need not reach a fixpoint. In
this case, ψ is equivalent on A to false. Otherwise, if the sequence becomes
stationary and reaches a fixpoint R∞, then for any tuple ~a ∈ A,

A |= [pfpR,~x ϕ](~a) if, and only if, ~a ∈ R∞.

As mentioned above, PFP is among the fixpoint logics commonly con-
sidered in finite model theory the most expressive – especially on ordered
structures. A central issue in finite model theory is to relate the expres-
sive power of logics to the computational complexity of classes of structures
definable in the logic. Of particular interest are so-called capturing results.

Definition 15. A logic L captures a complexity class C if every class of
finite structures definable in L can be decided in C and conversely, for every
class C of finite structures which can be decided in C there is a sentence
ϕ ∈ L such that for all structures A, A |= ϕ if, and only if, A ∈ C.
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Capturing results are important as in the case that a logic L captures a
complexity class C, the logic provides a logical characterisation of the com-
plexity class, i.e., a characterisation independent of any machine models or
time or space bounds. In particular, non-expressibility results on L transfer
directly into non-definability results on C. As such results are notoriously
hard to come by, capturing results provide an interesting alternative for
proving non-definability of problems in a complexity class.

Much effort has been spent on capturing results and for all major com-
plexity classes such results have been found (see [EbbFlu99] for a summary).
However, in many cases it could only be shown that a logic captures a com-
plexity class on the class of ordered structures.

Theorem 16 (Abiteboul, Vianu, [AbiVia89]). Partial fixpoint logic
captures PSpace on the class of finite ordered structures.

As every class of structures definable in second-order logic is decidable
in the polynomial time hierarchy, it follows immediately that PFP contains
SO on ordered structures. One feature that makes PFP so expressive is its
ability to define fixpoint inductions of exponential length in the size of the
structure. We show next that every formula of PFP is equivalent to one in
IF-LFP.

Theorem 17. For every formula ϕ ∈ PFP there is an equivalent formula
ψ ∈ IF-LFP.

Proof. It is known that every PFP formula is equivalent to one with a single
fixpoint, so we need deal only with a PFP formula pfpR,~xϕ(R, ~x), where ϕ is
first order. We assume that the fixpoint of ϕ always exists. See [EbbFlu99]
for a proof that both assumptions can be made without loss of generality.

To calculate a partial fixpoint, one needs to check whether two consec-
utive stages of the inductive approximation are equal, and so one needs to
use the stages both positively and negatively. We get round this by building
up the relation and its complement simultaneously. Let ϕp be the negation
normal form of ϕ and ϕn be the negation normal form of ¬ϕ. Further, let
k be the arity of ~x, i.e., the number of free variables in ϕ. Consider the
following Σ1

1 formula ψ(P, f), where P is a third-order relation symbol and
f is a k-ary function symbol:

ψ(P, f) := ∀~x
(
(ϕp(∅, ~x) ∧ f(~x) = 1) ∨ (ϕn(∅, ~x) ∧ f(~x) = 0)

)
∨

∃f′ ∈ P∀~x
(
(ϕp(~x,R~u/f′(~u) = 1,¬R~u/f′(~u) = 0) ∧ f(~x) = 1)

∨(ϕn(~x,R~u/f′(~u) = 1,¬R~u/f′(~u) = 0) ∧ f(~x) = 0)
)

By ϕp(~x,R~u/f′(~u) = 1,¬R~u/f′(~u) = 0) we mean the formula obtained
from ϕp by replacing every positive occurrence of an atomR~u, for some tuple
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~u of terms, by f′(~u) = 1 and every negative occurrence of an atom R~u, for
some tuple ~u of terms, by f′(~u) = 0. Thus the formula ψ obtained in this way
is positive in P and its least fixpoint exists. We claim that for all functions
f ∈ R∞ the set {~a : f(~a) = 1} is a stage in the induction on ϕ. This is clear
for the function f satisfying ((ϕp(∅, ~x)∧ f(~x) = 1)∨ (ϕn(∅, ~x)∧ f(~x) = 0))
as f encodes the first stage of the induction on ϕ. Further, if f′ ∈ P∞

encodes a stage Rα of the induction on ϕ in the sense described above, then
the function f satisfying

(ϕp(~x,R~u/f′(~u) = 1,¬R~u/f′(~u) = 0) ∧ f(~x) = 1) ∨
(ϕn(~x,R~u/f′(~u) = 1,¬R~u/f′(~u) = 0) ∧ f(~x) = 0)

encodes the next stage Rα+1.
Thus the formula [pfpR,~xϕ](~x) is equivalent to the formula

ϑ(~x) := ∃f f(~x) = 1 ∧ [µP (f).ψ](f) ∧ ∀~x(ϕ(~x,R~u/f(~u) = 1)↔ f(~x) = 1)

stating that there is a function f in the fixpoint of the Σ1
1-formula ψ, f is

the partial fixpoint of ϕ, and ~x occurs in this partial fixpoint, i.e., f(~x) = 1.

Now, the theorem follows from Lemma 12. q.e.d.

We have already mentioned that pure independence-friendly logic is equiv-
alent to Σ1

1 and therefore an ordering on the universe of a structure can be
defined in IF-LFP even on classes of otherwise unordered structures. Thus
the theorem above implies that IF-LFP contains SO on all rather than just
ordered structures.

Corollary 18. On finite structures, every formula of SO is equivalent to a
formula in IF-LFP.

In the next section we will derive some further corollaries of this theorem
concerning the model-checking complexity of IF-LFP.

5 Complexity of Independence-Friendly Fixpoint
Logic

In this section we analyse the complexity of IF-LFP on finite structures, both
with respect to data and model-checking complexity. By data-complexity
we understand the complexity of deciding for a fixed formula ϕ ∈ IF-LFP and
a given structure A whether A |= ϕ. In particular, the input only consists
of the structure A. By model-checking we mean the problem of deciding for
a given finite structure A and formula ϕ ∈ IF-LFP whether A |= ϕ. Here,
both ϕ and A are part of input.
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We begin our analysis with data-complexity. In [Bra03], the first author
already noticed that any given formula of IF-LFP can be evaluated in time
exponential in the size of the structure. For, every fixpoint µR(~x).ϕ (or
νR(~x).ϕ) can be evaluated in time linear in the number of trumps for ϕ and
therefore exponential in the size of the structure.

Proposition 19. IF-LFP has exponential time data-complexity.

We aim at a much stronger result. Not only will we show that IF-LFP is
ExpTime-complete with respect to data-complexity but we will prove that
it actually captures ExpTime, i.e., every class of structures decidable by
an exponential time Turing-machine can be defined in IF-LFP and vice versa
every class of structures definable in IF-LFP can be decided in deterministic
exponential time.

Theorem 20. IF-LFP captures ExpTime.

Proof. We follow the usual approach to show capturing results in finite
model theory by simulating the run of a Turing-machine by a fixpoint in-
duction in IF-LFP. LetM be an exponentially time-bounded Turing-machine

over the alphabet {0, 1}. On any input of size n, M can make at most 2n
k

steps, for some constant k independent of the input. We first show how to
simulate the run of M on any input structure A by an third-order induction
on a Σ1

1-formula, i.e., by a formula of the form µR(s, p, c).ϕ(R, s, p, c), where
ϕ ∈ Σ1

1, s and p are k-ary function symbols, c is an individual variable and
R is a third-order relation symbol. (Strictly speaking, individual variables c
are not allowed in Σ1

1-inductions as defined in Definition 9. However, these
can easily be replaced by nullary function variables.) Throughout this proof
we use typewriter font for function variables and italics font for individual
variables.

As an ordering on the universe A of the structure A is definable in Σ1
1

we assume without loss of generality that A is ordered and that there are
two constants 0 and 1 interpreted by distinct elements. Further, we assume
that we are given an ordering on the space of functions from Ak to {0, 1}.
Again such an ordering can easily be defined in Σ1

1.
Given this ordering on the function space, we can code the content of

the Turing-tape in a relation P (p, c) such that (p, c) ∈ P if, and only if,
p is the ith function with respect to the ordering on the space of k-ary
functions, c ∈ {0, 1}, and the ith cell on the Turing-tape contains c. With
this, we can encode the evolution of the Turing-tape during a run of M
in a relation R(s, p, c), such that if s is the ith function with respect to
the ordering on the function space, then the set {(p, c) : (s, p, c) ∈ R}
encodes the Turing-tape after M has made i steps. To define this relation
inductively, we need a formula init(p, c) which defines the encoding of the
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input structure A on the Turing-tape with the head reading position 0 and
a formula next(R, s, p, c) which defines for any given s in (p, c) the successor
configuration of the configuration stored in R for time step s. Finally, we
need a formula accept(R, s) which is true for s and R if the configuration
coded in R for time step s is accepting.

Due to space restrictions we refrain from giving the formulae here. Sim-
ilar formulae are widely used in the finite model theory community to en-
code the run of polynomial time Turing-machines in LFP. See [Grä07] or
[EbbFlu99]. The Σ1

1-formulae needed here can be obtained from these via
trivial modifications implementing the above encoding of Turing-tapes and
time steps. Now the run of M on input A is accepting if, and only if, the
formula

∃s, p [µR(s, p, c).
(s = min ∧ init(p, c)) ∨
(∃s′ (s = s′ + 1 ∧ next(s′, p, c))) ∨
(∃saccept(R, s) ∧ c = acc)

](s, p,acc)

is true in A, where min denotes the minimal element in the ordering on
the function space, +1 refers to the successor relation with respect to this
ordering, and acc is an arbitrary element distinct from 0 and 1 used to
mark an accepting configuration. q.e.d.

Clearly, if a logic L captures a complexity class C, then the evaluation
problem of L must be C-complete with respect to data complexity. Thus
we get the following simple corollary.

Corollary 21. IF-LFP has ExpTime-complete data-complexity.

Capturing results relate the expressive power of a given logic to the com-
putational complexity of the classes of structures definable in the logic.
The study of data complexity corresponds to the study of the computa-
tional complexity of a problem, where the size of the program or algorithm
used to solve a problem is ignored.

However, when actually evaluating a formula in a structure this approach
is not satisfactory. For instance, monadic Datalog and monadic second-
order logic (MSO) have the same expressive power on trees and therefore the
same data-complexity on trees, but whereas monadic Datalog programs
can be evaluated in time linear both in the size of the Datalog program
and the input tree, the evaluation of MSO-formulae is PSpace-complete on
trees. In fact, it was shown in [GroSch03] that any translation of a MSO-
formula on trees to an equivalent monadic Datalog program necessarily
increases the formula size non-elementary.

Thus, data-complexity only gives limited information about the complex-
ity of actually evaluating a formula in a structure. We therefore continue
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our complexity analysis of IF-LFP with the study of its model-checking com-
plexity. In particular, we will prove that model-checking for IF-LFP is hard
for exponential space. For an upper bound, it is easily seen that for any
given structure A and formula ϕ the formula can be evaluated in A using
space doubly exponential in |ϕ| and exponential in |A|. For, every evalu-
ation of a (least or greatest) fixpoint only needs enough space to store all

possible trumps, and the number of trumps is bounded by O(2A|ϕ|

).

Theorem 22. Every formula ϕ ∈ IF-LFP can be evaluated in a structure
A in space doubly exponential in |ϕ| and exponential in |A|.

The theorem gives an upper bound on the model checking complexity
of IF-LFP. We have seen in Section 4 above that every formula of PFP is
equivalent to one of IF-LFP. Further, the translation is polynomial in the
size of the PFP-formula. Consequently, model-checking for IF-LFP is at least
as complex as it is for PFP. As model-checking for PFP is known to be hard
for exponential space – in fact even complete for exponential space – we get
the following theorem.

Theorem 23. The model-checking problem for IF-LFP is hard for expo-
nential space.

6 Conclusion

In this paper we studied the computational complexity of various problems
related to IF-LFP. As we have seen, adding independence to least fixpoint
logic increases the expressive power and complexity significantly. Another
indicator for this is the translation of formulae of PFP to formulae of IF-LFP.
This showed that IF-LFP is even more expressive than second-order logic –
unless, of course, PSpace = ExpTime.

Looking at the various proofs given for the results, it becomes clear that
the common technique used in all proofs was to use independent quantifi-
cation to define functions and then show that these functions can be passed
through the fixpoint induction. This suggests that there might be a more
general relation between independence-friendly logic and second-order logic,
namely that the two logics are actually equivalent. Showing this, however,
requires a careful analysis of the rôle of negation in independence friendly
logics and is far from obvious. This is part of ongoing work.

It is also notable that all our hardness results involve constructions re-
quiring only least fixed points. For LFP, it is well-known that all properties
can be expressed with a single least fixed point. An analogous theorem of
IF-LFP has not been shown.
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abstract. Jean-Éric Pin introduced the structure of an ω-semi-
group as an algebraic counterpart to the concept of automaton read-
ing infinite words. It has been well studied since, specially by Carton,
Perrin, and Wilke. We introduce a reduction relation on subsets of
ω-semigroups defined by way of an infinite two-player game. Both
Wadge hierarchy and Wagner hierarchy become special cases of the
hierarchy induced by this reduction relation. But on the other hand,
set theoretical properties that occur naturally when studying these
hierarchies, happen to have a decisive algebraic counterpart. A game
theoretical characterization of basic algebraic concepts follows.

1 Introduction

This work comes from an interaction between classical game theory, and
the algebra of automata theory, which rests on the following main facts. In
case of finite words, a well-known correspondence between an automaton
and a finite semigroup exists: from any finite automaton A recognizing a
regular language L, one can build a finite semigroup SA recognizing (in an
algebraic way) the same language, and vice-versa [PerPin04]. Moreover,
this correspondence generalizes in case of infinite words. Indeed, for that
purpose, Jean-Éric Pin introduced the structure of ω-semigroup [PerPin04]
as an algebraic counterpart to the concept of an automaton on infinite words.
More precisely, he proved the equivalence between a finite Büchi automaton
and a finite ω-semigroup.

This paper presents a game theoretical study of the structure of ω-semi-
group, leading to an expected new foundation of the Wagner hierarchy, but
also to promising general set theoretical, and algebraic results.
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2 Preliminaries

We recall that a relation R is a preorder if it is reflexive, and transitive. It
is a partial order if it is reflexive, transitive, and antisymmetric. And it is
an equivalence relation if it is reflexive, transitive, and symmetric.

Given a set A (called the alphabet), we respectively denote by A∗, A+,
Aω, the sets of finite words over A, non empty finite words over A, and
infinite words over A. We set A∞ := A∗ ∪ Aω, and the empty word is
denoted by ε. Given two words u and v (u finite), we write uv for the
concatenation of u and v, u ⊆ v for “u is an initial segment of v”, v ↾ n for
the restriction of v to its n first letters. Given X ⊆ A∗, and Y ⊆ A∞, we set:
XY := {xy : x ∈ X ∧ y ∈ Y }, X∗ := {x1 · · ·xn : n ≥ 0 ∧ x1, . . . , xn ∈ X},
X+ := {x1 · · ·xn : n > 0 ∧ x1, . . . , xn ∈ X}, and Xω := {x0x1x2 · · · : ∀ n ≥
0, xn ∈ X}. The class of ω-rational subsets of A∞ is the smallest class of
subsets of A∞ containing the finite subsets of A∞, and closed under finite
union, finite product, and both operations X → X∗, and X → Xω.

A semigroup (S, ·) is a set S equipped with an associative operation from
S × S into S. A morphism of semigroups is a map ϕ from a semigroup
S into a semigroup T such that ∀ s1, s2 ∈ S, ϕ(s1s2) = ϕ(s1)ϕ(s2) holds.
A monoid is a set equipped with an associative operation, and an identity
element. If S is a semigroup, S1 denotes S if S is a monoid, and S ∪ {1}
otherwise (with the operation of S completed as follows: 1 · s = s ·1 = s for
all s ∈ S). A group G is a monoid such that every element has an inverse,
i.e., ∀ s ∈ G ∃ s−1 ∈ G such that s−1 · s = s · s−1 = 1.

For any set A, the set Aω is a topological space equipped with the product
topology of the discrete topology on A. The basic open sets of Aω are of
the form WAω, where W ⊆ A∗. Given a topological space E, the class of
Borel subsets of E is the smallest class containing the open sets, and closed
under countable union, and complementation. Let F ⊆ 2ω, F is a flip set if
and only if ∀ x, y ∈ 2ω(∃! k ∈ ω (x(k) 6= y(k))) → (x ∈ F ↔ y 6∈ F ). We
use the fact that a flip set cannot be Borel (as it doesn’t satisfy the Baire
property).

Let Σ be a set, and A ⊆ Σω. The Gale-Stewart game G(A) [GalSte53] is
a two-player infinite game with perfect information where players take turn
playing letters from Σ. Player I begins. After ω moves, they produce an
infinite word α ∈ Σω. Player I wins if and only if α ∈ A. A play of this
game is illustrated below.

I : x0 x2 · · · xn xn+2 · · ·
ց ր ց ց ր

II : x1 · · · xn+1 · · ·

Let ΣA, ΣB be two sets, and A ⊆ ΣA
ω, B ⊆ ΣB

ω. The Wadge game
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W(A,B) [Wad72] is a two-player infinite game with perfect information,
where player I is in charge of subset A, and player II is in charge of subset
B. Players take turn playing letters from ΣA and ΣB , respectively. Player I
begins. Player II is allowed to skip provided he plays infinitely many letters;
player I is not. After ω moves, player I and II have respectively produced
two infinite words α ∈ ΣA

ω, and β ∈ ΣB
ω. Player II wins in W(A,B) if

and only if (α ∈ A↔ β ∈ B). A play of this game is illustrated below.

(A) I : a0 a1 · · ·
after ω moves
−→ α = a0a1a2 · · ·

ց ր ց

(B) II : b0 b1
after ω moves
−→ β = b0b1b2 · · ·

3 ω-semigroups

Jean-Éric Pin introduced the structure of an ω-semigroup [PerPin04] in
order to give an algebraic counterpart to the notion of automaton reading
infinite words. He showed the equivalence between a finite Büchi automaton
and a finite ω-semigroup in the following sense:

• For any finite Büchi automaton A recognizing the language L(A), one
can build a finite ω-semigroup SA recognizing (in an algebraic sense)
the same language L(A).

• For any finite ω-semigroup S recognizing the language L(S), one can
build a finite Büchi automaton recognizing the same language L(S).

Definition 1 (Perrin, Pin, [PerPin04]). An ω-semigroup is an algebra
consisting in two components, S = (S+, Sω), and equipped with the follow-
ing operations:

• A binary operation defined on S+ and denoted multiplicatively.

• A mapping S+×Sω → Sω called mixed product, that associates with
each pair (s, t) ∈ S+ × Sω an element st of Sω.

• A surjective mapping πS : S+
ω → Sω called infinite product.

Moreover, these three operations must satisfy the following properties:

1. S+ equipped with the binary operation is a semigroup,
2. ∀ s, t ∈ S+ ∀ u ∈ Sω s(tu) = (st)u,
3. the infinite product πS is ω-associative, meaning that for every strictly

increasing sequence of integers (kn)n>0, and for every sequence (sn)n∈ω
∈ S+

ω, we have

πS(s0s1 · · · sk1−1, sk1 · · · sk2−1, . . .) = πS(s0, s1, s2, . . .),
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4. ∀ s ∈ S+ ∀ (sn)n∈ω ∈ S+
ω

sπS(s0, s1, s2, . . .) = πS(s, s0, s1, s2, . . .).

Intuitively, an ω-semigroup is just a semigroup equipped with a suitable
infinite product. It is finite precisely when S+ is finite. Otherwise it is
infinite. A subset X ⊆ Sω is called an ω-subset. We focus on those subsets
in the sequel.

Definition 2. Let S = (S+, Sω), T = (T+, Tω) be two ω-semigroups. A
morphism of ω-semigroups from S into T is a pair ϕ = (ϕ+, ϕω), where
ϕ+ : S+ −→ T+ is a morphism of semigroups, and ϕω : Sω −→ Tω is a
mapping preserving the infinite product, i.e., for every sequence (sn)n∈ω of
elements of S+, one has

ϕω
(
πS(s0, s1, s2, . . .)

)
= πT

(
ϕ+(s0), ϕ+(s1), ϕ+(s2), . . .

)
.

Example 3. Let A be an alphabet. The ω-semigroup

A∞ := (A+, Aω)

equipped with the usual concatenation is the free ω-semigroup over alphabet
A. It is free in the sense that, for any ω-semigroup S = (S+, Sω), any
function f from A into S+ can uniquely be extended to a morphism of ω-
semigroups f̄ = (f+, fω) from A∞ into S [CarPer97]. We do this by setting
f+ : A+ −→ S+ defined by

f+(a0a1 · · · an) = f(a0)f(a1) · · · f(an) , with ai ∈ A (∀i ≤ n),

and fω : Aω −→ Sω defined by

fω(aoa1a2 · · · ) = πS(f(a0), f(a1), f(a2), . . .) , with ai ∈ A (∀i).

So, sets of ω-words, in other words sets of reals, are the less constraint ones
with regard to the algebraic structure.

In order to state further results, we put the following topology on ω-
subsets:

Definition 4. Let S = (S+, Sω) be any ω-semigroup, and X ⊆ Sω, we set:

X is a basic open if and only if π−1
S (X) is an open of S+

ω

where S+
ω is equipped with the product topology of the discrete topology

on S+.
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Remark 5. For any ω-semigroup S = (S+, Sω), the infinite product πS is
a continuous function by definition of the previous topology.

Remark 6. At first glance, the topology defined by taking sSω := {st :
t ∈ Sω} as a basic open set (for any s ∈ S+) would look much nicer.
Unfortunately, this topology is much too weak for our purpose. Indeed,
with this particular topology, in case S+ is a group, Borel subsets of Sω
come down to the empty set and the whole space; the reason being that,
given sSω any basic open set, then Sω = ss−1Sω ⊆ sSω, meaning that
sSω = Sω. We certainly need much more than that as we’ll see in the last
section.

4 An infinite game over ω-semigroups

In this section, we define a reduction relation between ω-subsets by use of
an infinite two-player game over ω-semigroups. We then state some general
properties of this reduction relation in order to characterize the set hierarchy
that it generates.

4.1 Definitions

Definition 7. Let S = (S+, Sω), T = (T+, Tω) be two ω-semigroups, and
X, Y be two ω-subsets of Sω and Tω, respectively. The infinite two-player
game SG(X,Y ) is defined as follows: player I is in charge of subset X, player
II is in charge of subset Y . Players I and II alternately play elements of
S+ and T+ ∪ {ε}, respectively. Player I begins, player II is allowed to skip
its turn (by playing ε) provided he plays infinitely many moves, otherwise
he loses the play. Player I cannot skip its turn. After ω moves, players I
and II have respectively produced two infinite sequences 〈s0, s1, . . .〉, and
〈t0, t1, . . .〉. A play of this game is illustrated below.

(X) I : s0 s1 · · ·
after ω moves
−→ 〈s0, s1, s2, . . .〉

ց ր ց

(Y ) II : t0 t1
after ω moves
−→ 〈t0, t1, t2, . . .〉

The winning condition is the following: player II wins in SG(X,Y ) if and
only if

πS(s0, s1, . . .) ∈ X ⇔ πT (t0, t1, . . .) ∈ Y

where πS and πT are the infinite products of S and T respectively, and
πT (t0, . . . , tn−1, ε, tn, . . .) := πT (t0, . . . , tn−1, tn, . . .), meaning that the skip-
ping moves of II are not considered in the infinite product.

A strategy for player II is a mapping σ : S+
+ → T+ ∪{ε}. A strategy for

player I is defined similarly. A winning strategy for a player is a strategy
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such that the player always wins when using it. We can now define the
following reduction relation:

X ≤SG Y :⇔ II has a winning strategy in SG(X,Y )

and of course
X <SG Y :⇔ X ≤SG Y but Y 6≤SG X

X ≡SG Y :⇔ X ≤SG Y and Y ≤SG X

Following the terminology of Wadge games, we set that:

• an ω-subset X is self-dual if and only if

X ≡SG X
C

where XC stands for the complement of X. Otherwise, we say that X
is non-self-dual;

• an ω-subset X is initializable if and only if there exists Y such that

X ≡SG Y and Y ≡SG s
−1Y , ∀ s ∈ S+

where s−1Y = {x ∈ Sω : x = πS(u1, u2, . . .) ∧ πS(s, u1, u2, . . .) ∈ Y }.
From a playful point of view, a player in charge of a initializable set
X in the SG-game never loses his playful strength during the play.
Indeed, for any position s ∈ S+ that he reaches, he remains as strong
as at the beginning, when being in charge of the whole subset X.

Example 8. Let S = (S+, Sω) be any ω-semigroup, and X ⊆ Sω, with
X 6= ∅, Sω.

• The relation ∅ ≤SG X holds. Indeed, we give a winning strategy for
player II in the game SG(∅,X). At the end of the play, the infinite
product of any infinite sequence played by I obviously doesn’t belong
to ∅. So the winning strategy for II simply consists in playing in order
to be outside X at the end of the play (possible, as X 6= Sω).

• Similarly, the relation Sω ≤SG X holds. The winning strategy for II
in the game SG(X,Sω) consists in in playing in order to be inside X
at the end of the play (possible, as X 6= ∅).

• The relation ∅ 6≤SG Sω holds. Indeed, at the end of the play, the
infinite product of any infinite sequence played by I doesn’t belong
to ∅, and the infinite product of any infinite sequence played by II
belongs to Sω, so that II cannot win against I in any case.
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• Similarly, the relation Sω 6≤SG ∅ holds, as there is no possible winning
strategy for II in the game SG(Sω,∅).

This shows that the empty set and the whole space are non-self-dual sets,
since no one is equivalent to its complement. Moreover, any other set re-
duces to both of them.

4.2 Properties of the SG-relation

Not using yet any determinacy principle for this game, one cannot say much
of the SG-relation, except that it is a partial ordering with no particular
interesting properties. However, Martin’s Borel Determinacy result [Mar75]
easily induces Borel Determinacy for SG-games. As it is the case with
the Wadge ordering, this property turns the SG-relation into a much more
interesting one.

Theorem 9 (Martin). Let Σ be a set. If A is a Borel subset of Σω, then
G(A) is determined.

Corollary 10 (SG-Borel Determinacy). Let S = (S+, Sω), T = (T+, Tω)
be two ω-semigroups, and X ⊆ Sω, Y ⊆ Tω be two Borel ω-subsets. Then
SG(X,Y ) is determined.

Proof. We define a Borel subset Z ⊆ (S+
ω ∪ T+

ω ∪ {ε})ω such that a
player P has a winning strategy in G(Z) if and only if the same player
P has a winning strategy in SG(X,Y ). Let p1 and p2 be the following
continuous projections from (S+ ∪T+ ∪{ε})ω into (S+ ∪T+ ∪{ε})ω defined
by p1(u0u1u2u3 . . .) := u0u2u4 . . ., and p2(u0u1u2u3 . . .) := u1u3u5 . . .. Let
X ′,X ′′, Y ′, Y ′′ ⊆ (S+ ∪ T+ ∪ {ε})ω be defined by

X ′ := {α = u0u1u2 . . . : πS(u0, u2, u4, . . .) ∈ X} = p−1
1 (π−1

S (X))

X ′′ := {α = u0u1u2 . . . : πS(u0, u2, u4, . . .) ∈ X
C} = p−1

1 (π−1
S (XC))

Y ′ := {α = u0u1u2 . . . : πT (u1, u3, u5, . . .) ∈ Y } = p−1
2 (π−1

T (Y ))

Y ′′ := {α = u0u1u2 . . . : πT (u1, u3, u5, . . .) ∈ Y
C} = p−1

2 (π−1
T (Y C))

By continuity of the functions p1, p2, πS , πT , these sets are all Borel, and we
conclude by taking Z := (X ′ ∩ Y ′) ∪ (X ′′ ∩ Y ′′). q.e.d.

The following interesting results are similar to the results on the Wadge
ordering, and they are a consequence of Borel determinacy for these games.
The first one is an immediate consequence of determinacy. The second one
is a corollary of the first one: it states that, for this partial ordering ≤SG, the
antichains have length at most two. The third one is a result from Martin
and Monk establishing the wellfoundedness of this ≤SG-relation on Borel
ω-subsets.
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Corollary 11. Let S = (S+, Sω), T = (T+, Tω) be two ω-semigroups, and
X ⊆ Sω, Y ⊆ Tω be two Borel ω-subsets. Then

X 6≤SG Y ⇒ Y ≤SG X
C.

Proof. The relation X 6≤SG Y means that player II doesn’t have a win-
ning strategy in SG(X,Y ). Hence, by determinacy, player I has a winning
strategy σ in this game. So Player II has the following winning strategy in
SG(Y,XC): he copies the first move of player I in SG(X,Y ), and then, at
each step n, he plays σ(x0 · · ·xn), where x0, . . . , xn are the moves already
played by I in SG(Y,XC). q.e.d.

Corollary 12 (Wadge’s Lemma). Let S = (S+, Sω), T = (T+, Tω) be
two ω-semigroups, and X ⊆ Sω, Y ⊆ Tω be two Borel ω-subsets. Then only
one of these possibilities occurs:

• X ≤SG Y and Y 6≤SG X, which implies X <SG Y .

• X ≤SG Y and Y ≤SG X, which implies X ≡SG Y .

• X 6≤SG Y and Y 6≤SG X, which implies X ≡SG Y
C.

• X 6≤SG Y and Y ≤SG X, which implies Y <SG X.

Proof. The first, second and fourth cases come from the very definition.
The third case comes by the previous proposition, and by the obvious fact
that A ≤SG B ⇔ AC ≤SG B

C holds, for any ω-subset A and B. q.e.d.

Proposition 13 (Martin, Monk). The partial ordering <SG is well-
founded on Borel ω-subsets, meaning that there is no infinite sequence of
Borel ω-subsets (Ai)i∈ω such that

A0 >SG A1 >SG . . . >SG An >SG An+1 >SG . . .

Proof. Towards contradiction, assume that there exists an infinite se-
quence of ω-semigroups {Si = (Si,+, Si,ω)}i∈ω, and an infinite strictly <SG-
descending sequence of Borel ω-subsets (An)n∈ω, where Ai ⊆ Si,ω, (any
i ∈ ω). For all n ≥ 0, the relation An >SG An+1 implies that both
An 6≤SG An+1 and AC

n 6≤SG An+1 hold, meaning that player I has winning
strategy σ0

n and σ1
n in both games SG(An, An+1) and SG(AC

n, An+1), respec-

tively. Let α ∈ 2ω define the following sequence of strategies (σ
α(k)
k )k∈ω. We
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now consider ω many SG-games linked this way: in the first game, player I

applies strategy σ
α(0)
0 to II’s play. Since it is a strategy for I, it gives the

first letter a0
0 before II has ever played anything, but then, applying σ

α(0)
0

means to know II’s first move a1
0. Precisely, II copies I’s moves in the second

game, in which I applies the winning strategy σ
α(1)
1 . And so on for every

game. This means, in game number n, player I applies strategy σ
α(n)
n , and

II scrupulously copies I’s moves in the game number n+ 1. These ω many
games chained together are illustrated below. Normal arrows denote the
action of playing while dotted ones denote the action of copying.

I II I II I II I II · · ·

a0
0

σ
α(0)
0

a1
0

σ
α(1)
1

a2
0

σ
α(2)
2

a3
0 · · ·

σ
α(3)
3

a1
0 a2

0 a3
0 · · ·

a0
1 a1

1 a2
1 · · ·

a1
1 a2

1 · · ·

a0
2 a1

2 · · ·

a1
2 · · ·

a0
3 · · ·

Let xα =
∏
k∈ω a

0
k be the infinite word played by player I in the first

game, ϕ : 2ω → S0,+
ω defined by ϕ(α) = xα, and ψ = πS0

◦ ϕ : 2ω → S0,ω

defined by ψ(α) = πS0
(xα) = πS0

(
∏
k∈ω a

0
k). By definition of these chained

games, ϕ is continuous. Indeed, we remark that the k first letters of xα
only depend on the k first letters of α, as we completely don’t need games
number k + 1, k + 2, . . . to determine xα ↾ k. So, for any U ⊆ S0,+

∗,
ϕ−1(US0,+

ω) = V 2ω, with V ⊆ 2∗, meaning that the pre-image by ϕ of a
basic open set is a basic open set. As ϕ and πS0

are continuous, so is ψ.
Consider B = ψ−1(A0). By construction of these chained games, we notice
that if α and α′ only differ by one position (i.e., there is exactly one i such
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that α(i) 6= α′(i)), then α ∈ B ⇔ α′ 6∈ B. This means that B is a flip set,
and it is Borel as ψ is continuous, a contradiction. q.e.d.

Remark 14. Taking the ≡SG-equivalence classes of Borel ω-subsets leads
to a hierarchy of classes of Borel ω-subsets called the SG-hierarchy. As
already mentioned, the previous results state the wellfoundedness of this
hierarchy together with the fact that the antichains have length at most
two. The SG-hierarchy has thus the same familiar “scaling shape” as the
Borel hierarchy or the Wadge hierarchy: an increasing sequence of pairs of
non-self-dual classes with single self-dual classes in between. This hierarchy
is illustrated in Figure 14. Circles represent classes of Borel ω-subsets, and
arrows represent the fact of “being SG-smaller than”.

Figure 1. The SG-hierarchy.

Definition 15. The SG-degree of Borel ω-subsets is defined by induction.
At the bottom, we find ∅ and ∅C since there is no non-empty set A such
that A ≤SG ∅ holds, and there is also no other smaller set than the whole
space, which is incomparable to the empty set (see Example 8). So we set:

doSG(∅) := doSG(∅C) := 0,

and for any Borel ω-subset A >SG ∅

doSG(A) := sup{doSG(B) + 1 : B <SG A}.
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5 Basic results about this game

In this section, we give some general results about both this infinite game
over ω-semigroups, and more precisely about the SG-hierarchy. We state
that two important hierarchies become particular cases of the SG-hierarchy.
But the most striking thing is that very essential algebraic notions turn out
to correspond to very natural properties stated in a game theoretical way.

5.1 The Wadge hierarchy

In the late sixties, William W. Wadge introduced a very deep refinement
of the Borel hierarchy of sets of the Baire space (or of the Cantor space as
well) [Wad72]. The Wadge hierarchy is induced by the following relation on
sets: A ≤W B :⇔ there is a continuous function f such that f−1(B) = A
⇔ Player II has a winning strategy in W(A,B) [Wad72].

Proposition 16. The SG-hierarchy restricted to Borel ω-subsets of free
ω-semigroups corresponds exactly to the Wadge hierarchy of Borel subsets.

Proof. When restricted to free ω-semigroups, the SG-game is exactly the
same as the Wadge game. q.e.d.

Remark 17. As a matter of fact, the SG-hierarchy should be regarded
as a widening of the Wadge hierarchy. Not only more sets are involved,
but the algebraic structure of semigroups enriches the way one can describe
or characterize Borel sets. For instance, some of them may “live” in an
ω-semigroup generated by a monoid, or even group, while most don’t.

5.2 The Wagner hierarchy

In 1979, Klaus Wagner described a hierarchy among languages recognized by
Muller automata called the Wagner hierarchy [Wag79]. This hierarchy has
height ωω and actually coincides with the restriction of the Wadge hierarchy
to ω-rational languages. In other words, it is the hierarchy induced by the
following ordering on Muller automata: A ≤W B if and only if the language
recognized by A is the inverse image of the language recognized by B by
a continuous function. This section shows that the Wagner hierarchy is a
particular case of the SG-hierarchy.

Proposition 18. The SG-hierarchy restricted to subsets of finite ω-semi-
groups is classwise isomorphic to the Wagner hierarchy.

Proof. In the forthcoming paper [CabDup∞]. q.e.d.

The decidability of the Wagner hierarchy also holds in the following sense:
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Proposition 19. Let S = (S+, Sω) be a finite ω-semigroup, and X ⊆ Sω
be Borel. One can associate to X an ordinal ξX ∈ ωω being its degree in
the Wagner hierarchy.

Proof. In the forthcoming paper [CabDup∞]. q.e.d.

5.3 Basic algebraic properties

Important algebraic notions can be expressed in a natural game theoretical
way by use of the SG-game. These results militate in favor of developing
the use of game theoretical tools in algebra. The two following propositions
give a game theoretical approach of the algebraic concepts of monoid and
group.

Proposition 20. Let S = (S+, Sω) be any ω-semigroup, and X ⊆ Sω be
any Borel ω-subset. The following conditions are equivalent:

(1) X 6≤SG X
C (i.e., X is non-self-dual).

(2) Every player in charge of X in the SG-game is allowed to skip his turn,
provided he plays infinitely many letters, otherwise he loses.

(3) There exists an ω-semigroup T = (T+, Tω) and a Borel ω-subset Y ⊆ Tω
such that T+ is a monoid, and X ≡SG Y .

Proof (Sketch). “(1) ⇒ (2)”: We show that we can assume without loss of
generality that any player in charge of X in the SG-game can skip his turn,
provided he plays infinitely many letters. In other words, we show that a
player in charge of X that is allowed to skip is not stronger than (or can be
beaten by) a player in charge of X that is not allowed to. Let SG( , ) be
the same infinite game as SG( , ), instead that player I is allowed to skip —
provided he plays infinitely often— while player II is not. By hypothesis,
there exists a winning strategy σ for I in the game SG(X,XC). Then σ is
also a winning strategy for II in the game SG(X,X).

“(2) ⇒ (1)”: By hypothesis, every player in charge of X is allowed to
skip its turn, provided he plays infinitely letters. The winning strategy for
player I in the game SG(X,XC) consists in skipping the first move, and then
copy player II.

“(3)⇒ (1)”: By hypothesis, X ≡SG Y , with Y ⊆ T+, and T+ is a monoid.
We thus show that Y is non-self-dual by giving a winning strategy for I in
the game SG(Y, Y C): player I fist plays 1; then when II doesn’t skip, I copies
II, and when II skips, I plays 1. As Y is non-self-dual, so is X.
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“(1) ⇒ (3)”: A consequence of [Dup01] and [Dup∞]. Basically, the idea
is to consider the set Z = π−1

S (X). Viewed as a subset of the free ω-
semigroup (S+

+, S+
ω) —with S+

ω equipped with the usual topology (the
product topology of the discrete topology over S+)— it satisfies Z ≡SG X.
Since Z is Borel and non-self-dual, it follows from both [Dup01], and [Dup∞]
that there exists some Ȳ ⊆ S+

≤ω verifying:

• Ȳ b ≡W Z, where Ȳ b stands for all ω-sequences x built over the al-
phabet S+∪{b}—where b stands for any new letter not in S+— that
verify: “x in which every occurrence of the letter b has been erased,
belongs to Ȳ .”

• Ȳ ∩ S+
ω = Z

As Ȳ b ≡W Z holds, then Ȳ b ≡SG Z, when these sets are considered as
subsets of the free ω-semigroups

(
(S+∪{b})+, (S+∪{b})ω

)
, and (S+

+, S+
ω),

respectively. As Z ≡SG X also holds, then Ȳ b ≡SG X. By identifying b
and the identity element, i.e., by setting the monoid T+ = (S+ ∪ {b})+ =
(S+∪{1})+, Tω = (S+∪{b})ω = (S+∪{1})ω, and by taking Y = Ȳ b ⊆ Tω,
one gets the result. q.e.d.

Proposition 21. Let S = (S+, Sω) be any ω-semigroup, and X ⊆ Sω be
any Borel subset. The following conditions are equivalent:

(1) X ≤SG s
−1X,∀ s ∈ S+ (i.e., X is initializable).

(2) Every player in charge of X in the SG-game is allowed to erase his
moves, provided he plays infinitely many letters, otherwise he loses.

(3) There exists an ω-semigroup T = (T+, Tω) and a Borel ω-subset Y ⊆ Tω
such that T+ is a group, and X ≡SG Y .

Proof (Sketch). “(3) ⇒ (2)”: We show that we can assume without loss
of generality that any player in charge of X in the SG-game can erase his
moves, provided he plays infinitely many letters. In other words, we show
that a player in charge of X that is allowed to erase is not stronger than
(or can be beaten by) a player in charge of X that is not allowed to. Let
S̃G( , ) be the same infinite game as SG( , ), instead that player I is allowed
to erase his moves —provided he plays infinitely often— while player II is
not. We first show that player II has a winning strategy in S̃G(X,Y ). By
hypothesis, II has a winning strategy σ in the game SG(X,Y ). This leads
the following winning strategy for II in S̃G(X,Y ): II copies I, and when I
erases a part of his position, then II “cancels” a piece of his by playing the
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suitable inverse element, in order to come back to the expected situation.
By hypothesis, II also has a winning strategy in the game SG(Y,X) (where
no one can erase his moves). Then by composition of strategies, II has a
winning strategy in the game S̃G(X,X).

“(2) ⇒ (1)”: Let s ∈ S+. By hypothesis, we can give the following
winning strategy σ in the game SG(X,X), but where player II has already
played the element s: player II erases s, and then copies player I. By the
previous point, we can find a winning strategy σ′ in the game S̃G(X,X)
(where I can erase, while II cannot). The composition of these strategies
σ′′ = σ′ ◦ σ is winning in the game SG(X, s−1X).

“(1) ⇒ (3)”: A consequence of [Dup01] and [Dup∞]. First, since X
is clearly non-self-dual, one can assume without loss of generality that S+

is a monoid with 1 as identity (otherwise, from previous proposition, one
can get some X ′ satisfying this property). Then, here also, the idea is
to consider the set Z = π−1

S (X). Viewed as a subset of the free ω-semi-
group (S+

+, S+
ω) —with S+

ω equipped with the usual topology— one has
X ≡SG Z. Since Z is Borel and initializable, from [Dup01] and [Dup∞], we
know that there exists some set B ⊆ {0, 1}≤ω such that:

• (B∼)b ≡W Z, where B∼ is defined as B plus an additional eraser, and
Bb is defined as Ȳ b was in last proposition (b stands for “blank”, it
behaves just like a mute letter). In a few words, this means that a
player in charge of (B∼)b in a Wadge game (either player I or player
II) is like a player in charge of B with two extra possibilities. This
player can:

– play b, which is just like skipping, except that here, one can
decide to skip forever, which is materialized by playing infinitely
many b’s;

– erase all or part of his/her last moves (b is just like a skip, it
doesn’t count as a true letter).

After ω such moves, the resulting sequence played is the limit of what
has been played, forgetting about the blanks. And (B∼)b is the set
of all infinite sequences that can possibly be played such that their
limits belong to B.

• Now, add two more letters 0−1, and 1−1 viewed as the inverse elements
of respectively 0, and 1. Consider the free semigroup {0, 1, 0−1, 1−1, b}∗,
where the concatenation operation moreover verifies 0−10 = 00−1 = b,
and 1−11 = 11−1 = b. Take b = 1, and set Y as the set of all infi-
nite sequences over {0, 1, 0−1, 1−1,1}, such that, once every possible



An Infinite Game over ω-Semigroups 77

“erasing” of the form 0−10 = 00−1 = 1, or 1−11 = 11−1 = 1 has been
processed, yields an infinite sequence that belongs to Bb (which is B1,
since b = 1), if one forgets about the subscripts −1 (i.e., identifying
0−1 with 0 and 1−1 with 1). It is easy to see that (B∼)b ≡W Y .

One gets the result by considering the ω-semigroup

T = (T+, Tω) =
(
{0, 1, 0−1, 1−1,1}+, {0, 1, 0−1, 1−1,1}ω

)
,

and the subset Y ⊆ Tω as defined above. Indeed, one has Z ≡W (B∼)b ≡W

Y , meaning that Z ≡SG Y (by treating Z, and Y as subsets of the suitable
ω-semigroups). So, X ≡SG Z ≡SG Y . q.e.d.

6 Conclusion

The way we see it, further developments in the Wadge hierarchy, for in-
stance, should be deeply related to the SG-hierarchy. It seems to be of a
major interest to be able to characterize a Borel set of reals, by the type
of ω-semigroups where a complete set for the Wadge class it generates may
“live”. This should be a way of identifying the algebraic properties hidden
behind various “Borel attitudes” of sets, i.e., an algebraic way of classifying
Borel sets: a very promising approach.
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abstract. We extend the traditional Gale-Stewart algorithm
(backward induction) for the combinatorial graph game to an asym-
metric variant; the extension makes the algorithm non-monotonic,
but a linear-time formulation is still possible.

1 Introduction

If G is a graph, the (symmetric) combinatorial game on G is played by
two players pushing a token on the graph. Whoever moves the token into
a terminal node, wins. An example of a game of this type is the game of
Nim (removing matches from a number of rows of matches until the game
board is empty). If G was cyclic, then it is not guaranteed that one of the
players will push the token into a terminal node. An infinite walk through
G is considered a draw in the combinatorial game.1

Combinatorial games are perfect information games with simple payoff
sets, and thus by the Gale-Stewart Theorem determined [GalSte53]. You
can determine the winner of the game by unfolding the game into a game

*The authors would like to thank Philipp Rohde (Aachen) and Nick Bezhanishvili
(Amsterdam) for fruitful discussions of topics connected to different aspects of this paper.

1More details can be found in the four-volume second edition of Winning Ways by
Berlekamp, Conway and Guy.
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tree TG, then labelling the tree via the Gale-Stewart labelling and read off
the winner from the label of the node s.

However, analyzing combinatorial games via their game trees might not
be optimal for several reasons:

Firstly, if G was cyclic, the game tree will be infinite and the labelling of
the game tree will be an infinitary, possibly transfinite procedure.

Secondly, the Gale-Stewart procedure is not metamathematically parsi-
monious. There are computable trees with no computable winning strategy,
and the Gale-Stewart theorem on determinacy of open games is equivalent
to a nontrivial metamathematical statement of second-order arithmetic by
a theorem of Steel.2

Thus, a labelling procedure directly on the graph that doesn’t need un-
folding into the game tree is a desideratum. The existence of such a proce-
dure is well-known in automata theory (cf., e.g., [Maz02, Exercise 2.6]); in
this paper we consider a variant of the standard combinatorial game, which
gives rise to an interesting complication for the corresponding labelling pro-
cedure.

The asymmetric combinatorial game on G (starting at s) is a variant of
the combinatorial games where one player has to play into terminal nodes
and the other has to keep the game alive for an infinite number of steps.
Again, this game is a perfect information game with simple payoff, and thus
could be analyzed via the Gale-Stewart technique with similar drawbacks.

It is the goal of this paper to give a finitary algorithm for asymmetric
combinatorial games directly on G. The algorithm we give is strongly influ-
enced by the non-monotonic Gale-Stewart technique developed in [Löw03].

In Section 2, we define some basic graph-theoretical notions used in Sec-
tion 3 where we define our games and discuss labellings and their connections
to games abstractly, understanding labellings on graphs as quotients of the
labellings on their associated game trees.

Finally, following the ideas of quotient labellings, in Section 4 we develop
two variant algorithms for the asymmetric combinatorial games (shown in
Figures 3 and 4) and discuss their running times.

2 Graphs

2.1 Graphs & Bisimulations

Our graphs G = 〈VG, EG〉 are directed graphs (digraphs), i.e., VG is a set
of vertices and E ⊆ VG × VG is an arbitrary binary relation. If ≡ is an

2The statement is ATR0, a set-theoretic existence statement for sets defined by transfi-
nite recursion along an arithmetically defined wellorder. Cf. [Ste76, Tan90]; for a detailed
overview in the context of Reverse Mathematics, cf. [Sim99, §V.8].
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equivalence relation on VG, we can define a graph structure on the set of
≡-equivalence classes VG/≡ := {[v]≡ ; v ∈ VG} as follows:

〈[v]≡, [w]≡〉 ∈ EG/≡ :⇐⇒ ∃v′, w′(v ≡ v′ & w ≡ w′ & 〈v, w〉 ∈ EG).

We write G/≡ := 〈VG/≡, EG/≡〉 for the quotient graph.
If s ∈ VG, we call the pair 〈G, s〉 a pointed graph. As usual, the natural

numbers are identified with the sets of their predecessors, i.e., 0 = ∅ and
n+ 1 = {0, . . . , n}. If N ∈ N ∪ {N}, we call a function W : N → V a walk
through 〈G, s〉 of length N if

1. for each n+ 1 ∈ N , we have 〈W (n),W (n+ 1)〉 ∈ EG, and
2. W (0) = s.

A walk is called finite if N ∈ N. It is called maximal if it is either infinite
or finite of length n + 1 where W (n) is a terminal node of G. We define
the connected component of v in G (in symbols: Cv

G) to be the set of
vertices w such that there is a walk W of length n + 1 ∈ N through 〈G, v〉
with W (n) = w. A pointed graph 〈G, v〉 is called connected if VG = Cv

G.
If 〈G, s〉 and 〈H, t〉 are pointed graphs, then a function Z : VG → VH is

called a bounded epimorphism if the following conditions hold:

1. Z(s) = t;
2. Z is surjective;
3. if v0 ∈ VG and 〈v0, v1〉 ∈ EG, then 〈Z(v0), Z(v1)〉 ∈ EH; and
4. if w0 ∈ VH and 〈w0, w1〉 ∈ EH and Z(v0) = w0, then there is some
v1 ∈ VG such that Z(v1) = w1 and 〈v0, v1〉 ∈ EG.

If Z is a bounded epimorphism between G and H, and we can define an
equivalence relation ≡Z on VG by

v ≡Z w :⇐⇒ Z(v) = Z(w).

Proposition 1. Let 〈G, s〉 and 〈H, t〉 be pointed graphs and Z a bounded
epimorphism between them. Let ≡Z be the equivalence relation on VG

defined via Z. Then 〈G/≡Z , [s]≡Z
〉 ∼= 〈H, t〉.

Proof. Define Ẑ : VG/≡Z → VH by

Ẑ([v]≡Z
) := Z(v).

This function is clearly well-defined and a bijection. Using the fact that Z
is a bounded epimorphism, it is easy to see that Ẑ is structure preserving.

q.e.d.
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2.2 The unravelled tree and the alternating graph

Let 〈G, s〉 be a pointed graph. Define the set VTs
G

to be the set of finite
walks through 〈G, s〉 (i.e., finite sequences of nodes in Cs

G connected by
EG and starting with s). For walks W0 of length n and W1 of length
n+ 1, we let 〈W0,W1〉 ∈ ETs

G
if and only if W0 = W1↾n. Furthermore, let

rootG,s := {〈0, s〉} be the unique walk of length 1. Then

Ts
G := 〈VTs

G
, ETs

G
〉.

We call 〈Ts
G, rootG,s〉 the unravelled tree of 〈G, s〉.

In the following, we will use the parity function par : N→ 2 assigning to
each natural number its parity. Let VAG

:= 2× VG,

〈〈e, v〉, 〈1− e, w〉〉 ∈ EAG
:⇐⇒ 〈v, w〉 ∈ EG,

and call AG := 〈VAG
, EAG

〉 the alternating graph of G. If s ∈ VG, then
we let As

G be the connected component of 〈0, s〉 in AG.

Proposition 2. If 〈G, s〉 is a pointed graph, there are bounded epimor-
phisms from 〈Ts

G, rootG,s〉 to 〈G, s〉, from 〈As
G, 〈0, s〉〉 to 〈G, s〉 and from

〈Ts
G, rootG,s〉 to 〈As

G, 〈0, s〉〉.

Proof. Let e ∈ 2, v ∈ VG, and dom(W ) = n + 1 with W (n) = v. Then
define

ZT(W ) := v,

ZA(〈e, v〉) := v, and

ZT,A(W ) := 〈par(n), v〉.

The functions ZT, ZA and ZT,A are bounded epimorphisms. q.e.d.

If 〈G, s〉 is a pointed graph, v ∈ VG and W is a walk through 〈G, s〉 of
length n + 1 such that W (n) = v, then the connected component of W in
Ts

G and the graph Tv
G are isomorphic as graphs. As a consequence, we get

a slightly more general version of Proposition 2:

Proposition 3. Let 〈G, s〉 be a pointed graph, and W be a walk through
〈G, s〉 of length n + 1 such that W (n) = v. Then there are bounded epi-
morphisms from 〈Ts

G,W 〉 to 〈G, v〉 and from 〈Ts
G,W 〉 to 〈Av

G, 〈0, v〉〉.

Proof. Compose the bounded epimorphisms ZT between Tv
G and G and

ZT,A between Tv
G and Av

G with the mentioned graph isomorphism. q.e.d.
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3 Games

3.1 Games and game equivalences

Given a graph G = 〈VG, EG〉 and s ∈ VG, we define the (symmetric)
combinatorial game on 〈G, s〉 (in symbols: S(G, s)): at the beginning
of the game, a token is positioned in the vertex s; players 0 and 1 move
in turn with player 0 starting by pushing the token along the edges of G;
the player making the last move wins the game. If the game goes on for
infinitely many steps, the outcome of the game is a draw. We define the
inverted symmetric combinatorial game S(G, s) to be the game played
like the symmetric combinatorial game, just with the rôles of the two players
interchanged, i.e., player 1 starts.

In the asymmetric version, the rôles of player 1 and the draw are in-
terchanged: Given a graph G = 〈VG, EG〉 and s ∈ VG, we define the
asymmetric combinatorial game on 〈G, s〉 (in symbols: A(G, s)): at
the beginning of the game, a token is positioned in the vertex s; players 0
and 1 move in turn with player 0 starting by pushing the token along the
edges of G; if player 0 pushes the token into a terminal node, he wins; if
player 1 pushes the token into a terminal node, the game is a draw. If the
game goes on for infinitely many steps, player 1 wins. Again, we define
the inverted asymmetric game A(G, s) to be the game with the players
interchanged.

Strategies in these combinatorial games are simply functions that tell
the players which edge 〈v0, v1〉 to use if they are presented with the token
in vertex v0 (it is obvious that such memory-free strategies suffice for these
games). A strategy is winning if the player following the strategy wins
the game regardless of how the other player plays, and a strategy is called
nonlosing if the game in which one player follows the strategy results in
either a win for that player or a draw.

By the determinacy theorem of Gale and Stewart (for details, cf. Section
3.2) each of the games X ∈ {A,A,S,S} defined above will have one of the
following three values, denoted by val(X):

W. Player 0 has a winning strategy,

D. both players have a nonlosing strategy,

L. Player 1 has a winning strategy.

On the set L = {L,D,W} of these values, we define a lattice structure by
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L ≤ D ≤W and an inversion function inv : L→ L defined by

W 7→ L

D 7→ D

L 7→ W.

Let X,Y ∈ {A,A,S,S}. We say that X and Y are equivalent if they
have the same value. We say that they are anti-equivalent if val(X) =
inv(val(Y)).

We define the notion of a X-Y-(anti)-equivalence: Let G and H be graphs
and let f : VG → VH be a function. Then f is called a X-Y-(anti)-
equivalence if for all v ∈ VG, we have that X(G, v) and Y(H, f(v)) are
(anti)-equivalent.

There are some obvious facts about equivalence of combinatorial games:

Proposition 4. For every pointed graph 〈G, v〉, the games S(G, v) and
S(G, v) are anti-equivalent. In other words, id : VG → VG is an S-S-anti-
equivalence.

Proof. Obvious. q.e.d.

Proposition 5. Let G and H be graphs, let X ∈ {S,S,A,A}, and let
F : VG → VH be a function. If F is a bounded epimorphism, then it is a
X-X-equivalence.

Proof. Obvious. q.e.d.

An immediate consequence of Propositions 2, 3 and 5 is that in order to
analyze arbitrary combinatorial games, it is enough to analyze games on
trees:

Corollary 6. Let X ∈ {S,S,A,A} and let 〈G, s〉 be a pointed graph. Then
the games X(G, s) and X(Ts

G, rootG,s) are equivalent. Also, for any walk
W through 〈G, s〉 with length n+ 1 and W (n) = v, the games X(G, v) and
X(Ts

G,W ) are equivalent.

3.2 A translation into the usual Gale-Stewart theory of infinite
games

Corollary 6 is the underlying methodology of the Gale-Stewart theory
[GalSte53]. Instead of looking at the (possibly cyclic) graph, we look at
the unravelled tree and analyze the game on the tree via backwards induc-
tion with a (possibly transfinite) labelling construction.
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We shall translate our tree games into the usual topological notation of
Gale-Stewart theory: Look at the space VG

N of functions from N into VG,
endowed with the product topology of the discrete topology on VG.

We define three infinite games G0(G, v), G1(G, v), and H1(G, v). In all
of the games, players 0 and 1 play elements of VG in turn and produce an
element of VG

N, let’s call it X. We assume that X(0) = v and that player
0 plays the odd digits and player 1 plays the even digits. The payoff sets of
the games are defined as follows:

• In G0(G, v), player 0 wins if the least n+ 1 such that X↾n+ 1 is not
a walk through 〈G, v〉 exists and is odd. Otherwise, player 1 wins.

• In G1(G, v), player 0 wins if eitherX is an infinite walk through 〈G, v〉,
or the least n + 1 such that X↾n + 1 is not a walk through 〈G, v〉 is
odd. Otherwise, player 1 wins.

• In H1(G, v), player 0 wins if there is a least n+1 such that X↾n+1 is
not a walk through 〈G, v〉 and either n+1 is odd or X(n) is a terminal
node of G. Otherwise, player 1 wins.

The payoff sets for player 0 in the defined three games are either open
(G0 and H1) or closed (G1) in the topology defined on VG

N, and by the usual
Gale-Stewart theorem for open and closed games without draw, one of the
two players has a winning strategy, i.e., the values are either W or L.

It is easy to see that these infinite Gale-Stewart games correspond to the
combinatorial games as follows:

Proposition 7. For every pointed graph 〈G, v〉, the following equivalences
hold:

val(G0(G, v)) = W ⇐⇒ val(S(Tv
G, rootG,v)) = W

⇐⇒ val(A(Tv
G, rootG,v)) = W

val(G0(G, v)) = L ⇐⇒ player 1 has a nonlosing strategy for
S(Tv

G, rootG,v)
⇐⇒ player 1 has a nonlosing strategy for

A(Tv
G, rootG,v)

val(G1(G, v)) = W ⇐⇒ player 0 has a nonlosing strategy for
S(Tv

G, rootG,v)
val(G1(G, v)) = L ⇐⇒ val(S(Tv

G, rootG,v)) = L
val(H1(G, v)) = W ⇐⇒ player 0 has a nonlosing strategy for

A(Tv
G, rootG,v)

val(H1(G, v)) = L ⇐⇒ val(A(Tv
G, rootG,v)) = L

As a consequence, we get a proof of the claim (see above) that the values
W, L and D are the only possible values for our games.
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3.3 Sound labellings

Let L := {L,D,W}, G be a graph and X ∈ {S,S,A,A}. An L-labelling
ℓ : VG → L is called X-sound if it is a total function and if for each vertex
v ∈ VG, we have

ℓ(v) = val(X(G, v)).

Because of Proposition 4, the notions of S-soundness and S-soundness are
closely connected:

Corollary 8. Let G be a graph and ℓ : VG → L be S-sound. Then ℓ defined
by ℓ(v) := inv(ℓ(v)) is S-sound.

The Gale-Stewart analysis for games on trees gives a (possibly transfinite)
recursive procedure to actually compute an S-sound labelling:

Theorem 9 (Gale & Stewart; 1953). If T is a tree, then there is recur-
sive procedure that computes (in less than Card(VT)+ steps) the S-sound
labelling ℓ.

Proposition 10. Let 〈G, s〉 be a connected pointed graph. If ℓ is the S-
sound labelling on Ts

G, then the quotient labelling ℓ/≡ZT
on G defined

by
ℓ/≡ZT

(v) := ℓ(W )

(where W is any walk through 〈G, s〉 with length n+1 such that W (n) = v)
is well-defined and is the S-sound labelling for G.

Proof. Let us show that ≡ZT
respects ℓT:

Suppose W ≡ZT
W ′, i.e., ZT(W ) = ZT(W ′) = v for some v. Corollary

6 tells us that S(Ts
G,W ) and S(Ts

G,W
′) are both equivalent to S(G, v), so

in particular, ℓ(W ) = ℓ(W ′), and the quotient labelling is sound. q.e.d.

For asymmetric combinatorial games, we don’t have the symmetry of
Corollary 8:

Proposition 11. If val(A(G, v)) = W, then val(A(G, v)) 6= L. All other
combinations are possible.

Proof. For player 0, a winning strategy is a strategy that forces the token
into a terminal node in an odd number of moves. Such a strategy is a
non-losing strategy for player 1 in the inverted game.

In Figure 1, examples for all eight combinatorially possible situations are
given. q.e.d.

Because of the asymmetry indicated by Proposition 11, we define the
following notion: A (partial) function ℓ : VG → L2 is called a (partial)
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W/W W/D W/L

• • impossible
by Proposition 11

D/W D/D D/L

• • •

L/W L/D L/L

• • •

Figure 1. Examples for the eight possible value combinations in the asym-
metric and the inverted asymmetric combinatorial game.

L-bilabelling on G. We write ℓ(v) = 〈ℓ0(v), ℓ1(v)〉. An L-bilabelling
ℓ : VG → L2 is called A-sound if it’s total and for each vertex v ∈ V , we
have

ℓ0(v) = val(A(G, v)) and ℓ1(v) = val(A(G, v)).

In analogy to Theorem 9, the Gale-Stewart analysis gives us the existence
of A-sound labellings for trees T. Among several ways to produce such a
labelling, there is one procedure that was the motivation for the algorithm
described in Section 4: in [Löw03], the author gives a non-monotone variant
of the Gale-Stewart procedure which can be used to construct the A-sound
labelling for trees.

Proposition 12. Let 〈G, s〉 be a connected pointed graph. If ℓ is the A-
sound labelling on Ts

G, then the quotient labelling ℓ/≡ZT,A
on As

G defined
by

ℓ/≡ZT,A
(〈e, v〉) := ℓ(W )

(where W is any walk through 〈G, s〉 with length 2n + e + 1 such that
W (2n+ e) = v) is well-defined and is the A-sound labelling for As

G.

We would like to extend this to an A-sound bilabelling, but not all nodes
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in G are necessarily reachable by both players. The following simple con-
struction helps:

If 〈G, s〉 is a connected pointed graph, let G∗
s be defined by

VG∗
s

:= VG ∪ {x},

EG∗
s

:= EG ∪ {〈x, s〉}

(where x /∈ VG). The connectedness of 〈G, s〉 implies that

C
〈0,s〉
AG
∪C

〈0,x〉
AG∗

s

= 2× VG;

moreover, if W is a walk through 〈Ts
G, rootG,s〉 of length n + 1 and W ′ is

a walk through 〈Tx
G∗

s
, rootG∗

s ,x
〉 of length m + 1 with W (n) = W ′(m) and

par(n) = par(m), then they represent exactly the same position in the game
on G (albeit with different game histories), so if ℓ is A-sound on Ts

G and ℓ∗

is A-sound on Tx
G∗

s
, then ℓ(W ) = ℓ∗(W ′). As a consequence, we get:

Proposition 13. If 〈G, s〉 is a connected pointed graph, ℓ is an A-sound
labelling on Ts

G and ℓ∗ is an A-sound labelling on Tx
G∗

s
, then the bilabelling

ℓ† defined by

ℓ†e(v) :=

{
ℓ/≡ZT,A

(〈e, v〉) if 〈e, v〉 ∈ C
〈0,s〉
AG

, or
ℓ∗/≡ZT,A

(〈e, v〉) otherwise

is welldefined, total and an A-sound bilabelling on G.

In the following section, we shall give an algorithm to compute ℓ† directly
without going through the tree unravelling.

4 The algorithm

We fix a graph G. For the purpose of this section, we assume that VG is
finite. Using the lattice structure on L, we can define an ordering ≤∗ on L2

as the product ordering of 〈L,≤〉 with 〈L,≤〉 as depicted in Figure 2.3

As mentioned, a labelling procedure for the graph (instead of the unrav-
elled tree) is a “folk result” in automata theory (see for instance [Fra97,
p. 15], albeit in a more graph-theoretic context). We call this procedure
Backward Induction (Graph) to distinguish it from the Gale-Stewart
tree analysis.

We let BIG0(v) := L for all terminal nodes v. After that, we define

3Here ≤ denotes the inverse ordering of ≤.
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L/W

D/W L/D

W/W D/D L/L

W/D D/L

[W/L]

Figure 2. The ordering ≤∗ on L2.

BIGn+1(v) :=





BIGn(v) if v ∈ dom(BIGn),
W if there is 〈v, w〉 ∈ E and BIGn(w) = L, or
L if for all 〈v, w〉 ∈ E, we have BIGn(w) = W.

For some N , we have BIGN = BIGN+1, then we let

BIG(v) :=

{
BIGN (v) if v ∈ dom(BIGN ), or

D otherwise.

This algorithm produces an S-sound labelling in O(|VG| + |EG|) steps,
and is essentially the quotient labelling of the Gale-Stewart labelling on
TG: we label a vertex v ∈ VG as soon as some W with ZT(W ) = v is
labelled in the Gale-Stewart construction. As the Gale-Stewart procedure,
this labelling is monotonic in the sense that whenever a vertex is labelled,
it will retain that label for ever.

Following this idea and injecting non-monotonicity in the spirit of [Löw03,
§ 5] into the procedure, we shall now give an algorithm NMBIG (for “non-
monotonic backward induction (graph)”) that produces the A-sound bil-
abelling.

We give the algorithm in pseudocode in Figure 3. Let us explain the two
special datatypes label and graph used in the pseudocode:

Variables of type label can take the values W, D, and L representing W,
D, and L. We have a binary relation < defined for variables of type label,
and X < Y is TRUE if and only if X < Y. In addition, there is a unary function
INV defined on label corresponding to the inversion function inv.

The datatype graph encodes the bilabelled graph structure. Let 〈G, ℓ〉
be a bilabelled graph with VG = {vi ; 0 ≤ i ≤ N}. If G is a variable of type
graph representing 〈G, ℓ〉, then the following objects are defined:
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Procedure:MAIN(G:graph)

for i ← 1 to Nvert[G] do
3 Ell[G,i,0] ← L;

4 Ell[G,i,1] ← W;

for i ← 1 to Nvert[G] do

if Outbound[G,i] == ∅ then
7 Ell[G,i,0] ← D;

8 Ell[G,i,1] ← L;

9 foreach j ∈ Inbound[G,i] do
Label(G,j,1);

Label(G,j,0);

Procedure:Label(G:graph;i:integer;e:binary)

13 aux ← L;

14 foreach j ∈ Outbound[G,i] do
15 aux ← aux + INV[Ell[G,j,1-e]];

if Ell[G,i,e] 6= aux then
17 Ell[G,i,e] ← aux;

18 foreach j ∈ Inbound[G,i] do
Label(G,j,1-e);

Figure 3. The algorithm NMBIG for non-monotonic backward induction
graph labelling.

• Nvert[G], the number of vertices of the graph, i.e., N + 1;

• for each i ≤ N , the objects Outbound[G, i] and Inbound[G, i] represent-
ing the sets {vj ; 〈vi, vj〉 ∈ EG} and {vj ; 〈vj , vi〉 ∈ EG}, respectively;

• for each i ≤ N and e ∈ 2, an object Ell[G, i, e] of type label, repre-
senting ℓe(vi).

If the graph structure is stored using an adjacency matrix, then iterating
over the outbound or inbound set for a particular vertex can be done in
linear time with respect to the size of the vertex set.

We run the algorithm NMBIG on (a representation of) G. For any t ∈ N,
we let ℓte(vi) be the value of Ell[G, i, e] at time t of the algorithm,4 and

ℓt(vi) := 〈ℓt0(vi), ℓ
t
1(vi)〉.

4Code lines 3 and 4 make sure that the values ℓe(t)(vi) are defined early on in the
algorithm (in step e · N + i), so from step 2 · N onwards, ℓt is a total function. In the
following, we shall mostly ignore these first 2 · N steps of the algorithm.



Nonmonotone Game Labellings 91

Proposition 14. For each i ≤ N , the sequence 〈ℓt(vi) ; t ∈ N〉 is ≤∗-
decreasing in L2. Equivalently, the sequence 〈ℓt0(vi) ; t ∈ N〉 is ≤-decreasing
and the sequence 〈ℓt1(vi) ; t ∈ N〉 is ≤-decreasing.

Proof. Let t + 1 be the least number such that ℓt+1(vi) <
∗ ℓt(vi) for some

i. Clearly, the value of the bilabeling can only be changed by code lines 7,
8 and 17 of the algorithm.

Since the procedure MAIN can only change the values at terminal nodes
from L/W to D/W and then to D/L, the lines 7 and 8 cannot create a
decrease in ≤∗. Note that this means that vi is not a terminal node since
Label(G, i, e) is only called if there is an edge from vi to somewhere.

Also, we cannot be in the first call of Label(G, i, e) at time t since the
bilabelling is initialized with L/W which is the top element of 〈L2,≤∗〉.
Consequently, there are some s0 < s1 < t such that at both s0 and s1, the
procedure Label(G, i, e) is called. Let s0 be largest with that property. By
our assumption, we have that ℓt+1(vi) <

∗ ℓt(vi) = ℓs1(vi). By code lines 13
to 15, we have

ℓt+1
e (vi) := sup

≤
{inv(ℓs11−e(w)) ; 〈vi, w〉 ∈ EG}, and

ℓs1e (vi) := sup
≤
{inv(ℓs01−e(w)) ; 〈vi, w〉 ∈ EG}.

But this means that there is some w such that ℓs0(w) <∗ ℓs1(w), contra-
dicting the choice of t+ 1 as minimal. q.e.d.

Proposition 15. The procedure Label is called at most 4 · |EG| times.

Proof. By the loops 9 and 18, each call of Label(G, i, e) is associated with
an edge 〈vi, w〉, and by code lines 7, 8 and 17, preceded by a change of ℓ(w).
By Proposition 14, this means that each such an edge can be used for calls
of the procedure Label at most four times. q.e.d.

Theorem 16. The running time of NMBIG is O(|VG| + |EG|2). If G is
connected, this is O(|EG|2).

Proof. The procedure NMBIG itself (without the recursive calls of Label)
takes at most 4 · |VG|+ 2 · |EG| steps. Each call of Label has running time
O(|EG|), so by Proposition 15, the entire running time is O(|VG|+ |EG|2).

q.e.d.
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The critical lines in the algorithm that push the running time from linear
to quadratic are the loop from line 14: every time we run Label for vi, we
have to check the current values of all its successors. Let Gn be the graph
with a root v0 and n immediate successors of the root which are terminal
nodes, i.e., |EGn

| = n. Then Label(G, 1, e) is called n times (once for each
terminal node) and each time its running time is at least n because it has
to check each of the terminal nodes, so the total running time is at least
|EGn

|2.
The running time can be pushed to linear in the size of the edge set, at

the cost of making the algorithm significantly less readable. In Section 4.1
we give the refined algorithm, and show that it computes the same labelling
as NMBIG. The proof of the following theorem is however less tedious on the
simpler algorithm:

Theorem 17. If run on the graph G, the algorithm NMBIG computes the
A-sound bilabelling on G.

Proof. Again, let ℓte(vi) be the value of Ell[G, i, e] at time t. By Theorem
16, these values stabilize at some finite time N . Let ℓe(vi) := ℓNe (vi) be the
eventual value.

This proof follows essentially the idea of the Gale-Stewart proof (a.k.a.
“backwards induction”). The main ingredient of that idea is that players
have strategies that force the following to be true: if W is a run of the
game according to the strategy, then the sequence of time indices of the
label assignments of W (n) during the algorithm is a decreasing sequence of
integers. By wellfoundedness of N, it can be deduced that we hit one of the
basic cases eventually. Unfortunately, in our case, the nonmonotonicity of
the algorithm causes some problems: it is possible that vertex v is labelled
at time t, but some successors receive their label later. In order to deal with
this, we have to go through the different cases in detail.

For any v ∈ VG, let

inde(v) := min{t ; ℓte(v) = ℓe(v)}

be the e-index of vi. (Note that by Proposition 14, for all inde(v) ≤ t ≤ N ,
we have that ℓte(v) = ℓe(t).)

We shall discuss the properties of the six possible cases:

Case 1. If ℓ0(vi) = W, then there is some w with 〈vi, w〉 ∈ EG, ℓ1(w) = L,
and ind1(w) < ind0(vi).
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[The vertex vi has been labelled by code line 15, and this means
that in the preceding call of code line 15 some successor was 1-
labelled L. By Proposition 14, a 1-label L can never be changed
anymore.]

Case 2. If ℓ0(vi) = D, then there is no w with 〈vi, w〉 ∈ EG and ℓ1(w) = L.
Also, either vi is terminal or there is some w with 〈vi, w〉 ∈ EG and ℓ1(w) =
D, and for all such w, ind1(w) < ind0(vi).

[If vi is terminal, the claim is trivial, so let vi be nonterminal.
Let t := ind0(vi) which is the time of a call of code line 15.
Therefore, at time t, we have

(⋆t) ∀w (〈vi, w〉 ∈ EG → ℓt1(w) 6= L) &
∃w (〈vi, w〉 ∈ EG & ℓt1(w) = D).

By Proposition 14, none of the vertices that are 1-labelled L
can change their labelling anymore and the vertices 1-labelled
D can only change their label to L. Suppose that there is some
t < s ≤ N such that (⋆s) is not true anymore. Then at time
s, we have a call of code line 15 and all successors of vi are 1-
labelled L. In the subsequent call of Label[G, i, 0], the label of
vi will be changed to W in contradiction to the assumption.]

Case 3. If ℓ0(vi) = L, then for all w with 〈vi, w〉 ∈ EG, we have ℓ1(w) = W.
Moreover, both vi and all of its successors have received that label at the
beginning of the algorithm (code lines 3 and 4).

[Obvious from Proposition 14 and code lines 15 and 17.]

Case 4. If ℓ1(vi) = W, then there is some w with 〈vi, w〉 ∈ EG such that
ℓ0(w) = L and both vi and w have been labelled at the beginning of the
algorithm (code lines 3 and 4).

[This is dual to Case 3.]

Case 5. If ℓ1(vi) = D, then there is no w with 〈vi, w〉 ∈ EG and ℓ0(w) = L.
Also, there is some w with 〈vi, w〉 ∈ EG and ℓ0(w) = D, and for all such w,
ind0(w) < ind1(vi).

[This is dual to Case 2, except that terminal nodes cannot be
1-labelled D.]
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Case 6. If ℓ1(vi) = L, then for all w with 〈vi, w〉 ∈ EG, we have ℓ0(w) = W
and ind0(w) < ind1(vi).

[This is dual to Case 1.]

With our six cases in mind, we can now define strategies for player e ∈ 2
as follows:

The strategy σe plays from v into some successor w such that

ℓ1−e(w) = inv(ℓe(v)),

and –whenever possible– such that

ind1−e(w) < inde(v).

We shall show that σ0 and σ1 are witnesses for value ℓ0(v) in A(G, v) and
value ℓ1(v) in A(G, v), respectively. This will finish the proof of Theorem
17.

Case A: ℓ0(v) = W.

Let W be a maximal walk through 〈G, v〉 where player 0 follows σ0 (i.e.,
W (2n+ 2) = σ0(W (2n+ 1))). By Cases 1 and 6, we have ℓ0(W (2n)) = W
and ℓ1(W (2n + 1)) = L. If W is finite (say, of length n + 1), then W (n) is
terminal, so ℓ(W (n)) = D/L, hence n is odd and player 0 has won the game
with run W .

If W is infinite, then define

ik := indpar(k)(W (k)). (†)

By definition of σ0 and by Cases 1 and 6, this is a strictly decreasing se-
quence of natural numbers which is absurd.

Case B: ℓ1(v) = W.

Let W be a maximal walk through 〈G, v〉 where player 1 follows σ1. By
Cases 3 and 4, we have ℓ0(W (2n)) = L and ℓ1(W (2n+1)) = W. This implies
that none of the vertices in W can be terminal, and thus W is infinite and
player 1 wins the game with run W .

Case C: ℓ0(v) = D.

Let W be a maximal walk through 〈G, v〉 where player 0 follows σ0. By
Cases 2 and 5, the following three subcases cover all possibilities:

Subcase C1. There is some n such that ℓ0(W (2n)) = W. By Case A,
player 0 wins.
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Subcase C2. For all k, ℓpar(k)(W (k)) = D and W is finite (say, of length
n + 1). Then W (n) is a terminal node, and since ℓpar(n)(W (n)) = D, we
have that n is even, so the game is a draw.

Subcase C3. For all k, ℓpar(k)(W (k)) = D and W is infinite. Now by
Cases 2 and 5 and the definition of σ0, the sequence ik as defined in (†) is a
strictly descending sequence of natural numbers, yielding a contradiction.

Similarly (using Case B instead of Case A), we can show that σ1 is a nonlos-
ing strategy for player 1. Together, σ0 and σ1 witness that val(A(G, v)) = D.

Case D: ℓ0(v) = L.

By Case 3, this means that player 0 is forced into a position w with
ℓ1(w) = W. Now apply Case B.

Case E: ℓ1(v) = D.

This is dual to Case B.

Case F: ℓ1(v) = L.

By Case 6., this means that player 1 is forced into a position w with
ℓ0(w) = W. Now apply Case A. q.e.d.

4.1 True linear time

The ‘linear-time’ variant of this algorithm derives from the observation that
only the number of labelled successors of a given vertex matters to the
algorithm, and not (directly) their identities. Thus if we can by bookkeeping
accurately track this number without storing and modifying sets, we avoid
the additional cost of the inner loop.5

We define the auxiliary bookkeeping variable Succ[G,j,e,a]. This will
store the number of successors of vj labelled with a for player e. The
complete algorithm is given in Procedures MAIN and Label, figure 4. The
proof of linear time shows that the same operations are performed as in the
original algorithm, but for the replacement of an inner loop by a constant-
time lookup.

The additional data access required by this algorithm means that we can-
not ensure that the data structure is notionally consistent at every timestep
of the algorithm. For instance, during the loop at line 28, the values stored
in Succ[G,k,e,oldLbl] will be incorrect for some k.

5A related approach was used in [Gij+76] to efficiently solve Edward de Bono’s “L-
Game”; here instead of tracking the number of non-lost successor positions the authors
keep a ‘safe’ move from each non-lost position and update it efficiently if the ‘safe’ position
becomes lost. The present authors are grateful to Peter van Emde Boas for bringing this
report to their attention.
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Procedure:MAIN(G:graph)

initialise loop:

for i ← 1 to Nvert[G] do
4 Ell[G,i,0] ← L;

5 Ell[G,i,1] ← W;

foreach j ∈ InBound[G,i] do
7 Succ[G,j,0,L] ← Succ[G,j,0,L] + 1;

8 Succ[G,j,1,W] ← Succ[G,j,1,W] + 1;

9 main loop:

for i ← 1 to Nvert[G] do
Label(G,i,0);

Label(G,i,1);

Procedure:Label(G:graph;i:integer;e:binary)

14 oldLbl ← Ell[G,j,e];

15 if Succ[G,j,1-e,L] > 0 then
newLbl ← W;

else if Succ[G,j,1-e,D] > 0 then
newLbl ← D;

else if Succ[G,j,1-e,W] > 0 then
newLbl ← L;

else if e == 0 then
newLbl ← D;

else
newLbl ← L;

update loop:

26 if newLbl 6= oldLbl then
27 Ell[G,j,e] ← newLbl;

28 foreach k ∈ Inbound[G,j] do
29 Succ[G,k,e,oldLbl] ← Succ[G,k,e,oldLbl] - 1;

30 Succ[G,k,e,newLbl] ← Succ[G,k,e,newLbl] + 1;
31 recursive call loop:

foreach k ∈ Inbound[G,j] do
33 Label[G,k,1-e];

Figure 4. The algorithm NMBIG-Lin for non-monotonic backward induction
labelling in linear time.

Definition 18. We define the checkpoints of the algorithm as all calls to
Label, and number them t ∈ N in computation order. The labelling function
ℓte(vi) is the value of Ell[G,i,e] at checkpoint t, rather than computation
step t.
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Lemma 19. At each checkpoint t ∈ N,

Succ[G,j,e,a] =
∣∣{k ∈ Outbound[G,j] ; Ell[G,k,e] == a}

∣∣.

Proof. This value is initialised in lines 7 and 8, and is by inspection correct
when the main loop is entered at line 9. The value is also altered at lines 29
and 30, and here lines 14 and 27 ensure that the alterations reflect the
changes being made to Ell[G,j,e], by the time the recursive call at line 33
is reached. q.e.d.

Proposition 20. For each i ≤ N , the sequence 〈ℓt(vi) ; t ∈ N〉 is ≤∗-
decreasing in L2. In other words, the sequence 〈ℓt0(vi) ; t ∈ N〉 is ≤-
decreasing and the sequence 〈ℓt1(vi) ; t ∈ N〉 is ≤-decreasing.

Proof. Let t+ 1 be the least number such that

ℓt(vi) <
∗ ℓt+1(vi) (∗)

for some i. The value of the bilabelling can be changed at code lines 4 and
5 of MAIN, and line 27 of Label. As in the original algorithm, the first two
of these are simply initialisation to the top value of the lattice and need not
concern us.

The new value at line 27 is the result of the if-cascade from line 15. We
can show that a situation as in (∗) can only occur at time t + 1 if it has
already occurred at some s ≤ t, thus that no such least time exists. The
proof is by cases.

Suppose ℓt1(vi) = D and ℓt+1
1 (vi) = W. Since Ell[G,i,1] is initialised to

W, there must be some s ≤ t least such that ℓs1(vi) 6= D and ℓs+1
1 (vi) = D

(that is, between s and s + 1, vi gets labelled by line 27). By the if-
cascade from line 15, at checkpoint s we have Succ[G,i,0,L] = 0, but
at t Succ[G,i,0,L] > 0. By Lemma 19 this means that for some j ∈
OutBound[G,i], ℓs0(vj) ∈ {W,D} < ℓt0(vj) = L. But then s < t and
ℓs(vj) <

∗ ℓt(vj), contradicting choice of t+ 1 least.
The cases for ℓt1(vi) = L and ℓt+1

1 (vi) ∈ {W,D} are similar. Here the
if-cascade guarantees for some s ≤ t and j ∈ OutBound[G,i] that ℓs0(vj) =
W < ℓt0(vj) ∈ {L,D}. Again this gives us s < t such that ℓs0(vj) <

∗ ℓt0(vj),
contradicting choice of t+ 1 least.

The three cases for player 0 are symmetrical. First, suppose ℓt0(vi) = D
and ℓt+1

0 (vi) = L. Initialisation of Ell[G,i,0] to L means that there is
least s ≤ t such that ℓs0(vi) 6= D and ℓs+1

0 (vi) = D. This means the labelling
at s + 1 was produced by line 27. By the if-cascade, at s no successor
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of vi is 1-labelled with L, and for some j ∈ OutBound[G,i], ℓs1(vj) = D.
But at checkpoint t the if-cascade guarantees that ℓt1(vj) = W, and thus
ℓs(vj) <

∗ ℓt(vj), contradicting choice of t+ 1 least.
For the next two cases, suppose ℓt0(vi) = W and ℓt0(vi) ∈ {D, L}. Ini-

tialisation and the if-cascade give us s ≤ t and j ∈ OutBound[G,i] such
that ℓs1(vj) = L, and ℓt1(vj) ∈ {D,W}. But then s < t and ℓs(vj) <

∗ ℓt(vj),
contradicting choice of t+ 1 least. q.e.d.

Proposition 21. The procedure Label is called at most 2 · |VG|+ 4 · |EG|
times.

Proof. The main loop at line 9 calls Label twice for every vertex. Lines 26
and 31 associate with each recursive call an edge and a relabelling. By
Proposition 20 each edge can be used for no more than four relabellings.

q.e.d.

Theorem 22. The running time of NMBIG-Lin is O(|VG| + |EG|). If G is
connected, this is O(|EG|).

Proof. Apart from the calls to Label, MAIN walks every vertex and every
edge in G. We can associate each pass through the loop at line 28 with a
recursive call to Label. Apart from these recursive calls, Label is constant-
time. Since Label is called O(|EG|) times, the total running time is O(|VG|+
|EG|). q.e.d.

Theorem 23. If run on the graph G, the algorithm NMBIG-Lin computes
the A-sound bilabelling on G.

Proof. It is sufficient to show that this algorithm performs the same la-
bellings (in the same order) as NMBIG.

First, note that the loop from line 9 only directly relabels vertices with
no successors. Such vertices are labelled D/L, as in NMBIG, by the if-cascade.
This means that calls to Label from MAIN have exactly the same effect as
in NMBIG.

Next, given Lemma 19 it is easy to see that the if-cascade assigns to
newLbl the same value that line 15 of the NMBIG algorithm assigns to aux.
This ensures that the same recursive calls are made as in NMBIG, and since
the update loop of line 28 finishes before the recursive labelling loop starts,
the results of these calls will also be the same. q.e.d.
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abstract. Let A be an algebra, not necessary finite, consider the
set eA of all finite subalgebras of A which is a partially ordered set
with an order A1 < A2 if A2 is a subalgebra of A1. This allows to
consider games on A, and similarly cores of the games or, equiva-
lently, finitely-additive measures, as elements of projective limits. On
this way we obtain decomposition theorems for cores of the form of
commuting diagrams of some canonical isomorphisms (analogues of
Möbius inversion).

1 Introduction

Constructing solutions of a game is a central problem in the theory of coop-
erative and non-cooperative games. The core is a kind of set-valued solution
of a game. A drawback of this solution is that the core can be empty. How-
ever, a better understanding of the core, even in the case of its emptiness,
is of importance for constructing solutions based on the core concept, for
example the Shapley value. For a cooperative game with a finite number of

*We thank the referee for remarks and suggestions.
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players [DanKos00] obtained a decomposition of the core as the Minkowski
difference of the cores of two totally monotone games. The core of a totally
monotone game is the Minkowski sum of the cores of simple games (sim-
plices). Thus, in view of this decomposition theorem, even an empty core
is represented as Minkowski difference of nonempty cores.

In this paper we obtain a similar decomposition for cooperative games
with an infinite number of players. Viewing cooperative games as non-
additive measures, our decomposition result is a kind of generalization of
Jordan decomposition of charges [Yos65].

In [GilSch95, Mar96] such a problem has been considered for cores con-
sisting of σ-additive measures. However a nice answer was not obtained
since for defining the core the choice of topology is of importance in such
a case. Our approach is different. We define cores in the space of finitely-
additive measures. Namely, the set of cooperative games with a finite set
of players is a finite-dimensional vector space. In case of infinitely many
players, we define the corresponding space as a projective limit. Similarly,
we define the core as a subset of the projective limit of the space of mea-
sures. On this way we consider finitely additive measures as elements of the
projective limit of measures on finite subalgebras. Using this approach, we
obtain the decomposition theorem in the form of an isomorphism between
the corresponding subsets of the projective limits.

2 Projective limits

Let I be a partially ordered set and let C be a category. If we are given an
object Xi of the category C for each i ∈ I and a morphism ϕij : Xi → Xj

of C for each pair of elements of I with j ≤ i, and if the conditions

1. ϕii = id,
2. ϕik = ϕjk ◦ ϕij , i ≥ j ≥ k,

are satisfied, then we call the system (Xi, ϕij) a projective system. Assume
that the Cartesian product

∏
I Xi is an object of the category C. Let P be

the subset of the Cartesian product
∏
I Xi defined by

P = {(xi) |ϕij(xi) = xj (i ≥ j)}, (1)

and let pi : P → Xi be the canonical mapping. We call (P, pi) the projective
limit of the projective system (Xi, ϕij) over I and denote it by proj lim Xi.
In a general category, the projective limit is defined as an object P ∈ C and
morphisms pi : P → Xi satisfying

P1 ϕij ◦ pi = pj , i ≥ j;
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P2 for any set X, and for any system of mappings qi : X → Xi satisfying
ϕij ◦ qi = qj , i ≥ j, there exists a unique mapping p : X → P such
that pi ◦ p = qi, i ∈ I.

Let (Xi, ϕij) and (X ′
i, ϕ

′
ij) be two projective systems over the same index set

I, and let ϕi : Xi → X ′
i, i ∈ I, be morphisms satisfying ϕ′

ij ◦ ϕi = ϕj ◦ ϕij ,
i ≥ j. Then the system (ϕi) is called a morphism between the projective
systems. If proj lim Xi and proj lim X ′

i exist, then (ϕi) induces a morphism
proj lim Xi → proj lim X ′

i in a natural way. Observe that, if the morphism
(ϕi) is an isomorphism, then it induces an isomorphism of projective limits.

3 Games with an infinite population

Let (Ω,A) be a measurable space, i.e., Ω is a non-void set and A is an
algebra of subsets of Ω. Recall that a system A of sets is an algebra if ∅ ∈ A
and it is closed under complementation and finite union. Then a game is
a function v : A → R with v(∅) = 0. We understand elements of Ω as
players, elements of A as admissible coalitions and v(A), A ∈ A, as the
value of coalition A.

3.1 Games as projective limits

Let us first consider the case of a finite algebra A, i.e., it consists of a
finite number of subsets of Ω. In this case, the set of games is the finite
dimensional vector space RA′

,A′ := A\{∅} (for simplicity we suppress the
prime ′ in the sequel).

Let A be an algebra, not necessarily finite. Let us consider the set of all
finite subalgebras of A, which will be denoted Ã. The set Ã is a partially
ordered set with the order A1 ≥ A2 if A2 is a subalgebra of A1. Letting

ϕA1,A2
: RA1 → RA2 , v 7→ v|A2

,

be the natural projection, which restricts a game on A1 to A2, then it is
easy to check that (RA1 , ϕA1,A2

) is a projective system.
A game with the sets of players and coalitions (Ω,A) is an element of

proj lim eA(RA1 , ϕA1,A2
). Note, that if A is a finite algebra, we have RA ∼=

proj lim eA(RA1 , ϕA1,A2
).

For establishing the core concept for such games we need an appropriate
space of measures. For a finite subalgebra A1, we can identify measures
on (Ω,A1) with additive games. Let M(A1) ⊆ RA1 denote this subset of
measures. Then we get the set of finitely additive measures on (Ω,A) as the
projective limit proj lim eA(M(A1), ϕ∗

A1,A2
) (any finite decomposition lives

in all “sufficiently fine” elements of the projective system). Here ϕ∗
A1,A2

:
M(A1)→ M(A2) is the restriction m 7→ m|A2

= ϕA1,A2
(m).
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3.2 Möbius transform

In this subsection the Möbius transform is introduced for our setup. In case
of a finite algebra A there is the well-known Möbius transform µA : RA →
RA, x 7→ µA(x), defined as

µA(x)A =
∑

B⊆A,B∈A

(−1)|A\B|xB , (2)

where xA denotes the Ath coordinate of x ∈ RA, A ∈ A. Observe that the
function of two variables (B,A) given by (−1)|A\B| for B ⊆ A and 0 else
is the Möbius function of the poset A endowed with the order given by set
inclusion. The Möbius transform is an isomorphism of RA onto itself with
the zeta transform as inverse,

µ−1
A (y)A =

∑

B⊆A,B∈A

yB . (3)

Define a mapping µA1,A2
: RA1 → RA2 , A1 ≥ A2, by

µA1,A2
= µA2

◦ ϕA1,A2
◦ µ−1

A1
.

Because µAi
are isomorphisms, mappings µA1,A2

satisfy conditions 1 and 2
in Section 2. Hence, (RA1 , µA1,A2

) comes out as a projective system. Define
the set of Möbius transforms of games as the projective limit

proj lim eA(RA1 , µA1,A2
).

Because the µAi
are isomorphisms, there is a natural isomorphism

proj lim eA(RA1 , ϕA1,A2
) ∼= proj lim eA(RA1 , µA1,A2

), v 7→ µ(v). (4)

This isomorphism generalises the Möbius transform to infinite algebras as
one can check that, in case of a finite algebra A, the above construction
provides proj lim eA(RA1 , ϕA1,A2

) ∼= RA, proj lim eA(RA1 , µA1,A2
) ∼= RA, and

the isomorphism (4) is nothing but (2).

3.3 Cores of games

Recall, that for a finite algebra A, the core C(v) of a game v : A → R,
v(∅) = 0, is the set of all m ∈ M(A) such that m(A) ≥ v(A) for all A ∈ A
and m(Ω) = v(Ω).

Let A be an arbitrary algebra and pick v ∈ proj lim eA(RA1 , ϕA1,A2
).

Given A1 ≥ A2, consider the mapping ξA1,A2
(v) : C(pA1

(v)) → C(pA2
(v))
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which is the restriction m 7→ m|A2
= ϕ∗

A1,A2
(m). Obviously, conditions P1

and P2 are satisfied for ξ. Therefore, given v, the system

(C(pA1
(v)), ξA1,A2

)(v))

is a projective system and we can define

C(v) := proj lim eA(C(pA1
(v)), ξA1,A2

(v)).

By construction, the set C(v) is contained in the set of finitely additive
measures proj lim eA(M(A1), ϕ∗

A1,A2
). We call this set C(v) the core of the

game v.

3.4 The core of totally monotone games

A game v on A with non-negative Möbius transform µ = µA(v) (which
is defined for any game via the construction above) is said to be a totally
monotone game. Suppose in this section that v is totally monotone.

For finite A, denote with A the set of atoms of the algebra A. We have
the following decomposition of the core [DanKos00]

C(v) =
⊕

A∈A

µA(v)A ∆A, (5)

where ⊕ denotes the Minkowski sum of sets, ∆A is the face of the unit
simplex in RA with the set of vertices being the atoms of A which belong
to the set A. Compare (5) with (cf. (3))

v =
∑

A∈A

µA(v)A uA

and observe that ∆A is the core of the simple game uA(B) = 1 if B ⊃ A
and 0 else on A.

Given a pair A1 ≥ A2 of subalgebras, define the projection of the atom
spaces aA1,A2

: RA1 → RA2 as follows

(aA1,A2
(x))a =

∑

b⊆a,b∈A1

xb, a ∈ A2. (6)

Lemma 1. The mappings aA1,A2
: RA1 → RA2 , A1 ≥ A2, satisfy condi-

tions P1 and P2 in Section 2 and, given v ∈ RA1 , apply the core of v to the
core of v|A2

,

aA1,A2

(
⊕

A∈A1

µA1
(pA1

(v))A ∆A

)
=
⊕

A∈A2

µA2
(pA2

(v))A ∆A. (7)
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Proof. Observe that the mapping aA1,A2
makes commutative the following

diagram

RA1
ϕA1,A2−→ RA2

⊆ ⊆

M(A1)
ϕA1,A2−→ M(A2)

l l

RA1
aA1,A2−→ RA2

Hence the map aA1,A2
satisfies conditions P1 and P2. Because M(Ai) is

isomorphic to RAi the map ϕA1,A2
provides the required mapping of cores.

q.e.d.

By these properties of the map aA1,A2
, given a game v, we have a new

projective system
(⊕

A∈A1
µA1

(pA1
(v))A∆A, aA1 ,A2

)
. Now (7) gives us the

following isomorphism

C(v) ∼= proj lim eA

(
⊕

A∈A1

µA1
(pA1

(v))A ∆A , aA1,A2

)
. (8)

The isomorphism (8) is said to be an integral decomposition of the core.
This is an analogue of the decomposition (5) of the core via cores of simple
games. It could be written

C(v) =

∫
∆A dµ(A),

where µ = µ(v) is the Möbius transform of the game v defined via the
isomorphism (4) and

∫
denotes the ”Minkowski integral”. For interpreting

µ as a finitely additive measure, cf. [Den97].

3.5 Decomposition of the core of arbitrary games

Here we obtain a decomposition of an arbitrary game similarly to (8) for
totally monotone games.

Recall, that, for a case of a finite algebra A, there is the following de-
composition of the core of a game via cores of simple games [DanKos00]

C(v) =




⊕

A∈A,µ(v)A>0

µ(v)A∆A


⊖




⊕

A∈A,µ(v)A<0

(−µ(v)A) ∆A


 ,

where S ⊖ T denotes the Minkowski difference of sets, that is a maximal
closed set W such that T +W ⊆ S (note that equality often does not hold).
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Because projective limits commute with Minkowski sum and difference
and due to the Lemma above, we get the following decomposition

C(v) ∼= proj lim eA







⊕

A∈A1
µA1

(pA1
(v))A>0

µA1
(pA1

(v))A ∆A




⊖




⊕

A∈A1
µA1

(pA1
(v))A<0

(−µA1
(pA1

(v))A) ∆A


 , aA1,A2


 .
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the σ-Additive Möbius Transform, Fuzzy Sets and Systems 92
(1997), p. 139–156

[GilSch95] Itzhak Gilboa and David Schmeidler, Canonical Representation
of Set Functions, Mathematics of Operations Research 20
(1995), p. 197–212

[Mar96] Massimo Marinacci, Decomposition and Representation of Coali-
tional Games, Mathematics of Operations Research 21
(1996), p. 1000–1015
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abstract. We use eraser-like basic operations on words to con-
struct a set that is both Borel and above ∆

0
ω, built as a set V ω where

V is a language of finite words accepted by a pushdown automaton.
In particular, this gives a first example of an ω-power of a context
free language which is a Borel set of infinite rank.

1 Preliminaries

Given a set A (called the alphabet) we write A∗, and Aω, for the sets of
finite, and infinite words over A. We denote the empty word by ε. In
order to facilitate the reading, we use u, v, w for finite words, and x, y, z for
infinite words. Given two words u and v (respectively, u and y), we write uv
(respectively,uy) for the concatenation of u and v (respectively, of u and y).
Let U ⊆ A∗ and Y ⊆ A∗ ∪Aω, we set UY := {uv, uy : u ∈ X ∧ v, y ∈ Y }.

We recall that, given a language V ⊆ A∗, the ω-power of this language is

V ω = {x = u1u2 . . . un . . . ∈ A
ω : ∀n < ω un ∈ V \{ε}}.

*We wish to thank an anonymous referee for useful comments on a previous version
of this paper.
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The set Aω is equipped with the usual topology, i.e., the product of the
discrete topology on the alphabet A. So that every open set is of the form
WAω for any W ⊆ A∗. Or, to say it differently, every closed set is defined
as the set of all infinite branches of a tree over A. We work within the Borel
hierarchy of sets which is the strictly increasing (for inclusion) sequence of
classes of sets (Σ0

ξ)ξ<ω1
, together with the dual classes (Π0

ξ)ξ<ω1
and the

ambiguous ones (∆0
ξ)ξ<ω1

, which reports how many operations of countable
unions and intersections are necessary to produce a Borel set on the basis
of the open ones.

A reduction relation between sets X, Y is a partial ordering X ≤ Y which
expresses that the problem of knowing whether any element x belongs to X
is at most as complicated as deciding whether f(x) belongs to Y , for some
given simple function f . A very natural reduction relation between sets
of infinite words (closely related to reals), has been thoroughly studied by
Wadge in the seventies. From the topological point of view, simple means
continuous, therefore the Wadge ordering compares sets of infinite sequences
with respect to their fine topological complexity. Associated with determi-
nacy, this partial ordering becomes a pre-wellordering with anti-chains of
length at most two. The so called Wadge Hierarchy it induces incredibly
refines the old Borel Hierarchy. Determinacy makes it way through a rep-
resentation of continuous functions in terms of strategies for player II in a
suitable two-player game: the Wadge game W(X,Y ). In this game, players
I and II, take turn playing letters of the alphabet corresponding to X for
I, and letters of the alphabet corresponding to Y for II. In order to get
the right correspondence between a strategy for player II and a continuous
function, player II is allowed to skip, whereas I is not. However, II must
play infinitely many letters.

As usual, reduction relations induce the notion of a complete set: a set
that both belongs to some class, whose members it also reduces. In the
context of Wadge reducibility, a set is complete if it belongs to some class
closed by inverse image of continuous functions, and reduces everyone of its
members. A class which admits a complete set is called a Wadge class. As
a matter of fact, all Σ0

ξ and Π0
ξ are Wadge classes, whereas ∆0

ξ (for ξ > 1)
are not.

For instance, the set of all infinite sequences that contains a 1 is Σ0
1-

complete, the one that contains infinitely many 1’s is Π0
2-complete. As a

matter of fact, reaching complete sets for upper levels of the Borel hierarchy,
requires other means which we introduce in next sections.
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2 Erasers

For climbing up along the finite levels of the Borel hierarchy, we use eraser-
like moves, cf. [Dup01]. For simplicity, imagine a player (either I or II)
playing a Wadge game, in charge of a set X ⊆ Aω, with the extra possibility
to delete any terminal part of her last moves.

We recall the definition of the operation X 7→ X≈ over sets of infinite
words. It was first introduced in [Fin01] by the second author, and is a
simple variant of the first author’s operation of exponentiation X 7→ X∼

which first appeared in [Dup01].
Given a finite alphabet A, we write A≤ω for A∗ ∪ Aω. We take և /∈ A

and B = A ∪ {և}. For x ∈ B≤ω, xև denotes the string x, once every
և occurring in x has been “evaluated” to the backspace operation (the
one familiar to your computer!), proceeding from left to right inside x. In
other words xև is x after removing all intervals of the form “aև” (a ∈ A).
By convention, we assume (uև)և is undefined when uև is the empty
sequence, i.e., when the last letter և cannot be used as an eraser (because
every letter of A in u has already been erased by some eraser և placed in
u). We remark that the resulting word xև may be finite or infinite. We
denote |v| the length of any finite word v. If |v| = 0 , v is the empty word.
If v = v1v2 . . . vk where k ≥ 1 and each vi is in A, then |v| = k and we write
v(i) = vi and v[i] = v(1) . . . v(i) for i ≤ k ; so v[0] = ε. The prefix relation
is denoted ⊑: the finite word u is a prefix of the finite word v (denoted
u ⊑ v) if and only if there exists a (finite) word w such that v = uw. the
finite word u is a prefix of the ω-word x (denoted u ⊑ x) if and only if there
exists an ω-word y such that x = uy.

Definition 1. Let A be any finite alphabet, և /∈ A, B = A ∪ {և}, and
x ∈ B≤ω, then xև is inductively defined by:

1. εև = ε,
2. (ua)և = uևa, if a ∈ A and u ∈ (A ∪ {և})∗ is finite,
3. (uև)և = uև with its last letter removed if |uև| > 0 and u ∈

(A ∪ {և})∗ is finite,
4. (uև)և is undefined if |uև| = 0 and u ∈ (A ∪ {և})∗ is finite,
5. (u)և = limn∈ω(u[n])և if u infinite, where, given βn and v in A∗,
v ⊑ limn∈ω βn ↔ ∃n∀p ≥ n βp[|v|] = v.

For instance, if n ≥ 1 and u = (aև)n or u = (aև)ω, then (u)և = ε;
if u = (abև)ω then (u)և = aω; if u = bb(ևa)ω then (u)և = b; if u =
և(aև)ω or u = aևևaω or u = (aևև)ω then (u)և is undefined.

Definition 2. For X ⊆ Aω,

X≈ = {x ∈ (A ∪ {և})ω : xև ∈ X}.
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The following result easily follows from [Dup01] and was applied in [Fin01,
Fin04] to study the ω-powers of finitary context free languages.

Theorem 3. Let n be an integer ≥ 2 and X ⊆ Aω be a Π0
n-complete set.

Then X≈ is a Π0
n+1-complete subset of (A ∪ {և})ω.

Consider the following function

f : x ∈ (A ∪ {և})ω 7→ y ∈ Aω

defined by:

• y = 0ω if xև is finite or undefined,

• y = xև otherwise.

The function f is clearly Borel. In fact, a quick computation shows that
the inverse image of any basic clopen set is Borel of low finite rank.

Let X be any subset of the Cantor space {0, 1}ω, and f as above. If
0ω 6∈ X, then for any x ∈ {0, 1,և}ω

x ∈ X≈ ⇐⇒ f(x) ∈ X.

In other words, X≈ = f−1X. In particular, if X is Borel, so is X≈.

3 Increasing sequences of erasers

The following construction has been partly used by the second author in
[Fin04] to construct a Borel set of infinite rank which is an ω-power, i.e., in
the form V ω, where V is a set of finite words over a finite alphabet Σ. We
iterate the operation X 7→ X≈ finitely many times, and take the limit. The
following definition makes this more precise:

Definition 4. Given any set X ⊆ Aω:

• X≈0
k = X, X≈1

k = X≈, X≈2
k = (X≈1

k )≈,

• X≈(k)
k = (X

≈(k−1)
k )≈, where we apply k times the operation X 7→ X≈

with different new letters ևk, ևk−1, . . . , և2, և1, in such a way
that we have X≈0

k = X ⊆ Aω, X≈1
k ⊆ (A ∪ {ևk})ω, X≈2

k ⊆ (A ∪

{ևk,ևk−1})ω, and X
≈(k)
k ⊆ (A ∪ {և1,և2, . . . ,ևk})ω.

• We set X≈(k) = X
≈(k)
k .

We define X≈∞ ⊆ (A ∪ {ևn : 0 < n < ω})ω by saying that x ∈ X if and
only if

1. for each integer n, xn = xև1
...ևn−1

ևn

is defined and infinite, and
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2. x∞ = limn<ω xn is defined, infinite, and belongs to X.

Consider the following sequence of functions:

• f0(x) = x (f0 is the identity),

• fk+1 : (A ∪ {ևn : k < n < ω})ω 7−→ (A ∪ {ևn : k + 1 < n < ω})ω

defined by:

– fk+1(x) = xևk+1 if xևk+1 is infinite,

– fk+1(x) = 0ω if xևk+1 is finite or undefined,

By induction on k, one shows that every function fk is Borel — and even
Borel of finite rank. Moreover, since Borel functions are closed under taking
the limits [Kur61], the function

f∞ : (A ∪ {ևn : 0 < n < ω})ω 7−→ Aω

is Borel which is defined by

• f∞(x) = limn<ω fn(x) if limn<ω fn(x) is defined and infinite,

• f∞(x) = 0ω otherwise.

Remark 5. Let X ⊂ {0, 1}ω with 0ω 6∈ X, then we have for any element
x ∈ ({0, 1} ∪ {ևn : 0 < n < ω})ω

x ∈ X≈∞ ⇐⇒ f∞(x) ∈ X.

In other words, X≈∞ = f∞
−1(X), which shows that whenever X is Borel,

X≈∞ is Borel too.

In fact, with tools described in [Dup01], and [Dup∞], it is possible to
show that given any Π0

1-complete set Y , the set Y ≈∞ belongs to Π0
ω+2.

If X is the set of infinite words over the alphabet {0, 1} which contains
an infinite number of 1s, then it is also possible to show that X≈∞ is
Borel by completely different methods involving decompositions of ω-powers
[FinSim03, Fin04].

Proposition 6. Let X be the set of infinite words over {0, 1} that contain
infinitely many 1’s,

X≈∞ ∈∆1
1\∆

0
ω.

Proof. The fact X≈∞ is Borel is Remark 5. As for X≈∞ /∈ ∆0
ω, it is a

consequence of the fact that the operation Y 7−→ Y ≈ is strictly increasing
(for the Wadge ordering) inside ∆0

ω (cf. [Dup01, Dup∞]). In other words,
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for any Y ∈ ∆0
ω the relation Y <W Y ≈ holds (<W stands for the strict

Wadge ordering). But, as a matter of fact, (X≈∞)
≈ ≤W X≈∞ holds which

forbids X≈∞ to belong to ∆0
ω.

Indeed, to see that (X≈∞)
≈ ≤W X≈∞ holds, it is enough to describe a

winning strategy for player II in the Wadge game W
(
(X≈∞)

≈
,X≈∞

)
. In

this game, player II uses ω many different erasers: և1,և2,և3, . . . whose
strength is opposite to their indices (ևk erases all erasers ևj for any j > k
but no ևi for i ≤ k). While player I uses the same erasers as player II does,
plus an extra one (և) which is stronger than all the other ones.

The winning strategy for II derives from ordinal arithmetic: 1 + ω = ω.
It consists in copying I’s run with a shift on the indices of erasers:

• if I plays a letter 0 or 1, then II plays the same letter,

• if I plays an eraser ևn, II plays the eraser ևn+ 1.

• if I plays the eraser և (the first one that will be taken into account
when the erasing process starts), then II plays և0.

This strategy is clearly winning. q.e.d.

4 Simulating X≈∞ by the ω-power of a context-free
language

It was already known that there exists an ω-power of a finitary language
which is Borel of infinite rank [Fin04]. But the question was left open
whether such a finitary language could be context free.

This article provides effectively a context free language V such that V ω

is a Borel set of infinite rank, and uses infinite Wadge games to show that
this ω-power V ω is located above ∆0

ω in the Borel hierarchy.
The idea is to have X≈∞, where X stands for the set of all infinite words

over {0, 1} that contain infinitely many 1s to be of the form V ω for some
language V recognized by a (non-deterministic) Pushdown Automaton. We
first recall the notion of pushdown automaton [Ber79, AutBerBoa97].

Definition 7. A pushdown automaton is a 7-tuple

M = (Q,A,Γ, δ, q0, Z0, F )

where Q is a finite set of states, A is a finite input alphabet, Γ is a finite
pushdown alphabet, q0 ∈ Q is the initial state, Z0 ∈ Γ is the start symbol, δ
is a mapping from Q× (A∪{ε})×Γ to finite subsets of Q×Γ∗, and F ⊆ Q
is the set of final states.
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If γ ∈ Γ+ describes the pushdown store content, the leftmost symbol of γ
will be assumed to be on “top” of the store. A configuration of a pushdown
automaton is a pair (q, γ) where q ∈ Q and γ ∈ Γ∗.

For a ∈ A ∪ {ε}, γ, β ∈ Γ∗ and Z ∈ Γ, if (p, β) is in δ(q, a, Z), then we
write a : (q, Zγ) 7→M (p, βγ). We denote by 7→∗

M the transitive and reflexive
closure of 7→M .

Let u = a1a2 . . . an be a finite word over A. A finite sequence of configu-
rations r = (qi, γi)1≤i≤p is called a run of M on u, starting in configuration
(p, γ), if and only if

1. (q1, γ1) = (p, γ), and
2. for each i, 1 ≤ i ≤ p − 1, there exists bi ∈ A ∪ {ε} satisfying bi :

(qi, γi) 7→M (qi+1, γi+1) such that a1a2 . . . an = b1b2 . . . bp−1.

This run is simply called a run of M on u if it starts from configuration
(q0, Z0).

Finally, the language accepted by a pushdown automaton M is the set of
words L(M) = {u ∈ A∗: there is a run r of M on u ending in a final state}.

For instance, the set 0∗1 ⊂ {0, 1}∗ is trivially context-free.

Proposition 8 (Finkel). Let Ln be the maximal subset of the set of finite
sequences with n different erasers {0, 1,և1,և2, . . . ,ևn}∗ such that

Lև1
n

և2
...ևn

= 0∗1.

Then Ln is context-free.

This was first noticed by the second author in [Fin01]. To be more
precise, by u ∈ Ln we mean: we start with some u, then we evaluate և1 as
an eraser, and obtain u1 (providing that we must never use և1 to erase the
empty sequence, i.e., every occurrence of a և1 symbol does erase a letter
0 or 1 or an eraser ևi for i > 1). Then we start again with u1, this time
we evaluate և2 as an eraser, which yields u2, and so on. When there is no
more symbol ևi to be evaluated, we are left with un ∈ {0, 1}∗. We define
u ∈ Ln if and only if un ∈ 0∗1.

To make a pushdown automaton recognize Ln, the idea is to have it
guess (non-deterministically), for each single letter that it reads, whether
this letter will be erased later or not. Moreover, the pushdown automaton
should also guess for each eraser it encounters, whether this eraser should
be used as an eraser or whether it should not — for the only reason that it
will be erased later on by a stronger eraser. During the reading, the stack
should be used to accumulate all pendant guesses, in order to verify later
on that they are fulfilled.
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We would very much like to prove that L∞ =
⋃
n<ω Ln is context-

free. Unfortunately, we cannot get such a result. However, we are able
to show that a slightly more complicated set (strictly containing L∞) is
indeed context-free.

Of course, the first problem that comes to mind when working with L∞,
is to handle ω many different erasers with a finite alphabet. This implies
that erasers must be coded by finite words. This was done by the second
author in [Fin03b]. Roughly speaking, the eraser ևn is coded by the word
αBnCnDnEnβ with new letters α,B,C,D,E, β. It is a little bit tricky,
but the pushdown automaton must really be able to read the number n
identifying the eraser four times.

The very definition of the sets Ln, requires the erasing operations to be
executed in an increasing order: in a word that contains only the erasers
և1, . . . ,ևn, one must consider first the eraser և1, then և2, and so on.
Therefore this erasing process satisfy the following properties:

(a) An eraser ևj may only erase letters c ∈ {0, 1} or erasers ևk with
k > j.

(b) Assume that in a word u ∈ Ln, there is a sequence cvw where c is
either in {0, 1} or in the set {և1, . . . ,ևn−1}, and w is (the code of) an
eraser ևk which erases c once the erasing process is achieved. If there
is in v (the code of) an eraser ևj which erases e, where e ∈ {0, 1} or e
is (the code of) another eraser, then e must belong to v (it is between
c and w in the word u) ; moreover the erasing by the eraser ևj has
been achieved before the other one with the eraser ևk. This implies
j ≤ k and hence k ≥ max{j : an eraser ևj was used inside v}.

The essential difference with the case studied in [Fin03b] is that here an
eraser ևj may only erase letters 0 or 1 or erasers ևk for k > j, while in
[Fin03b] an eraser ևj was assumed to be only able to erase letters 0 or 1 or
erasers ևk for k < j. So the above inequality was replaced by k ≤ min{j :
an eraser ևj was used inside v}.

However, with a slight modification, we can construct a pushdown au-
tomaton B which, among words where letters α, β,B,C,D,E are only used
to code erasers of the form ևj , accepts exactly the words which belong to
the language L∞. We now explain the behavior of this pushdown automa-
ton. (For simplicity, we sometimes talk about the eraser ևj instead of its
code αBjCjDjEjβ.)

Assume that A is a finite automaton accepting (by final state) the finitary
language 0∗1 over the alphabet A = {0, 1}. We can informally describe the
behavior of the pushdown automaton B when reading a word u such that
the letters α,B,C,D,E, β are only used in u to code the erasers ևj for
1 ≤ j.
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The automaton B simulates the automaton A until it guesses (non-
deterministically) that it begins to read a segment w which contains erasers
which really erase and some letters of A or some other erasers which are
erased when the operations of erasing are achieved in u.

Then, still non-deterministically, when B reads a letter c ∈ A it may guess
that this letter will be erased and push it in the pushdown store, keeping in
memory the current state of the automaton A.

In a similar manner when B reads the code ևj = αBjCjDjEjβ, it may
guess that this eraser will be erased (by another eraser ևk with k < j) and
then may push in the store the finite word γEjν, where γ, E, ν are in the
pushdown alphabet of B.

But B may also guess that the eraser ևj = αBjCjDjEjβ will really be
used as an eraser. If it guesses that the code of ևj will be used as an eraser,
B has to pop from the top of the pushdown store either a letter c ∈ A or
the code γEi.ν of another eraser ևi, with i > j, which is erased by ևj .

In this case, it is easy for B to check whether i > j when reading the
initial segment αBj of ևj .

But as we remarked in (b), the pushdown automaton B must also check
that the integer j is greater than or equal to every integer p such that an
eraser ևp has been used since the letter c ∈ A or the code γEi.ν was
pushed in the store. Then, after having pushed some letter t ∈ A or the
code t = γEi.ν of an eraser in the pushdown store, and before popping it
from the top of the stack, B must keep track of the integer k = max{p : some
eraser ևp has been used since t was pushed in the stack} in the memory
stack.
For that purpose B pushes the finite word L2S

kL1 in the pushdown store
(L1 is pushed first, then Sk and the letter L2), with L1, L2 and S are new
letters added to the pushdown alphabet.

So, when B guesses that ևj = αBjCjDjEjβ will be really used as an
eraser, there is on top of the stack either a letter c ∈ A or a code γEi.ν of
an eraser which will be erased or a code L2S

kL1. The behavior of B is then
as follows.

Assume first there is a code L2S
kL1 on top of the stack. Then B

firstly checks that j ≥ k holds by reading the segment αBjC of the eraser
αBjCjDjEjβ.

If j ≥ k holds, then using ε-transitions, B completely pops the word
L2S

kL1 from the top of the stack. (B has already checked it is allowed to
use the eraser ևj).

Then, in each case, the top of the stack contains either a letter c ∈ A, or
the code γEiν of an eraser which should be erased later. B pops this letter
c or the code γEi.ν ( having checked that j < i after reading the segment
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αBjCj of the eraser αBjCjDjEjβ ).

At this point, we must have a look at the top stack symbols. There are
three cases:

1. The top stack symbol is the bottom symbol Z0. In which case, the
pushdown automaton B, after having completely read the eraser ևj ,
may pursue the simulation of the automaton A or guess that it begins
to read another segment v which will be erased. Hence the next letter
c ∈ A or the next code αBm.Cm.Dm.Em.β of the word will be erased.
Then B pushes the letter c ∈ A or the code γEm.ν of ևm in the
pushdown store.

2. If the top stack symbol is either a letter c′ ∈ A or a code γEm.ν,
then B pushes the code L2S

jL1 in the pushdown store ( j is then the
maximum of the set of integers p such that an eraser ևp has been
used since the letter c′ or the code γEm.ν has been pushed into the
stack).

3. If the top stack symbols are a code L2S
lL1, then the pushdown au-

tomaton B must compare the integers j and l, and replace L2S
lL1 by

L2S
jL1 in case j > l. B achieves this task while reading the segment

DjEjβ of the eraser αBjCjDjEjβ.
The pushdown automaton B pops a letter S for each letter D it reads.
Then it checks whether j ≥ l is satisfied.
If j ≥ l then it pushes L2S

jL1 while it reads the segment Ejβ of the
eraser ևj .
In case j < l, after it reads Dj , the part Sl−jL1 of the code L2S

lL1

remains in the stack. The pushdown automaton then pushes again j
letters S and a letter L2 while reading Ejβ.

When again the stack only contains Z0 (the initial stack symbol), B resumes
the simulation of the automaton A or it guesses that it begins to read a new
segment which will be erased later.

We are confronted with the fact B will also accept some words where
the letters α, β,B,C,D,E are not used to code erasers. How can we make
sure that this pushdown automaton is not misled by such wrong codes of
erasers?

5 Wrong codes of erasers and the right ω-power

In fact, one cannot make sure that a pushdown automaton notices the dis-
crepancy between right codes of the form αBjCjDjEjβ and wrong ones
(of the form αBbCcDdEeβ where b, c, d, e are not all the same integer for
instance). However, there is a satisfactory solution: instead of having a
pushdown automaton reject these wrong codes, simply let it accept all of
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them. Accepting a word if it contains a wrong code of an eraser is trivial
for a non-deterministic pushdown automaton. So instead of a pushdown
automaton B that accepts precisely L∞ (up to the coding of erasers), we
let W stands for the set of all finite words which host a wrong code. In
the following, L∞ really is L∞ where erasers are replaced by their correct
codes, and L(B) is the language recognized by B.

Proposition 9. There exists a pushdown automaton B such that L(B) =
L∞ ∪W .

Now everything is ready for the main result.

Theorem 10. The ω-power Y = L(B)ω of the context-free language L(B)
described above satisfies Y ∈∆1

1\∆
0
ω.

Proof. To begin with, the set Y is the disjoint union of three different sets:
Y = Y0 ∪ Y∞ ∪ Y∗, where Y0 is the set of all infinite sequences in Y with
no wrong code in them, Y∞ the set of all infinite sequences with infinitely
many wrong codes, and Y∗ the set of infinite sequences with finitely many
wrong codes (at least one). We remark that:

• Y0 is Wadge equivalent to the set X≈∞ as defined in 6, i.e., the set of
all ω-words that, after taking care of the erasing process, ultimately
reduce to words with infinitely many 1s. To be more precise, it is this
very same set up to a renaming of the erasers. So Y0 belongs to ∆1

1.

• Y∞ is Wadge equivalent to X, so it is Π0
2-complete.

• Y∗ is more complicated. However, it is of the form Y∗ = WY0, where
W is the set of all finite words with at least an occurrence of a wrong
code. So Y∗ is a countable union of sets, each of which is Wadge
equivalent to Y0. Hence, Y∗ is a countable union of Borel sets, therefore
Y∗ is Borel too.

All three cases put together show that Y = Y0 ∪ Y∞ ∪ Y∗, is a finite union
of Borel sets, hence it Borel too.

It remains to prove that Y /∈ ∆0
ω. This, in fact, is immediate from

Proposition 6 which stated that X≈∞ /∈ ∆0
ω. Because there is an obvious

winning strategy for player II in the Wadge game W(X≈∞, Y ). It consists
in never playing a wrong code, and copying I’s run up to the renaming of the
erasers. Since X≈∞ is clearly Wadge equivalent to Y0 this strategy works
perfectly well and shows that Y /∈∆0

ω. q.e.d.

This quick study gives an example of how an infinite game theoretical
approach leads to intriguing results in Theoretical Computer Science. On
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one hand, the notion of erasers is highly related to the dynamic behavior of
players in games. And, on the other hand, non-determinism provides very
effective ways to deal with the erasing process. So, all together, they afford
a method for describing (topological) complexity of very effective sets of
reals.
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constructibles á partir d’un dictionnaire sur un alphabet fini,
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abstract. Forcing is a method to extend models of Set Theory
in order to get independence or at least consistency results. For gen-
eralized Silver and Mathias forcings it is shown how infinite games
between two players, say Death and the Maiden, and in particular the
absence of a winning strategy for the Maiden, can be used to predict
combinatorial properties of the extended model. For example it is
shown that Mathias forcing restricted to certain game families adds
dominating reals, has pure decision, and does not add Cohen reals,
and that Silver forcing restricted to some weaker game families does
not add unbounded reals, adds splitting reals, and is minimal.

Outline

The aim of this paper is to show how infinite games can be used in the
investigation of forcing extensions of models of Set Theory. In particular two
types of forcing notions are considered, namely Mathias and Silver forcings,
and it is shown how infinite two-player games, especially the absence of a
winning strategy for one of the players, can be used to predict combinatorial
properties of the corresponding extended models.

Our system of set-theoretic axioms includes the axioms of Zermelo and
Fraenkel as well as the Axiom of Choice. This system is usually denoted
ZFC. All our set-theoretic notations and definitions are standard and can
be found in textbooks such as [Jec03], [Kun83] or [BarJud95]. A brief

*I would like to thank the referee for valuable comments on a former version of this
paper (which led to the discussion of happy families in Section 6).
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introduction to the forcing technique can be found for example in [Jec86]
and [She98, Chapter I, § 1]. However, to make this paper self-contained, we
also provide a short introduction to forcing here.

The paper is organized as follows: In the first section, a brief introduction
to forcing is given and some combinatorial properties of forcing extensions
are discussed. Then in Section 2, two types of forcing notions are introduced
which are investigated in the last two sections. In Section 3, families defined
by the absence of a winning strategy for player I are introduced. These
families play the key rôle in the investigation of Mathias and Silver forcings
in Section 4 and Section 5 respectively.

1 The Notion of Forcing

In modern set theory, one usually gets consistency results by a forcing con-
struction. Forcing was invented by Paul Cohen in the early 1960s to show
that the Axiom of Choice AC as well as the Continuum Hypothesis CH are
not provable in ZF (which is Zermelo-Fraenkel Set Theory without AC). In
fact he showed that ¬AC is relatively consistent with ZF and that ¬CH is
relatively consistent with ZFC. Forcing is a technique to extend models of
set theory in such a way that certain statements become true in the exten-
sion, no matter if they were true or false in the ground model. In other
words, forcing adds new sets to some ground model and by choosing the
right forcing notion, which is essentially a partial ordering, we can make
sure that the new sets have some desired properties. So, the main ingredi-
ents of a forcing construction are a model of ZFC, usually denoted by V,
and a partial ordering P = (P,≤).

1.1 Partial orderings, generic filters, and names

Let V be a model of Set Theory and let P = (P,≤) be a partial ordering
defined in this model. The elements of P are usually called conditions.
Two conditions p1 and p2 of P are called incompatible, denoted p1 ⊥ p2,
if there is no q ∈ P such that p1 ≤ q ≥ p2. A set D ⊆ P is called dense if
for every condition p ∈ P there is a q ∈ D such that p ≤ q. A set D ⊆ P
is called open (or upwards closed) if p ∈ D and q ≥ p implies q ∈ D. A
set F ⊆ P is called a filter if it is directed (i.e., for all p1, p2 ∈ F there is
a q ∈ F such that p1 ≤ q ≥ p2) and downwards closed (i.e., if p ∈ F and
q ≤ p implies q ∈ F ). A filter G is called a generic filter if for each dense
open set D ⊆ P which belongs to V we have G ∩ D 6= ∅. If G ⊆ P is a
generic filter, then we say that G is P-generic over V. Notice that if the
partial ordering P has no trivial branch in the sense that for every condition
p ∈ P there are q1, q2 ∈ P such that q1 ≥ p ≤ q2 and q1 ⊥ q2, then a generic
filter cannot belong to V (otherwise, the set P \G would be a dense open
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subset of P belonging to V).

Theorem 1 (The Generic Model Theorem). Let V be a model of
ZFC, called the ground model, and let P = (P,≤) be a partial ordering
defined in V. If G is P-generic over V, then there is a model V[G] of ZFC,
called the generic extension of V, such that V ⊆ V[G] and G ∈ V[G],
and every model of ZFC containing V and G contains also V[G].

In the sequel, let V be a model of ZFC, let P be a partial ordering defined
in V, and let G be P-generic over V. In general, G /∈ V and therefore people
living in V do not have knowledge of all the sets in V[G]. On the other
hand, people living in V have so-called “names” for each member of V[G],
but before we introduce the notion of names and their interpretation in
V[G], let us recall the definition of the rank of a set: The rank of a set
x ∈ V, denoted rk(x), is

⋃{
rk(y) + 1 : y ∈ x

}
where rk(∅) = 0. Notice

that since the union of a set of ordinals is an ordinal, rk(x) is an ordinal
if defined, and by the Axiom of Foundation rk(x) is defined for every set
x ∈ V.

Now we can define by induction on α what is a P-name τ
˜

of rank less
than or equal to α as well as its interpretation τ

˜
[G] in V[G]: τ

˜
is a P-name

with rk(τ
˜

) ≤ α if it has the form

τ
˜

=
{

(pι, τι
˜

) : ι ∈ I
}

where I is some set and for each ι ∈ I we have pι ∈ P and rk(τι
˜

) < α. The
interpretation τ

˜
[G] of τ

˜
in V[G] is

{
τι
˜

[G] : (pι, τι
˜

) ∈ τ
˜

and pι ∈ G
}
.

Since G ∈ V[G] and V ⊆ V[G], there is a P-name for G as well as for each
set in V. For a set x ∈ V, ẋ is a P-name for x defined by induction on rk(x)
as follows:

ẋ =
{

(p, ẏ) : p ∈ P and y ∈ x
}
.

Further, the P-name for G, denoted by G
˜

, is defined as follows:

G
˜

=
{

(p, ṗ) : p ∈ P
}
.

Notice that for every P-generic filter G we have ẋ[G] = x and G
˜

[G] = G.
In the sequel we identify the names for sets in the ground model with the
corresponding sets and omit the dots.

Let τ1
˜
, . . . , τn

˜
be P-names and ϕ(x1, . . . , xn) be a first-order formula of

the language of Set Theory. For a condition p ∈ P we write

p P “ϕ(τ1
˜
, . . . , τn

˜
)”
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and say p forces ϕ(τ1
˜
, . . . , τn

˜
), if for every P-generic filter G containing p

we have ϕ
(
τ1
˜

[G], . . . , τn
˜

[G]
)

is true in V[G], in symbols:

V[G] |= ϕ
(
τ1
˜

[G], . . . , τn
˜

[G]
)
.

Notice that for any conditions p, q ∈ P and any first-order sentence of the
forcing language ϕ, if p P ϕ and q ≥ p, then also q P ϕ.

Theorem 2 (The Forcing Theorem). If ϕ(τ1
˜
, . . . , τn

˜
) is a first-order

sentence of the forcing language, then for every P-generic filter G we have

V[G] |= ϕ
(
τ1
˜

[G], . . . , τn
˜

[G]
)
⇐⇒ ∃p ∈ G

(
p P “ϕ(τ1

˜
, . . . , τn

˜
)”
)
.

1.2 Dominating, unbounded, and splitting reals

In the following we characterize a few real numbers which might appear in
a generic extension, but first we have to introduce some notations.

The set {0, 1, 2, . . .} of natural numbers is denoted by ω and we usually
consider a natural number n as the set of all numbers smaller than n, so,
n = {k ∈ ω : k < n} and n + 1 = n ∪ {n}, which is also denoted n+. The
cardinality of a set x is denoted by |x|. In particular, for every natural
number n we have |n| = n.

The set of all infinite subsets of ω is denoted by [ω]ω, the set of all
functions from ω to ω is denoted by ωω, and the set of all functions from
ω to {0, 1} = 2 is denoted by ω2. Each of the sets [ω]ω, ωω, and ω2 can
be identified with the set of real numbers and in the sequel we usually call
their members just “reals”.

For two functions f, g ∈ ωω we say that g is dominated by f , denoted
g <∗ f , if there is an n ∈ ω such that for all k ≥ n we have g(k) < f(k).
For two sets x, y ∈ [ω]ω we say that x splits y if both sets y ∩ x and y \ x
are infinite.

Now let V be any model of ZFC and let V[G] be a generic extension
(with respect to some forcing notion P). A function f ∈ ωω in V[G] is
called a dominating real if each function g ∈ ωω ∩V is dominated by f ,
and f is called an unbounded real if it is not dominated by any function
g ∈ ωω ∩V. Further, a set x ∈ [ω]ω in V[G] is called a splitting real if it
splits each set y ∈ [ω]ω ∩V.

Proposition 3. If V[G] contains a dominating real, then it also contains
a splitting real.

Proof. We can just follow the proof of [vDo84, Theorem 3.1 (a)]: Since V[G]
is a model of ZFC we have that if a function f ∈ ωω belongs V[G], then
also the set

σf =
⋃{[

f2n(0), f2n+1(0)
)

: n ∈ ω
}
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belongs to V[G], where [a, b) = {k ∈ ω : a ≤ k < b} and fn+1(0) = f
(
fn(0)

)

with f0(0) := 0. Now let f ∈ ωω be a dominating real. Without loss of
generality we may assume that f is strictly increasing and that f(0) > 0.
Fix any x ∈ [ω]ω ∩V and let gx be the (unique) strictly increasing bijection
ω → x. Since f is dominating we have gx <

∗ f , which implies that there is
an n ∈ ω such that for all k ≥ n we have gx(k) < f(k). Because k ≤ gx(k)
for all k ∈ ω, we get that if k ≥ n then

fn(0) ≤ gx
(
fn(0)

)
< f

(
fn(0)

)
= fn+1(0) .

Hence gx
(
fn(0)

)
∈ σf if n is even and gx

(
fn(0)

)
/∈ σf if n is odd, which

shows that σf is splitting. q.e.d.

A forcing notion is called ωω-bounding if there are no unbounded reals
in the generic extension, or in other words, if every function is dominated
by some function in the ground model. Obviously, a forcing notion which
adds a dominating real also adds unbounded reals and therefore cannot
be ωω-bounding, and by Proposition 3, such a forcing notion also adds
splitting reals. On the other hand, none of these implications is reversible.
For example a forcing notion which is ωω-bounding but adds splitting reals
is Silver forcing (investigated in Section 5), and Cohen forcing, discussed
below, is an example of a forcing notion which adds unbounded and splitting
reals but does not add dominating reals.

1.3 Cohen forcing

The Cohen partial ordering is certainly one of the simplest non-trivial forc-
ing notions. Cohen forcing is denoted by C = (C,≤) and defined as follows:
The set of conditions C consists of all functions from some n ∈ ω to {0, 1},
and for two conditions p, q ∈ C we define

p ≤ q ⇐⇒ q|dom(p) ≡ p ,

or in other words, p ≤ q if q extends p. If G is C-generic over V, then G
generates a function c ∈ ω2. To see this, notice that for every n ∈ ω, the
set Dn =

{
p ∈ C : n ∈ dom(p)

}
is dense open, and therefore, for any n ∈ ω

there is a p ∈ G such that n ∈ dom(p). Further, since any two members of
G are compatible, all conditions p ∈ G which are defined on n must agree
at this point. Thus,

c(n) =

{
0 if ∃p ∈ G

(
p(n) = 0

)
,

1 if ∃p ∈ G
(
p(n) = 1

)
,
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is a well-defined function from ω to {0, 1}. The real c ∈ ω2 is called a
Cohen real (over V). Thus, a C-generic filter generates a Cohen real, and
vice versa, the C-generic filter can be reconstructed from the corresponding
Cohen real.

The following proposition gives some basic properties of Cohen forcing
and Cohen reals respectively. Even though the proofs are straightforward,
they involve some standard techniques which will be also used later in the
investigation of Mathias and Silver forcings.

Proposition 4. Cohen forcing does not add dominating reals, but every
Cohen real is unbounded and splitting.

Proof. First we show that a Cohen real is always unbounded: Let c
˜

be a
name for a Cohen real, then for any condition p ∈ C we have

p C “c
˜
|dom(p) ≡ p” .

Let g ∈ ω2 ∩V and n ∈ ω, then there exists a k ≥ n and a condition q ≥ p
such that k ∈ dom(q) and q(n) > g(n), which shows that for every n ∈ ω
the set of conditions q ∈ C such that

q C “∃k ≥ n
(
g(k) < c

˜
(k)
)
”

is dense open in C, which implies that no condition forces that c is domi-
nated by g, and since g was arbitrary, c is not dominated by any real in the
ground model.

In a similar way one can show that a Cohen real is always splitting: Let
c be a Cohen real and let σc :=

{
k ∈ ω : c(k) = 1

}
, then for any infinite set

x ∈ [ω]ω ∩V and any n ∈ ω, the set of conditions p ∈ C such that

p C “|x ∩ σc
˜
| > n and |x \ σc

˜
| > n”

is dense open, and therefore, σc splits every real in the ground model.
Now let f ∈ ωω be a function in V[c] and let f

˜
be a C-name for f . In

order to show that f is not dominating we have to find a function g ∈ ωω∩V
such that for every n ∈ ω there is a k ≥ n such that g(k) ≮ f(k). We can
just follow the proof of [BarJud95, Lemma 3.1.2 (2)]: Let {pk : k ∈ ω} be a
countable dense subset of C. For every k ∈ ω define

g(k) = min
{
n : ∃q ≥ pk

(
q C f

˜
(k) = n

)}
.

For every condition p ∈ C and every n ∈ ω there is a k ≥ n such that
pk ≥ p, and we find a q ≥ pk such that q C f

˜
(k) = g(k). Consequently, for

every n ∈ ω, the set

Dn =
{
q ∈ C : q C “f

˜
(k) = g(k) for some k ≥ n”

}
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is dense open in C. Hence, by the Forcing Theorem 2 and since the Cohen
real c meets every dense open subset of C we have

V[c] |= ∀n ∈ ω ∃k ≥ n
(
g(k) ≮ f(k)

)

which shows that g is not dominated by f . q.e.d.

2 Mathias and Silver Forcings

2.1 Free families

Before we introduce the forcing notions of Mathias and Silver, we consider
certain families of subsets of ω.

In the following the “ground set” will be ω and consequently for x ⊆ ω
we define xc := ω \x. Now a family F ⊆ [ω]ω is called a filter if it is closed
under intersections and supersets, or in other words, if for any x, y ∈ [ω]ω

we have

1. if x ∈ F and y ∈ F , then x ∩ y ∈ F ,
2. if x ∈ F and x ⊆ y, then y ∈ F .

The Fréchet filter is the filter consisting of all co-finite subsets of ω, i.e.,
all x ∈ [ω]ω such that xc is finite, and a filter F ⊆ [ω]ω is called a free
filter if it contains the Fréchet filter. For a filter F ⊆ [ω]ω, F+ denotes
the collection of all subsets x ⊆ ω such xc /∈ F . It is useful to notice that
for a free filter F , F+ = {x ⊆ ω : ∀z ∈ F (|x ∩ z| = ω} (cf. [Laf96, p. 52]).
Further, a family E of subsets of ω is called a free family if there is a free
filter F ⊆ [ω]ω such that E = F+. In particular, [ω]ω and all ultrafilters
are free families.

Notice that a free family does not contain any finite sets and is closed
under supersets. A filter F ⊆ [ω]ω is called an ultrafilter if for all x ⊆ [ω]ω

either x or xc belongs to F . It is easy to see that for a filter F ⊆ [ω]ω,
F = F+ if and only if F is an ultrafilter. Hence, a free family E is closed
under intersections if and only if E is an ultrafilter. However, all free families
have the following slightly weaker property.

Lemma 5. If E is a free family, x ∈ E , y ⊆ x, and y /∈ E , then x\y belongs
to E .

Proof. Let E = F+ where F is some free filter, let x ∈ E , and let y ⊆ x
be such that y /∈ E . By definition, xc /∈ F and yc ∈ F . Since x ∈ E , x ∩ z
is infinite for all z ∈ F . In particular, since yc ∈ F and F is a free filter,
x ∩ yc as well as x ∩ (yc ∩ z) = (x ∩ yc) ∩ z is infinite for all z ∈ F , which
implies that x ∩ yc = x \ y belongs to E . q.e.d.
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2.2 Mathias forcing restricted to free families

In the sequel let E be an arbitrary free family. Mathias forcing restricted
to E , denoted ME = (ME ,≤), is defined as follows:

ME =
{

(s, x) : s ⊆ ω is finite, x ∈ E , max(s) < min(x)
}

and
(s, x) ≤ (t, y)⇐⇒ s ⊆ t, y ⊆ x, t \ s ⊆ x .

The finite set s of a Mathias condition (s, x) is called the stem of the
condition. Similar to Cohen forcing we can identify every ME -generic filter
with a real number, called Mathias real, which is in fact just the union of
the stems of the conditions which belong to the generic filter.

In [Mat77], Mathias introduced and investigated rigorously his forcing
notion in the case when E is a so-called happy family (defined and dis-
cussed in Section 6). Special cases of happy families are when E = [ω]ω (in
which case ME is known as unrestricted Mathias forcing) and when E is a
Ramsey ultrafilter. Mathias showed that if E is a happy family, then ME

has many interesting combinatorial properties. In the next section, so-called
Ramsey families, defined in terms of infinite games, will be introduced and
in Section 4 it will be shown that Mathias forcing restricted to such families
has essentially the same combinatorial features as for example unrestricted
Mathias forcing.

2.3 Silver forcing restricted to free families

In the sequel let again E be an arbitrary free family. For a set x ⊆ ω, let
x2 denote the set of all functions f : x→ {0, 1}. Silver forcing restricted
to E , denoted SE = (SE ,≤), is defined as follows:

SE =
⋃{

x2 : xc ∈ E
}

and for p, q ∈ SE we stipulate

p ≤ q ⇐⇒ q|dom(p) ≡ p .

Again we can identify every SE -generic filter with a real number, called
Silver real, which is in fact just the union of the functions which belong
to the generic filter.

The original (or unrestricted) Silver forcing we get when E = [ω]ω (cf.
[Mat79, p. 112] or [Jec86, Part I, 3.10]). For E a P-point (defined below),
restricted Silver forcing, also known as Grigorieff forcing, was intro-
duced and investigated in depth by Grigorieff in [Gri71] (see also [Jec86,
Part I, 3.22]). Unrestricted Silver forcing has essentially the same combina-
torial properties as Grigorieff forcing. Moreover, there are families between
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[ω]ω and P-points (introduced in the next section) such that Silver forc-
ing restricted to such families has still the same combinatorial features as
unrestricted Silver forcing or as Grigorieff forcing.

3 Infinite Games

Let E be an arbitrary free family. Associated with E we define two quite
similar games between two players, say Death and the Maiden.

Maiden x0 x1 x2

G
E

: . . .

Death a0 a1 a2

The rules for the game G
E

are as follows: For each i ∈ ω, xi ∈ E and
ai ∈ xi, and further we require that xi+1 ⊆ xi and ai < ai+1. Finally,

Death wins the game G
E

if and only if the sequence {ai : i ∈ ω} belongs
to the family E .

A free family E is called a Ramsey family if the Maiden has no win-

ning strategy for the game G
E

. In other words, if E is a Ramsey family then
Death can always defeat any given strategy of the Maiden, no matter how
sophisticated her strategy is. (The only possibility for the Maiden to win
against Death is to play randomly, i.e., not according to any strategy.)
Notice that this does not imply that Death has a winning strategy. Obvi-
ously, [ω]ω is a Ramsey family. On the other hand, there are also ultrafilters
which are Ramsey families, namely the so-called Ramsey ultrafilters (and
vice versa, every Ramsey family which is an ultrafilter is a Ramsey ultra-
filter). According to [BarJud95], this was shown by Galvin and Shelah (cf.
[BarJud95, Theorem 4.5.3]). So, Ramsey families are a kind of generalized
Ramsey ultrafilters. These families were first introduced and studied by
Laflamme in [Laf96] (where the filters associated to a Ramsey family are
called +-Ramsey filters). As we will see in Section 6, every Ramsey family
is a happy family (in the sense of [Mat77]), but not vice versa.

In the game G∗
E

, Death has slightly more freedom, since he can play now
finite sequences instead of just singletons.

Maiden x0 x1 x2

G∗
E

: . . .

Death s0 s1 s2
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Again, the sets xi played by the Maiden must belong to the free family E

and each finite set si played by Death must be a subset of the corresponding
xi. Further, for each i ∈ ω we require that xi+1 ⊆ xi and max(si) <

min(si+1). Finally, Death wins the game G∗
E

if and only if
⋃
{si : i ∈ ω}

belongs to the family E .

A free family E is called a P-family if the Maiden has no winning

strategy for the game G∗
E

. Obviously, [ω]ω is a P-family. On the other
hand, there are also P-families which are ultrafilters, namely the so-called P-
points (cf. [BarJud95, Theorem 4.4.4]). So, P-families can be considered as
a generalization of P-points, which are a weaker form of Ramsey ultrafilters.
P-families were first introduced and studied by Laflamme in [Laf96] (where
the filters associated to a P-family are called P+-filters).

4 Properties of Mathias Forcing Notions

Throughout this section let E be an arbitrary but fixed Ramsey family. It
will be shown that the forcing notion ME adds dominating reals, does not
add Cohen reals, and that every infinite subset of a Mathias real is also a
Mathias real.

Since every Ramsey family is happy (cf. Fact 19), the main results of this
section follow from Mathias’ investigations [Mat77, Section 4]. However, the
technique used here provides a new and uniform approach to Mathias forcing
notions and may be applied also in more general contexts.

4.1 ME adds dominating reals

Theorem 6. The forcing notion ME adds dominating reals.

Proof. We show that a Mathias real is always dominating: Let m be ME -
generic over V, let p = (s, x) be an arbitrary ME -condition, and let g ∈
ωω ∩ V be any function in the ground model. It is enough to show that
there exists a condition q ≥ p such that q ME

“m
˜

dominates g”. In order

to construct the condition q we run the game G
E

where the Maiden plays
according to the following strategy: The Maiden’s first move is x0 :=
x\
(
g(n0)+

)
, where n0 = |s|, and for i ∈ ω she plays xi+1 := xi\max

{
g(n0+

i)+, a+
i

}
. Since this strategy is not a winning strategy for the Maiden,

Death can play such that y := {ai : i ∈ ω} ∈ E . Now by construction we
get that (s, y) ≥ p and

(s, y) ME
∀k ≥ n0

(
m
˜

(k) > g(k)
)

which shows that m is a dominating real. q.e.d.
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As a consequence of Proposition 3 we get

Corollary 7. The forcing notion ME adds splitting reals.

4.2 ME has pure decision

The following property of Mathias forcing is known as pure decision (cf.
[Mat77, Proposition 4.12 (2.9)]):

Theorem 8. For every ME -condition (s, x) and for every sentence of the
forcing language ϕ, there exists an ME -condition (s, y) ≥ (s, x) with the
same stem as (s, x) such that (s, y) decides ϕ, i.e.,

(s, y) ME
ϕ or (s, y) ME

¬ϕ .

Pure decision is one of the main features of Mathias forcing, but before
we can prove the theorem, we have to introduce some terminology and prove
some auxiliary results: For ME -conditions (s, x) let

[s, x] :=
{
z ∈ [ω]ω : s ⊆ z ⊆ s ∪ x

}
.

For a (fixed) open set O ⊆ ME let Ō :=
⋃{

[s, x] : (s, x) ∈ O
}

. An ME -
condition (s, x) is called good (with respect to O), if there is a condition
(s, y) ≥ (s, x) such that [s, y] ⊆ Ō; otherwise it is called bad. Further,
the condition (s, x) is called ugly if

(
s ∪ {a}, x \ a+

)
is bad for all a ∈ x.

Notice that if (s, x) is ugly, then (s, x) is bad, too. Finally, (s, x) is called
completely ugly if

(
s∪{a0, . . . , an}, x\a+

n

)
is bad for all {a0, . . . , an} ⊆ x

with a0 < . . . < an.

Lemma 9. If an ME -condition (s, x) is bad, then there is a condition
(s, y) ≥ (s, x) which is ugly.

Proof. We run the game G
E

where the Maiden plays according to the
following strategy: She starts the game by playing x0 := x, and then,
for i ∈ ω, she plays xi+1 ⊆ (xi \ a

+
i ) such that [s ∪ {ai}, xi+1] ⊆ Ō if

possible, and xi+1 = (xi \ a
+
i ) otherwise. Strictly speaking we assume

that E is well-ordered and that xi+1 is the first element of E with the
required properties. However, since this strategy is not a winning strategy
for the Maiden, Death can play such that z := {ai : i ∈ ω} ∈ E and let
y =

{
ai ∈ z : [s∪ {ai}, xi+1] ⊆ Ō

}
. Because E is a free family, by Lemma 5

we get that y or z \ y belongs to E . If y ∈ E , then [s, y] ⊆ Ō which would
imply that (s, x) is good, but this contradicts the premise of the lemma.
Hence, z \ y ∈ E , which implies that (s, z \ y) is ugly. q.e.d.

Lemma 10. If an ME -condition (s, x) is bad, then there is a condition
(s, y) ≥ (s, x) such that (s, y) is completely ugly.
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Proof. This follows by an iterative application of Lemma 9. In fact, for
every i ∈ ω, the Maiden can play a set xi ∈ E such that for each t ⊆
{a0, . . . , ai−1}, either the condition (s ∪ t, xi) is ugly or [s ∪ t, xi] ⊆ Ō.
Now Death can play such that y := {ai : i ∈ ω} ∈ E . Assume that
there exists a finite set t ⊆ y such that (s ∪ t, y \ max(t)+) is good. Such
a set cannot be empty, since (s, x) was assumed to be bad. Now let t0
be a smallest finite subset of y such that q0 = (s ∪ t0, y \ max(t0)+) is
good and let t−0 = t0 \ {max(t0)}. Then by definition of t0, the condition
q−0 =

(
s ∪ t−0 , y \ max(t0)

)
is not good, and hence, by the strategy of the

Maiden, it must be ugly, but if q−0 is ugly, then q0 is bad, which is a
contradiction to our assumption. Thus, there is no finite set t ⊆ y such that
(s∪ t, y \max(t)+) is good, which implies that all these conditions are ugly,
and therefore (s, y) is completely ugly. q.e.d.

Now we are ready to proof Theorem 8 (i.e., that the forcing notion ME has
pure decision):

Proof. Let (s, x) be an ME -condition and let ϕ be a sentence of the forcing
language. With respect to ϕ we define O1 := {q ∈ ME : q ME

ϕ} and
O2 := {q ∈ ME : q ME

¬ϕ}. Clearly O1 and O2 are both open and
O1 ∪ O2 is even dense in ME . By Lemma 10 we know that for any (s, x)
there exists (s, y) ≥ (s, x) such that either [s, y] ⊆ Ō1 or [s, y] ∩ Ō1 = ∅.
In the former case we have (s, y) ME

ϕ and we are done. In the latter
case we find (s, y′) ≥ (s, y) such that [s, y′] ⊆ Ō2. (Otherwise we would
have [s, y]∩ (Ō1 ∪ Ō2) = ∅, which is impossible by the density of O1 ∪O2.)
Hence, (s, y′) ME

¬ϕ. q.e.d.

For the following result, which is again a consequence of Lemma 10, see
also [Mat77, Corollary 4.10 (ii)] (and for a kind of reverse implication see
[Mat77, Theorem 2.10]).

Proposition 11. Every infinite subset of an ME -generic real is also ME -
generic.

Proof. Let D ⊆ME be an arbitrary dense open subset of ME and let D′ be
the set of all conditions (s, z) ∈ME such that for all t ⊆ s, [t, z] ⊆ D̄.

First we show that D′ is dense (and by definition also open) in ME : For
this take an arbitrary condition (s, x) ∈ D and let {ti : 0 ≤ i ≤ m} be
an enumeration of all subsets of s. Because D is dense open in ME , by
Lemma 10 we find a condition (s, y) ≥ (s, x) such that (s, y) ∈ D′, which
implies that D′ is dense in ME .
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Let m ∈ [ω]ω be ME -generic and let m′ be an infinite subset of m. Since
D′ is dense open and m is ME -generic, there exists a condition (s, x) ∈ D′

such that s ⊆ m ⊆ s ∪ x. Let t = m′ ∩ s, then t ⊆ m′ ⊆ t ∪ x and by
definition of D′ we have [t, x] ⊆ D̄. Thus, m′ meets the dense open set D,
and since D was arbitrary, this completes the proof. q.e.d.

4.3 ME does not add Cohen reals

In Section 1 we have seen that Cohen forcing adds unbounded but not dom-
inating reals. Now we will see that the forcing notion ME , even though it
adds dominating reals (cf. Theorem 6), it does not add Cohen reals:

Theorem 12. The forcing notion ME does not add Cohen reals.

Proof. Let f
˜

be an ME -name for a function in ω2 and let m be ME generic
over V. We have to show that f

˜
[m] is not C-generic over V, i.e., there

is a dense open set Df ⊆ C in V such that for all p ∈ Df we have
f [m]|dom(p) 6≡ p.

Notice that by Theorem 8, for every ME -condition (s, x) and for every k ∈
ω there exists a condition (s, y) which decides f

˜
(k), i.e., (s, y) ME

f
˜

(k) = 0
or (s, y) ME

f
˜

(k) = 1. Consequently, for every (s, x) and every n ∈ ω there
exists a condition (s, y) which decides f

˜
(k) for all k < n.

In order to construct Df we run the game G
E

where the Maiden plays
according to the following strategy: For i ∈ ω she plays xi such that for
all t ⊆ {a0, . . . , ai−1}, the condition (t, xi) decides f

˜
(k) for all k < 22i

.

Further, for t ⊆ {a0, . . . , ai−1} let pit ∈ C be such that dom(pit) = 22i

and
(t, xi) ME

f
˜
|dom(pi

t)
≡ pit. Since this strategy is not a winning strategy for

the Maiden, Death can play such that x := {ai : i ∈ ω} ∈ E . Now, let

Cf =
{
q ∈ C : ∃i ∈ ω ∃t ⊆ x (q ≤ pit)

}

and let Df := C \ Cf .
By construction Df is open in C and it remains to show that Df is also

dense: Firstly notice that for all n ∈ ω, (∅, x) ME
f
˜
|n ∈ Cf . Secondly

notice that for any finite t ⊆ x and for any i ≥ |t|,
∣∣{q ∈ C : q ≥ pit, dom(q) = 22i+1}∣∣ = 22i(

22i

− 1
)

whereas

∣∣{q ∈ Cf : q ≥ pit, dom(q) = 22i+1}∣∣ = 2i+1

which implies that Df is dense in C and completes the proof. q.e.d.
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5 Properties of Silver Forcing Notions

Throughout this section let E be an arbitrary but fixed P-family. It will be
shown that the forcing notion SE is ωω-bounding, i.e., adds no unbounded
reals (and consequently no Cohen reals), but adds splitting reals and is
minimal, i.e., if g is a Silver real, then every real f in the extension which
does not belong to the ground model reconstructs g.

5.1 SE is ωω-bounding

Recall that a forcing notion is ωω-bounding if no function f ∈ ωω in the
generic extension is unbounded, i.e., every function f ∈ ωω in the generic
extension is dominated by some function in the ground model. Before we
can show that the forcing notion SE = (SE ,≤) is ωω-bounding, we have to
introduce the following notation: Remember that a condition p ∈ SE is a
function from some x ⊆ ω to {0, 1}, where xc ∈ E . For a condition p ∈ SE

and a finite set t ⊆ dom(p) let

p˜t =
{
q ∈ SE : dom(q) = dom(p), q|dom(q)\t ≡ p|dom(p)\t

}
.

Theorem 13. The forcing notion SE is ωω-bounding.

Proof. Let G be SE -generic over V, let f ∈ ωω be a function in V[G], and
let f

˜
be an SE -name for f . In order to show that f is bounded by some

function some function in the ground model it is enough to prove that for
every condition p ∈ SE there is a condition q0 ≥ p and a function g ∈ ωω∩V
such q0 SE

“g dominates f
˜

”.

We construct the condition q0 by running the game G∗
E

where the Maiden

plays according to the following strategy: Let m0 ∈ ω be the least number
for which there exists a condition p0 ≥ p such that p0 SE

f
˜

(0) < m0.
Then the Maiden plays x0 = dom(p0)c. For positive integers i ∈ ω let
ti =

⋃
k∈i sk, where s0, . . . , si−1 are the moves of Death, and let mi ∈ ω be

the least number for which there exists a condition pi ≥ pi−1 with dom(pi) ⊇
dom(pi−1) ∪ ti such that for all q ∈ pi˜ti we have pi SE

f
˜

(i) < mi. Then
the Maiden plays xi = dom(pi)

c.
Since this strategy of the Maiden is not a winning strategy, Death can

play such that
⋃
i∈ω si ∈ E . Let h =

⋃
i∈ω pi, then h ∈ x2 for some x ⊆ ω

(but h is not necessarily a SE -condition). Now let q0 ∈ SE be such that
dom(q0) = dom(h) \

⋃
i∈ω si and q0 ≡ h|dom(q0), and define the function

g ∈ ωω by stipulating g(i) := mi. Then g belongs to the ground model V
and by construction we have

q0 SE
∀i ∈ ω

(
g(i) > f

˜
(i)
)

which shows that f is dominated by g. q.e.d.
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By Proposition 4, Theorem 13 implies that the forcing notion SE does not
add Cohen reals. However, it adds splitting reals:

Proposition 14. The forcing notion SE adds splitting reals.

Proof (Sketch). Let f ∈ ω2 be SE -generic over V. We can identify f with
the function f̄ ∈ ωω by stipulating f̄(n) = k iff f(k) = 1 and

∣∣{m < k :

f(m) = 1
}∣∣ = n. Then the set

σf =
⋃{[

f̄(2n), f̄(2n+ 1)
)

: n ∈ ω
}

splits every real in the ground model. To see this, notice that for each
x ∈ [ω]ω ∩V and for every n ∈ ω, the set

Dx,n =
{
p ∈ SE : p SE

“|x ∩ σf
˜
| > n and |x \ σf

˜
| > n|”

}

is dense open in SE . q.e.d.

5.2 SE is minimal

A real g is minimal over V if g is not in the ground model V and every
real f in V[g] is either in V or it reconstructs g, i.e., g belongs to V[f ]
(where V[f ] is the smallest model of ZFC which contains all sets of V as
well as the function f). Let P be a forcing notion and let G be P-generic
over V. If there is a real g such that V[g] = V[G] and g is minimal over V,
then the forcing notion P is called minimal.

In the following we show that the forcing notion SE is minimal. The
result will be a consequence of the following lemmas, but first we have to
introduce some terminology (cf. [Gri71, p. 375 f.]): Let G be SE -generic over
V and let f

˜
be an SE -name for a function f ∈ ω2∩V[G]. Two SE -conditions

p and q are called f
˜
-compatible if for all k ∈ ω and ε ∈ {0, 1} we have:

p SE
f
˜

(k) = ε ⇐⇒ q SE
f
˜

(k) = ε

For conditions p and functions h ∈ u2, where u ⊆ ω is finite and u∩dom(p) =
∅, we write p ∪ h for the extension of p by h, i.e., (p ∪ h)|dom(p) ≡ p and
(p ∪ h)|u ≡ h. We say that n ∈ ω is f

˜
-indifferent to a condition p if

n /∈ dom(p) and for any q ≥ p we have either n ∈ dom(q) or the conditions
q∪〈n, 0〉 and q∪〈n, 1〉 are f

˜
-compatible. Roughly speaking, n is f

˜
-indifferent

to p if above p, n is of no use for the interpretation of f
˜

.

For any condition p, two mutually exclusive cases are possible:

(i) ∃q ≥ p∀r ≥ q ∀n ∈ ω (n is not f
˜

-indifferent to r)
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(ii) ∀q ≥ p∃r ≥ q ∃n ∈ ω (n is f
˜

-indifferent to r)

Firstly consider the case when p satisfies (i) (cf. [Gri71, Lemma 4.6]):

Lemma 15. If p satisfies (i), then there is a condition q ≥ p such that
for every k ∈ ω and for any distinct functions t1, t2 : dom(q)c ∩ k → 2, the
conditions q ∪ t1 and q ∪ t2 are f

˜
-incompatible.

Proof. Since by assumption p satisfies (i), there is a q0 ≥ p such that for all
r ≥ q0 and for all n ∈ dom(r)c we have:

∃r′ ≥ r
(
r′ ∪ 〈n, 0〉 and r′ ∪ 〈n, 1〉 are f

˜
-incompatible

)
(♣)

In order to construct the condition q we run the game G∗
E

where the Maiden

plays according to the following strategy: She begins by playing x0 :=
dom(q0)c. Then, for positive integers i ∈ ω, she plays xi := dom(qi)

c where
the condition qi has the following properties: qi ≥ qi−1 and any two different
conditions which belong to the set qi ˜ti, where ti =

⋃
j∈i sj and the sj ’s

are the moves of Death, are f
˜

-incompatible.
Notice that by (♣) and since qi ≥ qi−1 ≥ q0, such a condition exists.

Since this strategy is not a winning strategy for the Maiden, Death can
play such that x := {si : i ∈ ω} ∈ E . Define q by stipulating dom(q) := xc

and q ≡
⋃
i∈ω qi|dom(q), then by construction, q belongs to SE and has the

desired properties. q.e.d.

Secondly consider the case when p satisfies (ii) (cf. [Gri71, Lemma 4.7]):

Lemma 16. If p satisfies (ii), then there is a condition q ≥ p which decides
f
˜

(k) for each k ∈ ω.

Proof. Since by assumption p satisfies (ii), for each p′ ≥ p there is an r ≥ p′

such that we have:

∃n ∈ dom(r)c
(
n is f

˜
-indifferent to r

)
(♠)

For conditions p′ ∈ SE let

Ip′ =
{
n ∈ dom(p′)c : n is f

˜
-indifferent to p′

}
.

Claim 17. For each condition p′ ≥ p, Ip′ belongs to E .

Proof. Assume towards a contradiction that Ip′ /∈ E , then, since dom(p′)c ∈
E , by Lemma 5 we get dom(p′)c \ Ip′ ∈ E . Let r ≥ p′ be any condition with
dom(r) = dom(p′) ∪ Ip′ , then there is no n ∈ ω such that n is f

˜
-indifferent
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to r, since such an n would also be f
˜

-indifferent to p′, but this is impossible
by the definition of Ip′ and completes the proof of the claim.

q.e.d. (Claim 17)

In order to construct the condition q we run the game G∗
E

where the
Maiden plays according to the following strategy: She starts the game by
playing x0 := Ip0 , where p0 ≥ p is such that p0 decides f

˜
(0). In addition, she

plays a condition q0 ≥ p0 such that dom(q0) = xc

0. In general, for a positive
integer i ∈ ω let ti =

⋃
j∈i sj , where the sj ’s are the moves of Death, and

let pi ≥ qi−1 be such that dom(pi) ⊇ xc

i−1 ∪ ti and every p′ ∈ pi˜ti decides
f
˜

(i). Now the Maiden plays xi := Ipi
and a condition qi ≥ pi such that

dom(qi) = xc

i.
Notice that by (♠) and by the claim, the strategy of the Maiden is

well-defined. Since her strategy is not a winning strategy, Death can play
such that x := {si : i ∈ ω} ∈ E . Define q by stipulating dom(q) := xc

and q ≡
⋃
i∈ω qi|dom(q), then by construction, q belongs to SE and has the

desired properties. q.e.d. (Lemma 16)

By combining the previous two lemmas we are now able to prove that the
forcing notion SE is minimal, or equivalently, that each Silver real is minimal
(cf. [Gri71, Theorem 4.1]).

Theorem 18. Each real g ∈ ω2 which is SE -generic over V is minimal over
V, i.e., for every real f ∈ ω2 ∩V[g], either f ∈ V or g ∈ V[f ].

Proof. Let G be SE -generic over V, let g ∈ ω2 be the Silver real which
corresponds to G, and let f

˜
be an SE -name for a function f ∈ ω2 ∩V[g].

We have to show that for f = f
˜

[g], either f ∈ V or g ∈ V[f ].

Let D = D1 ∪D2 where D1 and D2 are defined as follows:

D1 =
{
q ∈ SE : q as in Lemma 15 with respect to some p ≤ q

}

D2 =
{
q ∈ SE : q as in Lemma 16 with respect to some p ≤ q

}

By definition, D is obviously dense open in SE which implies that there
exists a q0 ∈ G ∩D. We have to consider the following two cases.

“q0 ∈ D1”: In V[f ] define the function g′ ∈ ω2∩V[f ] as follows. Firstly,
on dom(q0) define g′ such that g′|dom(q0) ≡ q0. Secondly, on dom(q0)c define
g′ by the following induction: Suppose that the function g′ is already defined
on some k ∈ ω. Let tk ≡ g′|k∩dom(q0) and let m = min(dom(q0)c \ k).
Then, by the definition of q0, the conditions p0

m := q0 ∪ tk ∪ 〈m, 0〉 and
p1
m := q0 ∪ tk ∪ 〈m, 1〉 are f

˜
-incompatible, i.e., there is an n ∈ ω such



140 Lorenz Halbeisen

that p0
m SE

f
˜

(n) = ε and p1
m SE

f
˜

(n) = 1 − ε (for some ε ∈ {0, 1}).
Take the least such n and define g′(m) := f(n). Notice that this can be
done since we work in the model V[f ] in which we know the value f(n).
Notice also that since f = f

˜
[g], for i ∈ {0, 1} the condition pim belongs

to G iff pim SE
f
˜

(n) = g′(m). Thus, g′(m) decides which of the two

incompatible condition, p0
m or p1

m, belongs to G. Now, because q0 is in G,
we see inductively how the function g′ reconstructs the SE -generic filter G
or equivalently the function g, and since g′ ∈ V[f ] we consequently have
g ∈ V[f ].

“q0 ∈ D2”: By definition, q0 decides f
˜

(k) for each k ∈ ω, which shows
that the function f belongs to V.

Hence, we have either g ∈ V[f ] (if q0 ∈ D1) or f ∈ V (if q0 ∈ D2), which
completes the proof. q.e.d.

6 Happy Families and Their Relatives

Firstly we recall Mathias’ notion of a happy family (cf. [Mat77]): Let [ω]<ω

be the set of all finite subsets of ω, and for s ∈ [ω]<ω, let s̄+ := (max s) + 1.
A set x ⊆ ω is said to diagonalize the set

{
xs : s ∈ [ω]<ω

}
⊆ [ω]ω, if

x ⊆ x∅ and for all s ∈ [ω]<ω, if (max s) ∈ x, then x \ s̄+ ⊆ xs. For
A ⊆ [ω]ω we write fil A for the filter generated by the members of A ,
i.e., fil A consists of all subsets of ω which are supersets of intersections of
finitely many members of A . A free family E is called a happy family if
whenever fil

{
xs : s ∈ [ω]<ω

}
⊆ E , then there is an x ∈ E which diagonalizes

the set
{
xs : s ∈ [ω]<ω

}
.

An obvious example of a happy family is the set [ω]ω, and it is not hard
to see that all Ramsey ultrafilters are happy (cf. [Mat77, Section 0]). Other
examples of happy families are Ramsey families:

Fact 19. Every Ramsey family is happy.

Proof. Let E be a free family which is not happy and let
{
xs : s ∈ [ω]<ω

}
⊆

E be such that fil
{
xs : s ∈ [ω]<ω

}
⊆ E but there is no x ∈ E which

diagonalizes the set
{
xs : s ∈ [ω]<ω

}
. We leave it as an exercise to the

reader to construct with the set
{
xs : s ∈ [ω]<ω

}
a winning strategy for the

Maiden for the game G
E

. q.e.d.

More examples of happy families we obtain by maximal almost disjoint
families: An infinite family A ⊆ [ω]ω is called maximal almost disjoint,
abbreviated m.a.d., if any two distinct sets of A have a finite intersection
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and for every y ∈ [ω]ω \ A there is an x ∈ A such that x ∩ y is infinite.
Now, let A ⊆ [ω]ω be a m.a.d. family and let F = fil{ω \ x : x ∈ A },
then E (A ) := F+ is a happy family (cf. [Mat77, Proposition 0.7]). This
example of a happy family leads to the following:

Proposition 20. Not every happy family is Ramsey.

Proof. Let S = {si : i ∈ ω} be the set of all finite sequences of ω, which
is partially ordered by the extension relation, denoted “≺”. For infinite
sequences f ∈ ωω, let xf :=

{
i ∈ ω : ∃n ∈ ω(f |n = si)

}
. Obviously, for

any distinct sequences f, g ∈ ωω we have that xf ∩ xg is finite. Now, let
A0 := {xf : f ∈ ωω}, then A0 ⊆ [ω]ω is a set of pairwise almost disjoint
sets which can be extended to a m.a.d. family, say A .

We show that E (A ) is not a Ramsey family: Let x0 := ω be the first
move of the Maiden and let a0 be Death’ response. In general, for i ∈ ω
she plays

xi+1 = {i ∈ ω : san
≺ si} .

For every n ∈ ω, xn is the union of infinitely many members of A0, and
therefore is an element of E (A ). Now, by the Maiden’s strategy, sa0

≺
sa1
≺ · · · corresponds to an infinite sequence f ∈ ωω and therefore, {an :

n ∈ ω} ⊆ xf for some xf ∈ A0, which implies that {an : n ∈ ω} /∈ E (A )
and that Death loses the game. Thus, the Maiden has a winning strategy

for the game G
E (A ), and hence, E (A ) is not Ramsey. q.e.d.

A m.a.d. family A is called strongly maximal almost disjoint if given
countably many members of E (A ), then there is a member of A that meets
each of them in an infinite set.

For a free family E , consider the following game Ḡ
E

: The moves of the

Maiden are members of E and Death responses like in the game G
E

.
Further, Death wins if and only if the set of integers played by Death

belongs to A , but has infinite intersection with each set played by the
Maiden.

If A is a m.a.d. family, then obviously the Maiden has a winning strategy

for Ḡ
E (A ) if and only if A is not strongly m.a.d., which motivates the

following:

Question 21. Is it the case that for a m.a.d. family A , E (A ) is Ramsey
if and only if A is strongly m.a.d. ?

Related to happy families are the so-called moderately happy families in-
troduced by Mathias in [Mat77, Section 9]: A free family E is moderately
happy if whenever fil{xn : n ∈ ω} ⊆ E , then there is an x ∈ E such that
for all n ∈ ω, x \ xn is finite.
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On the one hand, it is not hard to verify that every P-family is mod-
erately happy. On the other hand, by similar arguments as in the proof
of Proposition 20, one can show that there exist moderately happy families
which are not P-families.

Now, since the results of Section 4 are also valid for Mathias forcing
restricted to happy families, it is natural to ask whether something similar
holds for Silver forcing with respect to moderately happy families:

Question 22. Are the results of Section 5 also valid for Silver forcing re-
stricted to moderately happy families?

References.
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abstract. Determinacy axioms state the existence of winning
strategies for infinite two player games played on the natural num-
bers. We give an overview about characterizing some frequently used
axiom systems in terms of determinacy and state that a base theory
enriched by a certain scheme of determinacy axioms is Π1

1-equivalent
to a subsystem of second order arithmetic called Π1

2-comprehension.

1 Introduction

The main question in the program of reverse mathematics, founded by Har-
vey Friedman, is to determine which axioms are necessary for proving the-
orems of ordinary mathematics. That should be done by not only proving
the theorems from the axioms but also by deriving the axioms from the
theorems. Many results of the reverse mathematics program are collected
in [Sim99]. Historically, reverse mathematics arose from H. Friedman’s at-
tempt to demonstrate the necessary use of higher set theory in mathematical
practice, cf., e.g., [Fri71]. One of the axioms that are of interest in reverse
mathematics is the axiom of arithmetical comprehension, which ensures that
for every arithmetical formula ϕ(x) the set {x | ϕ(x)} exists. The following
theorems are all equivalent to this axiom over a weak base theory (we will
give the exact definitions later): (a) Every countable field is isomorphic to a
subfield of a countable algebraically closed field; (b) every countable vector
space over a countable field has a basis; (c) every countable commutative
ring has a maximal ideal. The proofs of these results can be found in [Sim99,
Chapter III, Theorems 3.2, 4.3 and 5.5].
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In this article we will examine a special kind of theorem which we in-
troduce next. A game between two players is given by a set A of infinite
sequences of natural numbers, the payoff set. The two players alternately
choose natural numbers, and so they produce an infinite sequence of natural
numbers.

I

x1 x3 x5 x7

· · ·

II

x0 x2 x4 x6

Player I wins if and only if this sequence is an element of the payoff set A,
otherwise player II wins. A strategy for player I is a function that maps a
natural number (the next move for player I) to each sequence of even length
(the positions where player I has to make the next move). A strategy for
player II is defined similarly with “odd” instead of “even”. A strategy for
player I (player II) is a winning strategy if and only if every run of a game
consistent with the strategy is in A (the complement of A). A game A
is determined if and only if either I or II has a winning strategy. In the
following, we identify games with their payoff set, and say that any set of
infinite sequences of natural numbers is a game. Let A be a class of games.
The scheme of A-determinacy says that every game in A is determined.

Determinacy is of great interest in descriptive set theory, and for many
set theoretic axiom systems it is known for what complexity of the payoff set
determinacy is provable in the axiom system. ZFC for example proves de-
terminacy for Borel sets but not for analytic sets (cf., e.g., [Kec95, Theorem
20.5] for the first and [Kan97, p. 379] for the second claim).

In context of reverse mathematics mainly axiom systems much weaker
than ZFC are considered. The reason for this is that the axiom “For each
set there exists the power set” is an axiom of ZFC that is not really needed
for proving most theorems of ordinary mathematics and that is conversely
not derivable from these theorems. An axiom system much weaker than
ZFC is second order arithmetic (SOA) which we introduce next.

2 Second order arithmetic

The language of second order arithmetic is a two sorted language, i.e., we
have variables for natural numbers and variables for sets of natural numbers.
This language is sufficient to talk about real numbers because we can code
a real number r by the set of rational numbers which are less then r, and
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rational numbers are essentially pairs of natural numbers. Therefore we
use set variables to represent real numbers. The language of second order
arithmetic is strong enough to express wide parts of analysis.

Definition 1 (The language of second order arithmetic L2). The
language of second order arithmetic L2 is a two sorted language and contains

• countably many number variables, denoted by x1, x2, . . .,

• countably many variables for sets of natural numbers, denoted by X1,
X2, . . .,

• the constants 0 and 1,

• the binary function symbols + and ·,

• the binary relation symbols <, =, ∈,

• the logical symbols ¬, ∧, ∨, ∃, ∀, →, ↔ and parentheses.

We define terms and formulas canonically. We allow quantification both for
number and set variables.

Definition 2 (The Lévy-hierarchy). A formula is said to be Σ0
n (Π0

n) for
n ∈ N if and only if it is of the form ∃x1∀x2∃x3 . . . xnϕ (∀x1∃x2∀x3 . . . xnϕ)
with n alternating unbounded quantifiers in front and a formula ϕ which
contains no unbounded quantifiers (bounded quantifiers are ∀x(x < m →
. . .) and ∃x(x < m∧ . . .)). The formula ϕ may contain further free number
or set variables.

A formula is called arithmetical if and only if it contains no second order
quantifiers. Analogously a formula is Σ1

n (Π1
n) if and only if it is of the form

∃X1∀X2∃X3 . . . Xnϕ
(
∀X1∃X2∀X3 . . . Xnϕ

)

for an arithmetical formula ϕ.

Definition 3 (L2-structure). An L2-structure is an ordered 7-tuple

M = (|M |, SM ,+M , ·M , 0M , 1M , <M )

where |M | is a set which serves as range of the number variables, SM is a
set of subsets of |M | serving as range of the set variables, +M and ·M are
binary functions on |M |, 0M and 1M are distinguished elements of |M |, and
<M is a binary relation on |M |. = and ∈ are interpreted as identity and
membership relation.

The intended structure of L2 is N := (N,P(N),+, ·, 0, 1, <) with P(A) :=
{X |X ⊆ A}. A β-model is a model which satisfies all Σ1

1-sentences which are
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true in N ; β-models are of importance because wellorderings are absolute
for them. For more detailed information cf. [Sim99, Chapter VII].

Observe that according to our definition an L2-structure may be regarded
as a first order structure. By interpreting SM as a predicate symbol, we can
transform two sorted logic into first order logic; therefore there is a complete
calculus by the completeness theorem for first order logic. Details can be
found in [GlaPoh92, Chapter 5.1].

Definition 4 (Second order arithmetic (SOA)). The theory SOA is
formulated in the language L2 and contains the universal closures of the
following axioms and schemes:

• The base axioms

¬(x+ 1 = 0); x+ 1 = y + 1→ x = y; x+ 0 = x;

x+ (y + 1) = (x+ y) + 1; x · 0 = 0; x · (y + 1) = (x · y) + x;

¬(x < 0); x < y + 1↔ x < y ∨ x = y.

• The induction axiom

∀X
(
(0 ∈ X ∧ ∀x(x ∈ X → x+ 1 ∈ X))→ ∀x(x ∈ X)

)
.

• The comprehension scheme

∃X∀x(x ∈ X ↔ ϕ(x)) for arbitrary formulas ϕ in which X does
not occur freely.

We allow parameters in ϕ, i.e., for each ϕ(x, ~y, ~Y )

∀~y∀~Y ∃X(x ∈ X ↔ ϕ(x, ~y, ~Y ))

is an instance of the comprehension scheme.

When we prove a theorem of ordinary mathematics in second order arith-
metic, we mostly use comprehension and induction only for formulas with
restricted complexity. Therefore we consider some subsystems of SOA.

Definition 5 (RCA0). The scheme of ∆0
1-comprehension consists of all

formulas
∀x(ϕ(x)↔ ψ(x))→ ∃X∀x(x ∈ X ↔ ϕ(x))

where ϕ is Σ0
1 and ψ is Π0

1. The scheme of Σ0
1-induction consists of all

formulas
ϕ(0) ∧ ∀x(ϕ(x)→ ϕ(x+ 1)))→ ∀xϕ(x)

where ϕ is Σ0
1. RCA0 is SOA with the induction axiom replaced by Σ0

1-
induction and comprehension replaced by ∆0

1-comprehension.
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‘RCA’ stands for ‘recursive comprehension axiom’. Roughly speaking,
RCA0 is only strong enough to prove the existence of recursive sets of natu-
ral numbers. In reverse mathematics, it plays the rôle of a weak base theory
which proves most of the equivalences between theorems of ordinary math-
ematics and axioms. Nevertheless RCA0 is strong enough to prove many
theorems of analysis and algebra like the intermediate value theorem and
the existence of an algebraic closure of a countable field (cf. [Sim99, Chapter
II, Theorems 6.6 and 9.4]).

Definition 6 (ACA0). ACA0 is SOA with comprehension restricted to arith-
metical formulas.

‘ACA’ stands for ‘arithmetical comprehension axiom’. Examples for the-
orems of the same strength as ACA0 have been given in the introduction.
These equivalences are provable in RCA0.

Definition 7 (Π1
n-CA0). Π1

n-CA0 is SOA with comprehension restricted to
Π1

n-formulas.

There are other subsystems of second order arithmetic which are of in-
terest in reverse mathematics; for example ATR0 which is ACA0 together
with the scheme of transfinite arithmetical recursion which allows to iter-
ate arithmetical comprehension along definable wellorderings; for an exact
definition, cf. [Sim99, Theorem V.2.4].

3 Iterated inductive definitions

To examine for what complexity of payoff sets determinacy is provable in
Π1

2-CA0 we will use that Π1
2-CA0 is strongly connected to a system of iterated

monotone inductive definitions called µ-calculus. For this we have to study
monotone operators and their least fixed-points. An inductive definition is a
monotone operator Γ, i.e., a mapping from P(N) to P(N) with the property

X ⊆ Y ⇒ Γ(X) ⊆ Γ(Y ).

A set X with Γ(X) ⊆ X is called Γ-closed. For each monotone operator
there exists a (with respect to set inclusion) least fixed-point IΓ which is
the intersection of all Γ-closed sets, i.e.,

IΓ = Γ(IΓ) =
⋂
{X ⊆ N | Γ(X) = X}.

If α is an ordinal we define the αth stage of a fixed-point by IαΓ := Γ(I<αΓ )

with I<αΓ :=
⋃
β<α I

β
Γ . Let

||Γ|| := min {α | IαΓ = I<αΓ }
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be the closure ordinal of Γ. By cardinality reasons ||Γ|| exists and is a

countable ordinal, and we have I
||Γ||
Γ = IΓ.

We can associate an operator Γϕ(X) to every formula ϕ(x,X) by

Γϕ(X) := {x | ϕ(x,X)}.

If ϕ is X-positive (that means that X occurs only within even numbers of
negations) then Γϕ is monotone. If ϕ contains further free variables y and
Y then Iϕ also depends on y and Y . If Y occurs positively in ϕ (negatively
in ψ), then the operators Γ1(Y ) := {y | t ∈ Iϕ(y, Y )} (Γ2(Y ) := {y | t 6∈
Iψ(y, Y )}) are also monotone (where t denotes some first order term) and
therefore have least fixed-points. The fixed-point of Γ1 is arithmetical in
the fixed-point of a positive arithmetical operator because the two inductive
processes can be coded into one. This is in general not true for fixed-points
of Γ2. The idea of the µ-calculus is to iterate that and to talk about complex
nestings of fixed-points. For this we augment the language of second order
arithmetic.

Definition 8 (The language of the µ-calculus Lµ). We start with the
language of second order arithmetic and add a set-constructor µ. For each
X-positive formula ϕ(x,X) which contains no second order quantification
we add a set term µxXϕ(x,X) which is intended to denote the least fixed-
point of the monotone operator Γϕ(X). A free variable Y occurs positively
in t ∈ µxXϕ(x,X) (t 6∈ µxXϕ(x,X)) if and only if ϕ is Y -positive (Y -
negative). The formula ϕ may contain further µ-terms such that nestings
of fixed-points are possible.

Definition 9 (µ-calculus). The µ-calculus is formulated in Lµ and com-
prises the following axioms:

• The axioms of ACA0 with comprehension for all Lµ-formulas without
second order quantifiers.,

• ∀x[x ∈ µxXϕ(x,X) ↔ ϕ(x, µxXϕ(x,X))] for each X-positive and
first-order ϕ, which means that µxXϕ(x,X) is a fixed-point of the
operator given by ϕ, and

• ∀Y [∀x(ϕ(x, Y ) → x ∈ Y ) → µxXϕ(x,X) ⊆ Y ] for each X-positive
and first-order ϕ, which means that µxXϕ(x,X) is the least fixed-
point.

We can study the µ-calculus instead of Π1
2-CA0, because they are closely

connected in the following way:

Definition 10. Two theories are Π1
1-equivalent if and only if they prove

the same Π1
1-sentences.
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Theorem 11 (Möllerfeld). The µ-calculus and Π1
2-CA0 are Π1

1-equivalent.

Proof. Cf. [Möl02]. q.e.d.

4 Some results about determinacy

To characterize the introduced theories in terms of determinacy we have
to describe the complexity of payoff sets. We can view the natural num-
bers as a topological space with the discrete topology, i.e., every subset is
open. The Baire space is the product space of countable many copies of
the natural numbers equipped with the product topology. Therefore the
elements of the Baire space are infinite sequences of natural numbers, and
a basis of this topology is formed by the sets Ns, i.e., the set of all infinite
sequences which begin with the finite sequence s. The class of Borel sets
(also called ∆1

1-sets) is the least class which contains the open sets and is
closed under complements and countable unions (and therefore also under
countable intersections). In analogy to the Lévy hierarchy for formulas we
define a hierarchy which orders the Borel sets.

• Σ0
1 = {X |X is open},

• Σ0
α = {

⋃
nXn | ∃(βn)n∈ω(1 ≤ βn < α ∧Xn ∈ Π0

βn
)} for α > 1,

• Π0
α = {XC |X ∈ Σ0

α} for α ≥ 1, where XC denotes the complement
of X.

Martin proved that in ZFC every game with a Borel payoff set is de-
termined (cf. [Kec95, Theorem 20.5]). But this is far away from what is
provable in SOA. Let us for example have a look at the determinacy of
open sets. Fix a payoff set A =

⋃
s∈S Ns and suppose player I has no win-

ning strategy. We have to produce a winning strategy for player II. First
notice that in a position where player II has to make the next move and
player I has no winning strategy, player II can choose her move in a way
that after this move player I has still no winning strategy. On the other
hand, if player I has no winning strategy in a position where she herself has
to make the next move, she still has no winning strategy after her move,
no matter what she played. Therefore player II can achieve that player I
never gets into a position where she has a winning strategy. But that means
that they never arrive at a position which has an initial sequence in S, for
then player I would have a winning strategy (she can make arbitrary moves
and always wins). Therefore the played sequence is not in A, and player II
wins. This shows that in case of an open game, it is sufficient for player II
to avoid losing positions to win the game. The determinacy of open games
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is known as Gale-Stewart Theorem (cf. [GalSte53]). In the spirit of Fried-
man’s program of reverse mathematics we can ask now: Which axioms of
SOA are necessary to prove the Gale-Stewart Theorem? The answer is the
following theorem (cf. [Sim99, Theorem V.8.7]).

Theorem 12. RCA0 proves: The scheme of arithmetical transfinite recur-
sion is equivalent to the scheme of Σ0

1-determinacy.

To characterize the complexity of the winning strategies we can ask where
they appear in Gödel’s constructible universe L (for L, cf., e.g., [Jec97,
Chapter 2.12]). If the game A is recursively open (that means that A =⋃
s∈S Ns for recursive S), then there is either a winning strategy for player

I in LωCK
1

or a winning strategy for player II in LωCK
1 +1 (ωCK

1 is the first

ordinal which is not representable by a recursive wellordering).
Tanaka has proved some results about determinacy in some stronger sub-

systems of SOA. He formulated the theory Σ1
1-MI0, which is an extension

of ACA0 that guarantees the existence of least fixed-points of monotone
Σ1

1-definable operators. In this theory he could formalize Wolfe’s proof of
Σ0

2-determinacy (cf. [Mos80, Theorem 6A.3]).

Theorem 13.

1. RCA0 proves that Π1
1-comprehension and Σ0

1 ∧ Π0
1-determinacy are

equivalent, where Σ0
1 ∧ Π0

1 is the class of all intersections of a Σ0
1

and a Π0
1-set (in terms of the difference hierarchy also Diff(2; Σ0

1), cf.
Section 6).

2. RCA0 proves that Σ1
1-MI0 and Σ0

2-determinacy are equivalent.

Proof. Cf. [Sim99, Theorem VI.5.4] for a proof of the first and [Tan91] for
the second claim. q.e.d.

Let σ be the supremum of the ordinals ||Γ|| for monotone, Σ1
1-definable

operators Γ. Solovay showed that for recursively coded Σ0
2-games the win-

ning strategies for player I occur in Lσ, the winning strategies for player II lie
in the next admissible set beyond Lσ.1 The following result of Philip Welch
(cf. [Wel03]) implies that Π1

3-CA0 is much stronger than Σ0
3-determinacy.

Theorem 14. Π1
3-CA0 proves that there is a β-model of ∆1

3-CA0 + Σ0
3-

determinacy.

Let

G

xXϕ(x,X) := {x |Player I has a winning strategy in {X |ϕ(x,X)}}.
An operator is

G

Σ0
3-definable if and only if it is given by an arithmetical

1Cf. [Mos80, p. 414–415] and [Mar∞, Exercise 1.3.2]. For more on admissible sets, cf.

[Bar75, Chapter I].
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Theory Determinacy strength Reference

ZFC ∆1
1 [Kec95, Theorem 20.5];

[Kan97, p. 379]

SOA < Σ0
4 [Mar∞, Exercise 1.4.2]

Π1
3-CA0 > Σ0

3 [Wel03]

Π1
2-CA0 ???

Σ1
1-MI0 Σ0

2 [Tan91]

Π1
1-CA0 Σ0

1 ∧Π0
1 [Sim99, Theorem VI.5.4]

ATR0 Σ0
1 [Sim99, Theorem V.8.7]

Table 1. Determinacy strength.

formula which may contain set terms of the form

G

ϕ for a Σ0
3-formula ϕ.

Let
γ := sup{||Γ|| | Γ is a monotone,

G

Σ0
3-definable operator}.

There is an unpublished result by Martin and Solovay that the winning
strategies for player I in recursively coded Σ0

3-games lie in Lγ , and John in
[Joh86] proved something similar.

Adding stronger instances of the comprehension scheme does not yield
much stronger determinacy results.

Theorem 15. SOA does not prove Σ0
4-determinacy.

In [Fri71], Harvey Friedman showed that SOA does not prove Σ0
5-deter-

minacy; Martin later sharpened that result to Σ0
4.

We summarize these results in Table 1. By “determinacy strength” we
mean an informal summary of the different ways of characterizing a theory
in terms of determinacy, as seen in the previous theorems.

5 Generalized quantifiers

As pointed out in [Möl02], the µ-calculus is strongly connected to a calculus
with generalized quantifiers. A generalized quantifier Q on the natural
numbers is a subset of P(N) with the following properties:
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• ∅ 6∈ Q,

• Q 6= ∅, and

• X ⊆ Y ∧X ∈ Q⇒ Y ∈ Q.

The string (Qx)ϕ(x) is an abbreviation for {x |ϕ(x)} ∈ Q. In this notation
the quantifier ∀ is {N} and ∃ is {X ⊆ N | X 6= ∅}. For each quantifier Q
the inverse Q := {{x | x 6∈ X} |X 6∈ Q} is again a quantifier such that

Q = Q and (Qx)ϕ(x)↔ ¬Qx¬ϕ(x).

We fix a coding function 〈·〉. Then 〈〉 is (the code of) the empty sequence.
For each quantifier Q we define the next quantifier Q∨:

(Q∨x)ϕ(x) :⇔ (Qx0)(Qx1)(Qx2) · · ·
∨

n∈N

ϕ(〈x0, . . . , xn 〉)

As an example we study the formula ∃∨(x)ϕ(x). Since ∃ = ∀ we ob-
tain that ∃∨(x)ϕ(x) is equivalent to ∀f∃nϕ(f [n]), where f [n] denotes the
sequence 〈f(0), f(1), . . . , f(n) 〉 for a function f . The quantifier ∃∨ is com-
monly known as Suslin-quantifier. By iteration we obtain generalized quan-
tifiers ∃n and ∀n for each n ∈ ω by ∃0 := ∃, ∃n+1 := (∃n)∨ and ∀n := ∃n.

We introduce a language and a theory where we can talk about ∃n and ∀n.

Definition 16 (The language L Gof the theory

G

ame). We enlarge the
language L2 by quantifiers ∀n and ∃n for each n ∈ ω. These quantifiers can
be used in formulas like the ordinary first order quantifiers ∀ and ∃ with
the restriction that ∀nxϕ(x) and ∃nϕ(x) can only be built if ϕ contains no
second order quantifiers (but may contain further quantifiers ∃m or ∀m).

Definition 17 (The theory

G

ame). The theory

G

ame is formulated in
L Gand contains the following axioms:

• The axioms of ACA0, with comprehension for all L G-formulas without
second order quantifiers,

• ∃0xϕ(x)↔ ∃xϕ(x),

• ∀nxϕ(x)↔ ¬∃nx¬ϕ(x), and

• ∃n+1xϕ(x, ~y, ~Y )↔ ∀X
(
∀x(ϕ∃n

(x, ~y,X, ~Y )→ x ∈ X)→ 〈 〉 ∈ X
)
.

for each L G-formula ϕ without second order quantifiers. The string
ϕQ(s, ~y,X, ~Y ) is an abbreviation for

ϕ(s, ~y, ~Y ) ∨ (Qx)s⌢〈x 〉 ∈ X.
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The formula ϕQ is X-positive, so

∀X
(
∀x(ϕ∃n

(x, ~y,X, ~Y )→ x ∈ X)→ 〈 〉 ∈ X
)

means “ the least fixed-point of the operator given by ϕ∃n

(x,X) contains
〈 〉.” So ∃n+1 is the next quantifier of ∃n.

It is immediate that the theory

G

ame is a subsystem of the µ-calculus
because of

∃n+1xϕ(x, ~y, ~Y )↔ 〈 〉 ∈ µxXϕ∃n

(x, ~y,X, ~Y ).

But the converse is also true: As shown in [Möl02] the theories

G

ame and
the µ-calculus are of equal strength in the following sense:

Theorem 18 (Möllerfeld). The µ-calculus and

G

ame prove the same L2-
sentences.

6 The main theorem

Let ω denote the natural numbers and <ω-Σ0
2 the closure of Σ0

2 under
complements and finite unions (and therefore also under finite intersections).
We chose the notation <ω-Σ0

2 to indicate that this is also the union of the
finite levels of the difference hierarchy over Σ0

2 which are defined by

Diff(n; Σ0
2) := {A | ∃A0, . . . , An−1 ∈ Σ0

2(A = Diffi<nAi)} for n ∈ ω

with

Diffi<nAi := {x ∈ A0 | the least i ≤ n such that x 6∈ Ai is odd}

where An = ∅. Then we obtain <ω-Σ0
2 =

⋃
n∈ω Diff(n; Σ0

2). If <ω-Σ0
2 -Det0

is ACA0 together with determinacy for <ω-Σ0
2-formulas, the following is the

main theorem of this article:

Theorem 19. The µ-calculus and <ω-Σ0
2 -Det0 prove the same L2-senten-

ces.

Together with Theorem 11 we obtain

Corollary 20. Π1
2-CA0 and <ω-Σ0

2 -Det0 are Π1
1-equivalent.

The starting point in the proof of the direction “The µ-calculus proves
<ω-Σ0

2 -Det” is Wolfe’s theorem (cf. [Mos80, Theorem 6A.3]) which says the
every Σ0

2-set is determined. This was generalized by Bradfield to <ω-Σ0
2-

sets (cf. [Bra99]), and we formalized this proof in the µ-calculus.
The other direction is more interesting in this context because it employs

infinite games. We use the fact that the quantifiers ∃n and ∀n can be
described by infinite games. Take for example the formula ∃1xϕ(x). We
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already mentioned that we can write this formula as ∀f∃nϕ(f [n]). Imagine
a two player game where player I wants to show that the formula is true,
player II wants to show that it is false. Player II has to play natural numbers,
player I can decide before every move of player II if she wants to pass or
play “stop”.

I p p p p

II x0 x1 x2 x3

stop

If player I never plays “stop”, she loses. Let 〈x1, . . . , xi 〉 be the sequence
played by player II until the first break. Then I wins if ϕ(〈x1, . . . , xi 〉) is
true, otherwise II wins. This game is open because if player I wins, she has
won the game already after finitely many moves, namely after she played
her “stop”.

We can describe all quantifiers ∃n and ∀n in that way, and the complexity
of the games is always in <ω-Σ0

2. Using these games one can prove the
remaining direction of Theorem 19. The proof is in [HeiMöl∞] and [Hei03].
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[Möl02] Michael Möllerfeld, Generalized Inductive Definitions: The
µ-Calculus and Π1

2-Comprehension, PhD thesis, University of
Münster 2002

[Mos80] Yiannis N. Moschovakis, Descriptive Set Theory, North Holland
1980 [Studies in Logic and the Foundations of Mathematics 100]

[Sim99] Stephen G. Simpson, Subsystems of Second Order Arithmetic,
Springer 1999

[Tan91] Kazuyuki Tanaka, Weak Axioms of Determinacy and Subsystems
of Analysis II: Σ0

2-Games, Annals of Pure and Applied Logic
52 (1991), p. 181–193

[Wel03] Philip Welch, Weak Systems of Determinacy and Arithmetical
Quasi-Inductive Definitions, preprint, 2003

[Wol55] Philip Wolfe, The Strict Determinateness of Certain Infinite
Games, Pacific Journal of Mathematics 5 (1955), p. 841–847

Received: March 1st, 2005;

In revised version: June 8th, 2005; November 15th, 2005;

Accepted by the editors: June 7th, 2007.





Stefan Bold, Benedikt Löwe,
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abstract. A classical problem in algebraic logic is to characterise
classes of representable algebras. Taking the example of the repre-
sentable Tarskian relation algebras, we will discuss how games can
help with such problems, and how they lead to a deeper study of
representability.

Introduction

A classical problem in algebraic logic is to characterise classes of repre-
sentable algebras. Taking the example of the representable Tarskian rela-
tion algebras, we will discuss how games can help with such problems, and
how they lead to a deeper study of representability. We will be able to
use the games to help to explain some classical results in this area, and to
discuss some more recent ones.

1 Algebras of relations

Algebraic formalisation of unary relations began with Boole in the 19th
century. It was very successful. The boolean algebra axioms are sound and

*We would like to thank the referee for helpful comments on a draft of this paper.
The second author thanks the organisers for inviting him to speak at the conference.



158 Robin Hirsch and Ian Hodkinson

complete: every boolean algebra is isomorphic to a field of sets [Sto36].
De Morgan proposed considering binary (and higher-arity) relations.

Peirce and Schröder developed the theory and established hundreds of laws
of binary relations (see, e.g., [Sch95]). [Mad91] has an interesting discussion
of the history. But Pierce lamented:

The logic of relatives is highly multiform; it is characterized by innumerable
immediate conclusions from the same set of premises. . . . The effect of these
peculiarities is that this algebra cannot be subjected to hard and fast rules
like those of the Boolian calculus; and all that can be done in this place is
to give a general idea of the way of working with it. [Pei33, 3.342]

In the 1940s, Tarski and his collaborators began to investigate binary
relations with modern algebra. Tarski laid down the notion of a field of
binary relations, by which he meant a subalgebra of a product of algebras
of the form

Re(X) = (℘(X ×X),∪, \, ∅, X ×X, IdX ,
−1, | ),

for some set X, where

IdX = {(x, x) : x ∈ X},
R−1 = {(y, x) : (x, y) ∈ R},
R|S = {(x, y) : ∃z((x, z) ∈ R ∧ (z, y) ∈ S)}.

He wanted to characterise the algebras isomorphic to fields of binary rela-
tions. Such algebras are called representable relation algebras, the class of
them is denoted RRA, and the isomorphism is called a representation.

It’s easily seen why Tarski wanted to admit subalgebras of Re(X). They
are simply obtained by omitting some of the relations in Re(X), but they
still contain ∅, X × X, and IdX , and are closed under the operations, so
they can certainly be considered as algebras of binary relations.

But why products? One could argue that if Xi (i ∈ I) are pairwise
disjoint and have union X, the product

∏
i∈I Re(Xi) is isomorphic to the

relativisation of Re(X) to the equivalence relation E =
⋃
i∈I(Xi × Xi)

on X, defining ‘being in the same Xi’. Relations not contained in E are
deleted, and the algebra operations are intersected with E: e.g., a ; b in the
relativisation is defined to be c ∩ E, where c is a ; b evaluated in Re(X).
Such a relativisation is some sort of algebra of binary relations, but maybe
not the kind one would first think of considering. So perhaps a better
answer is that under this ‘subalgebras of products’ definition, RRA is a
variety — an equationally axiomatised class. This was proved by Tarski
in [Tar55]. It follows from Birkhoff’s theorem [Bir35] that RRA is closed
under subalgebras, products, and homomorphic images.
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An algebra is simple if it has no non-trivial proper homomorphic im-
ages. It can be shown that all simple representable relation algebras are
isomorphic to subalgebras of Re(X) for some X: there is no need to con-
sider products. For simplicity of exposition, we will generally restrict our
attention here to simple algebras; but most of what we say is either true
for arbitrary ones, or can easily be generalised to them. We also generally
consider only non-degenerate relation algebras, satisfying 0 6= 1. (When
0 = 1, the algebra has only one element; it is isomorphic to Re(∅) and so
is representable. This case is not interesting.)

Relation algebras In [Tar41], Tarski proposed axioms to capture RRA.
These axioms defined the class RA of ‘relation algebras’.

Definition 1. A relation algebra is an algebra of the form
A = (A,+,−, 0, 1, 1

,
,˘ , ; ) such that

• (A,+,−, 0, 1) is a boolean algebra

• (A, ; , 1
,
) is a monoid

• ‘Peircean law’ (actually discovered by De Morgan):

(a ; b) · c 6= 0⇐⇒ (ă ; c) · b 6= 0⇐⇒ a · (c ; b̆) 6= 0 for all a, b, c ∈ A.

As is standard, we use the notation +,−, 0, 1, 1
,
,˘ , ; for ‘abstract’ algebra

operations corresponding to the ‘concrete’, set-theoretically defined oper-
ations ∪, \, ∅, X × X, IdX ,

−1, | (respectively) on algebras of binary
relations. Considering triangles helps to make the point of the Peircean law
clear:

c

ba
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The axioms in Definition 1 are equivalent to Tarski’s original ones, which
were equations. We will not need it here, but it may be of interest to
mention that the relation algebra axioms actually capture all equations
valid in RRA that can be proved with 4 variables. The underlying proof
system here can be (e.g.,) a sequent calculus or a Hilbert system for first-
order logic, tuned to produce proofs using only 4 variables. For details, see
[Mad83, TarGiv87, Mad89].

Did Tarski’s axioms capture RRA? Well, soundness (RRA ⊆ RA) is
easily seen. But completeness failed. In a celebrated 1950 paper, Lyndon
[Lyn50] gave an example of an algebra A ∈ RA \ RRA. In 1964, Monk
[Mon64], building on work of Lyndon [Lyn61] and Jónsson [Jón59], showed
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that RRA is not finitely axiomatisable, so proving the key ‘negative’ result
in the field. Many other negative results about RRA are now known. One
of the stronger ones is:

Theorem 2 (Hirsch, Hodkinson, [HirHod02a, Theorem 18.13]).
There is no algorithm to tell whether an arbitrary finite relation algebra is
representable.

The following problem was stated in [HenMonTar71] for ‘cylindric alge-
bras’, but the version for relation algebras is just as pertinent: find a simple
intrinsic characterisation of (the algebras in) RRA. In the next sections,
we will look into this question using games.

2 Case study: atomic and finite relation algebras

First, we try to cast relation algebras and representations in a more man-
ageable form. This is quite useful for atomic relation algebras, and for
representations of finite relation algebras. We will consider the general case
later.

2.1 Atomic relation algebras

An element a of a relation algebra A is said to be an atom if a is a minimal
non-zero element with respect to the standard boolean algebra ordering ‘≤’,
where x ≤ y ⇐⇒ x + y = y. A is said to be atomic if for every non-zero
element x of A, there is an atom a of A with a ≤ x. All finite relation
algebras are atomic, of course. We will say more about infinite atomic
relation algebras in Sections 4 and 5.

Atomic relation algebras can be quite easily specified. One can prove
from the RA axioms that ˘ and ; are additive. That is, (a + b)̆ = ă + b̆,
(a+ b) ; c = a ; c+ b ; c, and a ;(b+ c) = a ; b+ a ; c are valid laws in relation
algebras. We can even prove from the RA axioms that ˘ and ; are additive
over infinite sums. It follows that in an atomic relation algebra A, the
operations ˘ and ; are determined by their values on atoms, and we can
specify A by stating:

• the set AtA of atoms of A, and which elements of A are the sum of
which atoms (this pins down the boolean structure of A),

• which atoms are ≤ 1
,
,

• ă, for each atom a (it turns out that ă is also an atom),

• for each a, b, c ∈ AtA, whether a ; b ≥ c or not. In the case where
a ; b ≥ c, we say that (a, b, c) is a ‘consistent triple’.
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Remark: It follows from the Peircean law that (a, b, c) is consistent if and

only if its Peircean transforms (a, b, c), (ă, c, b), (c, b̆, a), (b, c̆, ă), (c̆, a, b̆),

(b̆, ă, c̆) are all consistent.

2.2 Ultrafilters

Given a relation algebraA, we’ll writeA for its domain as well. An ultrafilter
of A is a subset α ⊆ A such that

1. a, b ∈ α⇒ a · b ∈ α,
2. a ≥ b ∈ α⇒ a ∈ α,
3. α contains precisely one of a, −a, for every a ∈ A.

Examples of ultrafilters are sets α of the form {b ∈ A : b ≥ a}, for any
a ∈ AtA. Such ‘atom-generated’ ultrafilters are called principal ultrafilters.
All ultrafilters α satisfy A ∈ α and 0 /∈ α.

Assume that A is simple, and suppose we are given a representation
h : A → Re(X) for some set X. For x, y ∈ X, let

h−1(x, y) = {a ∈ A : (x, y) ∈ h(a)}.

It is easy to check that

Lemma 3. h−1(x, y) is always an ultrafilter of A.

2.3 Representations of finite simple relation algebras

The following is well known and easily proved:

Lemma 4. Any ultrafilter of a finite relation algebra is principal.

Hence, a representation h : A → Re(X) of a finite (simple) relation
algebra A can be viewed in a simple way as a complete labelled directed
graph M = (X,λ), where X is a set and λ : X ×X → AtA is a ‘labelling
function’. We just define λ(x, y) to be the (unique) atom in h−1(x, y). It
can be checked that for all x, y, z ∈ X,

• λ(x, y) ≤ 1
,
⇐⇒ x = y.

• λ(x, y) = λ(y, x)`.

• λ(x, y) ≤ λ(x, z) ;λ(z, y). That is, ‘all triangles are consistent’.

• For all a, b ∈ AtA, if λ(x, y) ≤ a ; b then there is w ∈ X with
λ(x,w) = a and λ(w, y) = b. ‘All consistent triples are witnessed
wherever possible.’

Conversely, given a map λ : X × X → AtA satisfying these conditions,
we can obtain a conventional representation h : A → Re(X) by defining
h(a) = {(x, y) ∈ X ×X : a ≥ λ(x, y)}. The ‘(X,λ)’ view of representations
of finite relation algebras is very handy, as we will see.
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2.4 Two finite relation algebras

1. McKenzie’s algebra K.

Four atoms: 1
,
, <,>, ♯ (so 16 elements altogether).

1̆
,

= 1
,
, <̆ = >, >̆ = <, ♯̆ = ♯.

All triples are consistent except Peircean transforms of:
(1

,
, a, a′) for a 6= a′, (<,<,>), (<,<, ♯), and (♯, ♯, ♯).

2. The ‘anti-Monk algebra’ M. We use this name not out of lack of
respect, but becauseM is in some way the opposite of what are known
as ‘Monk algebras’. We believe M was discovered by Maddux.

Four atoms: 1
,
, r, b, g.

ă = a for all atoms a. (SoM is a relation algebra all of whose elements
are self-converse. Such a relation algebra is said to be symmetric.)

All triples are consistent except Peircean transforms of: (1
,
, a, a′) for

a 6= a′, and (r, b, g).

These are both relation algebras. Can you tell if they are in RRA or not?
Games will help to tell, as we will see.

3 Games and representability (finite relation
algebras)

In [Lyn50], Lyndon characterised the finite representable relation algebras
by a ‘step by step’ construction. In a nutshell, his approach was this:

1. Try to build ‘step by step’ a representation of a given finite relation
algebra.

2. Write first-order axioms expressing that you can succeed.

The resulting axioms will be true in a finite relation algebra A just when A
has a representation.

It’s interesting to compare Lyndon’s method with the Henkin construc-
tion of a model of a consistent first-order theory T , as given in, e.g., [Hod93,
Theorem 6.1.1] or [ChaKei90, § 2.1]. In this construction, T is extended, sen-
tence by sentence, to a consistent theory U in a larger signature with ad-
ditional constants. These new constants are called ‘witnesses’, because the
construction arranges that they witness truth of all existential statements
in U . Together with other properties of U enforced by the construction,
this ensures that a model of U (and hence of T ) can be built easily from
the witnesses.

The important point for us is that starting from an inconsistent T , the
construction won’t work, because it will get stuck somewhere. Consistency
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of the original T is used to prove that the construction succeeds, never
getting stuck. But this gives us a test for consistency of any theory T . We
just try to do the construction, and see if it succeeds.

This is rather what Lyndon did. His construction of a representation of
a finite relation algebra A succeeds precisely when A has a representation.
The axioms he wrote expresses that the construction succeeds, and hence
they characterise representability of A.

We are now going to explain (a minor variant of) Lyndon’s step by step
characterisation in more detail, using a game.

3.1 Networks

The ‘pieces’ played during the game are called networks. A network is like a
piece of a representation (though of course, the given algebra might not have
a representation). It satisfies the universal conditions of ‘representation’.

Definition 5. Let A be an atomic relation algebra. An A-network is a
complete labelled directed graph N = (X,λ) where X 6= ∅ and λ : X×X →
AtA is a labelling function satisfying, for all x, y, z ∈ X,

• λ(x, y) ≤ 1
,
⇐⇒ x = y,

• λ(x, y) = λ(y, x)`,

• λ(x, y) ≤ λ(x, z) ;λ(z, y) — all triangles in N are consistent.

We write N for any of N,X, λ. We rely on the context to tell which one is
meant.

3.2 Games on A-networks

Let A be a non-degenerate atomic relation algebra — so AtA 6= ∅ — and
let n ≤ ω. The game Gn(A) has two players, ∀ (male) and ∃ (female), and n
rounds. If n = 0, there are no rounds and we declare ∃ the winner. Assume
n > 0. In round 0, ∀ picks a0 ∈ AtA, and ∃ plays an A-network N0 with a0

occurring as a label in it. In round t (1 ≤ t < n), suppose that the current
network at the start of the round is Nt−1. Play goes as follows. First, ∀
picks x, y ∈ Nt−1 and a, b ∈ AtA with a ; b ≥ Nt−1(x, y):

?
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If there is already a node z ∈ Nt−1 such that Nt−1(x, z) = a and
Nt−1(z, y) = b, then ∃ simply sets Nt = Nt−1. If not, she has more work
to do. She begins by adding a new node z (say) to Nt−1, and labelling
the edges (x, z) with a and (z, y) with b. This forms the basis of the new
network Nt:

#
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#
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The player ∃ now has to complete the labelling of Nt, by defining Nt(u, v)
for all remaining pairs (u, v) of nodes. These are the ones other than (x, z),
(z, y), and pairs of nodes of Nt−1, whose labels are already fixed:
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It can be very hard for ∃ to complete the labelling. Nt must be a network,
so all its triangles must be consistent. Worse still, Nt is then passed on
to the next round (if any), in which ∀ can make new choices. So even if
∃ succeeds in creating a network Nt, she may have left herself open to a
lethal attack by ∀ in a later round. If in some round she cannot manage
to complete the labelling and create a network, she loses. Thus, ∃ wins the
play of Gn(A) if she always responds legally to ∀’s moves.

Note that it is in ∃’s interests to play as small a network (with as few
nodes) as possible. Although she is permitted, by the rules of the game, to
make arbitrarily large extensions to the networks played in the game, she
only needs to include the nodes shown in the diagrams above. Additional
nodes are superfluous and will only make it easier for ∀ to win, by giving
him more rope to hang her with. We will always assume that she plays this
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way, so that N0 has at most two nodes, and for each t, Nt+1 has at most
one more node than Nt.

The connection of the game to representability is given by the following
theorem. It is more or less what Lyndon proved in [Lyn50] (but he didn’t
use games). The theorem is not restricted to simple relation algebras, but
it only covers finite relation algebras; we will consider what to do about
infinite relation algebras later.

Theorem 6. Let A be a finite relation algebra.

1. A ∈ RRA if and only if ∃ has a winning strategy in Gω(A).
2. The player ∃ has a winning strategy in Gω(A) if and only if she has

one in Gn(A) for all finite n.
3. One can construct first-order sentences σn for n < ω (independently

of A) such that A |= σn if and only if ∃ has a winning strategy in
Gn(A).

Hence, for a finite relation algebra A, we have A ∈ RRA ⇐⇒ A |= {σn :
n < ω}.

Proof. We sketch the main ideas of the proof. For a more rigorous treat-
ment, see [HirHod02a, Chapter 11].

1. If A ∈ RRA then ∃ can use a representation as a guide in winning
Gω(A). Conversely, if she has a winning strategy in Gω(A), then
from plays of the game in which she uses her strategy and ∀ plays all
possible moves at some stage, we can recover a representation of A.

2. ⇒ is clear. For the converse, we observe that because A is finite, ∃
has only finitely many possible responses to ∀’s move in any round.
König’s tree lemma can now be used to collimate her responses in the
finite games into a single winning strategy in Gω(A).

3. First, given an A-network N , and k < ω, we write an axiom τk(N)
saying that ∃ can win Gk(A) starting from N . We go by induction
on k. The case k = 0 is easy: we need only say that N is a network:

τ0(N) =
∧

x∈N

(
N(x, x) ≤ 1

,
∧

∧

y∈N\{x}

N(x, y) 6≤ 1
,
)

∧
∧

x,y∈N

N(x, y) = N(y, x)`

∧
∧
x,y,z∈N N(x, y) ≤ N(x, z) ;N(z, y).

The next formula τk+1(N) says that whatever move ∀ makes in the
first round of the game, there is some N ′ such that if ∃ responds to ∀’s
move with N ′ then she can win Gk(A) starting from N ′ — i.e., such
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that τk(N ′) holds (τk(N ′) has been constructed inductively). Roughly,
τk+1 looks like this:

τk+1(N) =
∧

x,y∈N

∀a, b
(
N(x, y) ≤ a ; b→ ∃N ′ ⊇ N

(
τk(N ′) ∧

∨

z∈N ′

(N ′(x, z) = a ∧N ′(z, y) = b)
))
.

The formula uses variables to hold the labels on network edges. The
expression ∃N ′ ⊇ N in the middle is really shorthand for a string of
quantifiers of the form ∃v1 . . . ∃vl, relativised to atoms. The variables
vi represent the atoms labelling the ‘new’ edges of N ′ (if any) that
are not already edges of N . We know how many there are, because
N ′ has at most one more node than N does. The two possibilities —
of N ′ being the same as N or bigger — mean that the rest of the
formula is actually a disjunction to cope with these two cases. In the
case N ′ = N , the variables vi are not used. For simplicity, this is not
shown above. More details can be found in [HirHod97a, HirHod02a].

Finally, we let σn = ∀a0∃N(τn−1(N)∧
∨
x,y∈N N(x, y) = a0) for n > 0.

Here, the ∃N signifies ∃v00∃v01∃v10∃v11. The variable vij represents
the atom N(i, j). Again, these quantifiers are relativised to atoms
of the algebra, and again, they are actually followed by a disjunction
(not shown above) to allow for the possibility that in her first move,
∃ might pick a one-node network (in which case only v00 is used) or a
two-node network. We let σ0 = ⊤.

q.e.d.

The axioms σn (plus the RA axioms) seem to give an intrinsic charac-
terisation of the finite algebras in RRA. But is it a simple one? Can you
tell whether McKenzie’s algebra and the anti-Monk algebra satisfy the σn
for all n?

It’s easier to use the games Gn directly.

Example 7 (McKenzie’s algebra K). Recall that this relation algebra

has four atoms: 1
,
, <,>, ♯. We have 1̆

,
= 1

,
, <̆ = >, >̆ = <, ♯̆ = ♯.

All triples of atoms are consistent except Peircean transforms of (1
,
, a, a′)

for a 6= a′, (<,<,>), (<,<, ♯), and (♯, ♯, ♯).
Consider the following play of Gω(K). The player ∀ starts off by picking

the atom ♯. The player ∃ responds with the network N0 as shown below.

♯u u0 1
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The edge (0, 1) is labelled by ♯. We know that in anyK-networkN and nodes
x, y of N , we have N(x, y) = 1

,
if and only if x = y, and N(y, x) = N(x, y)`.

So ∃ has no choice over the labels of the remaining edges of N0. We don’t
need an arrow on the edge in the diagram to indicate its direction, because
♯̆ = ♯, so the converse edge (1, 0) will also be labelled ♯.

The player ∀ continues by choosing the two nodes 0, 1 of N0, and the
atoms > and <. The player ∃ has to add a new node, say 2, and label (0, 2)
with > and (2, 1) with <. She has no choice in labelling the remaining edges
of her response, N1:

u
S
S
SSw

�
�
��/ ♯u u<<

0 1

2

We prefer to show the edge (2, 0), which will be labelled >̆ = <.
The player ∀ now picks the nodes 0, 1 again, and the atoms <,>. The

player ∃ now has to add a node 3, with (0, 3) labelled < and (3, 1) labelled
>. She has no choice over the remaining edges: in particular, she must
label the edge (2, 3) by <, since all other choices lead to inconsistency of
the triangle 2, 0, 3.
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Now ∀ deals the killer blow, picking 2, 3 and the atoms ♯, ♯. The player ∃
has to add a new node, say 4.

u
S
S
SSw

�
�
��/♯u u<
<

S
S
SSw

�
�
��/u <<
?

<
0 1

2

3 �
��

��
��
�

HHHHHHHHu4

♯

♯



168 Robin Hirsch and Ian Hodkinson

The player ∃ cannot consistently label the edge (0, 4) by < or 1
,

(because
of the triangle 2, 0, 4), nor by > (because of the triangle 3, 0, 4). She has
to use ♯. Similarly, she must label (1, 4) with ♯. But now, 0, 1, 4 is an
inconsistent triangle, and ∃ has lost. It is clear that she never had any real
choice, so what we have described is a winning strategy for ∀ in Gω(K) (and
indeed in G4(K)). The player ∃ has no winning strategy, so by Theorem 6,
K is not representable.

Example 8 (Anti-Monk algebra M). Recall that M has four atoms:
1
,
, r, b, g. We think of these as the colours red, blue, and green. M is

symmetric: we have x̆ = x for all atoms x. All triples of atoms are consistent
except Peircean transforms of (1

,
, a, a′) for a 6= a′, and (r, b, g).

Consider a typicalM-network N as shown below. Observe that all trian-
gles involve at most two colours from r, b, g, as required for consistency. We
don’t need any arrows at all on edges this time, since ă = a for all atoms a,
so the labels on an edge (u, v) and the converse edge (v, u) are always the
same.

N

'

&

$

%r

r

g

r

g

b
�

�
�

�
�� @

@
@

@
@
u u
u u

y

x

Suppose that N is in play in some round of the game Gω(M). A typical
move of ∀ will be to pick two nodes and some atoms or other. We assume by
way of example that he picks the two right-hand nodes x, y in the diagram,
and the atoms p, q, say. If there is a node z in N with N(x, z) = p and
N(z, y) = q, as in the game rules, then ∃ has an easy job. We’ll assume
there isn’t; it follows that p, q 6= 1

,
. The player ∃ must now add a new node

on the right as shown:
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Then, she must fill in the remaining labels, to give a network N ′, say:
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In this example, the edge (x, y) that ∀ picked in N is labelled r. His
chosen atoms p, q, combined with r, must not all be different, or his choice
would be illegal because r 6≤ p ; q. So two of p, q, r must be equal. There are
two possibilities.

Case 1: p = q; so N looks like:
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In this case, ∃ simply uses p to label all remaining edges:
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It is clear that all triangles have at least two edges of the same colour, so
are consistent.

Case 2: r = p 6= q or r = q 6= p. Let’s suppose that r = q 6= p (the other
case is similar), and that the new node is called z:
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Observe that x and z look the same as seen from y: the labels on the edges
(y, x) and (y, z) are the same. The player ∃ tries to make this true for the
other nodes, as well as y. That is, she defines N ′(t, z) = N(t, x) for all
nodes t of N other than x, y:
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Now, there are three kinds of triangle in N ′:

1. Triangles consisting of nodes of N . These are certainly consistent,
because N is a network.

2. Triangles of the form t, x, z, involving x, z. These have two edges with
identical colours, because N ′(t, z) = N ′(t, x). So they are consistent.

3. Triangles of the form t, u, z, involving z but not x. The sides of such a
triangle are coloured the same as in the triangle t, u, x of N (because
z looks the same as x from t, and from u). But the triangle t, u, x is
consistent, by case 1, and hence, so is triangle t, u, z.

So all triangles of N ′ are consistent, and N ′ is a M-network.

This can be elaborated into a winning strategy for ∃ in Gω(M), showing
that M is representable. This elegant strategy is due to Maddux (personal
communication).

3.3 Summary

1. McKenzie’s algebra K 6∈ RRA. So RRA ⊂ RA, as Lyndon (1950)
showed. In fact, K is one of the smallest non-representable relation
algebras. There are other 4-atom non-representable relation algebras,
but all relation algebras with at most 3 atoms are representable.
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2. The anti-Monk algebra M∈ RRA.

Exercise: Show that if (X,λ) is any representation of M, then X is
infinite. This is perhaps surprising. The obvious way of forcing a finite
relation algebra to have only infinite representations is to include a
relation < like the one in K, whose algebraic properties force it to be
interpreted as a dense linear order. But M is finite and symmetric.

4 Infinite relation algebras

Games can still be used to characterise representability of infinite relation
algebras. But there are some issues that need dealing with first.

4.1 Complete representations

Recall that a relation algebra is atomic if every non-zero element of it lies
above an atom. All finite relation algebras are atomic, but not all infinite
relation algebras are — indeed, some have no atoms at all. Even the atomic
ones need care. Lemma 3 holds for infinite algebras, but Lemma 4 does not:
not all ultrafilters of an infinite relation algebra, even an atomic one, are
principal. So we cannot assume that in a representation of such an algebra,
we can associate an atom with every edge in the representation.

Let us start by picking out the representations where we can associate
atoms to edges.

Definition 9. A representation h of a relation algebra A is said to be
a complete representation if h−1(x, y) is a principal ultrafilter of A — it
contains an atom of A — for every x, y ∈ X.

Complete representations are special kinds of representations. It is not
hard to show that in the above notation,

Theorem 10 (Hirsch, Hodkinson, [HirHod02a, Theorem 2.21]). A
representation h is a complete representation just in case h preserves all
existing infima and suprema in A: i.e., if S ⊆ A, and S has a least upper
bound a ∈ A (with respect to ≥), then

h(a) =
⋃

s∈S

h(s) ⊆ X ×X,

and similarly for greatest lower bounds.

This property gave rise to the name ‘complete representation’. Any rep-
resentation of a finite relation algebra is complete. A model-theoretic sat-
uration argument will easily show that any infinite representable relation
algebra has incomplete representations. So for infinite relation algebras, the
question of interest is whether they have any complete representation at all.
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Definition 11. A relation algebra is said to be completely representable if
it has a complete representation. We write CRA for the class of completely
representable relation algebras.

It is not hard to see that any completely representable relation algebra
must be atomic. It’s easy to find non-atomic representable relation algebras,
and these cannot have any complete representation. But in fact, there are
even atomic relation algebras that have a representation but don’t have a
complete representation. They are representable, but not completely repre-
sentable. The first such relation algebra was given by Lyndon in [Lyn50],
though it was not recognised as such at the time.

Games can help to analyse complete representations. We can generalise
the game Gn(A) seen earlier to a game Gκ(A) with κ rounds, where κ is
any cardinal. Then we can prove

Theorem 12. Let A be any atomic relation algebra. If A is completely
representable, then ∃ has a winning strategy in Gκ(A) for any κ. If ∃ has
a winning strategy in Gκ(A) for κ = |AtA| + ℵ0, then A is completely
representable.

There is also an approximate characterisation of complete representabil-
ity, generalising Theorem 6:

Theorem 13 (Hirsch, Hodkinson, [HirHod97b, HirHod02a]). For
any atomic relation algebra A, the following are equivalent:

1. The player ∃ has a winning strategy in Gn(A) for all finite n,
2. A is elementarily equivalent to (i.e., satisfies the same first-order sen-

tences as) some completely representable relation algebra.

It is easily seen that the class CRA of completely representable relation
algebras is pseudo-elementary (see [ChaKei90, Exercise 4.1.17] and [Hod93,
§ 5.2] for information about pseudo-elementary classes). However, there
are many negative results about it. [HirHod97b] and [HirHod02a] used
game-inspired relation algebras to show that CRA is not elementary (it
is not definable by any set of first-order sentences). By Theorem 2, it is
not definable by a second-order (or higher-order) sentence, or a sentence
of fixed-point logic. The completely representable relation algebras with
countably many atoms can be characterised using the infinitary logic L∞ω,
using Theorem 12 (this was observed by Väänänen at the meeting). But
the countability assumption is necessary: there are atomic relation algebras
A,B, the former with uncountably many atoms, that agree on all L∞ω-
sentences, with B completely representable and A not.1 So CRA is not
definable by a sentence of L∞ω.

1In the notation of [HirHod02a, Theorem 17.25], take A = AKω1
,Kω

and B = AKω,Kω
.
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4.2 Games and representations for infinite relation algebras

So much for complete representations. What about arbitrary ones? Can we
use games to test whether an infinite relation algebra is representable?

Our game characterisation of the finite representable relation algebras in
Theorem 6 relied on every edge in a representation being labelled by an
atom — i.e., on completeness of the representation. For infinite relation
algebras, which may not have complete representations, this is not going to
work.

There are two ways out of this difficulty. We can modify the games
to handle arbitrary (complete or incomplete) representations. One of the
changes is that player ∀ will choose arbitrary elements of the algebra, not
just atoms. Then, we can use universal algebra to turn the σn of Theo-
rem 6 into equations. This gives an equational axiomatisation of RRA.
The method is very close to one of Lyndon from [Lyn56]. For details, see
[HirHod97a, HirHod02a].

Alternatively, we can take advantage of canonical extensions.

Definition 14. The canonical extension Aσ of a relation algebra A is a
special relation algebra formed from the set Uf A of all ultrafilters of A. Its
boolean part is just the full power set algebra (℘(Uf A),∪, \,∅,Uf A). So
Aσ is atomic. We will identify an atom {α}, consisting of a single ultrafilter
α, with the ultrafilter α itself. So the atoms of Aσ are essentially the
ultrafilters of A. Then:

• The atoms ≤ 1
,

(in the sense of Aσ) are precisely the ultrafilters
containing 1

,
(in the sense of A).

• The converse of an atom (ultrafilter) α is the ultrafilter consisting of
the converses of all the elements of α: in symbols, ᾰ = {ă : a ∈ α}.
(The relation algebra axioms ensure that this is an ultrafilter.)

• A triple (α, β, γ) of ultrafilters is consistent just when every triple
(a, b, c) of elements of A taken from them (i.e., a ∈ α, b ∈ β, c ∈ γ)
satisfies the consistency condition (a ; b) · c 6= 0. This generalises the
consistency condition for atoms given in § 2. It is equivalent to say
that a ; b ∈ γ whenever a ∈ α and b ∈ β.

Apart from some changes in notation, this definition is due to Jónsson and
Tarski [JónTar51, JónTar52], and it generalises Stone’s related construction
for boolean algebras [Sto36]. Any relation algebra A has a canonical exten-
sion Aσ, and A embeds in Aσ via a 7→ {α : α an ultrafilter of A, a ∈ α}.
For finite A, we have A ∼= Aσ. Thus, the following generalises Theorem 6:
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Theorem 15. A relation algebra A is representable if and only if ∃ has a
winning strategy in Gn(Aσ) for all finite n.

Proof. ⇒: In an important result, Monk proved that if A is representable
then Aσ is representable. (Monk did not publish it; his result is reported
in his student McKenzie’s Ph.D. dissertation [McK66].) In fact, it can even
be shown that if A is representable then Aσ is completely representable
[HirHod02a, Theorem 3.36]. So by Theorem 12, ∃ has a winning strategy
in Gn(Aσ) for all finite n.
⇐: Assume that ∃ has a winning strategy in Gn(Aσ) for all finite n.

By Theorem 13, Aσ is elementarily equivalent to some (completely) repre-
sentable relation algebra B. Up to isomorphism, A is a subalgebra of Aσ.
We saw in Section 1 that RRA is a variety, and so is closed under elemen-
tary equivalence and under taking isomorphic copies of subalgebras. So we
obtain A ∈ RRA as required. q.e.d.

This means that we can still use the games Gn to characterise repre-
sentability. We just need to play on the canonical extension, not the rela-
tion algebra itself. (For finite algebras A, this makes no difference, since
Aσ ∼= A.) This characterisation of representability is perhaps not intrinsic,
since it uses the canonical extension; but it is still useful.

5 Infinite atom structures

Recall from Section 2 that for an atomic relation algebra, if we know the
value of the relation algebra operators applied to atoms, then we can deter-
mine these operators on arbitrary elements. For an atomic relation algebra
A, we call

AtA =
(

AtA, {a ∈ AtA : a ≤ 1
,
}, {(a, ă) : a ∈ AtA},

{(a, b, c) : a, b, c ∈ AtA, a ; b ≥ c}
)

the atom structure of A. A tuple S = (S, I, f, C) is called an atom structure
if it is the atom structure of some atomic relation algebra. It is not hard
to derive from the relation algebra axioms a first-order sentence expressing
that S is an atom structure. We used atom structures in Section 2 as a kind
of notational device to allow us to present finite relation algebras more con-
cisely. They certainly serve this function, but in some ways it is with infinite
atomic relation algebras that connections between the representability of an
algebra and the properties of its atom structure become most interesting.

Any atomic relation algebra uniquely determines its atom structure, but
once we move away from finite relation algebras, we see that there can
be many relation algebras possessing the same atom structure but with
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different (non-isomorphic) boolean structures. The boolean structure of A
(i.e., which suprema of sets of atoms exist in A), together with the atom
structure, determine A up to isomorphism. Informally, we have

atomic relation algebra = atomic boolean algebra + atom structure.

Now all boolean algebras are representable, but the representability problem
for relation algebras is highly non-trivial. So we might surmise that the
difficulties in representing an (atomic) relation algebra reside in its atom
structure. More precisely, we might guess that whether an atomic relation
algebra is representable or not is determined by its atom structure. For
complete representations, in which all edges are labelled by atoms, this is
of course true (though the ‘completely representable atom structures’ are
at least as hard to characterise as the completely representable relation
algebras). But for arbitrary representations, it is not so clear.

What are the possible atomic relation algebras with a given atom struc-
ture? At one end of the spectrum we can define the complex algebra CmS
of an atom structure S. This is the biggest atomic relation algebra whose
atom structure is S. Its domain is the full power set of the domain of S,
and the relation algebra operations are determined by the atom structure.
If the cardinality of the atom structure S is λ then CmS has cardinality
2λ. At the other end of the spectrum, the term algebra TmS is the smallest
atomic relation algebra whose atom structure is S. It is the subalgebra of
CmS generated, using the relation algebra operations, by the atoms. The
cardinality of the term algebra is λ, for infinite atom structures. It is easily
seen that if A is an atomic relation algebra with AtA = S, then up to
isomorphism, A is a subalgebra of CmS and TmS is a subalgebra of A.

So we may distinguish two types of representability for atom structures.
An atom structure is weakly representable if it is the atom structure of
some atomic representable relation algebra. An atom structure is strongly
representable if every atomic relation algebra with that atom structure is
representable. Since any subalgebra of a representable relation algebra is
also representable, we can easily see that:

Theorem 16.

1. An atom structure is weakly representable if and only if its term al-
gebra is representable.

2. An atom structure is strongly representable if and only if its complex
algebra is representable.

For finite atom structures, the term algebra is the same as the complex
algebra, so weak and strong representability coincide. Several questions
immediately present themselves:
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• Is representability of an atomic relation algebra determined by its
atom structure? That is, could an (infinite) atom structure be weakly
representable but not strongly representable?

• Is the class of weakly representable atom structures elementary?

• What about the class of strongly representable atom structures?

• Can we define either class with finitely many axioms?

The last question is easily dealt with: by Theorem 2, there can be no finite
axiomatisation of either class. Also, since RRA is a variety, a result of
[Ven97a] shows that the class of weakly representable atom structures is
elementary.

The other questions are more tricky. To help us answer them, we look at
a class of interesting atom structures obtained from graphs.

5.1 Graphs and relation algebras

By a graph, we mean an irreflexive symmetric ‘edge’ relation on a finite or
infinite set of ‘nodes’. A set I of nodes of a graph is said to be independent
if no two nodes in I are connected by a graph edge. For finite k, a k-
colouring of a graph is a partition of its nodes into at most k independent
sets. The chromatic number of a graph is the least finite k for which it has
a k-colouring, and if there is no such k then the chromatic number is ∞.

Given a graph Γ, we can make an atom structure S(Γ) = (S, I, f, C)
whose atoms are red, blue, and green copies of each node of Γ, plus 1

,
as an

extra atom. That is, the set of atoms is

S = {rx, gx, bx : x ∈ Γ} ∪ {1
,
}.

(Here and below, if Γ is a graph, we also let Γ denote its set of nodes.) The
set I of sub-identity atoms is just {1

,
}. The converse function f leaves each

atom fixed — S(Γ) is symmetric. To define C, we stipulate that all triples
of atoms are consistent (included in C) except the following:

• Peircean transforms of (1
,
, a, a′) for a 6= a′,

• monochromatic triples of nodes forming an independent set in Γ —
i.e., triples (rx, ry, rz) where {x, y, z} ⊆ Γ is independent, and similarly
for green and blue.

It turns out, for any graph Γ, that Cm(S(Γ)) is a simple relation algebra
(to prove associativity of composition we need to take advantage of the
three colours), and so S(Γ) is a genuine relation algebra atom structure.
Surprisingly, perhaps, its strong representability is entirely determined by
the chromatic number of Γ, in the case where Γ is infinite:
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Theorem 17 (Hirsch, Hodkinson, [HirHod02b, HirHod02a]). For
any infinite graph Γ, the relation algebra Cm(S(Γ)) is representable if and
only if Γ has chromatic number ∞.

Proof. First, some notation: if Z ⊆ Γ, we let rZ = {rz : z ∈ Z}, and
similarly we define gZ , bZ . Note that these are all in CmS(Γ), since the
domain of the complex algebra is the full power set of the set of atoms.

⇒: Suppose that h : CmS(Γ) → Re(X) is a representation. As usual, we
write +, ·, ; for the operations of CmS(Γ), and ∪,∩, | for those of Re(X).

Supposing, for contradiction, that Γ has finite chromatic number, its set
of nodes can be partitioned into independent sets I0, . . . , In−1 for some finite
n. Clearly, in CmS(Γ) we have

1
,
+ rI0 + gI0 + bI0 + · · ·+ rIn−1

+ gIn−1
+ bIn−1

= 1.

Now h respects +: we have h(a+ b) = h(a) ∪ h(b), for any a, b ∈ CmS(Γ),
and this extends by induction to sums of any finite length. So for any
distinct x, y ∈ X, since (x, y) 6∈ h(1

,
), we know that (x, y) ∈ h(cIk

) for some
k < n and some colour c ∈ {r, g, b}.

Observe that X must be infinite (since S(Γ) is). So it follows from
Ramsey’s Theorem [Ram30] that there are distinct xi ∈ X (i < ω) and
some element a ∈ CmS(Γ) of the form cIk

for some colour c and k < n,
such that (xi, xj) ∈ h(a) for all i < j < ω. So (x0, x2) ∈ h(a). Also,
(x0, x1), (x1, x2) ∈ h(a), so that (x0, x2) ∈ h(a)|h(a). Now h is a represen-
tation, so it respects all the algebra operations. We deduce that

(x0, x2) ∈ h(a) ∩ (h(a)|h(a)) = h(a · (a ; a)).

But for any nodes p, q, s ∈ Ik, we know that {p, q, s} is an independent
subset of Γ (since Ik is), and so (cp, cq, cs) is not a consistent triple of atoms
in S(Γ). Because ‘;’ in CmS(Γ) is defined additively from the atoms, we
have

a ; a =
∑

p,q∈Ik

cp ; cq =
{
s ∈ S(Γ) : ∃p, q ∈ Ik((cp, cq, s) is consistent)

}
.

It is clear that the ‘s’ here cannot lie in a, so a · (a ; a) = 0, and (x0, x2) ∈
h(0) = ∅. This is impossible.

⇐: Assume Γ has infinite chromatic number. We’ll show that ∃ has
a winning strategy in the game Gω((CmS(Γ))σ) played on the canonical
extension (CmS(Γ))σ (see Definition 14), and hence by Theorem 15 that
CmS(Γ) is representable.
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Call a set X of nodes of Γ small if the induced subgraph of Γ on the set
of nodes X has finite chromatic number. Call a set large if its complement
is small. Then the set of all nodes is large, any superset of a large set is
large, and the intersection of two large sets is still large (because the union
of two small sets is small). By assumption, Γ itself is not small, so ∅ is not
large. Now, using Zorn’s lemma or the boolean prime ideal theorem, for
each colour c ∈ {r, g, b} the set

{cL : L ⊆ Γ, L large}

of c-coloured copies of large sets can be extended to an ultrafilter µc of
CmS(Γ) — i.e., an atom of the canonical extension (CmS(Γ))σ, if we
identify µc with {µc} again. If Z ⊆ Γ and cZ ∈ µc, then Z is not small, and
so in particular, not independent.

The three atoms µr, µg, µb are very useful for ∃ when playing the game
Gω((CmS(Γ))σ). In fact, they allow her to win it. First, a little calculation
will establish that any triangle in a network with two edges labelled with
the same µc is consistent:

(∗) Let γ be any ultrafilter of CmS(Γ), and let c ∈ {r, g, b} be given. Then
(µc, µc, γ) is a consistent triple of atoms of (CmS(Γ))σ.

This is clear if {1
,
} ∈ γ. Assume that {1

,
} /∈ γ. Take X,Y ∈ µc and

Z ∈ γ. Then (by Definition 14) we need to find x ∈ X, y ∈ Y , and
z ∈ Z such that (x, y, z) is a consistent triple of atoms in S(Γ). We
can replace these sets by smaller ones in their ultrafilters; so we can
suppose that X = Y ⊆ cΓ. Now, X has the form cX′ for some X ′ ⊆ Γ.

But cX′ ∈ µc, so as we saw, X ′ cannot be independent. Let p, q ∈ X ′

be connected by an edge of Γ. Then cp ∈ X, cq ∈ Y . We know that Z
cannot be {1

,
} or ∅; take z ∈ Z with z 6= 1

,
. Then by the definition

of S(Γ), (cp, cq, z) is consistent.

Now let us see how ∃ can win the game Gω((CmS(Γ))σ). Suppose that in
some round, the current network is N , and ∀ picks nodes x, y ∈ N and atoms
(ultrafilters) α, β. If ∃ has to extend the network, we will have {1

,
} /∈ α, β.

Now since in CmS(Γ) we have {1
,
}+ rΓ + gΓ + bΓ = 1, any ultrafilter must

contain one of these four sets — in fact, exactly one, since they are pairwise
disjoint. So there are c, c′ ∈ {r, g, b} such that cΓ ∈ α and c′Γ ∈ β. Since we
have three colours, ∃ can pick a colour c′′ /∈ {c, c′} (this is chiefly why we
introduced three colours). Then the following holds:

(∗∗) For any ultrafilter γ not containing {1
,
}, the triples (α, µc′′ , γ) and

(β, µc′′ , γ) are consistent triples of atoms of (CmS(Γ))σ.
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This is simply because if X ∈ α, Y ∈ µc′′ , and Z ∈ γ, we can find
x ∈ X of colour c, y ∈ Y of colour c′′, and z ∈ Z with z 6= 1

,
.

The triple (x, y, z) is not monochromatic, so it is a consistent triple in
S(Γ). So by Definition 14, (α, µc′′ , γ) is consistent, as claimed. The
argument for (β, µc′′ , γ) is similar.

The player ∃ lets the new network be N ′ with new node z. She labels
N ′(z, t) = N ′(t, z) = µc′′ for each node t of N with t 6= x, y.
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Then N ′ is a network. We check consistency of triangles in N ′. The
Peircean law in (CmS(Γ))σ ensures that it is enough to check a triangle
in any single orientation. The triangle xyz is consistent, because ∀’s move
is assumed legal. Pick any t ∈ N other than x, y. As t 6= x, y, we have
{1

,
} /∈ N(x, t), N(y, t) (cf. Definition 5). So by (∗∗) above, the triangles

txz and tyz are consistent. For any t, t′ ∈ N other than x, y, triangle
tt′z is consistent by (∗) above. All other triangles lie in N and so are
(inductively) consistent. Other checks are straightforward. So this gives a
winning strategy for ∃ in the game. q.e.d.

Corollary 18. S(Γ) is strongly representable iff Γ has infinite chromatic
number (for any infinite graph Γ).

Proof. By Theorems 16 and 17. q.e.d.

5.2 Applications

The corollary allows us to translate problems about atom structures into
problems about graphs. Graphs seem easier to work with, and far more is
known about them.

If we replace CmS(Γ) by a subalgebra (e.g., TmS(Γ)), the left-to right
implication in Theorem 17 can fail. Even if the nodes of Γ can be partitioned
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into independent sets I0, . . . , In−1 for some finite n, it might be that the
element {cx : x ∈ Ik} does not belong to the algebra, for some k < n and
some colour c. Indeed, taking the graph Z with nodes Z and edges between
consecutive integers only, a not too difficult exercise shows that the term
algebra TmS(Z) is indeed representable, though the chromatic number of
Z is just two. (The first part of the exercise is to calculate exactly which
sets of atoms are generated using the relation algebra operations.) Thus,
S(Z) is weakly but (by Corollary 18) not strongly representable, and we
conclude:

Theorem 19. There exist weakly but not strongly representable atom
structures.

A more complicated sequence of graphs is derived from finite graphs
Gn (n < ω) constructed probabilistically by Erdős [Erd59]. Each Gn has
chromatic number at least n, and no cycles of length n or less. Here, a cycle
is a sequence x1, . . . , xl of distinct nodes with (x1, x2), . . . , (xl−1, xl), and
(xl, x1) all being graph edges. The length of this cycle is l.

We can use this wonderful construction in graph theory to answer the last
remaining question from those listed above. We set Γk to be the disjoint
union of the graphsGn for all n > k. Each Γk has infinite chromatic number,
but an ultraproduct Γ of the Γk has no cycles, and hence (by well known
graph theoretic work: see, e.g., [Die97]) chromatic number just two. It
follows from Corollary 18 that every S(Γk) is strongly representable, but an
ultraproduct S(Γ) of them is not strongly representable. (S(−) commutes
with taking ultraproducts.) By  Loś’s theorem (see [Hod93, Theorem 9.5.1]
or [ChaKei90, Theorem 4.1.9]), any first-order sentence true in all the S(Γk)
must also be true in S(Γ). We conclude that:

Theorem 20. The class of strongly representable atom structures is not
elementary: it cannot be defined by any set of first-order axioms.

Probabilistic constructions of graphs have been useful for relation alge-
bras on other occasions. For example, in Theorem 15 we mentioned Monk’s
result that if A is a representable relation algebra then so also is its canoni-
cal extension Aσ. So RRA is closed under taking canonical extensions, and
we say that it is a canonical variety. But does it have an axiomatisation
by equations ε that are individually canonical, in the sense that for any
relation algebra A, if A |= ε then Aσ |= ε? The answer is ‘no’: [HodVen05]
uses a probabilistic graph construction and a ‘local’ variant of Theorem 17
to show that:

Theorem 21. Every first-order axiomatisation of RRA has infinitely many
non-canonical sentences.
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Similar considerations led to a proof [GolHodVen04, GolHodVen03] that
not every canonical variety is generated by an elementary class of frames,
solving a problem of Fine in modal logic [Fin75]. More details of these
and other related results can be found in [HirHod02b, HodVen05] and
[HirHod02a, Chapter 14].

6 Games in algebraic logic: pros and cons

Games have made a substantial contribution to our understanding of rela-
tion algebras. The idea has many precursors, notably in the seminal paper
of Lyndon [Lyn50]. Let us end with a rundown of the pros and cons of using
games in relation algebras and algebraic logic generally.

6.1 Pros

1. Games provide a simple practical test for representability. (They are
also very useful for theoretical purposes, as we saw in Theorem 17.)

2. Games can be used to produce axioms as well (with care, they some-
times even yield finite axiomatisations).

3. Sometimes, a winning strategy can be extracted and used for other
things, such as decidability, complexity, finite model property.

4. Games on relation algebras generalise to games for other kinds of alge-
bras of relations, such as complex algebras (see, e.g., [HodMikVen01]).

5. Most importantly in our view, games can suggest some fairly sophisti-
cated constructions of relation algebras. These can be used to prove:

(a) RRA is not finitely axiomatisable (first proved in [Mon64], not
using games).

(b) RRA is not axiomatisable by equations using finitely many vari-
ables altogether ([Jón91], although the result was stated by Tarski
in a video made in 1975).

(c) RRA is not closed under Monk completions [Hod97]: the ex-
ample TmS(Z) above shows this, since its completion is isomor-
phic to CmS(Z). Hence, RRA is not Sahlqvist-axiomatisable
[Ven97b].

(d) In first-order logic, more 3-variable sentences are provable with
n+ 1 variables than with n variables, for all n ≥ 3.
See [HirHodMad02a] and for the link to games and relation al-
gebras, see [HirHodMad02b].

(e) For a finite relation algebra A, it is undecidable whether A ∈
RRA [HirHod02a].

(f) RRA is canonical (Monk), but any first-order axiomatisation of
it has infinitely many non-canonical axioms [HodVen05].
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6.2 Cons

We use games as a construction method, essentially forcing, to build repre-
sentations of relation algebras. In general, the representations so obtained
are infinite. These games are not good at building finite representations.

For example, suppose that A is a finite relation algebra with a ‘flexible
atom’, f , say. This means that (a, b, f) is consistent for all atoms a, b 6= 1

,
.

The game Gω(A) shows that A is representable: ∃ can win by using f to
label network edges wherever needed, and it will always be consistent to do
so.

Problem 22 (Maddux). Must such an A have a finite representation?

There is a general issue here: find ways of constructing finite representa-
tions. Can we combine games with, e.g., probabilistic constructions?

Some algebraic logicians avoid games and prefer the traditional ‘step by
step’ approach, enumerating the requirements of a construction and dealing
with them one by one. Certainly, games are not needed in simple cases, but
when the going gets tougher we believe that they are invaluable, and they
bring their own insights. The feeling that games are in some way undignified
is addressed by Hodges, who comments:

‘The notion of a game has to do with people acting together, setting them-
selves and each other tasks. As a result, game-theoretic versions of math-
ematical ideas often have a direct intuitive appeal when compared with
more formalistic treatments. In the period 1900–1950 logic was fighting to
establish itself as a serious branch of mathematics, and if you want your
mathematics to be serious you don’t start by talking about people setting
up competitions or exercise sessions. Today logic has won its battle for
recognition, and [we] can afford to make intuitiveness one of [our] chief
aims.’ [HirHod02a, p. vii]
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Graphs Resolve Fine’s Canonicity Problem, Bulletin of Sym-
bolic Logic 10 (2004), p. 186–208

[HenMonTar71] Leon Henkin, J. Donald Monk, and Alfred Tarski, Cylindric
Algebras, Part I, North-Holland 1971

[HirHod97a] Robin Hirsch and Ian Hodkinson, Axiomatising Various Classes
of Relation and Cylindric Algebras, Logic Journal of the IGPL
5 (1997), p. 209–229

[HirHod97b] Robin Hirsch and Ian Hodkinson, Complete Representations in
Algebraic Logic, Journal of Symbolic Logic 62 (1997), p. 816–
847

[HirHod02a] Robin Hirsch and Ian Hodkinson, Relation Algebras by Games,
North-Holland 2002 [Studies in Logic and the Foundations of
Mathematics 147]

[HirHod02b] Robin Hirsch and Ian Hodkinson, Strongly Representable Atom
Structures of Relation Algebras, Proceedings of the American
Mathematical Society 130 (2002), p. 1819–1831

[HirHodMad02a] Robin Hirsch, Ian Hodkinson, and Roger D. Maddux, Prov-
ability with Finitely Many Variables, Bulletin of Symbolic
Logic 8 (2002), p. 348–379

[HirHodMad02b] Robin Hirsch, Ian Hodkinson, and Roger D. Maddux, Rela-
tion Algebra Reducts of Cylindric Algebras and an Application to
Proof Theory, Journal of Symbolic Logic 67 (2002), p. 197–213

[Hod93] Wilfrid Hodges, Model Theory, Cambridge University Press 1993
[Encyclopedia of mathematics and its applications 42]

[Hod97] Ian Hodkinson, Atom Structures of Cylindric Algebras and Re-
lation Algebras, Annals of Pure and Applied Logic 89 (1997),
p. 117–148

[HodMikVen01] Ian Hodkinson, Szabolcs Mikulás, and Yde Venema, Axiom-
atizing Complex Algebras by Games, Algebra Universalis 46
(2001), p. 455–478

[HodVen05] Ian Hodkinson and Yde Venema, Canonical Varieties With
No Canonical Axiomatisation, Transactions of the American
Mathematical Society 357 (2005), p. 4579–4605

[Jón59] Bjarni Jónsson, Representation of Modular Lattices and of Rela-
tion Algebras, Transactions of the American Mathematical
Society 92 (1959), p. 449–464

[Jón91] Bjarni Jónsson, The Theory of Binary Relations, in:
[AndMonNém91, p. 245–292]

[JónTar51] Bjarni Jónsson and Alfred Tarski, Boolean Algebras with Oper-
ators I, American Journal of Mathematics 73 (1951), p. 891–
939

[JónTar52] Bjarni Jónsson and Alfred Tarski, Boolean Algebras with Oper-
ators II, American Journal of Mathematics 74 (1952), p. 127–
162



184 Robin Hirsch and Ian Hodkinson

[Kan75] Stig Kanger (ed.), Proceedings of the 3rd Scandinavian Logic
Symposium, Uppsala, Sweden, April 9-11, 1973, North Holland
1975

[Kra+97] Marcus Kracht, Maarten de Rijke, Heinrich Wansing, and
Michael Zakharyaschev, Advances in Modal Logic, volume 1,
Proceedings of the 1st International Workshop on Advances in
Modal Logic, Berlin, Germany, October 8-10, 1996, CSLI Publi-
cations 1997

[Lyn50] Roger C. Lyndon, The Representation of Relational Algebras,
Annals of Mathematics 51 (1950), p. 707–729

[Lyn56] Roger C. Lyndon, The Representation of Relation Algebras II,
Annals of Mathematics 63 (1956), p. 294–307

[Lyn61] Roger C. Lyndon, Relation Algebras and Projective Geometries,
Michigan Mathematics Journal 8 (1961), p. 21–28

[Mad83] Roger D. Maddux, A Sequent Calculus for Relation Algebras,
Annals of Pure and Applied Logic 25 (1983), p. 73–101

[Mad89] Roger D. Maddux, Non-Finite Axiomatizability Results for
Cylindric and Relation Algebras, Journal of Symbolic Logic
54 (1989), p. 951–974

[Mad91] Roger D. Maddux, The Origin of Relation Algebras in the Devel-
opment and Axiomatization of the Calculus of Relations, Studia
Logica 50 (1991), p. 421–455

[McK66] Ralph N. McKenzie, The Representation of Relation Algebras,
PhD thesis, University of Colorado at Boulder, 1966

[Mon64] J. Donald Monk, On Representable Relation Algebras, Michigan
Mathematics Journal 11 (1964), p. 207–210

[Pei33] Charles S. Peirce, Collected Papers, edited by Charles Hartshorne
and Paul Weiss, Harvard University Press 1933

[Ram30] Frank P. Ramsey, On a Problem of Formal Logic, Proceedings
of London Mathematical Society 30 (1930), p. 264–286
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abstract. In this survey paper, we are addressing two central
questions about the foundations of game theory (why equilibrium
and which equilibrium) within the dynamic evolutionary framework,
paying speical attention to the behavioural rules (the type space) in
each population and their possible evolution.

1 Introduction

Two questions central to the foundations of game theory are [Sam02]:

1. Why equilibrium? Should we expect Nash equilibrium play (players
choosing best response strategies to the choices of others)?

2. If so, which equilibrium? Which of the many Nash equilibria that arise
in most games should we expect?

To address the first question the classical game theory approach employs
assumptions that agents are rational and they all have common knowledge
of such rationality and beliefs. For a variety of reasons there has been wide
dissatisfaction with such an approach. One major concern has to do with
the plausibility and necessity of rationality and the common knowledge of
rationality and beliefs. Are players fully rational, having unbounded com-
puting ability and never making mistakes? Clearly, they are not. Moreover,
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the assumption of common (knowledge of) beliefs begs another question as
to how players come to have common (knowledge of) beliefs. As we shall
see in later discussion, under a very broad range of situations, a system may
reach or converge to an equilibrium even when players are not fully rational
(boundedly rational) and are not well-informed. As a result, it may be,
as Samuelson points out, that an equilibrium appears not because agents
are rational, “but rather agents appear rational because an equilibrium has
been reached. [Sam97]”

The classical approach has also not been able to provide a satisfactory
solution to the second question on selection among multiple equilibria that
commonly arise. The equilibrium selection problem is particularly acute
when the game has many strict Nash equilibria. This is because such equi-
libria are robust with respect to small perturbations and as a result they
survive most refinements of Nash equilibrium proposed in the classical ap-
proach (one possible exception is [HarSel88]). Such dissatisfaction with the
classical approach has spurred the emergence of the evolutionary approach.

Since Maynard Smith and Price [MayPri73, May82] proposed a new way
of thinking about the evolution of animal behavior, sex and population ge-
netics, evolutionary game theory has enjoyed a vibrant development. In the
last 20 years, game theorists (longer for mathematical biologists) have ad-
dressed these questions in the context of evolutionary/learning frameworks.
The hope has been that such an evolutionary approach can provide: first, a
justification for Nash equilibrium (by coordinating beliefs so that they are
consistent with strategies); second, new insights into which equilibrium will
be played.

The biological idea behind the evolutionary approach is that more suc-
cessful players/strategies will have a better chance to survive or prosper in
the population. One typical mechanism consistent with the concept is repli-
cator dynamics in which the population frequency for each strategy changes
as a function of the difference between the performance of the strategy and
that of the population average. Replicator dynamics are too specific to
capture complex human behaviour, however. To better fit human environ-
ments, other dynamics such as monotonic dynamics that include replicator
dynamics as a special case have been proposed (see below for the definition
of the different dynamics). Such selection dynamics in human setting rep-
resent the process of learning and imitation (the adjustment rules) of the
individuals. We shall give a detailed discussion on these dynamics in the
next section.

In this paper, we would like to survey some of the literature on the
two questions (why equilibrium and which equilibrium) within the dynamic
evolutionary framework, paying special attention to the behavioural rules
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(the type space) in each population and their possible evolution. What
follows will not be an exhaustive survey. There are some excellent textbooks
and surveys on evolutionary game theory.1

In the first part, we shall discuss the conditions under which a determin-
istic evolutionary dynamics process converges to a Nash equilibrium and
potential failure for such convergence. The dynamics in these models are
usually determined by some fixed behavioural rule that all agents follow (for
example reinforcement learning, imitation, best response, fictitious play).

We focus on Nash equilibrium because firstly it is the central equilibrium
concept in non-cooperative games and secondly, in evolutionary models,
irrespective of the particular dynamics (adjustment rules agents have), there
is strong justification for Nash equilibria in terms of the steady states of
these systems and their local dynamics. On the other hand, as Hofbauer
and Sigmund point out, “a central result on general ‘adjustment dynamics’
shows that every reasonable adaptation process will fail, for some games,
to lead to a Nash equilibrium [HofSig03]” globally. We shall briefly outline
Hart and Mas-Colell’s explanation for the lack of global convergence to Nash
equilibria in such set-ups [HarMas03]. However, almost all deterministic
evolutionary models that have looked at the issue of convergence to Nash
have considered dynamics in which all agents adopt one fixed behavioural
rule. We shall also consider the question of convergence to Nash when
multiple rules coexist, agents can adopt different rules and the selection is
at the level of rules. Here, we will argue that convergence to Nash may be
easier to establish if the set of rules allowed are sufficiently rich.

In the second part of this paper, we shall address the “which equilibrium”
question by introducing small perpetual random shocks to the evolutionary
dynamics in finite populations. This approach has been very successful in
selecting between different strict Nash equilibria in specific applications.
However, with this approach, it turns out that the specific equilibria se-
lected depend very much on the adjustment rules allowed. For example,
best response dynamics seems to select the risk dominant equilibrium in a
2 × 2 coordination game [KanMaiRob93, You93a] while the imitation one
seems to favour the efficient equilibrium [RobVeg96]. Therefore, to answer
the “which equilibrium” question, we need to explore the dynamics in which
multiple rules coexist and compete with each other. This is important not
only for addressing the question of equilibrium selection but also because in
a world with heterogeneous individuals it is not plausible that a single ad-
justment rule can capture all important properties of human behaviour. As
Young points out, “we would guess that people adapt their adaptive behav-

1E.g., [FudLev98], [HofSig98], [HofSig03], [Sam97], [Veg96], [Veg03], [Wei95], and
[You98].
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ior according to how they classify a situation (competitive or cooperative,
for example) and reason from personal experience as well as from knowledge
of others’ experiences in analogous situations. In other words, learning can
be very complicated indeed. [You98, p. 29]” For the most of this section we
compare the issue of equilibrium selection in the context of specific games
for the different dynamics/rules. We then conclude the paper by considering
some specific models with small perpetual random shocks in which multiple
rules coexist, and in particular we discuss some of the justification provided
for some specific rules such as the imitation one.

2 Why Equilibrium? Deterministic Evolutionary
Models

The standard evolutionary game with discrete or continuous time con-
sists of n large (often infinite) populations of myopic and unsophisticated
agents playing some underlying one-shot (normal form) N -player game G =
(Ai, πi)

n
i=1 infinitely often, where, for each player i = 1, .., n, Ai is a finite

set of (pure) strategies (henceforth also called actions) and πi :
∏
iAi → R

is the payoff function at each date.
Each population i consists of a set of (countable) types. In the most

of the literature a type in population i is usually identified with an action
ai ∈ Ai in the one-shot game G. That is, he is programmed to always
execute ai.

Before describing the dynamics, we introduce some standard definitions.
Let A ≡

∏
iAi be the set of action profiles for the one-shot game. We adopt

the convention that for any profile y = (y1, .., yn), y−i refers to y without its
ith component. Next, for any strategy profile a ∈ A, let Bi(a) = {a′i ∈ Ai |
πi(a

′
i, a−i) ≥ πi(a

′′
i , a−i) ∀a

′′
i ∈ Ai} be the set of best responses for i given

a. Then a profile of strategies a∗ ∈ A is a Nash equilibrium if a∗i ∈ Bi(a
∗)

for all i. A Nash equilibrium a∗ ∈ A is strict if Bi(a
∗) is unique for all i.

Similarly, we can define a Nash equilibrium for the game G in the space of
mixed strategies.

Dynamics. At each date t each member of population i is randomly
matched with one member of every other population to play the game G
and receives a payoff depending on his action and the actions taken at t by
those with whom he is matched.

Time could be discrete and with t = 0, 1, 2, ... or continuous where t ∈
[0,∞).2 At each date t the state of the system is the proportion (probability)

2Since any dynamic evolutionary system involves playing a one-shot game infinitely
often, such models, by definition, have an infinite aspect about them. In addition to this
infinity of the time horizon, in this survey paper we also consider cases in which the size
of the population, the set of types and/or strategies are infinite.



Evolutionary Game Theory 191

of each type/strategy/action in each population; thus it can be described
by n probability distributions P ti = {P ti (ai)}ai∈Ai

where P ti (ai) denotes the
proportion (probability) of strategy ai in population i at date t. The state
of the system evolves according to some dynamics describing selection (and
mutation in models with randomness). In the discrete case, the dynamics
(with no mutation) is given by

P t+1 = Γ(P t) (1)

where P t = (P t1 , .., P
t
n). With continuous time the law of motion is described

by
.

P t = Γ(P t) (2)

The selection dynamics for the case of discrete time are such that at
each t + 1 the proportion of each strategy changes as a function of how
well the type has done on average at t, in terms of payoff, relative to the
payoff of the other strategies. Note that the proportions at each date t+ 1
has a stringent Markovian property of depending only on the environment
(payoffs) in the previous period t and not on outcomes prior to t. The
most canonical model of evolutionary dynamics that embodies the idea of
Darwinian selection is the replicator dynamics. Here, the growth of each
strategy in any population i is assumed to be an increasing function of its
average (expected) payoff minus population i’s average payoff. Thus, in the
case of continuous time the replicator dynamics is described by

.

P ti = P ti (ai)(Eπ
t
i(ai)− Eπ

t
i) (3)

where, with some abuse of notations, Eπti(ai) denotes the average (ex-
pected) payoff to strategy ai at time t and Eπti = Σa′i∈Ai

Eπti(a
′
i)P

t
i (a′i) is

the average payoff in population i at date t. Note that since each population
is ‘large’ number and there is no aggregate uncertainty, Eπti(ai) is simply
Σa−i∈A−i

πi(ai, a−i)P
t
−i(a−i). We can also describe a discrete analogue for

replicator dynamics.
There are several properties of replicator dynamics to note. First there

is no birth of new types or death of existing types in finite time: for all
t, P 0

i (ai) > 0 implies P ti (ai) > 0. Second, the dynamics is determined by
relative payoffs in the sense that types that do better in terms of average
payoffs grow faster than those that do less well.

In the biological literature, the selection dynamics represents reproduc-
tion based on fitness. In fact, if the evolutionary model is such that agents
live for only one period, reproduction is asexual, Eπti(ai) represents the
number of offspring of type ai, each offspring of ai type does exactly the
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same as ai and there is no mutation, then replicator dynamics, defined by
(3), precisely describes the dynamical system for the continuous time. In
a non-biological (e.g., of economics, political science or sociology) setting,
the selection represents learning and imitation. Ideally, one would like to
build up the selection dynamics from a precise and acceptable theory of how
individual players switch between different actions/types. The evolutionary
approach often avoids such a difficult task and instead it places assump-
tions directly on the selection dynamics and hopes that these properties are
general enough to include processes produced by a variety of learning and
imitation theories.3

Nachbar, Björnerstedt and Weibull, Schlag, and Borgers and Sarin4 and
others show that one may also be able to provide a justification for repli-
cator dynamics based on imitation and learning. In general, however, these
learning/imitation models are too specific and there is often no compelling
reason for adopting such a precise imitation/learning specifications. Thus,
the replicator dynamics framework simply cannot capture the complexity
of learning and imitation in social and economic contexts and one needs a
broader type of dynamics than replicator dynamics .

Fortunately, it turns out in the deterministic evolutionary set-ups a large
number of dynamics share many essential features. One very large class of
dynamics that includes replicator dynamics as a special case is defined by
the property that strategies that do better in terms of payoffs grow faster
relative to those that do less well. More precisely, a selection evolutionary
dynamics is called monotonic if at every date t the growth rates of the
different strategies are ranked by their average payoffs:

Gti(a
′
i) > Gti(a

′′
i ) ⇔ Eπti(a

′
i) > Eπti(a

′′
i ) ∀a′i, a

′′
i ∈ Ai (4)

where Gti(ai) is the growth rate of strategy ai at t, and thus satisfies

Gti(ai)P
t
i (ai) = P t+1

i (ai)− P
t
i (ai)

in the discrete time model and Gti(ai)P
t
i (ai) =

.

P ti (ai) when time is contin-
uous.

Monotonic dynamics is consistent with fairly general learning and imita-
tion models. Consider for example an imitation dynamics in which at any
date a player has the chance to sample another player at random and adopt
his behaviour; and the rate at which a player of a certain type switches
behaviour to another type depends on the current average payoffs of the
two types. Monotonic dynamics is consistent with such imitation models as

3Cf. [FudLev98, You04].
4Cf. [Nac90, BjöWei96, Sch98, BörSar97], respectively.
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long as the rate at which players switch depends positively on the success
of the sampled type’s payoff relative one’s own.

Often in describing monotonic dynamics it is assumed that the dynamics
satisfy two further properties. First it is assumed that the function describ-
ing the adjustment, Γ is continuous (Lipschitz continuous for the continuous
time case) and second there is no birth of new types or death of existing
types: for all t, P 0

i (ai) > 0 implies P ti (ai) > 0. The first condition is for
technical reasons; however, note that it excludes certain type of discon-
tinuous imitation dynamics in which players switch their behaviour if the
sampled behaviour has a strictly better payoff. The no birth assumption
is however very much consistent with the imitation story because imita-
tive behaviour has the property that players only sample amongst existing
types; as a result only types that existed in the past survive. The assump-
tion that types are not created or destroyed can be relaxed in some cases;
however, in order to simplify the discussion we shall also assume, unless
stated otherwise, that monotonic dynamics has this property.

The properties of monotonic dynamics, discussed in the next section,
broadly holds, for even larger classes of dynamics. For example, one gener-
alisation of monotonic dynamics is weakly positive dynamics: for any pop-
ulation, if there exists a type that has a higher payoff than the average of
the population, then some type must have a positive growth.

Another type of dynamics is the (myopic) best response dynamics
[Mat92]. Here, at any date a fixed proportion of each population chooses a
best response strategy (one that maximises the player’s one-period payoff)
given the average strategy in every other population in the previous period.
Another important variation of best response dynamics is the fictitious play
dynamics where each player chooses a best response to the historical fre-
quency of past plays. Such dynamics are often described in the context of
finite populations. They are clearly inconsistent with monotonic dynamics
because they require players to switch to best responses (when the oppor-
tunity arises) whereas monotonic dynamics require the ranking of growth
rates of all strategies according to payoffs. Moreover, these dynamics may
require discontinuous shift in behaviour. Nevertheless, it turns out that
many of the qualitative features of these dynamics in terms of Nash are
similar to those of the monotonic dynamics in the deterministic settings.

Before turning to properties of the dynamics there are three further points
to note. First, the literature on evolutionary game theory often considers
single population models in which all agents play a symmetric one-shot
game repeatedly. Here, we described a more general set-up with multiple
populations to allow for the possibility that the underlying game G may
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be asymmetric.5 For some specific analysis, to simplify the discussions, we
shall at times limit ourselves to single population models. Second, much of
the literature on deterministic evolutionary dynamics considers continuous
time. The results for the discrete and continuous dynamics sometimes dif-
fer (the former dynamics is often less “nice”). For ease of exposition, we
shall at times limit the discussion to one kind of time dynamics. However,
often there are analogous results for the other kind of time dynamics. Fi-
nally, the models in this section are mainly deterministic while those in the
“which equilibrium” section are stochastic. The reason is that determinis-
tic environments suffice for our discussion on the “why equilibrium” part
while introducing mutations here only complicates unnecessarily without
adding much insight. In contrast, in the “which equilibrium” part in the
next section, to select between equilibria, we introduce mutations or noises
to perturb a dynamic system in such a way that the underlying system
may drift among each equilibrium; this then allows us to examine at which
equilibrium the system will spend most of the time.

2.1 Convergence and Stability in Standard Deterministic
Models

Folk Theorem. Before describing the properties of deterministic evolu-
tionary models, we need to introduce two local stability concepts that are
common in the literature: Lyapunov stability and asymptotic stability. A
stationary state is Lyapunov stable if small perturbations do not result in
dynamics that takes the system far from it. A stationary state is asymp-
totically stable if it is Lyapunov stable and there exists a neighbourhood of
it such that for any initial state belonging to this neighbourhood the path
converges to it. When the underlying game G is finite (Ai is finite) and a
type refers to a pure action ai in G we have the following Folk Theorem of
the evolutionary game theory.

Theorem 1 (Hofbauer and Sigmund, [HofSig98]). For any ‘reason-
able dynamics’:

1. Any (pure or mixed) Nash equilibrium of G is a stationary state of
the evolutionary dynamics.6

2. Any Lyopunov stable stationary state is a Nash equilibrium (possibly
mixed).

3. A strict Nash equilibrium is an asymptotically stable stationary state.

5Cf. [Wei95] for some discussion of the difficulties with multi-population models that
are not present in single population models.

6Note that although here agents do not randomise and choose pure strategies, the
proportion of each population that take different strategies (actions) corresponds to a
mixed strategy.
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4. The limit of any interior convergent path is a Nash equilibrium (pos-
sibly mixed).

There are a few remarks concerning this theorem. First, the term ‘rea-
sonable dynamics’ refers to most of the dynamics found in the literature.
However, for the purpose of illustrating the ideas here, define it to be dy-
namics that are continuous and monotonic (with discrete or continuous
time).

Second, at a stationary state of such a dynamic all strategies played by
various members must give the same payoffs; since at any Nash equilibrium
any strategy that is played with a positive probability must be optimal
(best response) it follows that any Nash equilibrium is a stationary state
(condition 1 in Theorem 1). However a stationary state need not be a Nash
equilibrium in models with no birth (as in the case with imitation) because
there may be a better strategy that is not played and hence its population
may not grow. However, a Lyapunov stable stationary state must be a
Nash equilibrium because any superior strategy that is not played in the
stationary state will be played once a perturbation occurs; once this occurs
the superior strategy will grow leading the system away from the stationary
state (condition 2 in Theorem 1).

Third, if a state corresponds to a strict Nash equilibrium then it must be
asymptotically stable (condition 3 in Theorem 1) because in the case of a
strict Nash equilibrium there exists a neighbourhood of the equilibrium such
that the equilibrium strategy for each player is the unique best strategy.

Fourth, even when the dynamics are continuous and monotonic there is
no guarantee that such dynamic will converge. If the path does converge,
however, then the limiting state of this convergent path is a Nash equilib-
rium (condition 4 in Theorem 1); otherwise in the limit of this path there is
some strategy that does better than others and hence must grow, but this
contradicts the path being convergent.

Fifth, note that Nash equilibria in the Folk Theorem can equally refer to
mixed ones even though no agent randomises. This is simply a reflection of
the fact that in an evolutionary setting the state of the system refers to a
probability distribution over the pure strategies.

Global Convergence. The above arguments that an outcome is a Nash
equilibrium if it is stable, or a Nash equilibrium is the limit of any conver-
gent path, or the path converges to a strict Nash equilibrium if the process
starts from states that are sufficiently close to that equilibrium, provide a
somewhat qualified answer to “why equilibrium”. We may want a stronger
result of the form that an evolutionary dynamics must produce global con-
vergence to a Nash equilibrium. However, starting with Shapely’s early
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example on fictitious play,7 this stronger result that the evolutionary dy-
namics converges to Nash globally from any (interior) initial state is missing.
Indeed, the dynamic trajectories of evolutionary processes in general do not
converge; periodic cycles as well as all the other complexities of arbitrary
dynamical systems (limit cycles and chaos) are all possible.

One simple example for which the unique Nash equilibrium may not
be even asymptotically stable is the 2-player zero-sum generalised “Rock-
Paper-Scissors” game in which each player has three strategies R,S, P and
the payoff for the row player is described by the following matrices:




1 2+ε 0
0 1 2+ε
2+ε 0 1




where ε is some real number. This game has a unique mixed Nash equi-
librium µ∗ in which each strategy is chosen with a probability 1/3. The
simplest evolutionary dynamics to consider is a single population replicator
dynamics with continuous time. Here it is not difficult to verify that at
any t the derivative of the product of the probabilities of the three strate-
gies, P t(R)P t(S)P t(P ), is positive (negative, zero) if ε is positive (negative,
zero). Thus, depending on the value of ε this product term is always in-
creasing, constant or decreasing. But this implies the following.

• For ε > 0 all trajectories from all interior initial state spiral inwards
towards the unique Nash equilibrium µ∗; thus the dynamics is globally
stable.

• For ε = 0 all paths are cycles; thus the Nash equilibrium is Lyapunov
stable but not asymptotically stable.

• for ε < 0 all trajectories from all interior initial state except µ∗ spiral
outwards; thus the Nash equilibrium is unstable.8

The above example is of course very specific. However, the possibility
of cycles, global instability and complex dynamics is even more prevalent
when there are multiple populations, time is discrete, each player has a large
number of strategies or other standard dynamics are considered.

In [HarMas03], Hart and Mas-Colell try to provide an answer for why it is
difficult to formulate sensible dynamics that always guarantee (global) con-
vergence to a Nash equilibrium. They consider an adaptive stationary dy-
namics (not strictly a standard evolutionary model) with a finite population

7Cf. [Sha64].
8Cf. [Wei91] for detailed discussion on the dynamics of more generalised “Rock-Paper-

Scissors” games.
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in which the adjustment in a player’s strategy does not depend on the payoff
function of other players (it may depend on the other player’s strategies and
his own payoff function). They call this dynamics uncoupled and claim that
any sensible heuristic dynamics must have this property (most standard dy-
namics based on agents with limited rationality found in the literature, such
as best-reply, fictitious play, better reply, payoff-improving, monotonic are
all uncoupled). They show that stationary uncoupled dynamics cannot be
guaranteed to converge to a Nash equilibrium in a deterministic setting with
continuous time.9 They therefore conclude that the lack of convergence is
due to the informational requirement of uncoupledness which precludes too
much coordination of behaviour amongst agents.10

To illustrate the nature of the Hart-Mas-Colell result consider the general
dynamics for the continuous time described in (2). The precise dynamics
clearly depend on the payoff functions and can thus be rewritten, with some
abuse of notation, as

.

P ti = Γi(P
t, π) for all i = 1, .., n

Hart and Mas-Colell call the above dynamic system uncoupled if
.

P ti does
not depend on πj for all j 6= i. Thus Γi(P

t, π) = Γi(P
t, π′) for any two

profile of payoffs π and π′ such that πi = π′
i.

To facilitate the analysis they restrict the dynamics Γ = (Γ1,..,Γn) to be
C1. Suppose further that the dynamics is hyperbolic (the eigenvalues corre-
sponding to the Jacobian of Γ have non-zero real parts), so that it behaves

locally like a linear system
.

P t = DΓ(P t, π)P t, where for any P , DΓ(P, π)
is the Jacobian matrix of Γ(., π) computed at P . Then (asymptotic) sta-
bility imposes conditions on the Jacobian matrix DΓ. Uncoupledness also
imposes conditions on the Γ. Unfortunately, these two sets of conditions
may not be consistent for many games.

One example provided by Hart and Mas-Colell to illustrate such incon-
sistency is a family of three player games in which each player has two
strategies, and the payoffs are given by the following two matrices:

[
0, 0, 0 ε1, 1, 0
1, 0, ε3 0,1, ε3

]
and

[
0, ε2, 1 ε1, 1, 0
1, ε2, 0 0, 0, 0

]
,

9There exist uncoupled dynamics that are not convergent to Nash equilibria but are
close to them most of the time; cf. [FosYou02].

10Hart and Mas-Colell and others have studied specific learning processes that al-
low stochastic moves (regret-matching) that always converge to a correlated equilibrium
[HarMas00, HarMas01]. They argue that learning from past history induces correlation
in behaviour and therefore one cannot expect dynamic processes of this kind to induce
to Nash equilibrium. Cf. also [You04] for further discussion of these issues.
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where all εi are some numbers in a small neigbourhood of 1, and player 1
chooses the row, player 2 the column and player 3 the matrix. (Thus, the
family of games considered is defined by the above two matrices where for
each i, εi ∈ (1− η, 1 + η) for some small η > 0.)

Denote the game (the profile of payoff functions) when εi = 1 for all i by
π∗. Next note that for any εi, each such game in this family has a unique
Nash equilibrium; in particular the Nash equilibrium of the game π∗ is given
by each player randomising with probability half.

Next, consider any dynamics Γ that is uncoupled. The state of the dy-
namics of this game is described by P1, P2, P3 ∈ [0, 1] denoting respectively
the probability of top row, left column and left matrix. Now, by way of
contradiction suppose that the dynamics converges to Nash in this family
of games. Then since (1/2, 1/2, 1/2) is the Nash equilibrium when ε = 1 it
must hold that

Γ1(1/2, 1/2, 1/2, π∗) = 0. (5)

Now for any a close to 1/2 consider another game πa where ε1 = ε2 = 1
and ε3 = a

1−a ; thus the payoffs of players 1 and 2 are the same as in π∗

and the payoff of 3 is different. By simple calculation one can show that the
state (a, 1/2, 1/2) is the unique Nash equilibrium of πa. Again since the
dynamics is convergent it must be that Γ(a, 1/2, 1/2, πa) = 0. But since the
dynamics is uncoupled and player 1 has the same payoff in πa and π∗, it
follows that

Γ1(a, 1/2, 1/2, π∗) = 0. (6)

Since (6) holds for any a close to 1/2 it follows from (5) that ∂Γ1/∂P1 = 0 at
(1/2, 1/2, 1/2, π∗). By the same argument one can show that entire diagonal
of the Jacobian of function DΓ(., π∗) vanishes at (1/2, 1/2, 1/2). Now if the
dynamics is hyperbolic this implies that the Jacobian has an eigenvalue with
positive real part; but then we have a contradiction to the claim that in the
game π∗ the dynamics converges ((1/2, 1/2, 1/2) is asymptotically stable).

The negative results on convergence are for an arbitrary set of games.
There are, however, some noteworthy families of games that do have stable
equilibria (at least with continuous time) for some of the standard (un-
coupled) dynamics such as replicator dynamics, monotonic dynamics, best
response, fictitious play.11

One such family of games are those that are strictly dominance solvable
(games in which there is unique solution to iterative deletion of strictly
dominated strategies). Here, with monotonic dynamics the strictly domi-
nance solution is globally stable for any initial interior state. This is simply
because with monotonic dynamics it can be shown that the share of any

11Cf. [Hof00, San∞].
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pure strategy that does not survive iterative deletion of strictly dominated
strategies goes to zero asymptotically. The basic idea for this result is that
if a pure strategy is strictly dominated by another pure strategy then its
growth rate is always less than the other and hence its share must go to
zero.12 By the same argument, the result extends to iterative deletion of
strictly dominated strategies: Once the shares of the strictly dominated
strategies are close to zero then strategies that are removed in the second
round of iterative deletion of strictly dominated strategies must have a lower
payoff than some other strategies and so their share starts to shrink to zero
and so on.

The above results on strict domination do not extend to weak dominance
and iterative deletion of weakly dominated strategies. Samuelson and Zhang
give an example of weakly dominated pure strategy that is not eliminated
with even continuous time replicator dynamics [SamZha92].

Other families of games with globally stability for some standard dy-
namics include zero-sum, two-player games, nondegenerate 2×2 games and
(weighted) potential games. For the fictitious play dynamics, the beliefs
of players (empirical distribution of the actions of the individual players)
converge to a Nash equilibrium in finite, zero-sum, two-player games and in
nondegenerate 2×2 games.13 Also, for best response and fictitious play dy-
namics the solution path in (weighted) potential games is globally stable and
converges to Nash [MonSha96b]. The class of potential games include many
noteworthy games such as common interest games and classical Cournot
Oligopoly with constant marginal cost. In such games players effectively
strive to maximize a common function — the potential function. Thus, in
potential games, as well as in two-person zero-sum games, the payoff of one
player can be used to determine the payoff of other players. This may ex-
plain why Hart and Mas-Colell’s negative result on convergence, based on
the informational content of uncoupled dynamics, does not apply to such
games.

To obtain global convergence for a more general class of games we may
have to consider other plausible evolutionary processes that are not adaptive
and/or uncoupled as in Hart and Mas-Colell. Next, we shall do precisely
this by allowing richer set of types (in particular types that can choose

12This result does not hold for mixed strategies. Even for the case of continuous time
dynamics stronger conditions than monotonicity are needed to ensure that strategies
that are dominated by mixed strategies are eliminated (e.g., aggregate monotonicity in
[SamZha92], convex monotonicity in [HofWei96]). In the discrete case even these stronger
conditions do not suffice. Dekel and Scotchmer give an example to show that discrete
time replicator dynamics does not eliminate all strategies strictly dominated by a mixed
strategies [DekSco92].

13Cf. [Rob51, Miy61, MonSha96a].
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different actions at different dates) and allowing selection at the level of
rules. Before turning to this issue, would like to make a few brief remarks
on the evolutionary dynamics above when the strategy space Ai of the
underlying game is infinite.

Stage-games with infinite strategies. Infinite (one-shot) games are of
interest for many reasons. First, when mixed strategies are allowed the
strategy space is trivially continuous. Second, there are many games in
economic contexts that are modelled with an infinite or continuous strategy
set (e.g., bargaining games, the War of Attrition and Cournot duopoly, to
name a few). Third, one may be interested in the question of whether
the infinite case is the limit of successively finer finite approximations (the
infinite case may then be regarded as a reference point).

It turns out that whether the strategy set for the one-shot game is infi-
nite or finite does matter in terms of developing the evolutionary dynamics
on the set of probability distributions over the set of strategies (e.g., the
replicator equation), ensuring that the solutions are well-defined, stability
of the stationary states and its relationship with static game-theoretic equi-
librium concepts such as Nash. There are some recent papers on this topic
(e.g., [Sey00, OecRie01, OecRie02, Cre04]). Most of this recent literature
assumes continuous time. The immediate issue here is, not surprisingly,
what constitutes an appropriate notion of closeness and/or convergence for
probability distributions on the set of strategies. Here there are several dif-
ferent possible topological extensions of the finite strategy space set-up, and
conclusions on stability depend critically on what definitions are adopted.
Here, for reasons of space we shall not consider this issue any further except
to mention that even one of the results in Theorem 1 does not extend to the
infinite case. Oechssler and Riedel provide an example showing that strict
equilibria need not be asymptotically stable or even Lyapunov stable when
the stage game is infinite [OecRie02].

Global Convergence and Richer Type Space. In standard evolution-
ary models types in a population refer to strategy in the underlying one
shot-game. In [AndSab96], Anderlini and Sabourian have looked at the
question of global convergence with a richer type space. In particular, they
allow a type to be a rule of behaviour taking different actions at different
dates (or histories) and selection is applied to the set of rules. More formally,
a type xi : H → Ai for population i is now a rule mapping from the set of
past information H into the set of pure actions Ai. It assumed that there
are a countable number of types/rules. If H is sufficiently informative then
all standard adjustment rules such as best-response or imitation can be in-
cluded in the set of allowable types. The critical assumption in [AndSab96]
is that the informational content of H is such that when a type makes a
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decision the dates are known; thus types may condition their actions at least
on time and thus can take different actions at different times.

The evolutionary dynamics is the same as the discrete dynamics described
above except that it operates by selecting amongst types (rules) according
to how well the type has done at that date relative to the average payoffs
of others. Formally, let Qti(xi) be the proportion type xi in population i at
date t. The dynamics prescribes how Qti evolves according to how well xi
does at t. Since payoffs depend on actions, without any loss of generality one
can write the growth of each type at each date t as function of the action
he takes and the distributions of actions in all the populations at t; thus

the growth rate of type xi at t, gti(xi) =
Qt+1

i (xi)−Q
t
i(xi)

Qt
i(xi)

, can be written as

gti(xi) = γi(P
t, ati(xi))

where, as before, P t is the distribution over the set of action profiles at t,
ati(xi) denotes the strategy taken by xi at t and γi is the growth function
for population i.

Here, as in the standard model, every limit point of the distributions of
actions of the players corresponds to a Nash equilibrium (possibly mixed)
of the one-shot game if the dynamics, defined by the function γi, is contin-
uous and monotonic. This result is similar to the existing Folk Theorem of
evolutionary game theory mentioned above (condition 4 in Theorem 1): if
a path converges it must be to Nash.

The main result of [AndSab96] concerns the global convergence of the
distributions over types. First, define a type to be feasible if it has a positive
initial probability. Anderlini and Sabourian show that for every i and xi,
Qti(xi) converges if for each population i there exists a feasible type xi
(Q0

i (xi) > 0), referred to as the ‘smart’ type, which can grow as fast as any
other type in population i at each date.14 The existence of such a smart
type with a positive initial probability ensures that the system converges.
The intuition for this is as follows. Since xi has the maximum growth rate
it follows that Qti(xi) is increasing. Since Qti(xi) is also bounded, it then
follows that the growth rate of xi must go to zero. But the growth rates of
other types in population i do not exceed that of the smart type and the
sum of the growth rates of all types in population i at each date is zero.
Therefore, it follows that the growth rate of others must also go to zero.
(Effectively, since Qti(xi) is monotonically increasing, it is like a Lyapunov
function.)

14The assumption of positive initial probability for the smart types is more than is
needed to establish the result. In fact, Anderlini and Sabourian assume only that for
each population a smart type is born at some finite date with a positive probability.
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There are four immediate points to note concerning this result. First,
since the system is deterministic, it is always possible to construct a smart
type as long as types are allowed to condition their actions at least on time.
This is because at any date t, a smart type needs to take an action ati that
is best in terms of growth:

γi(P
t, ati) ≥ γi(P

t, ai),∀ai. (7)

Now, given the parameters of the system Q0
i and the selection function γi,

for any t it is possible, by computing recursively forward (simulating) the
system, to compute first P t and then find an action ati that satisfies (7).

Second, note that each smart type may need to take different actions
at different times to ensure that it grows faster than others in the same
population.

Third, the result does not depend on any particular assumption about
the shape of the selection dynamics.

Fourth, note that although probabilities over types converge, probabil-
ities over actions do not necessarily converge. This is because each type
can condition on the past and can take different actions at different times.
Therefore, even when probabilities over types converge, if the underlying
game G has more than one Nash equilibrium, it is possible that in the limit
different types could be switching between different Nash equilibria of G.
An immediate corollary is that if G has a unique Nash equilibrium then
probabilities over actions converge as well.

The main assumption in [AndSab96] needed to establish the convergence
result is the existence of a feasible smart type for each population. This
assumption, however, is not primitive.15 The identity of any smart type
depends on the initial profile of distributions over types Q0 = (Q0

1, .., Q
0
n);

but then there is no guarantee that any smart type xi for population i
corresponding to Q0 is such that Q0

i (xi) > 0. An attractive set-up would
be a set of assumptions on the of feasible types for the initial distributions
Q0
i for each i that would automatically ensure that each population has a

smart type with a positive initial probability. This would require a closure
property on the set of feasible types.

Clearly, we cannot ensure that the smart types are feasible if we restrict
the set of types in population i to be a finite set (e.g., a finite automata with
a bound) because the smart types (corresponding to any arbitrary initial
distribution Q0 with this finite support) for population i may not belong to
this finite set. Another possible approach is to make the set of feasible types
sufficiently rich so that it includes the smart types. However, this cannot go

15Note that this assumption has some similarity with the grain of truth assumption in
the Bayesian learning literature [KalLeh93].
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too far: if there is a continuum of feasible types, then it may not be possible
to have an initial distribution for each population which attaches positive
weights to a smart type. Thus, some restriction on the cardinality of the
set of rules seems necessary. An obvious restriction is to make the space of
allowable types to be countable infinity.

Anderlini and Sabourian explore the case in which the set of types is re-
stricted to be Turing-computable machines. The set of (Turing-)computable
functions have nice closure properties (in particular the existence of a com-
putable Universal program that can ‘simulate’ other computable functions);
moreover, the cardinality of this set is countable infinite. However, restrict-
ing types to be Turing machines introduces new difficulties all related to the
halting problem in the space of Turing machines. In particular, now one
needs to construct a computable smart type that halts; but the existence of
such a halting machine may be problematic because simply simulating the
system and taking the action that maximizes the growth rate at each date
may not be possible: in simulating the system the smart type may end up
simulating other types that do not halt.

This problem cannot be trivially avoided by simply assuming that all
types always halt. This is because to simulate the system the initial distri-
bution Q0

i needs to be computable but this may not be consistent with the
support of Q0

i being the same as the set of all halting machines.

3 Which Equilibrium: Stochastic Model with a Finite
Population

The critique that standard game theory imposes too strong rationality on
players is one reason for the interest in evolutionary game theory. Another
reason, as we mentioned before, has been that the standard game theory
does not have good predictive power; a game may have too many Nash
equilibria.

Does the evolutionary approach help to select amongst the multiplicity
of Nash equilibria? By only considering asymptotic stability of a Nash equi-
librium in a deterministic model the answer may have to be “no” in many
interesting classes of games. In particular, according to the Folk Theorem
of evolutionary game theory (condition 3 in Theorem 1) every strict Nash
equilibrium is asymptotically stable in the standard deterministic evolution-
ary model. Therefore, such models cannot be used to select between Nash
equilibria (and thus cannot predict which equilibrium will occur) when the
game has multiple strict Nash equilibria.

However, asymptotic stability is about one-shot mutation, it stays silent
for the cases in which (small) mutants invade perpetually. Utilizing tech-
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niques from Freidlin, Wentzell, Foster and Young,16 consider a selection
dynamics that is subject to stochastic shocks at every date. These perpet-
ual stochastic shocks provide momentum for the system to escape from one
strict equilibrium to another. However, as the probability that a random
shock occurs becomes smaller, some equilibria may be visited more often.
When such probability approaches zero, the system will be attracted into a
much smaller set of equilibria, the stochastically stable set.

Kandori, Mailath, Rob, Young, Robson, Vega-Redondo, and many others
have successfully applied the same approach (with small perpetual muta-
tions) to select amongst the set of strict Nash equilibria in evolutionary
models with a finite population.17 In these papers the rules the agents
follow are fixed (e.g., best reply, imitation). However, it turns out that
the particular equilibrium selected depends precisely on the rules allowed.
Specifically, in the 2× 2 coordination game with one equilibrium being risk
dominant and the other efficient, the best reply rule tends to select the for-
mer and the imitation rule tends to select the latter. As in the deterministic
case above, we ask how the predictions of these models are affected if mul-
tiple rules are present in the system and rules that evolve are endogenously
determined through some evolutionary selection. Juang provides a result
that favors imitation when both the best response and imitation co-exist
[Jua02].

In this section we will discuss mainly the question of equilibrium selection
in stochastic evolutionary models in the specific contexts of the 2 × 2 co-
ordination game mentioned above and the classical Cournot oligopoly. We
shall explain how the selection results depend crucially on the rules allowed
and we will describe some attempts at resolving the issue of which rule
by allowing multiple rules and applying evolutionary selection to the set of
rules. We shall also briefly discuss other models with multiple rules and in
particular some of the justifications provided for some specific rules such as
imitation.

3.1 Mutation, Long-Run Equilibrium and Stochastic Stability

3.1.1 Mathematical background

Consider an evolutionary model in which a population of M (M is even)
players are randomly paired to play a stage game repeatedly. After ob-
serving the outcome of the plays at the previous period, a fixed share of
the players is randomly chosen to revise their actions. Under quite general
set-ups this dynamics can be described by a stationary Markov process P
on a finite state space S.

16Cf. [FreWen84, FosYou90].
17Cf. [KanMaiRob93, You93a, RobVeg96].
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In general if there exist multiple strict Nash equilibria in the stage game
then there exist multiple recurrent classes in the underlying Markov pro-
cess P . (Henceforth, if a recurrent class consists of exactly one state, we
shall refer to it as a recurrent state.) In this case we say such dynamics
are non-ergodic and the limit points of the dynamics are described by the
set of recurrent classes of P, denoted by RC = {X1, ..,Xr}. Specifically,
depending on the initial starting state and the random process that follows,
the dynamics may be absorbed into one of the recurrent classes and the
system will stay there forever. Thus, we cannot say anything about the
“which equilibrium” question.

To deal with the non-ergodicity problem, we introduce mutation by let-
ting players take, with small probability, actions that differ from what they
intend to take originally. This may represent players making mistakes, doing
experimentation or population renewal. More specifically, suppose the dy-
namic is perturbed by allowing each agent i to mutate independently with a
small probability ε > 0 such that the perturbed process P ε is also a station-
ary Markov chain with the state space S. Here mutation is parameterised
by ε and P ε converges to P as ε→ 0.

The introduction of mutation allows the system to switch between any
two states (and between any two recurrent classes of P ) with a positive
probability. As a result, for any ε > 0 the perturbed process P ε is ergodic;
and therefore it has a unique invariant distribution µε that summarises the
“long-run” behaviour of the perturbed process from any initial condition.

We are interested in cases where the amount of mutation is arbitrarily
small. It turns out that as the mutation rate ε approaches zero, the corre-
sponding invariant distribution µε converges to an invariant distribution µ
of the unperturbed dynamics P . This often results in selection among mul-
tiple recurrent classes (equilibria) of the unperturbed dynamics P . That
is, with mutation we allow the system to drift among different recurrent
classes/states of P , but with the mutation rate going to zero, the system
will concentrate on a much smaller set of states.

The states that µ attaches a positive probability are called the stochas-
tically stable states and the set of such states is denoted by

Ω ≡ {s | µ(s) > 0} .

Clearly, the set of stochastically stable Ω is a subset of the set of recurrent
states RC = {X1, ..,Xr} of P and are the states that would be observed in
the long-run with arbitrarily small amounts of mutation. As we shall see in
later discussion, in many cases, the stochastically stable set Ω is singleton;
in such cases this technique of perturbing the dynamics is very powerful in
selecting a unique state.
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In general, the characterization of Ω involves locating the recurrent
class(es) with the least stochastic potential, as proposed by Freidlin, Wentzell,
Foster and Young [FreWen84, FosYou90]. When there are only two recur-
rent classes in the system, this can be done by just counting the minimum
number of mutations necessary for the system to transit from one recurrent
class to the other. For illustration, suppose there are two recurrent classes
X1 and X2. Denote the least number of mutation for the system to switch
from X2 to X1 (from X1 to X2) as γ1 (γ2). Suppose γ1 < γ2 (γ1 > γ2).
This means it is easier for the system to transit from X2 to X1 (from X1

to X2) than the other way round. We can then conclude that the recurrent
class X1 (X2) is stochastically stable and we expect to observe X1 (X2)
almost all the time in the long run.

For cases with more than two recurrent states, we need to “count” the
number of mutations in a way that is a little more complicated. Suppose,
for example, that there are four recurrent states (S1, S2, S3, S4) in a system.
To compute the stochastic potential of any recurrent state, say, S4, we have
to construct a “tree” with root S4. To be specific, for any other recurrent
class, find a unique directed path from that state to S4. Here we illustrate
in Figure 1 below four different trees with root S4. Sum up the total number
of mutations for each feasible X4-tree. The least one among all the X4-trees
is the stochastic potential of S4. Similarly we can compute the stochastic
potential for all other recurrent classes. The recurrent states/classes that
have the least stochastic potential are stochastically stable.

S4 S2 S4 S2

S3 S1 S3 S1

S4 S2 S4 S2

S3 S1 S3 S1

Figure 1. Four different S4-trees.
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3.1.2 Risk Dominance versus Efficiency

The classical example of equilibrium selection is a 2× 2 coordination game
with two strict Nash equilibria; one is risk dominant and the other efficient.
The payoff matrix of such a game is given by Figure 2 where

a > c, d > b, a > d and a+ b < c+ d. (8)

A B
A a, a b, c
B c, b d, d

Figure 2. A 2× 2 coordination game.

Note that given (8) the game has two pure strategy strict Nash equilibria
(A,A) and (B,B), the former is efficient and the latter is risk dominant.

Best response rule. Kandori, Mailath, and Rob construct a model with a
single finite population of players M .18 The players are repeatedly matched
to play the 2×2 coordination game as in Figure 2. Before they play the game
in each period, players can revise their action over time. In particular, at
each date the players are assumed to adopt the best response rules (actions
that are best responses to the distribution of actions in the previous period.

The state of the system s is defined to be the number of players that
choose action A, thus s ∈ {0, 1, ...,M}. For any state s realized in the last
period, we can define the best response rule followed by all the players by

rBR(s) =





A if s
M > p∗;

B if s
M < p∗;

randomize between A and B if s
M = p∗,

where p∗ = (d− b)/(a+ d− b− c).
Without mutation, it is straightforward to see that the distribution of

actions converges to one of the two strict Nash equilibria (to states 0 or
M), depending on the initial state. To see this, suppose the system starts
at some state s0 such that s0 > Mp∗. Then playing A is a best response
and whenever players are revising their actions they will play A and the
system will converge to s = M . On the other hand, if the system starts at
s0 < Mp∗, then the system will converge to the state in which all play B
(s = 0).

18Cf. [KanMaiRob93]. Note that here since the game is symmetric there is a single
population of agents.
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Next Kandori, Mailath and Rob introduce mutation by allowing players
to make small mistakes independently in choosing their actions. Thus, for
any given mutation rate ε, they obtain a perturbed Markov process that is
ergodic and thus has a unique stationary distribution µε. Kandori, Mailath
and Rob find that in the long-run (as ε→ 0) the risk-dominant equilibrium
B will be selected. More formally, they show that with best response rules
the unique stochastically stable state is s = 0.

To see this note that there are exactly two recurrent classes/states 0
and M . Since the players follow the best response rule, it is easy to check
that one needs [(1 − p∗)M ]+ action mutations to transit from state M to
state 0 and [p∗M ]+ action mutations for the other way around, where the
notation [x]+ denotes the smallest integer that is not less than x. Since
[(1− p∗)M ]+ < [p∗M ]+ it follows that it is easier for the system to transit
from state M to state 0 than the other way round (0 has a lower stochastic
potential). Thus, s = 0 is stochastically stable.

Young (1993a) has an analogous set of results for a similar setup ex-
cept that players randomly choose a best response to a sample from finite
histories.

Before considering rules of behaviour other than the best response rule,
note that in the above (and in the other models or perturbed dynamics we
consider below) the probability that a mutation/error occurs is independent
of the date, the state and the identity of the players. In the absence of a good
explanation for mutations such a uniformity assumption on the mutation
rates seems like a reasonable starting point.

However, it should be noted that the above sharp predictions of Kandori,
Mailath and Rob (and the models below) depend crucially on this uniformity
assumption. Bergin and Lipman introduce mutations rates that are state-
dependent in the Kandori-Mailath-Rob set-up and show that any strict
Nash equilibrium can be selected in the long-run as the mutation rates
go to zero, depending on the relative probability of the mutation rates in
the different states [BerLip96]. The intuition behind this result is easy to
see. The stochastic stability of a recurrent state depends on its stochastic
potential, which involves “counting” the number of mutations for relevant
transitions. Suppose now that the mutation rates are state-dependent; in
particular suppose that the mutation rate in each state s ∈ {[p∗M ]+, ...,M}
is ε and the mutation rate in each state s ∈ {0, 1, ..., [p∗M ]+ − 1} is εα, for
some constant α. The system with no mutation has, as before, two recurrent
states 0 and M . But now with mutation, the probability of the transition
from state 0 to state M is of the order εα[p∗M ]+ while the probability of the
transition from state M to state 0 is of the order ε[(1−p

∗)M ]+ . Also, denote
the unique invariant distribution by µε. Then it is not difficult to show that
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there exist α∗ such that as ε → 0 the ratio µε(s = 0)/µε(s = M) goes to
infinity if α > α∗ and to zero if α < α∗. In other words, the assumption
of state-dependent mutations allows us to support any of the two recurrent
states by adjusting the appropriate mutation rate for each state.

Imitation rule. In [RobVeg96], Robson and Vega-Redondo construct a
model similar to Kandori-Mailath-Rob except that players adopt the im-
itation rule to play the 2 × 2 coordination game described in Figure 2.
Specifically, each player, whenever revising actions, chooses the one that
performed the best (in terms of average payoff) in the previous period. The
state of the system s ∈ {0, 1, ...,M} is again the number of players that
choose action A. The imitation rule is given by

rI(s) =





A if πA(s) > πB(s);
B if πA(s) < πB(s);
randomize between A and B if πA(s) = πB(s),

where πA(s) and πB(s) are the average payoffs for using action A and action
B respectively in state s.

Again without mutation, the distribution of actions converges to one of
the two strict Nash equilibria (to states 0 or M). With small mutations
Robson and Vega-Redondo show that the efficient equilibrium, rather than
the risk dominant one, is selected in the long run. More formally, they show
that if players adopt the imitation rule then there exist some M > 0 such
that for all M > M the unique stochastically stable state is s = M .

To see this note that with the imitation rule there are also exactly two
recurrent classes 0 and M . Moreover, the system can switch from state
0 to state M if two agents mutate to playing A and are paired together
to play the game in the same period. Since c > b it also follows that to
transit from state M to state 0 requires strictly more than two mutations
if M > 2(a− b)/(a− c). Thus state M is stochastically stable.

The striking difference between the results in [KanMaiRob93] and
[RobVeg96] lies in the role of the rule adopted by players. In the Kandori-
Mailath-Rob model, players best respond to the action frequency in the
last period. For an action to be a best response, there must be at least a
fixed share of the population playing the same action. In a 2 × 2 coordi-
nation game illustrated in Figure 2, if all players are playing A, then they
will continue to do so unless at least [(1− p∗)M ]+ players mutate to B, in
which case playing B is the best response rather than playing A. Since B
is risk dominant ensures it follows that (1− p∗) < 1/2. Thus it is easier to
switch from all playing A to all playing B than the other way round. When
players imitate each other in the Robson-Vega-Redondo model, players only
care about the performance of an action, rather than its frequency. This
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gives the efficient equilibrium an advantage. Consider the transition from
all playing B to all playing A. We actually need only two mutations plus
some “luck” in random matching: Two players mutate to A and these two
are paired to play the stage game. In this case, the average payoff from A
is a while the average payoff from B remains d. Although such “luck” in
pairing occurs with a small probability, it is far more likely than players
mutate to the other action as the mutation rate ε approaches zero. As for
the transition the other direction, it is not difficult to see that a number

of mutations proportional to the population size ( (a−c)
(a−b)M) is indispensable.

Thus if the population is reasonably large, the former transition is more
likely to occur.

Rule Evolution and Equilibrium Selection. The Kandori-Mailath-
Rob and Robson-Vega-Redondo results illustrate the effect that different
rules have on the selection amongst multiple equilibria. What if players
are free to choose from different rules? In [Jua02] —as a preliminary step
towards rule evolution and equilibrium selection— Juang looks at a model
very similar to those in [KanMaiRob93] and [RobVeg96] except that players
may be able to choose either best response or imitation rules to play the
stage games. Specifically, at each period one randomly chosen player can
revise his rule by choosing one of the existing rules according to how each
rule has performed in the previous period. Thus, he will make no change if
only one rule is remaining.

Juang adopts a fairly general set-up of rule selection. The only assump-
tion he makes on the rule selection criterion is what he calls experimental :
If at any date t all players play some Nash equilibrium then at period t+ 1
the selection assigns a positive probability to each existing rule.

There are two points to note concerning the this assumption. First,
it does not impose any restrictions when agents are not playing a Nash
equilibrium. Second, at any Nash equilibrium all agents (and thus rules)
are doing as well as each other; hence selection has no force and therefore it is
reasonable to assume that every existing rule receives a positive probability
as in the experimental assumption.

Juang introduces “mutation” at two levels. The first one refers to the
action level. As before, a player makes mistakes with probability ε > 0
when choosing actions (implementing his rules). The second is at the rule
level. It is assumed that, when updating rules, each player is also prone to
making mistakes with probability εη where 0 < η < ∞. Thus, in term of
probability, one rule mutation is equivalent to η action mutations.

In this set-up, a state is a 3-tuple denoting the number of players playing
A; the number of players playing A and adopting the imitation rule; and
the total number of players adopting the imitation rule.
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Note that with no mutation, because of the assumption that rule selection
criteria are experimental, any state in which both rules coexist cannot be
recurrent. This is because in any recurrent class players must be playing a
Nash equilibrium and therefore if both rules coexisted, by the experimental
property, both will be chosen with a positive probability. This allows the
total number of players adopting the imitation rule to drift between 1 and
M − 1 until it reaches either 0 or M .

Since any state in which more than one rule is present is not recurrent and
in any recurrent class agents must be playing the same Nash equilibrium, it
follows that the system with no mutation has four recurrent states S1, S2, S3

and S4. In state S1 all adopt the imitation rule and play A; in S2 all adopt
the imitation rule and play B; in S3 all adopt the best response rule and
play A; and in S4 all adopt the best response rule and play B.

S4

η

[p∗M]+

S2
η

2

S3

η

[(1− p∗)M]+

S1
η

m

Figure 3. A Preliminary Tree. The number attached to each arrow indicates
the resistance for that transition.

Figure 3 demonstrates the relationship between the setup of Juang with
and those in [KanMaiRob93] and [RobVeg96]. The transitions between S3

and S4 describe the ones in [KanMaiRob93] and the transitions between S1

and S2 describe the ones in [RobVeg96].
Juang’s demonstrate the following result on the long-run (as ε→ 0) be-

haviour of the system. The states S1 and S3 in which all agents play A
(the action corresponding to the efficient equilibrium) are the only stochas-
tically stable states in the above model provided the population size M is
sufficiently large.

A sketch of the proof of Juang’s result is as follows. First, consider
the transition from any state where all agents adopt one rule to any state
where all agents adopt the other, while using the same Nash equilibrium
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action profile. Given the assumption that all rule selection criteria are
experimental, one rule mutation is sufficient for any such transition. This is
because once one player mutates to adopt a rule that is different from the
one adopted by all players, then both rules are present in the population.
Since all players are playing the same Nash equilibrium, the rule selection
criterion will prescribe both rules with a positive probability next period.
The above arguments illustrate that one rule mutation suffices for a system
to transit from one state in which all players adopt one rule to another state
in which all players adopts the other rule, while they are playing the same
Nash equilibrium.

Second, with four recurrent states, we need to compute the stochastic po-
tential for each recurrent state in the way stated in subsection 3.1.1. Figure
3 describes the transitions between recurrent states and corresponding num-
ber of mutations. It is easy to see that states S1 and S3 are stochastically
stable provided the population size M is sufficiently large. The intuition
behind this is as follows. For transition from a state where all agents play A
to another state where all agents use the same rule and play B, more than
two action mutations are needed if M is above some parameter. But, as
in [RobVeg96], when all players are adopting the imitation rule, two action
mutations are sufficient for the transition from all B’s to all A’s. Therefore
any tree with the least stochastic potential must contain the transition from
S2 to S1. This property gives the efficient equilibrium an advantage over
the risk-dominant one. (It is easy to see that both states S1 and S3 have the
stochastic potential 2η + 2 while both states S2 and S4 have the stochastic
potential 2η + m where m refers to the least number of action mutation
needed for the system to switch from all A’s to all B’s, when all players are
adopting the imitation rule).

3.1.3 Cournot Oligopoly model: Nash or Walrasian equilibrium

Classical Cournot Oligopoly set-up has been another area in which the tech-
nique of stochastic evolutionary dynamics described above has been applied.
Here, again the theory has sharp predictions which depend on the nature
of the rules of behaviour allowed.

A symmetric discretised version of the Cournot model is as follows. There
is a single of population consisting of n identical firms. In the one-shot
game they set their output quantities simultaneously. They face an inverse
demand function given by P (.); thus if the total output brought to the
market is Q the price will be given by P (Q). Each firm has a constant
marginal cost c > 0. The strategy of firm i is simply the quantity of output
qi it produces. To keep the finiteness of the model we assume that the set
of output choices is finite.
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In this set-up the payoff of firm i is simply

πi(qi, q−i) = qi



P (

n∑

j=1

qj)− c





Two reference benchmark outcomes for this one-shot game are the sym-
metric Cournot-Nash equilibrium and the Walrasian (also called Compet-
itive) equilibrium. The former, denoted by a symmetric n-tuple of out-
puts qc = (qc, .., qc) refers to the Nash equilibrium of the one-shot game.
The latter refers to the outcome in a competitive market in which firms
cannot influence prices and is defined by a symmetric n-tuple of outputs
qw = (qw, .., qw) where qw satisfies

qw {P (nqw)− c} ≥ qi {P (nqw)− c} for all output levels qi.

Assume that these two equilibria exist and are unique. Assume also that
P (.) is decreasing so that qc < qw.

Now suppose that the above Cournot game is played repeatedly and at
any date each firm has an opportunity to adjust its behaviour with a positive
probability.

Best response dynamics. First, let us consider the case in which the
firms follow a myopic best response rule. The selection problem in this
case is trivial. Since the Cournot game is a potential game, the best re-
sponse dynamics for this game with no mutation/perturbation is globally
stable, and therefore the output decisions of the firms converge to the unique
Cournot-Nash equilibrium qc. When the dynamics is perturbed the set of
stochastically stable states belong to the limit points (recurrent classes) of
the unperturbed dynamics. Since the latter is unique, the stochastically
stable state corresponds to the Cournot-Nash equilibrium.

Imitation dynamics. If all firms follow the imitation rule then whenever
a firm receives the opportunity to revise its actions it follows the action
of one of the firms which obtained a higher payoff in the previous period.
Imitation implies that the dynamics with no mutation converges a.s. to
a monomorphic state in which all firms produce the same output. The
recurrent classes of the dynamics are simply the set of all symmetric n-
tuples q= (q, q, .., q).

Next, consider the same model with small mutation. Vega-Redondo
shows that the stochastically stable set of this imitation dynamics is unique
and is given by all firms producing the Walrasian output qw [Veg96]. The
basic idea here is as follows. First at any recurrent state q a single mutation
by one firm to qw is sufficient to induce the unperturbed dynamics towards
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the Walrasian equilibrium qw with a positive probability. The intuition for
this is that after the single mutation to qw the mutant earns a higher profit
than the other firms. But then by imitation all firms can end up producing
qw. Second, it requires more than one mutation to switch from qw to any
other recurrent state q. This is because if in state qwonly one firm mutates
to another output level q, the mutant ends up earning a lower profit that
the other firms; therefore the unperturbed imitation dynamics must lead
the process back to state qw.

The Imitation rule in [Veg96] has one period memory. In [Aló04], Alós-
Ferrer considers the case of imitators with long but finite memory in the set-
up of [Veg96]. He shows that the process converges to a set of monomorphic
states in which the firms produce an output between the Cournot and the
Walrasian outcome.

Imitation and best response rules. What happens if different firms
adopt different rules. Schipper considers a model in which a population of
imitators and best responders play repeatedly the above symmetric Cournot
game [Sch02]. He shows that the long run distribution converges to a recur-
rent set of states in which imitators are better off than are best responders.
His finding is robust even when best responders are more sophisticated. In
his model the players can not change their rules. Thijssen relaxes this re-
striction and studies a similar environment as Schipper but allows players
to change their rules [Thi05]. At the rule evolution level, he assumes that
firm imitate the rule of the firm with the highest profit; thus the rule se-
lection criterion is imitating in this set-up. Thijssen shows that Walrasian
behavior is the unique stochastically stable state in this set-up with compet-
ing rules. He establishes his result by using the theory of nearly-complete
decomposability to disentangle the action evolution and the rule evolution.
Intuitively, this means one uses the limit distribution of the action evolution
to obtain the limit distribution of rule evolution.

3.1.4 Other applications of stochastic stability

There are also many other applications of the stochastic stability approach
in economic models such as bargaining [You93b], social contracts [You98],
and social networks [GoyVeg05], to name a few. In most of these applica-
tions players choose a single rule — best response rule. (Some exceptions
are Saez-Marti and Weibull [SaeWei99], and Matros [Mat03] who extend
Young’s [You93b] result on selection in 2-player Nash bargaining problem
to two rules set-up in which some individuals use the best response rule and
others use best response to best response).

In [Hur95] and [You98], Hurkens and Young extend [You93a] to general
finite games and characterise the stochastic stable states of the perturbed
dynamics in which at any date all individuals have finite memory and choose
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a (myopic) best response to a sample of past plays of their opponents.
The difficulty with dealing with more general games is that the recurrent
classes of the unperturbed games with minimal stochastic potential may
involve cycles and stochastic stable states need not be Nash equilibria of
the underlying games. For generic games Hurkens and Young characterise
the stochastic stable states by showing that they belong to pure-strategy
profiles in minimal sets closed under best response.

On the other hand, in [JosMat04], Josephson and Matros characterise
the equilibrium of the same model as those in [Hur95] and [You98] but
with a different behavioural rule from best response. They assume that all
individuals follow an imitation rule of choosing the most attractive strategy
in their sample. First, not surprisingly, they show, in contrast to the results
with best-reply dynamics, that with imitation rules a state is a limit point
of the unperturbed dynamics if and only if it is a repetition of a single
pure-strategy profile, a monomorphic state. Second, they show that all
stochastically stable states of the perturbed dynamics are monomorphic
and belong to a minimal set closed under single better replies (a minimal
set of strategy profiles such that no single player can obtain a weakly better
payoff by deviating unilaterally and playing a strategy outside the set).

Young [You93a, You98], Hurkens [Hur95], and Josephson and Matros
[JosMat04] consider general games with single rules. Matros [Mat04] al-
lows introduces of multi-rules in the same evolutionary setting. Here, as
in [AndSab96] discussed in the previous section, a rule refers to an action
choice for each sample of past (finite) observations. He defines weakly ra-
tional rules as the rules that are “consistent with an equilibrium.” This set
includes all belief-based rules (those that are best responses to some belief)
as well all imitation rules. He then shows that if players use only weakly
rational rules including the best response rule then any limit point of the
unperturbed dynamics belong to a minimal set closed under best response.
Thus, very informally, without perturbation the dynamics with the set of
weakly rational rules select the same outcome as do the dynamics with only
the best response rules as in [Hur95] and [You98]. Matros then considers
the perturbed dynamics and restricts his analysis to a subset of the weakly
rational set, which he calls boundedly rational rules. The definition of this
subset is quite complicated and rather ad hoc; nevertheless it still includes
all belief-based and imitation rules. Very informally, he shows that when
players use boundedly rational rules, including the best response and the
imitation rule, the long-run outcomes of the perturbed dynamics as the
mutation becomes small are the same as those that will be obtained when
agents choose only best response and imitation dynamics.
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3.2 Why Imitate?

The literature on evolutionary framework with small but perpetual random
shocks has been successful in selecting amongst multiplicity of equilibria in
some well-known applications but as we have explained above the precise
selection in many instances has been dependent on which rules of behaviour
are allowed. In particular, as we have discussed, the best response rule
and the imitation rule often have very different predictions. The important
question is to ask why one rule is chosen rather than another. A less ambi-
tious question may be why players imitate, rather than best respond, as the
latter seems to make more sense in terms of rationality and expected utility
maximization. The papers [Jua02] and [Thi05], discussed above, address
the question of selection between best response and the imitation rules in
the context of specific games by introducing a selection dynamics between
the two rules and letting them compete. However, the games they consider
are very specific. In the remainder of this section we will briefly discuss
some justifications of why individuals imitate in contexts other than the
standard evolutionary game.

3.2.1 Imitate to maximize expected payoff

Schlag shows that through imitation, most individuals will learn to choose
an expected payoff maximizing action with probability arbitrarily close to
one, provided the population is sufficiently large [Sch98]. In his model
finitely many agents repeatedly choose among actions that yield uncertain
payoffs (multi-armed bandits). Periodically, new agents replaces some ex-
isting ones. Before entering the population each individual must commit
to a behavioral rule that determines his next choice. When choosing an
action in each period, an individual, guided by his rule, will sample another
individual and is informed of the action chosen and the payoff received by
that sampled agent in the last period. By comparing the performance of
that sample with his own, the player decides to either switch to the action
chosen by that sampled player or stick to his own action. Such a rule is
“imitating” in that the player only selects either the action he chose in the
last period or the action adopted by the individual he samples.

Schlag shows that an imitating rule is improving (payoff increasing in
each bandit) if and only if, when two agents using different actions happen
to sample each other, the difference in the probabilities of switching is pro-
portional to the difference in their realized payoffs19. By allowing agents to
select among improving rules, the author characterises the unique optimal
Proportional Imitation Rule. Schlag then shows that, for any initial state

19Since Imitate if Better cannot distinguish between lucky and certain (or highly prob-
able) payoffs, this rule might generate negative expected improvement and is not improv-
ing.
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with all actions present, the above optimal rule will guide most individuals
to select the expected payoff maximizing action after finite periods.

3.2.2 Imitate to survive

The above discussion illustrates that through imitation individuals may
“learn” to choose the optimal action. Imitation performs well even when
competing with others. Blume and Easley study a model in which investors
distribute their wealth among a bundle of assets [BluEas92]. Asset s pays
off a positive amount of revenue if and only if state s occurs. It is easy to see
that any investor putting zero share of his wealth on any asset s with state s
occurring with positive probability will almost surely be bankrupt in finite
time. Moreover, if we assume all traders have identical saving rates, then
to survive in the market each investor must learn to distribute his wealth
on each asset s with a share proportional to the probability that state s
occurs. Blume and Easley try to find out what kinds of rules could survive
in the market. Obviously the simple rule that invest in asset s with a fixed
wealth share equal to the probability that state s occurs will survive. That
is, an investor holding the correct belief on the states of the world and invest
according to his belief will survive in the market.

They also show that some other rules may survive in the market. For
example, a Bayesian learning rule whose prior has finite support containing
the true model may survive. This is not surprising as a Bayesian will learn
the true model if his prior contains the true model and he could observe
all histories and update his belief according to his observation. Another
rule that may survive is a search rule. An investor who adopts the search
rule selects at date t the portfolio rule that would have maximized his date
t wealth share given the actual prices and states up to date t. Both the
Bayesian learning rule and the search rule involve relatively sophisticated
behavior. For example, a Bayesian’s prior must contain the true model
and, he must update his posterior probability on each model in each date.
For the search rule, the investor must remember the history of the state-
price process, compute the objective function and maximize it. Consider
an imitator as follows. Use at date t the rule adopted at date t− 1 by the
trader with the largest wealth share. It turns out that such a imitation rule
will survive: Imitating the trader with the largest wealth share is equivalent
to imitating the most successful trader in the long run. The trader with the
largest wealth share may not be adopting the most successful rule initially,
but then his wealth share will shrink and will eventually be dominated by
another trader who performs better. In the long run the investor with the
largest wealth share must adopt the most successful rule. Thus an imitator
will eventually settle down to the most successful rule and will survive in
the market.
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3.2.3 Imitation to efficiency

Ellison and Fudenberg construct a social learning model in which a contin-
uum of agents repeatedly select between two competing alternatives with
one being superior to the other but subject to random shocks [EllFud93].
Therefore, the inferior choice may do better than the superior one some
of the time. In this model, if only a share of the agents may revise their
choice each time and when revising, they just choose the alternative that
performed better in the last period, then the society will settle down to a
state in which the share of the agents adopting the superior choice is equiv-
alent to the probability that the better alternative outperforms the other,
the so-called probability-matching behavior.

Ellison and Fudenberg then assume that an agent, when revising his
choice, also takes into account how many agents adopting each alternative.
Specifically, he considers not only the performance of both alternatives but
also their popularity. Thus the weight an agent assigns to the popularity of
an alternative plays an important role in the social learning environment.
Intuitively, if the weight is too small, then we shall observe a similar outcome
as the probability-matching case, and thus there will always be a non-zero
share of the society who adopt the inferior choice. On the other hand, if the
weight is too large, then the society will settle down to either the efficient
choice or the inferior one, depending on the initial state and the realized
random shocks. Only with the weight within an optimal range will a society
learn to choose the efficient choice.

Juang considers a heterogeneous society in which agents may have dif-
ferent popularity weights and introduce a replicator-like dynamic to dif-
ferentiate agents according to their performance [Jua01]. He characterises
two conditions, called precision and diversity, each of which guarantees all
agents in the society herd on the superior alternative. Precision requires
that at least non-negligible share of agents use popularity weight that is
within the optimal range in Ellison and Fudenberg’s [EllFud93]. This is
straightforward as agents with such a weight will learn the superior choice
precisely in the long run and those who fail to do so will be outperformed
and will vanish in the long run. The diversity condition requires that at least
one “low” popularity weight and one “high” popularity weight co-exist in
the society (low and high are relative to the optimal range stated above).
Intuitively, agents with lower (higher) weight care more about performance
(popularity). If the inferior choice is more popular, then agents with low
weight will outperform those with high weight, and help the society escape
from inefficient herding and reach the state in which the superior choice is
more popular. Once this occurs, agents with high weight will adopt the su-
perior choice with greater proportion and outperform those with low weight



Evolutionary Game Theory 219

and lead the society into the efficient herding in the limit. An interpreta-
tion for diversity is that “rational” agents locate the optimal choice for the
society while it is “imitating” agents who make the profits.
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abstract. This paper presents a new explanation of how prefer-
ring the simplest theory compatible with experience assists one in
finding the true answer to a scientific question when the answers are
theories or models. Inquiry is portrayed as an unending game be-
tween science and nature in which the scientist aims to converge to
the true theory on the basis of accumulating information. Simplicity
is a topological invariant reflecting sequences of theory choices that
nature can force an arbitrary, convergent scientist to produce. It is
demonstrated that among the methods that converge to the truth in
an empirical problem, the ones that do so with a minimum number of
reversals of opinion prior to convergence are exactly the ones that pre-
fer simple theories. The approach explains not only simplicity tastes
in model selection, but aspects of theory testing and the unwillingness
of natural science to break symmetries without a reason.

1 Introduction

In natural science, one typically faces a situation in which several (or even
infinitely many) available theories are compatible with experience. Standard

*I would like to thank Seth Casana, John Taylor, Joseph Ramsey, Richard Scheines,
Oliver Schulte, Pieter Adriaans, Teddy Seidenfeld, and Balazs Gyenis for discussions and
comments. Special thanks are due to the organizers of the Fifth International Conference
on Foundations of the Formal Sciences for such an interesting interdisciplinary conference
devoted to infinite game theory. The centrality of determinacy to the main results of this
paper reflects the influence of some of the excellent presentations by other authors in this
volume.
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practice is to choose the simplest theory among them and to cite “Ockham’s
razor” as the excuse (Figure 1). “Simplicity” is understood in a variety

T2T0 T1

sw
is

h!

simple
complex

compatible with experience

T3 T4

Amazing, Ockham!
How do you do it?

Figure 1. Ockham to the rescue.

of ways in different contexts. For example, simpler theories are supposed
to posit fewer entities or causes (Ockham’s original formulation), to have
fewer adjustable parameters, to be more “unified” and “elegant”, to posit
more uniformity or symmetry in nature, to provide stronger explanations,
or to be more strongly cross-tested by the available data. But in what
sense is Ockham’s razor truly an excuse? For if you already know that
the simplest theory compatible with experience is true, you don’t need any
help from Ockham (Figure 2). And if you don’t, then the true theory

T2T0 T1
simple

complex

compatible with experience

Who needs
you?

T3 T4

sw
is

h!

Figure 2. A Platonic Dilemma: Case I.

might be complex, so it is unclear how Ockham helps you find it (Figure
3). Indeed, how could a fixed bias toward simplicity indicate the possibly
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Figure 3. A Platonic Dilemma: Case II.

complex truth any better than a broken thermometer that always reads
“zero” can indicate the temperature? You don’t have to be a card-carrying
skeptic to wonder what the tacit connection between simplicity and truth-
finding could possibly be.

This essay explains the connection between simplicity and truth by mod-
elling inquiry as an unending process, in which the scientist’s aim is to
converge to the truth in a way that minimizes, in a worst-case sense, rever-
sals of opinion prior to convergence to the truth. Scientific methods may
then be analyzed formally as strategies in an infinite game of perfect in-
formation, which brings to the subject powerful mathematical tools such
as Donald Martin’s Borel determinacy theorem [Mar75]. The proposed,
long-run, strategic perspective on inquiry may appear abstract and remote
from the day-to-day nuances of concrete scientific practice. Nonetheless, it
is very general and singles out Ockham’s razor as the best possible strategy
to follow at every stage of inquiry, so its import for short-run practice is
both sharp and concrete. Furthermore, the following review of standard
attempts to link simplicity with theoretical truth in the short run reveals
that they are all either irrelevant or based upon wishful thinking or circular
arguments. A relevant, non-circular, long-run explanation may be better
than no explanation at all.

2 Some Traditional Explanations of Ockham’s Razor

Gottfried W. Leibniz explained the elusive connection between simplicity
and truth by means of a direct appeal to the grace of God (Figure 4; [Lei14,
§§ 55–59]) Since God is omnipotent and infinitely kind (to scientists, at
least), it follows that the actual world is the most elegant (i.e., simple)
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The
best!

Truth

Zap!

The best!

Figure 4. Gottfried W. Leibniz’ Theological Explanation.

universe that could possibly produce such a rich array of effects. Hence,
simplicity doesn’t track the truth the way a thermometer tracks tempera-
ture; truth, by the grace of God, tracks simplicity. This explanation merely
underscores the desperate nature of the question.

Immanuel Kant confronted the issue in his Kritik der Urtheilskraft.1 Ac-
cording to Kant, the faculty of judgment must prescribe or presuppose that
the diverse laws of nature may be unified under a small set of causes if na-
ture is to be intelligible at all. But theories that involve a few extra causes
are also intelligible, so intelligibility falls far short of explaining why one
should prefer theories with fewer causes or entities over those that involve
more.

Some latter-day philosophers have emphasized that simple theories have
various “virtues”, most notably, that simpler or more unified theories are
more thoroughly tested or confirmed by a given evidence set (e.g., [Pop68,
p. 251–281], [Gly80], or [Fri83, p. 236–250]). For if a theory has many free
parameters (ways of being true), then new evidence simply “sets” the pa-
rameters and there is no risk of the theory, itself, being refuted altogether.
But a simple theory does carry the risk of being refuted. It seems only fair
to pin a medal of valor on the simple theory for surviving its self-imposed
ordeal. The question, however, is truth, not valor, and the true theory might
not be simple, in which case it wouldn’t be valorous. To assume otherwise
amounts to wishful thinking — the epistemic sin of concluding that the truth
is as pleasing (intelligible, severely testable, explanatory, unified, uniform,
symmetrical) as you would like it to be. Rudolf Carnap sought uniformity
of nature in logic itself [Car50, p. 562–567]. This “logic” amounts, however,
to nothing more than the imposition of greater prior probabilities on more

1Cf. the Akademie-Ausgabe [NatWin08, p. 185].
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uniform worlds, where uniformity is judged with respect to an arbitrarily
selected collection of predicates. The argument goes like this (Figure 5).
Suppose there are but two predicates, “green” and “blue” and that every-
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b

a

b

a

b

a

b

1/6 1/6

1/31/3 1/3

1/3 1/3
Uniformity
is more
probable!

Figure 5. Rudolf Carnap’s “Logical” Explanation.

thing is either green or blue. Suppose there are two observable objects, a
and b. Two worlds are isomorphic just in case a one-to-one substitution of
names takes you from one world to the other in a way that preserves the
basic predicates in your language. Hence the uniform world in which a and
b are both green is in its own isomorphism class, as is the uniform world
in which a and b are both blue. The two non-uniform worlds in which a
and b have different colors can each be reached from the other by a one-
to-one, color-preserving substitution of names, so they end up in the same
isomorphism class. Now Carnap invokes the principle of indifference to put
equal probabilities of one third on each of these three automorphism classes
and invokes it again to split the one third probability on the non-uniform
class over the two non-uniform worlds. The resulting probability distribu-
tion is then biased so that uniform worlds get probability one third and
non-uniform worlds get probability one sixth. So uniform worlds are more
probable than non-uniform worlds (by a factor of two in this tiny example,
but the advantage increases as observable individuals are added).

Nelson Goodman objected that whatever is logical ought to be preserved
under translation and that Carnap’s uniformity bias based on linguistic
syntax isn’t [Goo83, p. 59–83]. For uniformly green and uniformly blue
experience are uniform. But one can translate green and blue into “grue”
and “bleen”, where “grue” means “green if a and blue if b” and “bleen”
means “blue if a and green if b” (Figure 6). Then in the grue/bleen language,
the worlds that used to be non-uniform are now uniformly grue or uniformly
bleen, respectively and the worlds that used to be uniform are non-uniform,
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Figure 6. Nelson Goodman’s “Grue” Argument.

for “green” means “grue if a and bleen if b” and “blue” means “bleen if
a and grue if b”. Since logical inferences are based entirely on syntax and
syntactically the situation between green/blue and grue/bleen is entirely
symmetrical, uniformity cannot be a feature of logical syntax. The moral is
that Carnap’s story makes uniformity of nature a mere matter of description.
But a guide to truth could not be a mere matter of description, since truth
doesn’t depend upon how it is described.

3 Statistical Explanations

So much for philosophy. Surely, the growing army of contemporary statis-
ticians, machine learning researchers, and industrial “data miners” must
have a better explanation based on rigorous, mathematical reasoning. Let’s
check. A major player in the scientific methodology business today is
Bayesian methodology. The basic idea is to allow personal biases to enter
into statistical inferences, where personal bias is represented as a “prior”
probability measure over possibilities. The prior probability of hypothesis
H is then combined with experience Et available at t via Bayes’ theorem to
produce an updated probability of H at t′, which represents your updated
opinion concerning H:

Pt+1(H) = Pt(H | Et) =
Pt(H) · Pt(Et | H)

Pt(Et).

It is clear from the formula that your prior opinion Pt(H) is a factor in your
posterior opinion Pt+1(H), so that the simplest theory compatible with the
new data ends up being most probable in the updated probabilities. Ock-
ham’s razor is just a systematic bias toward simpler theories. So to explain
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I assume simplicity!

So I assume simplicity!

Figure 7. The Circular Bayesian Explanation.

its efficacy by appealing to a prior bias toward simplicity is patently circu-
lar (Figure 7).

Bayesians also have a more subtle story. Yes, it begs the question simply
to impose a prior bias toward simple theories, so let’s be “fair” and impose
equal prior probabilities on competing theories, be they simple or complex.
Now suppose, for concreteness, that we have just two theories, simple theory
S and complex theory C(θ) with free parameter θ which (again for concrete-
ness) can be set to any value from 1 to k (Figure 8). Suppose, further, that

C(1)

simple

It would be a miracle
if the parameter were
set precisely to 1.  

complex

C(2)

C(3)

S

fairness to both theories

1/2 1/2

1/6

1/6

1/6

Figure 8. The Miracle Explanation.

S consistently entails Et, as does C(1), but that for all other parameter
values i, C(i) is refuted by Et. Thus, Pt(Et | S) = Pt(Et | C(1)) = 1
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but for all i distinct from 1, Pt(Et | C(i)) = 0. Suppose, again, that
you have no prior idea which parameter value of C(i) would be the case if
C(θ) were true (that’s what it means for the parameter to be “free”). So
Pt(θ | C(i)) is uniform.2 Turning the crank on Bayes’ theorem, one obtains
Pt(S | Et)/Pt(C | Et) = k. So even though the complex theory could save
the data just as well as the simple one, the simple theory that does so with-
out any ad hoc fiddling ends up being “confirmed” much more sharply by
the same data Et (e.g., [Ros83, p. 74–75]). Surely that explains how severe
testability is a mark of truth, for doesn’t the more testable theory end up
more probable after a fair contest?

One must exercise caution when Bayesians speak of fairness, however, for
probabilistic “fairness” between “blue” and “non-blue” implies a marked
bias toward “blue” in a choice among “blue, yellow, red”. That is all the
more true in the present case: “fairness” between S and C induces a strong
bias for S with respect to C(1), . . . , C(k). One could just as well insist upon
“fairness” at the level of parameter settings rather than at the level of the-
ories (Figure 9). In that case, one would have to impose equal probabilities

C(1)

simple

Now that’s fair.   

complex

C(2)

C(3)

fairness to worlds

3/4 1/4

1/4

1/4

1/4

S

Figure 9. The Miracle Reversed.

of 1/(k+ 1) over the k+ 1 possibilities {S,C(1), . . . , C(k)}. Now C(0) and,
hence, C, will remain forever at least as a probable as S in light of evidence

2This is a discrete version of the typical restrictions on prior probability in Bayesian
model selection (cf. [Was04, p. 220–221]). If the parameters are continuous, each parame-
ter setting receives zero prior probability, but the result is the same because the likelihood
of the more complex theory must be integrated over a higher-dimensional space than that
of the simpler theory.
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agreeing with S. Classical statisticians explain Ockham’s razor in terms of
“overfitting” (cf. [Was04, p. 218–225] for a textbook review). “Overfitting”
occurs when you want to estimate a sampling distribution by setting the free
parameters in some statistical model. In that case, the expected squared
predictive error of the estimated model will be higher if the model employed
is too complex (e.g., [ForSob94]). This is a kind of objective, short-run con-
nection between simplicity and truth-finding, but it doesn’t really address
the question at hand, which is how Ockham’s razor helps you find the true
theory, which is quite another matter from which theory or model to use to
estimate the underlying sampling distribution. The quickest way to see why
is this: suppose that God were to tell you that the true model has fifty free
parameters. On a small sample, the overfitting argument would still urge
you to use a much smaller model for estimation and prediction purposes
(Figure 10). So the argument couldn’t be concerned with finding the true
theory.

Behold
the Truth,
little human!

Thanks, God,
but this simplistic
model will  still
predict better.

C(θ1, . . . , θ50) 

S(θ1) 

Figure 10. The “Overfitting” Explanation.

More subtly, the sense of approximate error employed in the overfitting
literature is wrong for theory selection. Getting “close” to the underlying
sampling distribution might not get you “close” to the form of the true
model, since distributions arbitrarily close to the true distribution could be
generated by models arbitrarily far from the true model.3 Thus, distance
from the theoretical truth is typically discontinuous with distance from the
true sampling distribution, so minimizing the latter distance may fail to get
you close in the former, as in the case of God informing you that the true
model is very complex. Another point about overfitting is that even to the

3This is particularly true when the features of the model have counterfactual import
beyond prediction of the actual sampling distribution, as in causal inference [GlySchSpi00,
p. 47–53].
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extent that it does explain the role of simplicity in statistical prediction, it is
tied, essentially, to inference problems in which the data are stochastically
generated, leaving one to wonder why simplicity should have any role in
deterministic inference problems, where it still feels like a good idea.

Finally, there are theorems of the sort that some method equipped with
a prior bias toward simplicity is guaranteed to converge in some sense to
the true model as experience (or sample size) increases (e.g., [LohZhe95]).
That would indeed link Ockham’s razor with truth-finding if it could be
shown that other possible biases don’t converge to the truth. But they do.
The logic of convergence results is not that Ockham’s advice points at or
indicates the truth, but that it is “washed out” or “swamped”, eventually,
by accumulating experience, even if the advice is so misleading as to throw
you off the track for a long time (Figure 11). But alternative biases would

Fssssss!

How is this flat tire helping
me to get home?

Because you
can fix it eventually.

Figure 11. The Convergence Explanation.

also be washed out by experience eventually4 so that’s hardly a ringing
endorsement of Ockham’s razor. What is required is an argument that
Ockham’s razor is, in some sense, the best possible bias for finding the true
theory.

4 Post Mortem

To recapitulate, the standard explanations of the mysterious relationship
between simplicity and theoretical truth are either circular, wishful, or ir-
relevant. Still, they provide useful information about how the relationship
can’t be explained. For indication of the truth is too strong a connection
to establish without begging the question at the outset, as Leibniz and the
Bayesians do. On the other hand, mere convergence in the limit is too weak

4Cf. [Hal74, p. 212, Theorem A]. Also, see the critical discussion of Bayesian conver-
gence theorems in [Kel96, p. 302–330].
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to single out simplicity as the right bias. The crux of the puzzle, then, is to
come up with a notion of “helping to find the truth” that is strong enough
to single out simplicity as the right bias to have but that is not so strong
as to demand a question-begging appeal to Ockham’s razor at the outset
in order to establish it. Thus, the appropriate notion of “help” must be
stronger than convergence in the limit and weaker than indication in the
short run.

The account developed below steers between these two extremes by con-
sidering a refined concept of convergence, namely, convergence with a mini-
mum number of reversals of opinion prior to arrival at the goal (Figure 12).
This is stronger than mere convergence in the limit, which says nothing

Simple Complex

indication
too strong

convergence
too weak

straightest convergence
just right?

Simple Complex Simple Complex

Figure 12. Three Kinds of “Help”.

about minimizing reversals of opinion along the path to the truth, and is
weaker than indication, which allows for no reversals of opinion whatever.
It will be demonstrated that an ongoing bias toward simplicity minimizes
kinks in your course to the truth in a certain precise sense. But first, I illus-
trate the general flavor of the approach by showing that something similar
happens almost every time you ask for directions.

5 Asking for Directions

Suppose you are headed home on a road trip and get lost in a small town.
In frustration, you stop to ask a local resident how to get home (Figure 13).
Before you can even say where you are headed, he gives you the usual sort
of advice: directions to the nearby freeway entrance ramp, which happens
to be a few blocks back toward where you just came from. Now suppose
that, in a fit of hubris, you disregard the resident’s advice in favor of some
intuitive feeling that your home is straight ahead (Figure 14). That ends
up being a bad idea (Figure 15). You leave town on a small rural route that
winds its wild way over the mountains. At some point, you concede the
error of your ways and turn around to follow the resident’s directions to the
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Which way to...?

Go back two blocks.
The freeway is
on the right.

Figure 13. Asking For Directions.

How could he answer without knowing our destination?
The sun was on the right, so Pittsburgh must be straight ahead.  

Figure 14. Hubris!

freeway. The freeway then follows as straight a route home as is practicable
through mountainous terrain. As you speed your way homeward, you have
ample time to regret: if you hadn’t ignored the local resident’s advice, you
wouldn’t have added that useless, initial U-turn to your otherwise optimal
journey home. Let’s take stock of a few striking features of this mundane
tale. First, the local resident’s advice was indeed helpful, since it would have
put you on the straightest possible path home. Second, by disregarding
the advice, you incurred an extra U-turn or kink in your route. What is
particularly vexing about the initial U-turn is that it occurs even before
you properly begin your journey. It’s a sort of navigational “original sin”
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Pittsburgh

advised
route

needless U-turn

Told ya!

your
extra
detour

Figure 15. The U-turn Argument.

that you can never be absolved of. Third, the resident didn’t need to know
where you were going in advance in order to give you helpful advice. Any
stranger asking for directions in a small, isolated town would do best to get
on the freeway. Hence, the resident’s ability to provide useful information
without knowing where your home is doesn’t require an occult or circular
explanation. Suppose, on the other hand, that the resident could give you
a compass course home before knowing where you are headed. That would
require either a circular or an occult explanation (an Ouija board or divining
rod). Fourth, even the freeway is not perfectly straight, so the resident’s
advice provides no guarantee against future course reversals, even if it is
the best possible advice. Finally, the resident’s advice is the best possible
advice even though it points you away from your goal at the outset. If help
required that you be aimed in the right direction, then the resident would
have to give you a compass heading home, which wouldn’t be possible unless
he already knew where your goal was or had an Ouija board or divining rod.

So the typical situation in which you ask for directions home from a
distant, small town has all the fundamental features that an adequate ex-
planation of the truth-finding efficacy of Ockham’s razor must have. Per-
haps Ockham also provides fixed advice that puts you on the best possible
route to the truth without pointing you at the truth and without guarantees
against future course reversals along the way. It remains, then, to explain
what the freeway to the truth is and how Ockham’s advice leads you to it.
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6 The Freeway to the Truth

Even lexicography suggests an essential connection between freeways and
truth-finding, for both changes in course and changes in opinion are called
changes in attitude. According to this analogy, Ockham’s advice should
somehow minimize changes of opinion prior to convergence to the right
answer.5 Let’s consider how the story goes in the case of a very simple
truth-finding problem.

Suppose that there is an emitter of discrete, readily detectable particles
at arbitrary intervals and that you know that it can emit at most finitely
many particles altogether (Figure 16). The question is how many particles

Burp!

?!

Figure 16. Counting Particles (Effects).

it will ever emit. What makes the problem interesting is that an arbitrarily
long interval without new particles can easily be mistaken for total absence
of future particles. This problem has more general significance than might
be apparent at first, for think of the particles as detectable effects that
are arbitrarily hard to detect as parameters in the true theory are tuned
toward zero. For example, in curve fitting, the curvature of a quadratic
curve may be so slight that it requires a huge number of data to notice
that the curve is non-linear.6 So the theory that the curve is quadratic but

5The idea of counting mind-changes already appears in [Put65]. Since then, the idea
has been studied extensively by computer scientists interested in computational learning
(cf. [Jai+99] for a review). The focus, however, is on categorizing the complexities of
problems rather than on singling out Ockham’s razor as an optimal method. Oliver
Schulte and I began looking at retraction minimization as a way to severely constrain
one’s choice of hypothesis in the short run in 1996 (cf. [Sch99a, Sch99b]). Schulte has also
applied the idea to the inference of conservation laws in particle physics [Sch01]. The ideas
in this essay build upon and substantially simplify and generalize the initial approach
taken in [Kel02, GlyKel04, Kel04]). While the present manuscript was in press, the
approach was developed further in [Kel07]. Some differences between the two approaches
are mentioned in subsequent footnotes.

6It is assumed that he data are increasingly precise but inexact; else three points would
settle the question [Pop68, p. 131–131]. The same point holds if the data are noisy. In
that case, tuning the parameters toward zero makes the effects statistically undetectable
at small sample sizes (cf. [GlyKel04, Kel04] for an application of the preceding ideas to
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not linear predicts the eventual detection of effects that would never appear
under the linear theory. Similarly, the curvature of a cubic curve may be
so slight that it is arbitrarily hard to distinguish from a quadratic curve.
The point generalizes to typical model selection settings regardless of the
interpretation of the parameters. So deciding among models or theories with
different free parameters is quite similar, after all, to counting particles.

The traditional formulation of “Ockham’s razor” is to not multiply enti-
ties without necessity. It is “necessary” (on pain of outright inconsistency)
to assume as many particles as you have seen, but it is not necessary to
assume more, so that if you conclude anything, you should conclude exactly
as many particles as you have seen so far (Figure 17). The most aggressive

Burp!

4
What is the least
possible number?

Figure 17. Ockham in Action.

Ockham method is the counting method that concludes that every particle
has been seen at every stage. More realistic Ockham methods refuse to
commit themselves to any answer at all until a long time has passed with
no novel effects. Ockham’s razor, itself, says nothing about how long this
“confidence-building” time should last and the following argument for Ock-
ham’s razor doesn’t imply anything about how long it should be either; it
simply requires you to adopt some Ockham method, whether the method
waits or not. That is as it should be, since even believers in short-run evi-
dential support (e.g., Rudolf Carnap and the Bayesians) allow for arbitrary
individual differences concerning the time required for confidence buildup.

Other intuitive formulations of empirical simplicity conspire with the view
that the Ockham answer should be the exact count. First, the Ockham the-
ory that there are no more particles than you have seen is the most uniform
theory compatible with experience, for it posits a uniformly particle-free
future. Second, the Ockham theory is the most testable theory compatible
with experience, for if it is false, you will see another particle and it will

stochastic problems.



238 Kevin T. Kelly

be decisively refuted. Any theory that anticipates more particles than have
been seen might be false, because there are fewer particles than anticipated,
in which case it will never be refuted decisively, since the anticipated parti-
cles might always appear later. Third, the Ockham theory is most explana-
tory, since the theory that posits extra particles fails to explain the times
at which those particle appear. The theory that there are no more particles
fails to posit extra, unexplained times of appearance. Fourth, the Ockham
theory is most symmetrical, since the particle-free future is preserved under
permutation of times, whereas a future punctuated by new particle appear-
ances would be altered by such permutations. Fifth, the Ockham theory
has the fewest free parameters, because each time of appearance of a new
particle is a free parameter in a theory that posits extra particles. So in
spite of its apparent triviality, the problem of counting things that are emit-
ted from a box does illustrate a wide range of intuitive aspects of empirical
simplicity. That isn’t so surprising in light of the analogy between particles
and empirical effects tied to free parameters.

If you follow an Ockham solution to the particle-counting problem, then
you change your mind in light of increasing data at most once per particle.
If the true count is k, then you change your mind at most k times. By way
of comparison, suppose that you have a hankering to violate Ockham’s razor
by producing a different answer (Figure 18). You might reason as follows.

5

Figure 18. Ockham Violation!

The particle emitter has overturned every successive Ockham answer in the
past (i.e., “zero”, “one”, “two”, and “three”), so you expect it will overturn
the current Ockham answer “four” as well. So by induction on Ockham’s
unbroken losing streak in the past, you anticipate failure again and guess
“five” (or some greater number of your choosing) rather than the Ockham
answer “four”. Philosophers of science call this the “negative induction from
the history of science” [Lau81]. Why side with Ockham, rather than with
the negative induction against him?
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Efficiency is future-directed. Slush funds or debts may have been ac-
cumulated in the past, but efficiency optimization in the present concerns
future costs incurred by future acts over which you have some control. So
think of inquiry as starting from scratch at each moment. Accordingly,
the subproblem entered at a given stage of inquiry consists of the restric-
tion of possibilities to those consistent with current experience and only
mind-changes incurred after entering the subproblem are counted in that
subproblem.7 Consider the subproblem entered when you first say “five”,
upon having seen only four particles. There is no deadline by which the fifth
particle you anticipate has to show up, so you may have to wait a long time
for it, even if you are right. You wait and wait (Figure 19). Your graduate

5

Figure 19. The Pressure Builds.

students exhaustively examine the particle emitter for possible malfunc-
tions. Colleagues start talking about the accumulation of “null results”
and discuss the “anomalous” failure of the anticipated marble to appear.
True, the posited particle could appear (to your everlasting fame) at any
time, so your theory isn’t strictly refuted. Nonetheless, you feel increasing
pressure to switch to the four-particle theory as the anomaly evolves into a
full-blown “crisis”. This increasing pressure comes not from the “weight of
the evidence”, as philosophers are wont to say, but from your strategic aim
to converge to the truth, regardless of what it happens to be. For if you
never change your mind from “five” to “four” and the fifth particle never
appears, you will converge for eternity to “five” when the truth is “four”.
So at some time of your choosing, you must (on pain of converging to the
wrong answer) cave in to the pressure from nature’s strategic threat and
switch back to the (Ockham) theory that the machine will produce just
four particles (Figure 20). Won’t that make for interesting gossip in the

7One might object that a sub-problem should hold past information and past the-
ory choices fixed and sum the total cost from the outset of inquiry. That approach is
developed in detail in [Kel07].
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Particle Counting Association, where you are feted as the sole defender of
the five particle theory?8

To summarize, in the subproblem entered when you first say “five”, na-
ture can force you to change your mind at least once (from “five” to “four”),
in the manner just described, without presenting a fourth particle. The
same is not true of Ockham, who enters the same subproblem saying “four”
(or nothing at all) and who never changes his mind until the next particle
appears. Thereafter, Ockham changes his mind exactly one time per extra
particle. But you can be forced by nature to change your mind at least
once per extra particle (on pain of not converging to the truth) in the same
manner already described; for a long period during which there are exactly
i particles forces you to say “i” on pain of not converging to the truth, after
which nature can present the i+ 1st particle, etc. (Figure 21).

5 4Told ya!

Figure 20. The Agony of Retreat.

Hence, if a solution violates Ockham’s razor in the particle counting prob-
lem, then in the subproblem entered at the time of the violation, whatever
sequence of outputs the Ockham solution produces, the violator can be forced
by nature to produce a sequence including at least the same mind-changes
plus another one (the initial U-turn from “five” to “four”). You should have
listened to Ockham!

8I am alluding, of course, to Thomas Kuhn’s 1962 celebrated historical theory of the
structure of scientific revolutions [Kuh62]. Null experiments generate anomalies which
evolve after careful consideration into crises that ultimately result in paradigm change.
Kuhn concludes, hastily, that the change is an unlawful matter of politics that has little
to do with finding the truth. I respond that it is a necessary consequence of the logic of
efficient convergence to the truth after a violation of Ockham’s razor, as will become clear
in what follows. Many of the celebrated scientific revolutions in physics have been the
results of Ockham violations (e.g., Ptolemy vs. Copernicus, Fresnel vs. Newton, Newton
vs. Einstein, and creationism vs. Darwin). In each of these cases, a theory positing extra
free parameters (with attendant empirical effects) was chosen first and a simpler theory
was thought of later and came to replace the former, often after an accumulation of null
experiments.
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54 6 ...

Burp!

initial U-turn

Figure 21. Ockham Avoids Your Initial U-turn.

The same argument works if you violate Ockham’s razor in the other
possible way, by saying “three” when four particles have been seen. For
nature can refuse to present more particles until you change your mind to
“four” on pain of never converging to the right answer if the right answer
is “four”. But in the same subproblem, Ockham would already have said
“four” if he said anything at all and, in either case, you can be forced into
an extra mind-change in each answer. So the U-turn argument also explains
the need for maintaining consistency with the data.

So there is, after all, a close analogy between particle counting and getting
on the freeway. Your initial mind change from “five” to “four” is analogous
to your initial U-turn back to the local resident’s house en route to the
highway. Thereafter, no matter what the true answer is, you can be forced to
change your mind at least once for each succssive particle, whereas Ockham
changes his mind at most once per successive particle. These mind-changes
are analogous to the unavoidable curves and bends in the freeway. So no
matter what the truth is, you start with a U-turn Ockham avoids and can
be forced into every mind-change Ockham performs thereafter. As in the
freeway example, you have botched the job before you even properly get
started. In both stories, the advice is the best possible. Nonetheless, it
does not impose a bound on future course reversals; nor does it point you
toward your goal by some occult, unexplained mechanism.

A striking feature of the explanation is that it is entirely game-theoretic.
There is no primitive notion of “support” or “confirmation” by data of the
sort that characterizes much of the philosophical literature on induction
and theory choice (Figure 22).9 Nor are there prior probabilities that foster
the illusion of “support” of general conclusions by a few observations. The

9In this respect, my approach is a generalization and justification of the “anti-
inductivism” of Karl Popper [Pop68, p. 27–30].



242 Kevin T. Kelly

“support”

Figure 22. Pulling the Rug Out.

phenomenology of “support” by evidence emerges entirely from the aim of
winning this truth-finding game against nature. Furthermore, the game is
essentially infinite. For if there were an a priori bound on the time by which
the next particle would arrive if it arrives at all, then you could simply “out-
wait” nature and avoid changing your mind altogether. So the argument
is situated squarely within the theory of infinite, zero-sum games, which is
the topic of this volume.

Here is why the reference to subproblems is essential to the U-turn argu-
ment. Suppose that you are asleep when you see the first particle and that
when you see the second particle you wake up and guess “three”, expect-
ing that you will also sleep through the third (Figure 23). Thereafter, you

...3 2

2 2 ...

subproblem

Figure 23. Ockham Still Wins in Subproblem.

always agree with Ockham. If the third particle doesn’t appear right away,
you can be forced to change your mind to “two”, but that’s only your sec-
ond retraction — Ockham wouldn’t have done better. Now that you have
“caught up” with Ockham, you match him no matter how many particles
you see in the future. But that is only because you “saved” a retraction in
the past by sleeping through the first particle. That is like hoarding a “slush
fund” to hide future mismanagement from the public. In the subproblem



Simplicity, Truth, and the Unending Game of Science 243

entered when you say “three”, the slush fund is emptied and you have to
demonstrate your efficiency from scratch. In that subproblem, your first
reversal of opinion back to “two” gets added to all your later mind-changes
and you never catch up, so Ockham wins. The moral: an arbitrary Ock-
ham solution beats you in the subproblem in which you violate Ockham’s
razor, but the Ockham solution does as well as you in every subproblem,
so the Ockham solution is better. In the best case for the violator, the
anticipated fifth particle might appear immediately after the violation, be-
fore the method even has a chance to become queasy about over-estimating
(Figure 24). In that case, the violator’s output sequence in the subprob-

5 ...

54 ...

Burp!
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Looking for this?

Figure 24. Best Case Fairy to the Rescue.

lem entered at the violation begins with “five”, “five”, whereas Ockham’s
output sequence in the same subproblem begins with “four”, “five”, which
is worse. Hence, the Ockham method doesn’t weakly dominate the viola-
tor’s mind-changes in the subproblem in question. But that merely explains
why the U-turn argument, which does establish the superiority of an arbi-
trary Ockham solution over an arbitrary non-Ockham solution, is not a
weak dominance argument. The U-turn argument essentially involves a
worst-case dimension lacking in weak dominance, for nature can force the
non-Ockham solution from “five” back to “four” (on pain of convergence
to the wrong answer) by withholding particles long enough and can then
reveal another particle to make it say “five”, “four”, “five”, which is never
produced by any Ockham method and which properly extends the Ockham
sequence “four”, “five”.10 Nor, for that matter, is the U-turn argument a

10Indeed, Ockham methods are weakly dominated by methods that hang on to their
original count for an arbitrarily long period of time (Teddy Seidenfeld, personal com-
munication). That isn’t so bad, after all, because there are compelling reasons not to
under-count (e.g., the undercount couldn’t possibly be true). The crux of Ockham’s ra-
zor is to motivate not over-counting, and over-counters do not dominate the retractions
of Ockham methods in this way. More to the point, the alternative theory developed in
[Kel07] is not subject to this objection, because tardiness of retractions is also penalized,
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standard worst-case or “minimax” argument, for there is no fixed bound on
mind-changes for any solution to the counting problem (nature can force an
arbitrary solution through any number of mind-changes).

7 A General Conception of Scientific Problems

A scientific problem specifies a set Ω of possible worlds the scientist must
succeed in together with a question Q which partitions Ω into mutually
exclusive potential answers. The aim is to find the true answer for w no
matter which world w in Ω you happen to live in. If Q is a binary partition,
one thinks of a decision or test problem for one of the two cells vs. the other.
If it is a fixed range of alternatives extensionally laid out in advance, one
speaks of theory choice. If it is an infinite partition latently specified by
some criterion determining the kind of theory that would count as success,
the situation might be described as discovering the truth.

The most characteristic thing about empirical science is that you don’t
get to see w in its entirety. Instead, you get some incomplete evidence or
information about w, represented by some subset of Ω containing w. The
set of all possible information states you might find yourself in is modelled
as the collection of open sets V in a topological space over Ω. A scientific
problem is just a triple (Ω,V,Q), where (Ω,V) is a topological space and
Q partitions Ω (Figure 25). The idea is that, although the scientist never

answer to Q true in w

w

information state in V encountered in w

Ωworld in

Figure 25. A Scientific Problem.

gets to see the actual world w, itself, he does get to see ever smaller open
neighborhoods of w.

so the delayers do not end up ahead. The present theory has the advantage of greater
mathematical elegance, however.
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The use of topology to model information states is not a mere stipula-
tion, for information concerns verifiable effects and topology is perhaps best
understood as the mathematical theory of verifiability.11 The point is seen
most directly as follows. Identify each proposition with the set of possible
worlds or circumstances in which it would be true, so propositions may be
modelled as subsets of the set Ω of possible worlds. Say that a proposition
is verifiable if and only if there exists a method or procedure that examines
experience and that eventually illuminates a light if the proposition is true
and that never illuminates the light otherwise. For example, illuminating
the light when a particle appears yields a verification procedure for the
proposition that at least one particle will appear.

The contradiction is the empty set of worlds (it can’t possibly be true)
(Figure 26). It is verifiable by the trivial verification procedure that never

. . .

arbitrary disjunction

contradiction tautology

finite conjunction

Figure 26. Verifiable Propositions are Open Sets.

illuminates its light. Similarly, the tautologous proposition consists of the
whole set Ω of worlds and is verifiable by the trivial procedure that turns
on its light a priori. Suppose that two verifiable propositions A,B are
given. Their conjunction A∩B is verifiable by the procedure that turns on
its light if and only if the respective verification procedures for A and for
B have both turned on their lights. Finally, suppose a collection D ⊂ Ω

11Topology is also used to model partial information states in denotational semantics
[Sco82].
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of verifiable propositions is given. Their disjunction
⋃
D is verifiable by

the procedure that turns on its light just in case the procedure for some
proposition A ∈ D turns on its light (you will see that light eventually as
long as each respective procedure is only a finite distance away). Hence,
the verifiable propositions V over Ω constitute the open sets of a topological
space (Ω,V). So every theorem about open sets in a topological space is also
true of ideal empirical verifiability. One of the most characteristic features
of topology is that open sets are closed under arbitrary union but only
under finite intersection. That is also explainable in terms of verifiability.
Suppose you are given an infinite collection C of verifiable propositions.
Is there a verification procedure for

⋂
C? Not always. For the respective

verification procedures for the elements of C may all turn on their lights, but
at different times, so that there is no time by which you can be sure that
it is safe to to turn on your light for

⋂
C (Figure 27). That is an instance

Arbitrary
conjunction

on

. . .

Gotta decide sometime!

Figure 27. The Demon of Arbitrary Conjunction.

of the classical problem of induction: no matter how many lights you have
seen go on, the next light might never do so. So not only are the axioms
of topology satisfied by empirical verifiability; the characteristic asymmetry
in the axioms reflects the problem of induction.

In a given topological space (Ω,V), the problem of induction arises in a
world w ∈ Ω with respect to proposition H just in case every information
state (open proposition) true in w is compatible both with H and with ¬H
(Figure 28).12 In standard, topological parlance, the problem of induction
arises with respect to H in w just in case w is a boundary point of H. So
the demons of induction live in the boundaries of propositions one would
like to know the truth values of. In a world that is an interior point of H,
one eventually receives information verifying H (since an interior point of
H has a neighborhood contained in H). Hence, not every verified proposi-
tion is verifiable, since a verified proposition merely has non-empty interior,
whereas a verifiable proposition is open. But if a non-verifiable proposi-

12Let ¬H denote Ω\H.
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H not-H

...

Figure 28. Demons Live in Boundaries.

tion is verified, some open proposition entailing it is verified, so information
states can still be identified with open sets.

Less abstractly, recall the particle-counting problem. A possible world
determines how many particles emerge from the machine for eternity and
when each such particle emerges. Thus, one may model possible worlds as
ω-sequences of bits, where 1 in position n indicates appearance of a new
particle at stage n and 0 indicates that no new particle appears at n. Con-
sider the situation in which you have seen the finite bit string (b0, . . . , bn−1).
The corresponding information state is the set of all ω-sequences of bits that
extend the finite bit string observed so far. Call this proposition the fan
with handle (b0, . . . , bn−1), since all the worlds satisfying the fan agree up to
n and then “fan out” in all possible ways from n onward (Figure 29). Any
disjunction of verifiable events is verifiable (see above), so any union of fans
is also verifiable and, hence, open (just wait for the handle of one of the fans
to appear before turning on the light). The resulting space over arbitrary,
ω-sequences of bits is very familiar in topology, where it is known as as the
Cantor space. In the particle-counting problem, it is assumed that at most
finitely many particles will appear, so one must restrict Cantor space down
to the ω-sequences that converge to 0.

Consider the proposition that exactly two particles will be observed for
eternity. This proposition is impossible to verify (no matter what you see,
another particle may appear later). Hence, its interior is empty and every
element is a boundary point, where the problem of induction arises. In this
space, the boundary points are particularly suggestive of the problem of
induction (Figure 30). For example, consider the world (1, 1, 0, . . .) where
the dots indicate an infinite tail of zeros. No matter how far you travel
down this sequence (i.e., no matter what information you receive in this
world), there exist worlds in which more than two particles appear later
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observed

possible

Figure 29. A Fan of Sequential Worlds.

H

...

not-H

Figure 30. Boundary Points in Cantor Space.

than you have observed so far. So nature is in a position to drag you
down the sequence (1, 1, 0, . . .) until you cave in and say “two” and is still
free to show you another particle, as in the U-turn argument. The U-
turn argument hinges, therefor, upon the topologically invariant structure
of boundary points between answers to a question.

8 The Unending Game of Science

Each scientific problem determines an infinite, zero-sum game of perfect
information (cf. [Kec95, p. 137–148] or [Kel96, p. 121–137]) between the sci-
entist, who responds to each information state by selecting an answer (or by
refusing to choose), and the impish inductive demon, who responds to the
scientist’s current guess history with a new information state. The demon
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is not a malicious force in nature; he merely personifies the difficulty of
the challenge the scientist poses for himself by addressing a given scientific
problem.

In this truth-finding game, the demon and the scientist take turns, start-
ing with the scientist (Figure 31). Together, the demon and the scientist

A1
A2

A3 A4

E

E

A3

Figure 31. The Players.

produce a pair of ω-sequences, an information sequence produced by the de-
mon and an answer sequence produced by the scientist. Life would be too
easy for the demon if he were allowed to withhold some crucial information
for eternity, so the scientist is the victor by default if the demon fails to
present complete, true information about some world in Ω in the limit.13 In
other words, an information sequence {Ei : i ∈ ω} for the problem should be
a downward-nested sequence of open sets whose intersection is non-empty
and contained in some answer A. Then say that the information sequence
is for A.

The scientist wins the convergence game by default if the demon fails to
present an information sequence for some world in the problem and by merit
if his outputs stabilize eventually, to the answer true in some world w the
demon presents true information for. In other words, if the demon presents
a legitimate information sequence for w, there must exist a stage in the
play sequence after which the scientist’s answer is correct of w. A winning
strategy for the scientist in the convergence game is called a solution to the
underlying empirical problem. For example, the obvious counting strategy
solves the particle-counting problem. A problem is solvable just in case it
has a solution.14

13One might reply that if it is impossible for the demon to fulfil his duty, the scientist
loses since even the total experience received in the limit of inquiry doesn’t settle the
question. The game could be set up to reflect either viewpoint.

14It is interesting to inquire into the topological nature of solvability, since solvability
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9 Comparing Mind-Changes

Consider two possible sequences of answers, σ and τ . Say that σ maps
into τ (written σ ≤ τ) just in case there is an answer and order preserving
mapping (not necessarily one-to-one) from positions in σ to positions in
τ , where suspension of judgement is a wild-card in the former sequence
that matches any answer in the latter (Figure 32).15 Since the mapping

1 ? ?0 1 2?

0 0 0 ? 1? 1 1 ? 2 2 . . .

. . .

Ockham violation

Figure 32. Top Output Sequence Better Than Bottom.

preserves answers and order, it also preserves mind-changes (not counting
mere suspension as a mind-change). So when σ maps into τ , one may say
that σ is as good as τ so far as mind-changes are concerned. Say that σ
maps properly into τ (written σ < τ) if, in addition, the latter fails to map
into the former, as in Figure 32. Then σ is better than τ .

One can also say of two sets of output sequences that the former is as
good as the latter just in case each element of the former is as good as some
element of the latter (Figure 33) and is better than the latter if, in addition,
the latter is not as good as the former.16 The former set is strongly better
than the latter just in case each of the former’s elements is better than

is a topological invariant and must, therefore, be grounded in a problem’s topological
structure. For example, if the space is separable and the question is a countable partition,
then solvability is equivalent to each cell being ∆0

2 Borel (cf. [Kel96, p. 228, Corollary
9.10]). Such facts are not strictly necessary for understanding Ockham’s razor, and are
therefore omitted from this essay.

15In fact, an Ockham method’s output sequences map injectively into output sequences
the demon can force out of an arbitrary method. In [Kel07], methods are compared in
terms of Pareto-dominanace with respect to number and timing of retractions, where a
retraction occurs whenever an informative answer is dropped. The streamlined account
of costs just presented does not penalize gratuitous question marks or tardiness of retrac-
tions, since question marks are wild cards and the mappings employed are many-one.

16This is not the same as weak dominance, since the existential quantifier allows for a
worst-case pairing of output sequences by the mapping.
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Figure 33. Top Set Better Than Bottom.

Figure 34. Top Set Strongly Better Than Bottom.

some element of the latter that is not as good as any element of the former
(Figure 34).17 Extend the symbols ≤ and < to sets of output sequences
accordingly.

The set of output sequences of a solution to a problem is the set of all
output sequences σ such there exists some information sequence for some
answer along which the method produces σ. Then one can say of two meth-
ods that the former is as good, better, or strongly better than the latter
just in case their respective sets of output sequences bear the correspond-
ing relation. Finally, say that a solution is efficient in a problem just in
case it as good as any other solution in each subproblem. Again, the idea is

17The requirement that the sequence mapped to is not as good as any of the former
method’s output sequences precludes cases in which a method is strongly better than
itself. For example, if there are only two answers in the particle problem, “even” and
“odd”, then each output sequence of the obvious method that answers according to
whether the number of observed particles is even or odd is better than some other output
sequence of the same method (e.g., (E, O, E, O, . . .) < (O, E, O, E, O, . . .)).
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that inefficiency is forward-looking and should not be offset by foibles or
stockpiles of credit (slush funds) earned in the past.

By way of illustration, the counting solution is efficient in the particle-
counting problem, as is any Ockham solution to this problem (remember
that Ockham solutions can suspend belief for artibrary periods of time).
That is because the demon can force any solution through any ascending
sequence of answers and Ockham methods produce only ascending sequences
of answers. Furthermore, any non-Ockham solution is worse than any Ock-
ham solution in the subproblem entered when the violation occurs. Indeed,
it was shown that the violator is strongly worse than any Ockham solution
in that subproblem, because the demon can force the violator into any as-
cending sequence after the U-turn back to the Ockham answer. Hence, the
counting problem has the remarkable property that its efficient solutions are
exactly its Ockham solutions. That is surely a result worth pressing as far
as possible! But first, Ockham’s razor must be defined with corresponding
generality.

10 What Simplicity Isn’t

The concept of simplicity appears, at first, to be a hodge-podge of consid-
erations, including uniformity of nature, theoretical unity, symmetry, testa-
bility, explanatory power, and minimization of entities, causes, and free
parameters. But in spite of these manifold aspects, it remains possible that
simplicity is a deep, unified, concept with multiple manifestations, depend-
ing on the particular structure of the problem addressed. It is suggestive
in this regard that the trivial particle-counting problem already illustrates
all of the intuitive aspects of simplicity just mentioned and that they seem
to cluster around the nested problems of induction posed by the repeated
possibility that a new particle might appear.

It is easy, at least, to say what simplicity couldn’t be. It couldn’t be any-
thing fixed that does not depend on the structure of the problem. For it is a
commonplace in the analysis of formal procedures that different algorithmic
approaches are efficient at solving different problems. So if simplicity did
not depend, somehow, on the structure of the particular problem addressed,
Ockham’s razor couldn’t possibly be necessary for efficient convergence to
the truth in a wide range of distinct problems possessing different structures.

That is the trouble with concepts of simplicity like notational brevity
[LiVit97, p. 317–337], uniformity of worlds [Car50, p. 562–567], prior prob-
abilistic biases, and historical “entrenchment” [Goo83, p. 90–100]. Left to
themselves, none of these ideas conforms to the essential structural interplay
between a problem’s question and its underlying informational topology, so
none of them could contribute objectively to truth-finding efficiency over a
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range of different problems. All of them could be made to do so by select-
ing notation that reflects the relevant structure of the problem addressed
[Mit97, p. 174]. But then the essence of simplicity is captured by the rules
for selecting appropriate notation, rather than by brevity, uniformity, or the
like.

11 Simplicity and Ockham’s Razor Defined

The task of defining simplicity is facilitated by knowing in advance how
Ockham’s razor is justified. We can, therefore, “solve backwards” for sim-
plicity, by generalizing the features of particle counting that give rise to
the the U-turn argument. The key to the U-turn argument is the demon’s
ability to force a given sequence of mind-changes from an arbitrary solution.
In the particle-counting problem, the demon can present information from
the zero-particle world until the scientist caves in and concludes that there
will be zero particles (on pain of not converging to the true answer) (Figure
35). Then the demon can present a particle followed by no further particles

0, 1, 2, 3, ?, ?, ?, ?

If you never say 4,
you’ll miss the truth forever!

Figure 35. Demon Forcing a Sequence of Answers.

until the scientist concludes “one particle”, again on pain of not converging
to the true answer, and so forth. This can’t go on forever, though, because
the demon must present data from some world in Ω, and all such worlds
present at most finitely many particles. Hence, for each finite ascending
sequence σ of answers, the demon can force an arbitrary solution to the
particle-counting problem into an output sequence that σ maps into. But
the demon has no strategy for dragging an arbitrary solution through any
non-ascending sequence, say, (1, 0). For the obvious counting method will
wait to see the first particle before concluding “one” and, thereafter, the
demon can no longer trick it into thinking that there are no particles, since
the particle has already been presented. That is a fundamental asymmetry
in the problem.
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More generally, if σ is a finite, non-repetitive sequence of answers, then
the σ-avoidance game for a problem is won by the scientist just in case the
demon fails to present an appropriate information sequence or the scientist
wins the truth-finding game and fails to produce a sequence of conjectures
as bad as σ. The demon wins if he presents appropriate information that
makes the scientist lose the truth-finding game or that somehow lures the
scientist into producing an output sequence as bad as σ. When the demon
has a winning strategy in the σ-avoidance game, one may say that the
demon can force σ from an arbitrary solution to the problem. For example,
it was shown that the demon has a winning strategy in the (0, 1, 2, . . . , n)-
avoidance game in the particle-counting problem, since every method can
be induced to produce that output sequence (or a sequence that is at least
as bad). Then say that σ is demonic in a problem just in case the demon
can force it in the problem.

The demonic sequences in a problem reflect a deep relationship between
the question Q and the underlying topology V. The ability of the demon to
force demonic sequence (0, 1, 2, . . . , n) implies that there is a zero particle
world that is a limit point of one particle worlds each of which is a limit point
of two particle worlds and so forth. So demonic sequences represent iterated
problems of induction within the overall problem (Figure 36). According to
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Figure 36. Demonic Sequence in the Particle-Counting Problem.

intuition, simpler answers are associated with the most deeply embedded
problems of induction, for starting from 0, the demon can drag a solution
through every ascending sequence, but after presenting some particles, he
can never drag the counting solution back to 0. That suggests a natural
definition of empirical simplicity. If A is a potential answer, then say that
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the A-sequences are the demonic sequences starting with A. Say that answer
A is as simple as B just in case the set of B-sequences is as good as the set of
A-sequences and that A is simpler than B just in case the set of B-sequences
is better than the set of A-sequences. This definition agrees with intuition
in the counting problem and, hence, in parameter-freeing problems of the
usual sort, such as curve-fitting.

The proposed explication of simplicity has a striking, intuitive advantage
over the familiar idea that simplicity has something to do with dimension-
ality of an answer in a continuous parameter space. For if you were to learn
that the true parameter values are rational, then the topological dimension
of each answer would drop to zero, flattening all simplicity distinctions. But
since the rational-valued subspace of the parameter space preserves demonic
sequences, it also preserves simplicity in the proposed sense.

Now say, quite naturally, that an answer A is Ockham in a problem just
in case A has an information sequence and is as simple in the problem as
any other answer. This is a way of saying that A is the simplest answer
compatible with experience, where compatibility with experience includes
the assumption that complete evidence can be presented at all; else there
is no use debating whether simplicity helps one find the truth. Ockham’s
razor is then: never say an answer unless it is Ockham for the current
subproblem. Finally, a solution is Ockham if it solves the problem and
always heeds Ockham’s razor. “The” Ockham answer is typically unique,
but not always. If there is no Ockham answer, an Ockham method must
suspend judgment. If there is more than one, an Ockham method may
produce any one of them. It may sound odd to allow for an arbitrary choice
among Ockham answers,18 but keep in mind that two hypotheses could be
maximally simple (no other answer’s demonic sequences are worse) without
being Ockham (every other answer’s demonic sequences map in). The truly
objectionable choices turn out to be among maximally simple answers that
are not Ockham, as will be explained below.

Here is a handy re-formulation of the Ockham answer concept, where ∗
denotes concatenation. The proofs of all propositions are presented in the
Appendix.

Proposition 1 (Ockham characterization). If the problem is solvable,
A is Ockham if and only if for every demonic sequence σ for the problem,
A ∗ σ is demonic for the problem.

Proof. Suppose that A is Ockham. Let σ be an arbitrary, demonic sequence.
If σ is empty, then trivially A ∗ σ is demonic, since there is an information
sequence for some world in A and a solution must converge to A on this

18The theory presented in [Kel07] does not have this property.
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sequence. So suppose that σ = B ∗ γ. Since A is Ockham, there exists
demonic A ∗ τ such that B ∗ γ ≤ A ∗ τ , in virtue of some mapping ϕ. If
ϕ(0) = 0, then B = A, so:

A ∗ τ ≥ A ∗ γ ≥ A ∗A ∗ γ = A ∗ (B ∗ γ) = A ∗ σ.

So since A ∗ τ is demonic, so is A ∗ σ. If ϕ(0) > 0, then since B ∗ γ ≤ A ∗ τ
and B 6= A, it follows that σ = B ∗ γ ≤ τ . Hence: A ∗ τ ≥ A ∗ σ. So since
A ∗ τ is demonic, so is A ∗ σ.

Conversely, suppose that for each demonic sequence σ, A ∗ σ is demonic.
The empty sequence () is trivially demonic, so A ∗ () = (A) is demonic,
so some δ ≥ (A) is forcible, so there is some information sequence whose
intersection is A. For suppose otherwise. Since the problem is solvable,
let a solution be given. Since there is no information sequence for A, the
solution remains a solution if its output is changed to “?” each time it
produces A. Hence, no sequence as bad as (A) is forcible. Contradiction.
Finally, let B be an answer and let B ∗σ be demonic. Then by assumption,
A ∗ B ∗ σ is demonic. So the A sequences are as bad as the B sequences.
Thus, in light of the italicized claim, A is Ockham. q.e.d.

12 Efficiency, Games and Determinacy

Lifting the U-turn argument to the general version of Ockham’s razor just
defined requires a short digression into the nature of efficient solutions. A
method is as good as a set of sequences just in case the method’s set of
output sequences is as good as the given set, and similarly for the other
ordering relations defined above. Then it is immediate that the demonic
sequences are as good as an arbitrary, efficient solution to the subproblem,
since each solution can be forced to produce each demonic sequence. It
is far less trivial whether an efficient solution must be as good as the set
of demonic sequences. This is where Ockham’s razor interfaces with recent
developments in descriptive set theory (cf. [Kec95, p. 137–146] for a succinct
development of the following material).

Say that a game is determined just in case one player or the other has a
winning strategy and that a scientific problem is forcing-determinate just in
case for each finite answer sequence σ, the σ-avoidance game is determined.
Forcing-determinacy turns out to be a surprisingly mild restriction. Say that
a problem is typical just in case the set Q of possible answers is countable
and the set of possible information streams for worlds in Ω is Borel. Then
the following proposition is an easy consequence of Donald Martin’s Borel
determinacy theorem.19

19Cf. [Mar75].



Simplicity, Truth, and the Unending Game of Science 257

Proposition 2. Typical, solvable problems are forcing-determinate.

Proof. Let (Ω,V,Q) be a solvable problem, let ε be an ω-sequence of open
sets, let γ be an ω-sequence of answers and let σ be a finite sequence of
answers. The pair (ε, γ) wins for the demon in the σ-avoidance game in
(Ω,V,Q) if and only if (i) ε is an information sequence for some answer in
Q and either (ii) there exists answer A in Q such that ε is for A and γ
does not converge to A or (iii) γ is as bad as σ. Condition (i) is Borel by
assumption. Condition (iii) is open and, hence, Borel. In light of condition
(i) and the fact that the problem has a solution M , condition (ii) reduces
to: there exists an A in Q such that M converges to A along ε and γ does
not converge to A. Convergence is Borel and Q is countable, so the overall
winning condition for the demon is Borel. Apply Martin’s (1975) Borel
determinacy theorem, which states that all such games with Borel winning
conditions are determined. q.e.d.

The following results all concern solutions and, hence, are vacuously true
if the problem in question is unsolvable. Therefore:

Proposition 3. Each of the following propositions remains true if “forcing-
determinate” is replaced with “typical”.

Proof. Immediate. q.e.d.

Now it is easy to show that:

Proposition 4 (Efficiency Characterization). Let the problem be for-
cing-determinate. An arbitrary solution is efficient if and only if it is as
good as the set of demonic sequences in each subproblem.

Proof. Let an efficient solution M to a forcing-determinate problem be
given. Then in each subproblem, M is as good as an arbitrary solution.
Let σ be a finite output sequence of M in a given subproblem. So every
solution to the subproblem produces an output sequence as bad as σ, so the
scientist has no winning strategy in the σ-avoidance game. So by forcing-
determinacy, the demon has a winning strategy, so σ is demonic. So an
efficient method is as good as the demonic sequences in each subproblem.
Conversely, suppose that M is as good as the set of demonic sequences in a
given subproblem. By definition, the set of demonic sequences is as good as
an arbitrary solution in the subproblem. So M is as good as an arbitrary
solution in the subproblem and, hence, is efficient in the subproblem. q.e.d.
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So not only is an efficient solution as good as any solution, it is as good
because it is as good as the demonic sequences, which are as good as any
solution.20

13 Efficient Solutions = Ockham Solutions

Here is the main result. Ockham is indeed necessary and sufficient for effi-
ciency in an extremely broad range of problems. The hypothesis of forcing-
determinacy makes the proof surprisingly easy.

Proposition 5 (Ockham Equivalence Theorem). Let the problem be
forcing-determinate. Then the efficient solutions are exactly the Ockham
solutions.

Proof. Let a forcing-determinate problem be given. For the necessity ar-
gument, suppose that solution M violates Ockham’s razor upon entering
some subproblem by producing non-Ockham answer A. Let D be the set of
demonic sequences for the subproblem. Since A is not Ockham and M is a
solution, there exists (by Proposition 1) a demonic sequence σ in the sub-
problem such that A ∗ σ does not map into any demonic sequence. Hence,
M 6≤ D. So by Proposition 4, M is not efficient.

For sufficiency, it suffices to argue that every finite sequence of Ockham
answers encountered in subproblems successively reached as experience in-
creases maps into some demonic sequence in the first subproblem. For then
an Ockham solution, which produces only sequences of Ockham answers in-
terspersed with question marks, is as good as the demonic sequences in an
arbitrary subproblem and, hence, is efficient, since the demonic sequences
are, by definition, as good as an arbitrary solution. In the base case, each
Ockham answer A in a subproblem has an information sequence for it, so
the singleton sequence (A) can be forced by the demon in the subproblem
and, hence, is demonic in the subproblem. Now consider a finite, downward-
nested sequence of non-empty open sets (E0, . . . , En+1) determining respec-
tive sub-problems with respective Ockham answers (A0, . . . , An+1). By the
induction hypothesis, (A1, . . . , An+1) is demonic in P1. Furthermore, since
E1 is a non-empty subset of E0, whatever the demon can force in P1 he can
force in P0, so (A1, . . . , An+1) is demonic in P0. So since A0 is Ockham in
P0, (A0, A1, . . . , An+1) is demonic in P0, which proves the italicized claim
and, hence, the theorem. q.e.d.

More can be shown for the particle-counting problem and for others of
its attractive kind. For such problems have the special feature that in each

20Such a result is called a universal factorization [Mac71, p. 1–2].
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subproblem, if A is an Ockham violation upon entering the subproblem,
then there exists an Ockham answer U upon entering the subproblem such
that the binary sequence A ∗ U is not as good as any demonic sequence
for the subproblem. Say that such problems are stacked.21 Examples of
non-stacked problems illustrate intuitive ideas about empirical symmetry
and will be considered in the next section. The result is:

Proposition 6 (Strong Ockham Necessity for Stacked Problems).
In a stacked, forcing-determinate problem, if a solution violates Ockham’s
razor upon entering a sub-problem, the solution is stongly worse than each
efficient solution in the same sub-problem.

Proof. Consider an efficient solution to a stacked, forcing-determinate prob-
lem and suppose that M solves a given subproblem but violates Ockham’s
razor upon entering it by producing A. Let U be the Ockham answer
promised by the stacking property. Then since M already says A and U is
compatible with the current subproblem, the demon can force M to pro-
duce U after producing A. (That is the initial U-turn resulting from the
Ockham violation). Consider an arbitrary, finite output sequence τ of the
efficient solution. Then for some demonic δ, τ ≤ δ (Proposition 4) and,
hence, τ ≤ A ∗ U ∗ δ. Since U is Ockham and δ is demonic, U ∗ δ is de-
monic (by Proposition 1). So since M already says A and U ∗ δ is demonic,
A ∗ U ∗ δ is as good as one of the output sequences of M in the current
subproblem. Of course, τ ≤ δ ≤ A ∗ U ∗ δ, so M is as bad as the efficient
solution. Furthermore, A ∗ U maps into no demonic sequence, so neither
does A ∗ U ∗ δ. Since all the optimal method’s output sequences map into
demonic sequences, it follows that A∗U ∗δ is as good as none of the optimal
method’s output sequences. Hence, M is strongly worse than the efficient
solution in the current subproblem. q.e.d.

This fits closely with the spirit of the freeway example and with what
is going on in particle counting and curve fitting. The property of being
“stacked” can be viewed as the topological essence underlying the very
strong Ockham intuitions attending such problems.

21To see that the particle-counting problem is stacked, suppose that A is not Ockham
upon seeing, say, four particles. Let U be the Ockham answer “four”. Then the binary
sequence A ∗ U maps into no demonic sequence in the subproblem. For if A posits fewer
than four particles, A maps into no demonic sequence since the demon can’t force an
arbitrary solution into a refuted answer. If A posits more particles, then (A, U) maps
into no demonic sequence since all such sequences are ascending.
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14 Testing as an Instance of Ockham’s Razor

Suppose that you want to decide whether some theory is true or not. That
poses a binary question: the theory vs. the theory’s denial. Typically, the
theory is refutable and, hence, closed. Everyone chooses the refutable (e.g.,
point) hypothesis as the null hypothesis and its denial as the alternative.
On the proposed account of simplicity, the decision to accept the refutable
hypothesis until it is refuted is an instance of Ockham’s razor and is under-
written by the U-turn argument, so that the proposed account of efficient
theory choice subsumes this aspect of testing practice as a special case.

First, observe that the demon can force you to conclude the refutable
hypothesis H (by showing you a boundary point in the hypothesis, since
closed sets contain all of their boundary points). Then he can show you data
refuting the theory. So only (H,¬H) and its subsequences are demonic.
Hence, only H is Ockham (Proposition 1), so (by Proposition 5) every
efficient solution says H (or suspends) until H is refuted, which reflects
practice. Finally, that practice is efficient (since its output sequences are all
demonic), so Ockham’s razor bites and you should heed his advice.

The trouble with standard conceptions of hypothesis testing is that they
ignore the possibility of extra mind-changes. Yes, it is refutable to say that
the bivariate mean of a normal distribution is precisely (0, 0), since {(0, 0)} is
closed (and hence refutable) in the underlying parameter space. But what if
you want to test the non-refutable and non-verifiable hypothesis that exactly
one component of the mean is zero? Solving this binary question requires
multiple mind-changes, as in particle-counting and other model selection
problems. For the demon can make it appear that both components are
zero until you probably say “no” (as sample size increases) and can then
reveal deviation of one component from zero until you probably say “yes”
and then can reveal deviation of the other component from zero until you
probably say “no” again, for a total of two mind-changes (in probability).
Essentially, you are just counting deviations of mean components from zero
as you were counting particles before. So the demonic sequences are all the
sequences that map into “yes, no, yes”, so the obvious method of counting
nonzero mean components is efficient and the unique Ockham hypothesis at
each stage is the one that agrees with the current nonzero mean count. So
you should heed Ockham’s advice, (as you naturally would in this example).

Since testing theory usually isn’t applied until all the parameters in a
model are fixed by point estimates, it appears as though a testing theory
for refutable (closed) hypotheses is good enough. Hence, the essential in-
volvement of Ockham’s razor in testing theory is missed and so the strong
analogy between model selection and testing with multiple mind-changes is
missed as well. The proposed account of Ockham’s razor, therefore, suggests
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a new, more unified foundation for classical statistics, whose development
lies beyond the scope of this explorative essay.

15 Ockham and Respect for Symmetry

When there are two maximally simple answers compatible with the data,
Ockham can’t help you decide among them and the strong intuition is to
wait for nature to “break the symmetry” prior to choosing. For example,
modify the particle-counting problem so that particles come in two colors,
green and blue and you have to specify the total number of each that will
ever be emitted. Assume also that you can hear particles rattle down the
faucet before they emerge from the machine (Figure 37). Having seen no

Bonk!

Bonk!
?

Figure 37. Breaking Symmetry.

particles, you hear the first one coming. What do you conclude? It is hard
to say, for both colors of marbles will stop appearing, eventually, so there is
no general “pattern” to detect in the data, and there is no obvious primacy
of one color over the other so far as the underlying problem is concerned.
This is not mere skepticism, since after the next marble is observed, you
will eventually have to leap to the bold Ockham hypothesis that no more
particles are coming. Instead, it is respect for symmetry, one of the strongest
intuitions in science since Greek times. That leads to an intriguing idea.
Perhaps the U-turn argument also explains our strong hesitance to break
symmetries in experience. Then respect for symmetry would simply be
Ockham’s razor conforming itself to the structure of symmetrical problems.
That is correct.

Consider how Ockham’s razor applies to the case at hand. When you
hear the rattling that announces the first particle, you have entered a new
subproblem. There are two equally simple answers at that point, “one
green, zero blue” or symmetrically “zero green, one blue”. But neither
of these answers is Ockham. For each answer constitutes a unit demonic
sequence, but neither binary sequence consisting of the two symmetrical
competitors is demonic in the subproblem, since the demon can’t take back
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the first particle after its color is observed. So Ockham demands silence,
and we already know from Proposition 5 that every efficient solution to
the problem must heed this advice. Is there an efficient solution? Indeed,
just heed Ockham’s advice by counting the total number of particles whose
colors are seen and by suspending judgment when the next rattle is heard.
Respect for symmetry follows from Ockham’s razor.

The symmetrical problem under discussion is a nice example of a non-
stacked problem. For consider the answer “zero green, one blue”. There is
no Ockham answer one can concatenate to this answer in the subproblem
entered with the first rattle because there is no Ockham answer at all. And
the violator is not strongly worse than the Ockham method just described in
that subproblem, because the demon can force even an optimal method to
say the same answer the violator chose in advance and the violator produces
no output sequence worse than that.

The same argument works even after a run of a thousand exclusively
green particles, in which case it might be objected that past experience does
break symmetry between blue and green. But the subproblem so entered is
topologically equivalent to the original problem prior to seeing any marbles.
Hence, no non-circular, efficiency-based account of Ockham’s razor could
possibly explain why it is more efficient to say “green” rather than “blue”
upon entering the subproblem.

In the preceding problem, the counting question slices the problem into
topologically invariant simplicity degrees corresponding to particle counts
in spite of occasional symmetries (e.g., when the particle rattles and has
not yet been seen). In other problems, symmetry is so pervasive that Ock-
ham’s razor doesn’t bite at all (Figure 38). For example, suppose you have

Tonk!

Figure 38. Overly Symmetrical Problems.

to report not only how many particles will appear, but when each one will
appear (forgetting about color). It might seem, at first, that the simplest
answer is to say that you have seen all the particles already and that they
appear exactly when they were observed to, since if you were asked only how
many particles there are, you would only be permitted to say the number
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seen so far. That is so, if you choose to conceive of the sequence iden-
tification problem as a refinement of the particle counting problem. The
trouble is that the sequence identification problem also refines alternative
problems that lead to incompatible simplicity judgments. For example, one-
icles are non-particles up to stage one and particles thereafter. There are
finitely many particles if and only if there are finitely many oneicles, so
the underlying space Ω is unaltered by the translation. But the answers
to the two counting problems are different and the U-turn argument leads
to correspondingly different recommendations (i.e., to count particles or to
count onecles, respectively). Since the sequence identification problem re-
fines the problems of counting particles, oneticles, twoticles, threeticles, etc.,
it can’t consistently favor one kind of counting over another without making
a global, symmetry-breaking choice in favor of one of its possible coarsen-
ings. The only sensible resolution of this Babel of alternative coarsenings is
for Ockham to hold his tongue.

And that’s just what the proposed theory says. First of all, no answer
is Ockham in this problem, since every demonic sequence is of unit length.
For consider a single answer. The answer is true in just one world, which
the demon can present until you take the bait. So each unit sequence of
answers can be forced. For each alternative answer (satisfied by an alter-
native world), there is a least stage by which the two cease agreeing and
diverge. But some solution refuses to be convinced of the first answer (on
pain of converging to the wrong answer) until the divergence point is already
passed (Figure 39). So the demon can force no binary sequence of answers

already
ruled
out

Hasta la vista, baby!

Figure 39. The Trouble With Singleton Answers.

from an arbitrary solution. Hence (Proposition 4), there can be no efficient
solution, since no solution to this problem succeeds without mind-changes.
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So there are lots of solutions to this problem, but no efficient ones. Hence,
even if there were an Ockham answer, there would be no efficient method
to put normative teeth into the U-turn argument! Ockham is both mute
and toothless in this problem.

Again, that is the correct answer. The sequence-identification problem is
completely symmetrical in the sense that any homeomorphism of the space
into itself results in the very same problem (since each permuted world still
ends up in a singleton answer over the same topological space). So there is
no objective, structural sense in which one answer is simpler than another
any more than there is any objective physical sense about where zero degrees
longitude is. Coordinate systems are not physically real because they aren’t
preserved under physical symmetries; philosophical notions of simplicity
(e.g., brevity, sequential uniformity, entrenchment) are not real because they
aren’t preserved under problem symmetries. To seek objective, truth-finding
efficiency in distinctions that really aren’t in the problem is like trying to
generate electricity by formally spinning coordinate axes. The situation
is different in the counting problem. There exist homeomorphisms of the
underlying topological space that materially alter the original problem (e.g.,
the unique Ockham hypothesis “no particles” would become “no oneicles”,
which means “one particle at stage 1”). It is precisely this lack of symmetry
in the particle-counting problem that allows Ockham to slice it into objective
simplicity degrees.

The usual attempts to use coding, “entrenchment”, or prior probability
to force a foliation of the sequence identification problem into simplicity de-
grees must involve the imposition of extraneous considerations lacking in the
problem’s intrinsic structure as presented. Therefore, such considerations
couldn’t possibly have anything objective to do with solving the problem
(as stated) efficiently. So the proposed account yields precisely the right
judgment in this example when its true nature is properly understood.

One can also arrive at overly-symmetrical problems by coarsening the
particle-counting problem. For example, consider the question whether
there is an even or an odd number of particles. Since this coarsens the
particle-counting problem, one again expects “even” to be the Ockham an-
swer when an even number of particles have been observed and “odd” to be
the right answer otherwise (Figure 40). But the proposed theory of Ock-
ham’s razor doesn’t agree. Ockham is once again silenced, but this time the
difficulty is exactly reversed: every solution is efficient and every answer is
Ockham in every subproblem so every method satisfies Ockham’s razor and
the U-turn argument can’t even begin (Figure 41).22

22In the theory presented in [Kel07], there is no Ockham solution to this problem.
Either way, Ockham refuses to choose among potential solutions to the problem.
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Figure 40. Even/Odd as Particle Counting.
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Figure 41. Ockham Under Refinement.

The theory is right. Yes, if one thinks of the problem as a coarsening
of particle counting, “even” must come first. But one could also think
of it as a coarsening of counting oneicles instead of particles. Then the
zero oneicle world is an “odd” world. The one oneicle worlds include the
zero particle world as well as all the two particle worlds in which the first
appears right away. These are all “even particle” worlds. Continuing in
this way one obtains a oneicle-counting simplicity foliation (Figure 42) in



266 Kevin T. Kelly

...

... ... ...

0

1 1 1

2

2

2

2

2

2

even particles

odd particles

non-oneicle

oneicle

Figure 42. Even/Odd as Oneicle Counting.

which the obvious “first” conjecture is “odd”. But the oneicle translation is
a homeomorphism of the space that reflects each answer onto the other, so a
prior preference for “even” couldn’t have anything to do with the objective
efficiency of solutions to the even/odd problem as stated.

The urge to extend Ockham’s advice to symmetrical problems is under-
standable — guidance is most precious when there is none. And even in
light of the proposed account, nothing prevents us from saying that we are
really interested in counting marbles rather than merely saying whether
they are even or odd, in which case the problem is no longer symmetrical.
But it is quite another matter to smuggle extra structure into a symmetrical
problem without acknowledging that one has done so, for such practice is not
warranted by truth-finding efficiency in the problem addressed (Figure 43).

16 Conclusion: Ockham’s Family Secret

Ockham is beloved as an inexhaustible source of free information that some-
how parlays the scientist’s limited viewpoint into sweeping generalizations
about unseen realities (Figure 44). But his very appeal is his undoing, for it
is impossible to explain how his fixed advice could be true without assuming
exactly what we rely upon him to tell us.
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Hey, Ock baby.
I got what ya need.
Now pick up dat razor!

smuggled
structure

Figure 43. Theft Over Honest Toil.

He had me cornered!

Urk!

Figure 44. Ockham’s Day Job.

This paper presents an alternative view, according to which Ockham
helps us find the truth, but in an unexpected way. He doesn’t provide any
guarantee that the theory he selects is true or probably true. He doesn’t
point at the truth. He can’t even bound the number of future surprises or
U-turns you will have to make in the future on your way to the truth. All
he does is save you the trouble of needless surprises beyond those arbitrarily
many surprises nature is objectively in a position to exact from you. But
in that respect, his advice is still uniquely the best.

The proposed explanation is unnerving because it singles out simplicity
as the right bias to have, but falls so far short of our craving for certainty,
verification, and guarantees against future surprises. That is far harder to
dismiss than the usual, academic sort of skepticism, which finds no connec-
tion between simplicity and truth and urges rejection of simplicity-based
conclusions altogether.

It is also ironic that Ockham is viewed as a comforting figure when, in fact,
he is built out of the inductive demon’s opportunities to successively force
science to reverse course. Indeed, Ockham and the demon work together as
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a coordinated team, since Ockham changes his recommendations each time
the demon uses up one of his opportunities to fool the scientist (Figure 45).

Father!
We were a great team today, son!
Did you see that guy’s face?

Figure 45. But by Night. . .

The key to understanding Ockham’s razor is to set aside our instinctive
appetite for certainty and to focus squarely on the objective complexity
properties of empirical problems that underly unavoidable reversals of sci-
entific opinion through time. A similar focus on problem complexity has
long been the norm in the mathematical theories of computability, computa-
tional complexity, and descriptive set theory. In these established, scientific
subjects, nobody would dream of “victory” over complexity. It is late in
the day for the philosophy of science and induction to be dreaming still.
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abstract. The Robin Hood game is played as follows: On day
i, the Sheriff puts s(i) bags of gold in the cave. On night i, Robin
removes r(i) bags from the cave. The game is played for each i ∈

N. Robin wins if each bag which was put in the cave is eventually
removed from it; otherwise the Sheriff wins.

Gasarch, Golub, and Srinivasan studied the Robin Hood game in
the case of random strategies where Robin has no historical memory.
We extend their main result to the case of bounded historical memory,
and obtain a hierarchy of provably distinct games.

1 The Robin Hood game

The Robin Hood game RH(r, s, A) is defined for functions r, s : N→ N such
that 1 ≤ r(i) < s(i) for each i, and for a set A, as follows:

1. On day i, the Sheriff (of Nottingham) puts s(i) bags of gold in the
cave, each labelled by an element of A. No label is used twice (over
the course of the entire game).

2. On night i, Robin (Hood) removes r(i) bags from the cave.

The game is played for each i ∈ N. Robin wins if each bag which was put
in the cave is eventually removed from it; otherwise the Sheriff wins.

It is easy to see that if Robin has an unlimited historical memory (know-
ing at each night i which of the bags in the cave appeared first), then he
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has a winning strategy: On night i pick r(i) bags out of those which arrived
first.

Deterministic strategies for this game were studied, from the set-theoretic
point of view, in [Sch94, SchWei97]. Gasarch, Golub and Srinivasan
[GasGolSri03] consider the case where Robin has no historical memory,
that is, he cannot distinguish between the days where the bags were put in
the cave. They suggest the following probabilistic strategy for Robin: On
night i, remove random r(i) bags out of the cave (with uniform distribu-
tion). They say that Robin wins almost surely if for each bag put in the
cave, its probability of being eventually removed is 1. The probability is
taken over Robin’s coin tosses. More precisely, the probability that a bag
is not removed is the product of all probabilities pi that the bag is not re-
moved at night i, and the Sheriff’s winning (or Robin’s losing) probability
is the supremum of all probabilities px that a bag x put in the cave is never
removed.1 Let L(i) =

∑i
j=1 s(j) − r(j) denote the number of bags in the

cave after night i. The main result in [GasGolSri03] is that Robin wins
almost surely if, and only if, the series

∞∑

i=1

r(i)

L(i) + r(i)

diverges; otherwise Robin loses almost surely.

2 Strategies with bounded historical memory

We generalize the above mentioned result to the case of bounded historical
memory. The typical case is that Robin can, on each night, identify the
bags put in the cave on the last k days, where k is constant. It will turn
out that already the natural strategy for historical memory k = 1 is strictly
stronger than the natural strategy in the memoryless case. Moreover k = 2
yields a strictly stronger strategy than k = 1, etc. (Theorem 5). In fact, the
game can be analyzed in a much broader family of cases, as will be shown
in the sequel.

The most general case is that Robin can, on night i, identify the bags
put in the cave on the last b(i) days, where b : N → N ∪ {0} is a function
with b(i) ≤ i for all i.2 (So that b(i) ≡ 0 is the memoryless case studied
in [GasGolSri03]). It is natural to denote this game by RH(r, s, b, A), but
our analysis below is independent of the set A, so we will simply write

1Our definition of the Sheriff’s winning probability is simpler than the one given in
[GasGolSri03], but both our and the proofs of [GasGolSri03] work for both definitions
and actually imply that the definitions are equivalent.

2The notation b(i) stands for the bound on Robin’s historical memory on night i.
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RH(r, s, b). A key observation is that the following natural restriction leads
to a substantial simplification of the analysis of the generalized games.

Restriction 1. We pose the restriction that Robin cannot remember any-
thing that he forgot earlier, that is, b(i+1) ≤ b(i)+1 for each i; equivalently,
the function i− b(i) is nondecreasing.

We suggest the following deterministic and random strategies for Robin,
motivated by the strategy given in [GasGolSri03] for the memoryless case:
Call a bag very old if Robin cannot tell the day it was put in the cave. An
important observation is that Robin can identify the very old bags since he
can identify the bags which are not very old.

OldestDET: On night i Robin chooses any r(i) many bags out of the very
old bags. If there are less than r(i) many very old bags, then
Robin also chooses some of the oldest bags among the ones
he remembers, so as to choose r(i) bags in total.3

OldestRND: Same as OldestDET, but the r(i) bags are chosen at random,
with uniform probability, out of the older bags.4

Observe that if OldestDET is a winning strategy for Robin, then so is
OldestRND. Write

L̃(i) = max



0,

i−b(i)∑

j=1

s(j)−
i−1∑

j=1

r(j)





Then L̃(i) is the number of bags put in the cave on days 1, 2, . . . , i − b(i)
and not removed until day i.

Proposition 2.

1. If i− b(i) is bounded, then OldestDET is a winning strategy for Robin
in RH(r, s, b) (for each r, and s).

2. If there exist infinitely many i such that L̃(i) ≤ r(i), then OldestDET

is a winning strategy in RH(r, s, b).

3 To put this more precisely, on night i Robin has a partition of the bags in the cave
into disjoint (possibly empty) sets S0, S1, . . . , Sr(i) such that S0 is the set of very old
bags, and for k = 1, . . . , r(i), Sk is the set of bags put in the cave r(i) − k days ago. If
|S0| ≥ r(i), then Robin chooses any r(i) many bags out of the bags in S0. Otherwise,
let m be the minimal such that r(i) <

Pm
k=0 |Sk|. Then Robin takes all bags in the sets

S0, . . . , Sm−1, as well as r(i) −
Pm−1

k=0 |Sk| many bags from Sm.
4 Using the notation of the previous footnote, If |S0| ≥ r(i), then Robin chooses

at random (with uniform probability) r(i) many bags out of the bags in S0. Otherwise
Robin takes all bags in the sets S0, . . . , Sm−1, as well as r(i)−

Pm−1
k=0 |Sk| many random

bags from Sm.
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Proof. (1) is easy. To prove (2), assume that a bag was put in the cave on
day d. By (1) we may assume that i − b(i) is unbounded. Let i be such
that d < i− b(i). Restriction 1 ensures that this will also hold for all larger
i’s, so we may assume further that L̃(i) ≤ r(i). This means that on night
i, all bags put on days ≤ i − b(i) (in particular, those put on day d) were
removed from the cave. q.e.d.

We may therefore make the following additional restriction.

Restriction 3. L̃(i) > r(i) for all but finitely many i.

Theorem 4. Assume that r, s, and b satisfy Restrictions 1 and 3, and
Robin uses the strategy OldestRND.

1. If
∑
r(i)/L̃(i) =∞, then Robin wins almost surely.

2. If
∑
r(i)/L̃(i) <∞, then the Sheriff wins almost surely.

Proof. If there is i such that L̃(i) ≤ r(i), let i∗ be the maximal such i.
Then on night i∗, all bags put in the first i∗ − b(i∗) days are removed, and
L̃(i) > r(i) for all i > i∗. Since the convergence of the series in question
does not depend on the first few elements, this shows that we may assume
that L̃(i) > r(i) for all i.

Observe that if i − b(i) is bounded, then L̃(i) is eventually equal to 0,
contradicting our assumption, thus i − b(i) is unbounded. Assume that a
bag was put in the cave on day d, then for each large enough i, d < i− b(i)
so that on night i, the probability that the bag in question is removed is
r(i)/L̃(i).

Now, the probability that a bag put in the cave on day d is not eventually
removed is

∞∏

i=d

(
1−

r(i)

L̃(i)

)
. (1)

The product (1) converges to 0 (i.e., Robin wins almost surely) if

∑
r(i)/L̃(i) =∞.

If
∑
r(i)/L̃(i) < ∞, then the product (1) is positive for d = 1. Thus, its

limit when d→∞ is 1. Consequently, the Sheriff wins almost surely. q.e.d.

Note that in Theorem 4, (1) implies that the other direction of (2) also
holds, and (2) implies that the other direction of (1) also holds. Thus, the
theorem gives an exact characterization of when Robin wins almost surely
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and when the Sheriff wins almost surely, and shows that it is always the case
that one of them wins almost surely. In the case b(i) ≡ 0, Theorem 4 reduces
to the main result of [GasGolSri03], described at the end of Section 1.

3 Historical memory helps

To make sure that the generalization made in 4 is not trivial, we must find
instances where additional historical memory changes the strategy’s status
from a losing strategy to a winning one.

Assume that b, c : N→ N. We say that c eventually dominates b if there
exists m such that for all i > m, b(i) < c(i).

Theorem 5. Assume that c eventually dominates b, i− c(i) is unbounded,
and b and c satisfy Restrictions 1 and 3. Then there exist functions r, s :
N → N such that for Robin, OldestRND is a (surely) winning strategy in
RH(r, s, c) and an almost-surely losing strategy in RH(r, s, b).

Proof. Since convergence of series does not depend on the first few terms,
we may assume that for each i, b(i) < c(i). Since L̃(i) also depends on the
bounding function b, let us denote it here by L̃b(i). It follows that for each
r and s, L̃c(i) < L̃b(i) for all i. It thus suffices to consider the case where
c(i) = b(i) + 1 for each i, and therefore L̃c(i) + s(i− b(i)) = L̃b(i).

At step i of the construction we have the definition of s at 1, . . . , i −
c(i) and r at 1, . . . , i − 1, and therefore L̃c(i) is defined. Define r(i) =
max{i, L̃c(i)}, and define s on i−c(i)+1, . . . , i+1−c(i+1) to be r(i)3 (so that
r(i)/L̃b(i) = r(i)/(L̃c(i)+s(i−b(i))) = r(i)/(r(i)+r(i)3) < 1/r(i)2 ≤ 1/i2).

Since r(i) ≥ L̃c(i) for each i, we have by Proposition 2 that OldestRND is
a winning strategy in RH(r, s, c). Now,

∑
r(i)/L̃b(i) ≤

∑
1/i2 <∞, so by

Theorem 4, OldestRND is an almost-surely losing strategy in RH(r, s, b).
q.e.d.

In particular, we have the following.

Corollary 6. For each n = 0, 1, 2, . . . , there exist functions r, s : N → N
such that for Robin, OldestRND is a (surely) winning strategy in RH(r, s, n+
1) and an almost-surely losing strategy in RH(r, s, n).

4 Random Sheriff

The authors of [GasGolSri03] pose the question of the behavior of the Robin
Hood game when the Sheriff’s strategy is random as well. Our analysis in
Section 2, being independent of the Sheriff’s moves, shows that the results
apply to this case as well. In addition to the first strategy of [GasGolSri03]
which was described in the introduction to the present paper (Section 1), a
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second random strategy for Robin is sketched in [GasGolSri03], and is con-
jectured to be an almost-surely winning strategy in the game RH(1, s, [0, 1])
where s is constant.

While we are unable to analyze the second strategy for lack of some
details, we can see that the first strategy already works. Here b(i) = 0 (no

historical memory) and L(i) =
∑i
j=1 s(j) − r(j) =

∑i
j=1 s − 1 = i(s − 1),

therefore

∞∑

i=1

r(i)

L̃(i)
=

∞∑

i=1

r(i)

L(i) + r(i)
=

∞∑

i=1

1

L(i) + 1
=

∞∑

i=1

1

i(s− 1)
=∞,

thus by Theorem 4, OldestRND is an almost-surely winning strategy in this
game. Since OldestRND coincides with the first strategy of [GasGolSri03],
we have that the first strategy of [GasGolSri03] is also an almost-surely
winning strategy against a random Sheriff in RH(1, s, [0, 1]) (as well as any
game RH(r, s, A) with

∑
r(i)/(L(i) + r(i)) diverging). Theorem 4 is an

extension of this phenomenon to the case of nonzero historical memory.

5 Open problems

Among the problems which naturally arise, the following two seem to be
the most interesting.

Conjecture 7. OldestRND is the best random strategy among the strategies
which are independent of the index set A.

Our analysis repeatedly uses Restriction 1 posed on the bounding function b.

Problem 8. Analyze the the case where b does not satisfy Restriction 1.

Finally, our strategy OldestRND uses unboundedly many “random bits”.
The referee suggests the problem whether good strategies exist, in which
the number of random bits used at each specific step is bounded by some
constant.
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abstract. This paper gives a survey of the infinite Ehrenfeucht-
Fräıssé game, extending the classical approach to transfinite Ehren-
feucht-Fräıssé games and analysing their basic properties.

1 Introduction

The Ehrenfeucht-Fräıssé game is well-known as a versatile tool for studying
elementary equivalence of structures. This paper gives a survey of the basic
properties of this game with special emphasis on the infinite Ehrenfeucht-
Fräıssé game. In particular, we extend the classical approach to the case of
a transfinite game. By a transfinite game we mean a game with more than
ω moves. This brings in new phenomena such as non-determinacy.

We commence in Section 2 with basic concepts of games of length α.
Section 3 and 4 review classical material on the Ehrenfeucht-Fräıssé game of
length ω. Section 5 introduces the concept of dynamic Ehrenfeucht-Fräıssé
game, by which we mean a finite Ehrenfeucht-Fräıssé game in which the first
player has the option of delaying the decision about the actual length of the
game. Section 6 is devoted to a survey of the important relationship between
elementary equivalence and the Ehrenfeucht-Fräıssé game. In Section 7 the
game where players move big chunks of elements at a time is discussed, with
emphasis on the main problems and shortcomings of this concept. Section 8
discusses the concept of a strong back-and-forth set, an attempt to remedy
some of the weaknesses of the game of Section 7. Section 9 concentrates on

*I am indebted to Ville Nurmi for reading the manuscript carefully and making
many suggestions for improvements. Research partially supported by grant 40734 of
the Academy of Finland.
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the concept of transfinite Ehrenfeucht-Fräıssé game. Investigation of this
game has gotten underway only during the last 15 years, while the idea of the
Ehrenfeucht-Fräıssé game is already 50 years old. In Section 10 basic results
of partially ordered sets, necessary for the study of the dynamic transfinite
Ehrenfeucht-Fräıssé game, are introduced. A systematic approach to the
transfinite Ehrenfeucht-Fräıssé game is presented in Sections 11 and 12.

We give some elementary proofs in the first half of the paper in order to
make the paper more accessible. Many proofs of classical non-trivial results
are omitted, but there are excellent reviews of such results in the literature to
which we give appropriate references. In the case of transfinite Ehrenfeucht-
Fräıssé games we again give more detailed proofs as the material is more
recent.

2 Basic Concepts of Infinite Games

If A is any non-empty set, we use Aα to denote the set of all α-sequences
〈xξ : ξ < α〉 of elements of A. Suppose A0 and A1 are arbitrary sets. Let
W ⊆ (A0 ×A1)α. We define the game Gα(A0, A1,W ) as follows. There are
two players, Player I and Player II, the first is referred to as “he” and the
second as “she”. An α-sequence

〈xξ, yξ : ξ < α〉 = 〈〈x0, y0〉, . . . , 〈xβ , yβ〉, . . .〉β<α (1)

of elements of A0 × A1 is called a play of Gα(A0, A1,W ). The play (1) is a
win for Player II if 〈xξ, yξ : ξ < α〉 ∈W and otherwise a win for Player I.

A strategy of Player I in the game Gα(A0, A1,W ) is an α-sequence 〈σξ :

ξ < α〉 of functions σξ : Aξ1 → A0. We say that Player I has used the strategy
σ in the play (1) if for all ξ < α we have xξ = σξ(〈yγ : γ < ξ〉). The strategy
σ of Player I is a winning strategy, if every play where Player I has used σ
is a win for Player I.

A strategy of Player II in the game Gα(A0, A1,W ) is an α-sequence 〈τξ :

ξ < α〉 of functions τξ : Aξ+1
0 → A1. We say that Player II has used the

strategy τ in the play (1) if for all ξ < α we have yξ = τξ(〈xγ : γ ≤ ξ〉). The
strategy τ of Player II is a winning strategy, if every play where Player II
has used τ is a win for Player II.

A position of the game Gα(A0, A1,W ) is any initial segment

p = ((x0, y0), . . . , (xγ , yγ), . . .)γ<β (2)

of a play (1). We say that Player I has used the strategy σ = 〈σξ : ξ < α− β〉
after position (2) in the play (1), if (1) extends (2) as a sequence, and for all
γ with β ≤ γ we have xγ = σγ−β(〈yδ : β ≤ δ < γ〉). The strategy σ of Player
I is a winning strategy in position p, if every play extending p where Player
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I has used σ after position p is a win for Player I. We say that Player II has
used strategy τ = 〈τξ : ξ < α− β〉 after position (2) in the play (1) if (1)
extends (2) and for all γ with β ≤ γ we have yγ = τγ−β(〈xδ : β ≤ δ ≤ γ〉).
The strategy τ of Player II is a winning strategy in position p, if every play
extending p where Player II has used τ after p is a win for Player II.

Let A<α =
⋃
β<αA

β . If W ⊆ (A0 ∪A1)<α, the game G<α(A0, A1,W ) is
defined as Gα(A0, A1,W ) above.

An important example of a class of infinite games is the class of closed
games. A subset W of (A0×A1)α is closed, if a play is in W whenever every
initial segment of the play extends to a play in W . A game is closed, if W
is.

Lemma 1. Suppose A0, A1 are sets, W ⊆ (A0×A1)α and (2) is a position
in the game Gα(A0, A1,W ). Suppose furthermore that Player I does not
have a winning strategy in position (2). Then for every xβ ∈ A0 there is
yβ ∈ A1 such that Player I does not have a winning strategy in position

p = 〈〈x0, y0〉, . . . , 〈xβ , yβ〉〉. (3)

Proof. The proof is by contradiction. Suppose there were an xβ ∈ A0 such
that for all yβ ∈ A1 Player I has a winning strategy σyβ in position (3). We
define a strategy σ = 〈σξ : ξ < α− β〉 of Player I in position (2) as follows:
σ0(∅) = xβ and for γ > β, σγ−β(yξ : β ≤ ξ < γ) = σ

yβ

γ−β(〈yξ : β ≤ ξ < γ〉).
This is a winning strategy of Player I in position (2), contrary to assumption.

q.e.d.

Theorem 2 (Gale-Stewart, [GalSte53]). If A0, A1 are any sets and
W ⊆ (A0 ×A1)ω is closed, then the game Gω(A0, A1,W ) is determined.

Proof. Suppose Player I has no winning strategy. We define a strategy τ =
(τ0, τ1, . . .) of Player II in the game Gω(A0, A1,W ) as follows: Let a be some
arbitrary element of A1. For each position p = ((x0, y0), . . . , (xi−1, yi−1))
in the game Gω(A0, A1,W ) such that Player I does not have a winning
strategy in position p, and for each xi ∈ A0, we have by Lemma 1 some
yi ∈ A1 such that Player I does not have a winning strategy in posi-
tion p′ = ((x0, y0), . . . , (xi, yi)). Let us denote this yi by yi = f(p, xi).
If p = ((x0, y0), . . . , (xi−1, yi−1)) is a position in which Player I does have a
winning strategy, we let f(p, xi) = a. We have defined a function f defined
on positions p and elements xi ∈ A0. Let τ0(x0) = f(∅, x0). Assuming
τ0, . . . , τi−1 have been defined already, let τi(x0, . . . , xi) = f(p, xi), where
p = ((x0, y0), . . . , (xi−1, yi−1)) and y0 = τ0(x0), yi−1 = τi−1(x0, . . . , xi−1).
It is easy to see that in every play in which Player II uses this strategy,



282 Jouko Väänänen

every position p is such that Player I does not have a winning strategy in
position p, and it is also easy to see that, because W is closed, this is a
winning strategy of Player II. q.e.d.

Theorem 2 can be vastly generalized. For basic results in this direction,
cf., e.g., [Jec97]. However, the result does not generalize to Gα(A0, A1,W )
where α > ω. For a stronger assumption which gives a winning strategy for
Player II, consider the following: Suppose W ⊆ (A0×A1)α is closed and X
is a set of positions of the game Gα(A0, A1,W ) such that

(1) For all β < α and all 〈xξ, yξ : ξ < β〉 ∈ X and all xβ ∈ A0 there is
yβ ∈ A1 such that 〈xξ, yξ : ξ ≤ β〉 ∈ X.

(2) If 〈xξ, yξ : ξ < β〉 ∈ X, then 〈xξ, yξ : ξ < α〉 ∈ W for some sequence
〈xξ, yξ : ξ < α〉 extending 〈xξ, yξ : ξ < β〉.

(3) If β < α is a limit ordinal, 〈xξ, yξ : ξ < β〉 ∈ (A0 × A1)β and 〈xξ, yξ :
ξ < γ〉 ∈ X for all γ < β, then 〈xξ, yξ : ξ < β〉 ∈ X.

Then Player II has a winning strategy in the game Gα(A0, A1,W ). On the
other hand, if Player II has a winning strategy in the game Gα(A0, A1,W ),
there is no reason to conclude that there is a set X of positions of the
game Gα(A0, A1,W ) satisfying the above conditions, unless α = ω (see
[HuuHytRau99]).

3 Back-and-forth sets

Suppose L is a relational vocabulary. We denote L-structures by M, N ,
M′, N ′, etc. The universe of M is M , that of N is N , etc. We use Str(L)
to denote the class of all L-structures. Since L is relational, any subset N
of the universe of an L-structure M defines a substructure N of M, which
we denote by M↾N . A partial mapping f between M and N is a partial
isomorphism between L-structuresM and N if it an isomorphism between
M↾ dom(f) and N ↾ rng(f). We denote the set of all partial isomorphisms
between M and M′ by Part(M,M′). The set of all finite partial isomor-
phisms between M and M′ by Partω(M,M′).

Back-and-forth sets are very useful weaker versions of isomorphisms. To
get a picture of this, suppose f :M∼=M′. Then f ∈ Part(M,M′) and we
can go back and forth between M and M′ with f in the following sense:

∀a ∈M∃b ∈M ′(f(a) = b) (4)

∀b ∈M ′∃a ∈M(f(a) = b) (5)
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We now generalize this to a situation where we do not quite have an iso-
morphism but only a set P which reflects the back and forth conditions (4)
and (5) of an isomorphism.

Definition 3. Suppose M and M′ are L-structures. A back-and-forth set
for M and M′ is any non-empty set P ⊆ Part(M,M′) such that

∀f ∈ P∀a ∈M∃g ∈ P (f ⊆ g and a ∈ dom(g)) (6)

∀f ∈ P∀b ∈M ′∃g ∈ P (f ⊆ g and b ∈ rng(g)) (7)

The structures M and M′ are said to be partially isomorphic, in symbols
M≃pM′, if there is a back-and-forth set for them.

This important concept was introduced by Fräıssé in 1953 [Fra55]. Good
presentations of back-and-forth sets and their applications in logic are in
[Kue75a, Mak77, Dic75, Bar75].

Lemma 4. The relation ≃1 is an equivalence relation on Str(L).

Proof. The relation ≃1 is reflexive, because {idM} is a back-and-forth set for
M andM′, where idM (x) = x for x ∈M . If P is a back-and-forth set forM
andM′, then {f−1 : f ∈ P} is a back-and-forth set forM′ andM. Finally,
if P1 is a back-and-forth set for M and M′ and P2 is a back-and-forth set
forM′ andM′′, then {f2 ◦ f1 : f1 ∈ P1, f2 ∈ P2} is a back-and-forth set for
M and M′′, where we stipulate dom(f2 ◦ f1) = f−1

1 (dom(f2)). q.e.d.

Proposition 5. IfM≃1 M′, whereM andM′ are countable, thenM∼=
M′.

Proof. Let us enumerate M as 〈an : n < ω〉 and M ′ as 〈bn : n < ω〉. Let P
be a back-and-forth set forM andM′. Since P 6= ∅, there is some f0 ∈ P .
We define a sequence (fn : n < ω) of elements of P as follows: Suppose
fn ∈ P is defined. If n is even, say n = 2m, let fn+1 ∈ P and y ∈ M ′ so
that fn ∪ {〈am, y〉} ⊆ fn+1. If n is odd, say n = 2m+ 1, let fn+1 ∈ P and
x ∈ M so that fn ∪ {〈x, bm〉} ⊆ fn+1. Finally, let f =

⋃∞
n=0 fn. Clearly,

f :M∼=M′. q.e.d.

This proposition is not true for uncountable structures. Indeed, let L = ∅
and let M and M′ be any infinite L-structures. Then Partω(M,M′) is a
back-and-forth set for M and M′. Thus M ≃p M′. But M 6∼= M′ if, for
example, M = Q and M ′ = R. The failure of Proposition 5 to generalize,
is a major topic later in this paper.

Proposition 6. Suppose M and M′ are dense linear orders without end-
points. Then M≃1 M′.
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Proof. Let P = Partω(M,M′). It turns out that this straightforward
choice works. Clearly, P 6= ∅. Suppose then f ∈ P and a ∈ M . Let us
enumerate f as {〈a1, b1〉, . . . , 〈an, bn〉} where a1 < . . . < an. Since f is a
partial isomorphism, also b1 < . . . < bn. Now we consider different cases. If
a < a1, we choose b < b1 and then f ∪ {〈a, b〉} ∈ P . If ai < a < ai+1, we
choose b ∈ M ′ so that bi < b < bi+1 and then f ∪ {〈a, b〉} ∈ P . If an < a,
we choose b > bn and again f ∪{〈a, b〉} ∈ P . Finally, if a = ai, we let b = bi
and then f ∪{〈a, b〉} = f ∈ P . We have proved (6). Condition (7) is proved
similarly. q.e.d.

Putting Proposition 5 and Proposition 6 together yields the result famil-
iar to students of elementary logic: countable dense linear orders without
endpoints are isomorphic.

4 The Ehrenfeucht-Fräıssé Game

The back-and-forth feature of a back-and-forth set can be formulated neatly
in terms of a game. Suppose M and M′ are L-structures for some rela-
tional L. We imagine a situation in which two mathematicians argue about
whether M and M′ are isomorphic or not. The mathematician whom we
call Player II claims that they are isomorphic, while the other mathemati-
cian whom we call Player I claims the models have an intrinsic structural
difference and they cannot possibly be isomorphic.

The matter would be quickly resolved if Player II was required to show
the claimed isomorphism. But the rules of the game are different. The rules
are such that Player II is required to show only small pieces of the claimed
isomorphism.

More exactly, Player I asks what is the image of an element a1 of M that
he chooses at will. Then Player II is required to respond with some element
b1 of M ′ so that

{〈a1, b1〉} ∈ Part(M,M′). (8)

Alternatively, Player I might have chosen an element b1 of M ′ and then
Player II would have been required to produce an element a1 of M such
that (8) holds. The one-element mapping {〈a1, b1〉} is called the position in
the game after the first move.

Now the game goes on. Again Player I asks what is the image of an
element a2 of M (or alternatively he can ask what is the pre-image of an
element b2 of M ′). Then Player II produces an element b2 of M ′ (or in the
alternative case an element a2 of M). In either case the choice of Player II
has to satisfy

{〈a1, b1〉, 〈a2, b2〉} ∈ Part(M,M′). (9)
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Again, {〈a1, b1〉, 〈a2, b2〉} is called the position after the second move.
We go on until the position {〈a1, b1〉, . . . , 〈an, bn〉} ∈ Part(M,M′) after

the n’th move has been produced. If Player II has been able to play all the
moves according to the rules she is declared the winner. Let us call this
game EFn(M,M′). If Player II can win repeatedly whatever moves Player
I plays, we say that Player II has a winning strategy.

Example 7. Suppose M and M′ are two L-structures and L = ∅. Thus
the structuresM andM′ consist merely of a universe with no structure on
it. In this singular case any one-to-one mapping is a partial isomorphism.
The only thing Player II has to worry about, say in (9), is that a1 = a2 if
and only if b1 = b2. Thus Player II has a winning strategy in EFn(M,M′)
if M and M ′ both have the same number or at least n elements. So Player
II can have a winning strategy even if M and M ′ have different cardinality
and there could be no isomorphism between them for the trivial reason that
there is no bijection. The intuition here is that by playing a small number
of elements, or even ℵ0 many, it is not possible to get hold of the cardinality
of the universe if it is large.

Example 8. LetM be a linear order of length 3 andM′ a linear order of
length 4. How many moves does Player I need to beat Player II? Suppose
M = {a1, a2, a3} in increasing order and M ′ = {b1, b2, b3, b4} in increasing
order. Clearly, if Player I plays at any moment the smallest element, also
Player II has to play the smallest element or face defeat on the next move.
Also, if Player I plays at any moment the smallest but one element, also
Player II has to play the smallest but one element or face defeat in two
moves. Now in M the smallest but one element is the same as the largest
but one element, while in M′ they are different. So if Player I starts with
a2, Player II has to play b2 or b3, or else she loses in one move. Suppose she
plays b2. Now Player I plays b3 and Player II has no good moves left. To
obey the rules, she must play a3. That is how long she can play, for when
Player I now plays b4, Player II cannot make a legal move any more. In fact
Player II has a winning strategy in EF2(M,M′) but Player I has a winning
strategy in EF3(M,M′).

We now proceed to a more exact definition of the game.

Definition 9. Suppose L is a vocabulary andM,M′ are L-structures such
that M ∩M ′ = ∅. The Ehrenfeucht-Fräıssé game EFα(M,M′) is the game
Gα(M ∪M ′,M ∪M ′,Wα(M,M′)), where Wα(M,M′) ⊆ ((M ∪M ′)2)α is
the set of p = 〈xξ, yξ : ξ < α〉 such that:

(G1) For all β < α: xβ ∈M ⇐⇒ yβ ∈M ′.
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(G2) If we denote vβ =

{
xβ if xβ ∈M
yβ if yβ ∈M

v′β =

{
xβ if xβ ∈M ′

yβ if yβ ∈M ′,

then fp = {(vξ, v′ξ) : ξ < α} is a partial isomorphism M→M′.

We call vβ and v′β above corresponding elements.

This game was introduced (for α ≤ ω) by Ehrenfeucht in [Ehr60]. Note
that the game EFα is a closed game, since our relation symbols are finitary.

One of the main themes of this paper is the question: Given two struc-
tures M and N , how to measure how close they are to being isomorphic?
They may be non-isomorphic for a totally obvious reason, like two graphs
one of which has a triangle while the other does not. They may also be
non-isomorphic for an extremely subtle reason which involves the use of
axiom of choice (see later). One of the basic tools in trying to answer this
question is the concept of Ehrenfeucht-Fräıssé-game.

Proposition 10. Suppose L is a vocabulary and M and M′ are two L-
structures. The following conditions are equivalent:

1. M≃1 M′

2. Player II has a winning strategy in EFω(M,M′).

Proof. Assume M ∩M ′ = ∅. Let P be first a back-and-forth set for M
and M′. We define a winning strategy τ = 〈τi : i < ω〉 for Player II. Since
P 6= ∅ we can fix an element f of P . Condition (6) tells us that if a1 ∈M ,
then there is b1 ∈M ′ such that

f ∪ {〈a1, b1〉} ∈ P (10)

and we can let τ0(a1) be one such b1. Likewise, if b1 ∈ M ′, then there
are a1 ∈ M such that (10) holds and we can let τ0(b1) be some such a1.
We have defined τ0(c1) whatever c1 is. To define τ1(c1, c2), let us assume
Player I played c1 = a1 ∈ M . Thus (10) holds with b1 = τ0(a1). If
c2 = a2 ∈ M we can use (6) again to find b2 = τ1(a1, a2) ∈ M ′ such that
f ∪{〈a1, b1〉, 〈a2, b2〉} ∈ P. The pattern should be clear now. The back-and-
forth set P guides Player II to always find a valid move. Let us then write
the proof in more details: Suppose we have defined τi for i < j and we
want to define τj . Suppose Player I has played x0, . . . , xj−1 and Player II
has followed τi during each round i < j. During the inductive construction
of τi we took care to define also a partial isomorphism fi ∈ P such that
{v0, . . . , vi−1} ⊆ dom(fi−1). Now Player I plays xj . By assumption there
is fj ∈ P extending fj−1 such that if xj ∈ M , then xj ∈ dom(fj) and if
xj ∈ M ′, then xj ∈ rng(fj). We let τj(x0, . . . , xj) = fj(xj) if xj ∈ M and
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τj(x0, . . . , xj) = f−1
j (xj) otherwise. This ends the construction of τj . This

is a winning strategy because every fp is a partial isomorphism M→M′.
For the converse, suppose τ = 〈τn : n < ω〉 is a winning strategy of

Player II. Let Q consist of all plays of EFω(M,M′) in which Player II has
used τ . Let P consist of all possible fp where p is a position in the game
EFω(M,M′) with an extension in Q. It is clear that P is non-void and has
the properties (6) and (7). q.e.d.

5 The Dynamic Ehrenfeucht-Fräıssé Game

If Player I has a winning strategy in EFω(M,M′), then the game is essen-
tially decided every time in finitely many moves. This means that the tree
of the plays of the game, where Player I uses his winning strategy, is well-
founded and has a rank. This observation leads to the following refinement
of the game:

Definition 11. Let L be a relational vocabulary and M,M′ L-structures
such that M ∩M ′ = ∅. Let α be an ordinal. The Dynamic Ehrenfeucht-
Fräıssé game EFDα(M,M′) is the game

G<ω((M ∪M′)× α, (M ∪M′),W<ω,α(M,M′)),

where W<ω,α(M,M′) is the set of

p = 〈〈〈x0, α0〉, y0〉, . . . , 〈〈xn−1, αn−1〉, yn−1〉)

such that if

(D1) α > α0 > . . . > αn−1.

then

(D2) For all i < n : xi ∈ M↔ yi ∈ M′.

(D3) If we denote vi =

{
xi if xi ∈ M
yi if yi ∈ M

v′i =

{
xi if xi ∈ M′

yi if yi ∈ M′

then fp = {(v0, v′0), · · · , (vn−1, v
′
n−1)} is a partial isomorphism M→

M′.

The only new feature is condition (D1). Thus EFDα(M,M′) is more
difficult for Player I to play than the old EFω(M,M′), but easier than any
EFn(M,M′) (if α ≥ ω).

The analog of the back-and-forth set in the context of the dynamic game
is the concept of a back-and-forth sequence. Back-and-forth sequences con-
stitute a systematic way of representing a winning a strategy of Player II in
the game EFDα.
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Definition 12 (Karp, [Kar65]). A back-and-forth sequence (Pβ : β ≤ α)
of length α is characterized by the conditions

∅ 6= Pα ⊆ . . . ⊆ P0 ⊆ Part(M,M′) (11)

∀f ∈ Pβ+1∀a ∈M∃b ∈M
′(f ∪ {(a, b)} ∈ Pβ) for β < α. (12)

∀f ∈ Pβ+1∀b ∈M
′∃a ∈M(f ∪ {(a, b)} ∈ Pβ) for β < α. (13)

We write M ≃αp M
′ if there is a back-and-forth sequence of length α for

M and M′.

The following proposition demonstrates that back-and-forth sequences
indeed capture the winning strategies of Player II in EFDα(M,M′):

Proposition 13. Suppose L is a vocabulary and M and M′ are two L-
structures. The following conditions are equivalent:

1. M≃αp M
′

2. Player II has a winning strategy in EFDα(M,M′).

Proof. Let us assume M ∩M ′ = ∅. Let (Pi : i ≤ α) be a back-and-forth
sequence for M and M′. We define a winning strategy τ = 〈τi : i < ω〉 for
Player II. Suppose we have defined τi for i < j and we want to define τj .
Suppose Player I has played x0, α0, . . . , xj−1, αj−1 and Player II has followed
τi during round i < j. During the inductive construction of τi we took care
to define also a partial isomorphism fi ∈ Pαi

such that {v0, . . . , vi−1} ⊆
dom(fi). Now Player I plays xj and αj < αj−1. By assumption there is
fj ∈ Pαj§ extending fj−1 such that if xj ∈ M , then xj ∈ dom(fj) and if
xj ∈ M ′, then xj ∈ rng(fj). We let τj(x0, . . . , xj) = fj(xj) if xj ∈ M and
τj(x0, . . . , xj) = f−1

j (xj) otherwise. This ends the construction of τj . This
is a winning strategy.

For the converse, suppose τ = 〈τn : n < ω〉 is a winning strategy of Player
II. Let Q consist of all plays of EFDα(M,M′) in which Player II has used
τ . Let Pβ consist of all possible fp where

p = (((x0, α0), y0), . . . , ((xi−1, αi−1), yi−1))

is a position in the game EFDα(M,M′) with an extension in Q and αi−1 ≥
β. It is clear that (Pβ : β ≤ α) has the properties (11), (12) and (13). q.e.d.

Lemma 14.

(1) If Player II has a winning strategy in EFDα(M,M′) and β ≤ α, then
Player II has a winning strategy in EFDβ(M,M′).
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(2) If Player I has a winning strategy in EFDα(M,M′) and α ≤ β, then
Player I has a winning strategy in EFDβ(M,M′).

(3) If α is a limit ordinal 6= 0 and Player II has a winning strategy in
EFDβ(M,M′) for each β < α, then Player II has a winning strategy
in EFDα(M,M′).

Proof. (1) Any move of Player I in EFDβ(M,M′) is a legal move of Player
I in EFDα(M,M′). Thus if Player II can beat Player I in EFDα she can
beat him in EFDβ .
(2) If Player I knows how to beat Player II in EFDα, he can use the very
same moves to beat Player II in EFDβ .
(3) In his opening move Player I plays α0 < α. Now Player II can pretend
we are actually playing the game EFDα0+1(M,M′), and she has a winning
strategy for that game. q.e.d.

Definition 15. An ordinal α such that Player II has a winning strategy in
EFDα(M,M′) and Player I has a winning strategy in EFDα+1(M,M′) is
called the Scott watershed of M and M′.

By Lemma 14 the Scott watershed is uniquely determined, if it exists.
In two extreme cases the Scott watershed does not exist. Firstly, maybe
Player I has a winning strategy even in EF0(M,M′). This may happen if
we have 0-place relation symbols, one of which may be true in M but false
in M′. If we allow constant symbols in the vocabulary, then two constants
may be identical in one model but non-identical in the other. In these cases
Part(M,M′) = ∅. Secondly, Player II may have a winning strategy even
in EFω(M,M′), so Player I has no chance in any EFDα(M,M′), and there
is no Scott watershed. In any other case the Scott watershed exists. The
bigger it is, the closer M and M′ are to being isomorphic. Respectively,
the smaller it is, the farther M and M′ are from being isomorphic. If
the watershed is as small as finite, the structures M and M′ are not even
elementarily equivalent (if the vocabulary is finite).

General problem: Given M and M′, find the Scott watershed!

How far afield do we have to go to find the Scott watershed? It is very
natural to try first some small ordinals. But if we try big ordinals, it would
be nice to know how high we have to go. There is a simple answer given by
the next proposition: If the models have infinite cardinality κ, and the Scott
watershed exists, then it is < κ+. Thus for countable models we only need
to check countable ordinals. For finite models this is not very interesting:
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if the models have at most n elements, and there is a watershed, then it is
at most n.

Proposition 16. If Player II has a winning strategy in EFDα(M,M′) for
all α < (|M|+ |M′|)+ then Player II has a winning strategy in EFω(M,M′).

The strategy of Player II is to stay throughout the game in a position
in which she has a winning strategy in EFDα(M,M′) for arbitrary large
α < (|M| + |M′|)+. She can maintain this strategy for mere cardinality
reasons as follows. Suppose Player I picks a in, say, M . For each of the
arbitrary large α < (|M|+ |M′|)+ the winning strategy of Player II gives a
response bα ∈M ′. By the Pigeon Hole Principle, there is one fixed b ∈M ′

such that for arbitrary large α we have bα = b. Now Player II plays b.
In the new position Player II has a winning strategy in EFDα(M,M′) for
arbitrary large α < (|M|+ |M′|)+.

The above theorem is particularly important for countable models since
countable partially isomorphic structures are isomorphic. Thus the count-
able ordinals provide a complete hierarchy of thresholds all the way from
not being even elementarily equivalent to being actually isomorphic. For
uncountable models the hierarchy of thresholds reaches only to partial iso-
morphism which may be far from actual isomorphism.

An important early result on high Scott watersheds is the following result
of Karp [Kar65]:

Theorem 17. Suppose δ satisfies the condition α < δ =⇒ ωα < δ and M
is any linear order with a first element, then δ ≃αp δ ×M.

The above result gives for any α of cardinality κ ≥ ℵ0 structuresM and
M′ of cardinality κ such that the watershed of them exists and is at least α.

6 Relation Between Games and Logic

Let us write M ≡n M′, if M and M′ satisfy the same sentences of Lωω
of quantifier-rank ≤ n. Suppose L is an arbitrary (relational) vocabulary,
M and M′ are L-structures, and n < ω. The following conditions are
equivalent:

(i) M≡nM′.

(ii) M↾L′ ≃np M
′↾L′ for all finite L′ ⊆ L.

Extending this to the whole logic Lωω, the following are equivalent for all
M and M′:

(iii) M≡ωωM′

(iv) M↾L′ ≃ωp M
′↾L′ for all finite L′ ⊆ L.
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The proofs are straightforward once we observe that the number of non-
equivalent first order formulas of quantifier-rank ≤ n of a fixed finite vo-
cabulary and a fixed finite set of free variables is finite. This leads to
the following important characterization of first order definability, due to
Fräıssé: For all n < ω the equivalence relation M ≡n M′ divides Str(L)
into finitely many equivalence classes Cni , i = 1, . . . ,mn, such that for each
Cni there is a sentence φni of Lωω of quantifier-rank n with the properties:

1. For all L-structures M: M∈ Cni ⇐⇒M |= φni .
2. If φ is an L-sentence of quantifier rank ≤ n, then there are i1, . . . , ik

such that |= φ↔ (φni1 ∨ . . . ∨ φ
n
ik

)

From this we can get the following characterization of first order logic,
due to Fräıssé [Fra55]:

Theorem 18. Suppose K is a class of L-structures for a finite relational
vocabulary L. Then K is Lωω-definable if and only if there is n ∈ ω such
that K is closed under ≃np .

In infinitary logic, let us write M ≡α∞ω M
′, if M and M′ satisfy the

same sentences of L∞ω of quantifier-rank ≤ α, and M ≡∞ω M′, if M
and M′ satisfy the same sentences of the whole L∞ω. We can relax the
restriction on finite vocabularies and get for allM andM′ the equivalence

M≡α∞ωM
′ ⇐⇒M≃α1 M

′ (14)

and
M≡∞ωM

′ ⇐⇒M≃1 M
′. (15)

These equivalence reveal the close relationship between infinitary logic and
the Ehrenfeucht-Fräıssé-game. The relationship goes in fact much deeper.
To see this we go on to define so called Scott sentences σαM from [Sco65]:
Let L be a vocabulary, M an L-structure, and a0, . . . , an−1 ∈ M . We call
a formula basic if it is atomic or negated atomic. Then we define

σ0
M,a0,...,an−1

=
∧
{ϕ(x0, . . . , xn−1) : ϕ(x0, . . . , xn−1)

is a basic L-formula and M |= ϕ(a0, . . . , an−1)}

σα+1
M,a0,...,an−1

= (∀xn
∨

an∈M

σαM,a0,...,an
) ∧ (

∧

an∈M

∃xnσ
α
M,a0,...,an

)

σνM,a0,...,an−1
=

∧

α<ν

σαM,a0,...,an−1
, for limit ν

σαM = σαM,∅.

The following conditions are equivalent, almost by definition:
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(1) M′ |= σαM,a0,...,an−1
(b0, . . . , bn−1)

(2) (M, a0, . . . , an−1) ≃α1 (M′, b0, . . . , bn−1)

The Scott height SH(M) of a model M is the supremum of all ordi-
nals α + 1, where α is the Scott watershed of a pair (M, a1, . . . , an) 6≃1

(M, b1, . . . , bn) and a1, . . . , an, b1, . . . , bn ∈ M. The Scott-sentence of a
structure M is the L∞ω-sentence

σM = σ
SH(M)
M,∅ ∧

∧

n∈ω

a0,...,an−1∈M

∀x0 . . . ∀xn−1(σ
SH(M)
M,a0,...,an−1

→ σ
SH(M)+1
M,a0,...,an−1

).

Now the equivalence

M′ |= σM ⇐⇒M
′ ≃1 M

gives a more nuanced version of (15). Note, that ifM is a well-ordered set,
then it is, up to isomorphism, the only model of σM. The situation is the
same with countable models:

Theorem 19 (Scott’s Isomorphism Theorem, [Sco65]). Suppose M
is a countable model. Then for all countable M′

M′ |= σM ⇐⇒ M′ ∼=M.

This is a remarkable result. It puts countable models on levels of a well-
ordered hierarchy according to the Scott height. On each level there is an
invariant, the Scott sentence of the model, that characterizes the model up
to isomorphism. These invariants need, of course, not be simple in any way,
but they have a uniform tree-structure, the differences occurring only at the
leaves of the tree. The invariants provide a way to systematize and classify
countable models according to syntactic properties of the Scott sentence.

It is relatively easy to prove by induction on α that for every α there is
only a set of non-equivalent formulas of L∞ω of quantifier-rank ≤ α. Thus,
for example, for any α there are only a set of non-equivalent σαM, while
there is a proper class of non-equivalent σM. From this it follows that for
all ordinals α the equivalence relation M≡α∞ωM

′ divides the class Str(L)
of all L-structures into a set of equivalence classes Cαi , i ∈ I, such that if we
choose any representatives Mi ∈ Cαi , then:

1. For all L-structures M: M∈ Cαi ⇐⇒M |= σαMi

2. If ϕ is an L-sentence of L∞ω of quantifier-rank ≤ α, then there is a
set I0 ⊆ I such that |= ϕ↔

∨
i∈I0

σαMi
.
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Note again that if we tried to prove the above for the finer relation ≃1,
we would run into the trouble that there are a proper class of equivalence
classes. Analogously to Theorem 18 we get a characterization of L∞ω:

Theorem 20 (Karp, [Kar65]). Suppose L is an arbitrary vocabulary
and K is a class of L-structures. K is definable in L∞ω if and only if K is
closed under ≃α1 for some α.

The above theorem gives a kind of normal form for sentences of L∞ω:
everything is a disjunction of sentences σαM, which in turn have a very
canonical form. For finite α and finite relational vocabulary the formulas
σαM are first-order.

7 Moving many elements at a time

An essential feature of first order logic and its infinitary extensions Lκω
and L∞ω is that quantification is over individuals only. This makes these
logics set-theoretically “absolute”, i.e., the truth or falsity of M |=s ϕ
depends only on elements of M , not on subsets of M or sets of subsets
of M . We now introduce infinitary logics which allow quantification over
infinite sequences of elements of the domain of discourse. We will be able
to say new things, but we pay a price: model theory becomes more complex
and many questions depend on set-theoretical assumptions.

We first define the appropriate version of the Ehrenfeucht-Fräıssé game.
In this game the players play sequences of a given length. Each round con-
sists of a choice of a sequence by Player I followed by a choice of a sequence
by Player II. The goal of Player II is to make sure the played sequences
form, element by element, a partial isomorphism. Thus if Player I plays a
sequence x0 = (x0(0), . . . , x0(n), . . .) which is a descending sequence relative
to a linear order < in one of the models, Player II tries to play likewise a se-
quence y0 = (y0(0), . . . , y0(n), . . .) which constitutes a descending sequence
relative to < in the other model. If that other model is well-ordered by <,
she loses right away.

For another example, suppose one of the models is countable while the
other is uncountable. If Player I is allowed to play infinite sequences he
can immediately let x0 enumerate the countable model. Whatever Player
II plays, Player I wins during the next round.

To define the new game exactly, we fix some notation. A function s :
α→M is called a sequence of length len(s) = α. The set of all sequences of
length α of elements of M is denoted by Mα. Finally M<α =

⋃
β<αM

β .

Definition 21. Suppose κ is a regular cardinal. The Ehrenfeucht-Fräıssé
game with moves of size < κ on M and M′, EFκω(M,M′), is the game
in which Player I plays xn ∈ M<κ ∪ (M ′)<κ and Player II responds with
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xn ∈M<κ ∪ (M ′)<κ. Player II wins if for all n,

(1) len(xn) = len(yn)
(2) xn ∈M<κ ↔ yn ∈ (M ′)<κ

and if we denote

vn =

{
xn if xn ∈M<κ

yn if yn ∈M<κ v′n =

{
xn if xn ∈ (M ′)<κ

yn if yn ∈ (M ′)<κ,

(3) {(vn(ξ), v′n(ξ)) : ξ < len(xn), n ∈ ω} ∈ Part(M,M′).

The dynamic version of EFκω, denoted by EFDα
κ , is defined by requir-

ing that the moves of Player I are pairs (xn, αn) where xn ∈ M<κ ∪
(M ′)<κ, αn < α To win, Player I has to play α > α0 > α1 > . . . just
as in EFDα.

Definition 22. Let η denote the ordertype of the rationals. For A ⊆ ω1

let

rAα =

{
1 + η if α ∈ A \ {0}
η if α 6∈ A \ {0}

φ(A) =
∑

α<ω1

(rAα × {α}).

The elements of rAα × {α} in φ(A) are said to have rank α.

Clearly, φ(A) is an ℵ1-like dense linear order.

Lemma 23. φ(∅) 6∼= φ(ω1).

Proof. Suppose f : φ(∅) ∼= φ(ω1). For each a ∈ φ(A) let ̺(a) be the unique
α such that a = (q, α) for some q. Let us define a sequence {an : n ∈ ω} as
follows:

a0 ∈ φ(∅) arbitrary

a1 ∈ φ(ω1) such that ̺(a1) > f(a0)

a2 ∈ φ(∅) such that ̺(a2) > f−1(a1)

a3 ∈ φ(ω1) such that ̺(a3) > f(a2)

etc.

Let δ = supn ̺(an). Let a be the smallest element in rω1

δ . Now a is the
supremum of the set {a2n+1 : n ∈ ω} in φ(ω1), but f−1(a) cannot be the
supremum of {a2n : n ∈ ω} in φ(∅) as r∅

δ has no first element. This shows
that f cannot be an isomorphism. q.e.d.
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The above proof actually shows that φ(A) 6∼= φ(B) if A△B is stationary.

Lemma 24. Player II has a winning strategy in EFℵ1
ω (M,M′) whenever

M and M′ are ℵ1-like dense linear orders without first element.

Proof. During the game Player II maintains an element un ∈ M , an ele-
ment vn ∈ M ′ and an isomorphism πn between the initial segment of M
determined by un and the initial segment ofM′ determined by vn. Player II
takes care that the partial isomorphism of played elements is a subfunction
of πn. Suppose then Player I plays a countable sequence sn in one of the
models. Now Player II moves her un and vn to new positions un+1, vn+1

above the elements in sn. The intervals (un, un+1) of M and (vn, vn+1) of
M′ are countable dense linear orderings without endpoints, hence isomor-
phic. So Player II can maintain her strategy. q.e.d.

Corollary 25 (Morley). There are non-isomorphic modelsM andM′ of
cardinality ℵ1 such that Player II has a winning strategy in EFℵ1

ω (M,M′).

We use [A]<λ to denote the set {a ⊆ A : |a| < λ}.

Definition 26. Suppose M and M′ are L-structures. A λ-back-and-forth
set for M and M′ is any non-empty set P ⊆ Part(M,M′) such that

(1) ∀f ∈ P∀a ∈ [M ]<λ∃g ∈ P (f ⊆ g and a ⊆ dom(g))
(2) ∀f ∈ P∀b ∈ [M ′]<λ∃g ∈ P (f ⊆ g and b ⊆ rng(g)).

The structuresM andM′ are said to be λ-partially isomorphic, in symbols
M≃λM′, if there is a λ-back-and-forth set for them.

It is easy to see that ≃λ is an equivalence relation on Str(L) for any L.
The big drawback of ≃λ in comparison to ≃1 is that for λ > ω there is no
guarantee that M≃λM′, |M | ≤ λ, |M ′| ≤ λ implies M∼=M′.

Theorem 27. The following conditions are equivalent:

(1) M≡∞λ N (i.e.M and N satisfy the same sentences of L∞λ).
(2) Player II has a winning strategy in EFλω(M,N ).
(3) M≃λ N .

The following is a dynamic version of Theorem 27.

Theorem 28. Suppose κ = |M<λ| + |M ′<λ| and Player II has a winning
strategy in EFDα

λ(M,N ) for each α < κ+. Then Player II has a winning
strategy in EFλω(M,N ).



296 Jouko Väänänen

For working with winning strategies of Player II in EFDα
λ(M,N ) we

have the appropriate version of back-and-forth sequence: A λ-back-and-
forth sequence (Pβ : β ≤ α) is characterized by the conditions

∅ 6= Pα ⊆ · · · ⊆ P0 ⊆ Part(M,M′)
∀f ∈ Pβ+1∀a ∈ [M ]<λ∃g ∈ Pβ(a ⊆ dom(g) and f ⊆ g)
∀f ∈ Pβ+1∀b ∈ [M ′]<λ∃g ∈ Pβ(b ⊆ ran(g) and f ⊆ g).

We write M≃αλ M
′ if there is a λ-back-and-forth-sequence of length α for

M and M′.

Theorem 29. The following conditions are equivalent:

(1) M≡α∞λ N (i.e.M and N satisfy the same sentences of L∞λ of quan-
tifier rank ≤ α).

(2) Player II has a winning strategy in EFDα
λ(M,N ).

(3) M≃αλ N .

We can define the λ-Scott watershed of M and M′ as the least ordinal
α such that Player II has a winning strategy in EFDα

λ(M,M′) and Player
I has a winning strategy in EFDα+1

λ (M,M′). In the case λ = 2 the Scott
watershed of countable models was countable and every pair of countable
non-isomorphic models had a Scott watershed. For λ > ω the situation is
less satisfactory. For non-isomorphic models of size λ the λ-Scott watershed
need not exist, as it is possible that M ≃λ N and M 6∼= N . Also, if ,e.g.,
λ = ℵ1, even if the λ-Scott watershed exists, we only know it is < (2ω)+,
which may be very big.

The λ-Scott height λ-SH(M) of a model M is the least α such that if
a1, . . . , an, b1, . . . , bn ∈ [M ]<λ and len(ai) = len(bi) for 1 ≤ i ≤ n

(M, a1, . . . , an) ≃αλ (M, b1, . . . , bn)

then (M, a1, . . . , an) ≃α+1
λ (M, b1, . . . , bn). (Here (M, a1, . . . , an) means

(M, (a1(ξ))ξ<len(a1), . . . , (an(ξ))ξ<len(an)).) If none exist, then λ-SH(M) =

0. Note that λ-SH(M) < (|M<λ|)+.

Theorem 30. If M≃λ-SH(M)+ω
λ M′, then M≃λM′.

The λ-Scott spectrum of a first order theory T is λ-ss(T ) = {λ-SH(M) :
M |= T} The λ-Scott spectrum is a rather little studied subject, due to the
lack of a “λ-version” of Theorem 19. For a recent study, see [LasShe01].

8 Strong Back-And-Forth Sets

To overcome the failure of ≃λ to characterize isomorphism in models of size
λ, a stronger form of ≃λ was proposed by Dickmann [Dic75] and Kueker
[Kue75a]:
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Definition 31. Suppose M and M′ are L-structures. A strong λ-back-
and-forth set for M and M′ is a λ-back-and-forth set P which satisfies the
following additional condition:

(3) If {fα : α < β}, β < λ, is an ⊆-increasing sequence in P , then there is
f ∈ P such that fα ⊆ f for all α < β.

If there is a strong λ-back-and-forth set for M and M′, we write M ≃λ,s
M′.

Theorem 32. If |M | ≤ λ and |M ′| ≤ λ, then the following conditions are
equivalent:

(1) M∼=M′.
(2) M≃λ,sM′.

Proof. Suppose P is a strong λ-back-and-forth set for M and M′. Let

M = {aα : α < λ}

M ′ = {bα : α < λ}.

Let f0 ∈ P . If fα has been defined for α < γ and (α < β < γ =⇒
fα ⊆ fβ) then let g ∈ P such that fα ⊆ g for all α < γ. Then, let fγ ∈ P
such that g ⊆ fγ , aγ ∈ dom(fγ) and bγ ∈ ran(fγ). Finally,

⋃
α<λ fα is an

isomorphism M→M′. q.e.d.

Example 33. A linear order (M,<) is an ηα-set if for all sets M ⊆ M
and M ′ ⊆ M such that |M | < ℵα, |M ′| < ℵα and a < b for all a ∈ M and
b ∈M ′, there is c ∈M such that a < c < b for all a ∈M and b ∈M ′. IfM
and M′ are ηα-sets and ℵα is regular, then M≃ℵα,sM

′.

A model M is λ-homogeneous if for all {aα : α < β} and {bα : α < β}
such that β < λ and (M, aα)α<β ≡ (M, bα)α<β and every aβ ∈M there is
bβ ∈M such that (M, aα)α≤β ≡ (M, bα)α≤β . The ordered sets (Q, <) and
(R, <) are ℵ0-homogeneous. Every countable consistent first order theory
has for every λ a λ-homogeneous model.

Proposition 34. IfM andM′ are λ-homogeneous, λ is regular andM≃λ
M′, then M≃λ,sM′.

Proof. We let P consist of all f = {(aα, bα) : α < β} such that β < λ and

(*) (M, aα)α<β ≡ (M′, bα)α<β .

P is non-empty, as ∅ ∈ P . Let us prove that P is a λ-back-and-forth
set. Suppose (*) holds and aβ ∈ M (we treat this case first as the case
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aβ ∈ [M ]<λ then follows). By M ≃λ M′ there is b′α, α ≤ β such that
(M, aα)α≤β ≡ (M′, b′α)α≤β . Thus (M′, bα)α<β ≡ (M′, b′α)α<β . By λ-homo-
geneity there is bβ such that (M′, bα)α≤β ≡ (M′, b′α)α≤β . Thus

(M, aα)α≤β ≡ (M′, bα)α≤β .

The property (*) is clearly preserved under unions of chains, i.e., if fα ∈ P
for α < γ, where γ < λ, and α < β < γ =⇒ fα ⊆ fβ then

⋃
α<γ fα ∈ P

(here we use regularity of λ). Thus the above back-and-forth argument
extends to aβ ∈ [M ]<λ. q.e.d.

A model M is λ-saturated if for all aα ∈ M,α < β, where β < λ, every
type of the structure (M, aα)α<β is realized in (M, aα)α<β . λ-saturated
models are always λ-homogeneous. Every countable consistent first order
theory has for every λ a λ-saturated model.

Proposition 35. SupposeM andM′ are λ-saturated structures andM≡
M′. Then M≃λM′. If moreover λ is regular, then M≃λ,sM′.

Proof. Let P consist of all f = {(aα, bα) : α < β} such that β < λ and

(*) (M, aα)α<β ≡ (M′, bα)α<β .

By assumption, ∅ ∈ P . Suppose then (*) holds and aβ ∈ M (The case
aβ ∈ [M ]<λ follows from this). Let Σ be the set of first order sentences,
ϕ(xα1

, . . . , xαn
, xβ), α1, . . . , αn < β, satisfying M |= ϕ(aα1

, . . . , aαn
, aβ).

Condition (*) guarantees that for any finite Σ0 ⊆ Σ there is bβ ∈ M ′ such
that

(**) M′ |= ϕ(bα1
, . . . , bαn

, bβ)

for all ϕ ∈ Σ0. By λ-saturation, there is bβ ∈ M ′ such that (**) holds for
all ϕ ∈ Σ. We have proved one half of the λ-back-and-forth criterion for P .
The other half is similar. q.e.d.

A theory is κ-categorical if all its models of cardinality κ are isomorphic.
The first order theory of (Q, <) is ℵ0-categorical. The first order theory
of (C,+, ·, 0, 1) is ℵ1-categorical. A countable first order theory which is κ-
categorical for some κ is necessarily complete. By a deep theorem of Morley,
if a countable first order theory is κ-categorical for some uncountable κ, it
is κ-categorical for all uncountable κ.

Corollary 36. Let λ be a regular cardinal> ω. If T is a countable complete
first order theory which is κ-categorical for some (hence all) uncountable κ,
then for any M |= T and N |= T of cardinality ≥ λ we have M≃λ,s N .
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Proof. For such T and λ we know that M and N have to be λ-saturated.
q.e.d.

The above results attest to the applicability the the conceptM≃λ,s N in
comparison to the weakerM≃λ N . But there is something fundamentally
puzzling about M ≃λ,s N . We do not know whether it divides structures
to equivalence classes, since we do not know whether it is transitive:

Open Problem: Is the relation M≃λ,s N transitive?

There are many partial results about the transitivity of M ≃λ,s N but
the general question is open. Thus it is not known whether there is some
version L∗ of infinitary logic such that M ≃λ,s N is equivalent to M |=
φ ⇐⇒ N |= φ for all φ ∈ L∗. What is known, is, for example, that
M ≃ℵ1,s N is transitive among trees of height ω1, among models of (at
most) continuum size, and among models of different cardinality [VääVel04].

9 The Transfinite Ehrenfeucht-Fräıssé game

We shall now take up seriously the possibility that the game EFα(M,M′)
may last for more than ω moves. So what a game of, say, length ω + ω
would look like: it would be like playing two games of length ω one after
the other. For example, it is by now well-known to the reader that the
second player has a winning strategy in the Ehrenfeucht-Fräıssé game of
length ω on (R, <) and (R \ {0}, <). But if Player I is allowed one more
move after the first ω moves, he wins.

For a more enlightening example, suppose M and N are equivalence re-
lations such that M has ℵ1 countable classes and ℵ0 uncountable classes
while N has ℵ1 countable classes and ℵ1 uncountable classes. Does Player
II have a winning strategy in EFω. Yes! She just keeps matching different
equivalence classes with different equivalence classes. But she can actually
win the game of length ω + ω, too! During the first ω moves she matches
countable equivalence classes with countable ones and uncountable equiva-
lence classes with uncountable ones. After the first ω moves she may have to
match a countable equivalence class with an uncountable class, but Player
I will not be able to reveal this bluff. It is only when Player I has ω+ω+ 1
moves that he has a winning strategy: During the first ω moves play one
element from each uncountable class of M. Then play one element b from
an unused uncountable equivalence class of N . Player II will match this
element with an element c from a countable equivalence class ofM. During
the next ω rounds Player I enumerates the countable equivalence class of c.
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Finally he plays an unplayed element equivalent to b. Player II loses as all
elements equivalent to c have been played already.

There are some basic properties of transfinite Ehrenfeucht-Fräıssé games
that are easy to prove but still worth noting: If Player II has a winning
strategy in EFα(M0,M1) and β < α, then Player II has the same win-
ning strategy in EFβ(M0,M1). If Player I has a winning strategy in
EFα(M0,M1) and α < β, then Player I has the same winning strategy also
in EFβ(M0,M1). There is clearly no α such that both Player II and Player
I have a winning strategy in EFα(M0,M1), as we can let the strategies play
against each other. If M0

∼=M1, then Player II has a winning strategy in
EFα(M0,M1) for all α by playing the isomorphism. Thus, if Player I has
a winning strategy in EFα(M0,M1), then M0 6∼=M1. If M0 6∼=M1, then
Player I has a winning strategy in EFα(M0,M1) for α ≥ |M0| + |M1| by
simply enumerating all elements of both models. Thus, if Player II has a
winning strategy in EFα(M0,M1), where α ≥ |M0|+|M1|, thenM0

∼=M1.
There is always at least one α for which Player II has a winning strategy

in EFα(M0,M1), namely α = 0. (Even this may fail if we have 0-place
relation symbols or constant symbols, as observed after Definition 15.) If
M0

∼= M1, then there cannot be any α for which Player I has a winning
strategy in EFα(M0,M1). But if M0 6∼=M1, then Player I has a winning
strategy in EFα(M0,M1) from some α onwards.

There may be ordinals α for which neither player has a winning strategy.
To get an example, note that S ⊆ ω1 contains a cub1 if and only if Player I
has a winning strategy in EFω+2(φ(S), φ(∅)), and S ⊆ ω1 is disjoint from
a cub if and only if Player II has a winning strategy in EFω+2(φ(S), φ(∅)).
Thus for bistationary2 S ⊆ ω1 the game EFω+2(φ(S), φ(∅)) is non-deter-
mined [Hyt87].

There may also be a limit ordinal α such that Player II has a winning
strategy in EFβ(M0,M1) for each β < α but not in EFα(M0,M1). The
simplest example is M0 = (Z, <), M1 = (Z + Z, <), and α = ω.

Lemma 37. Let L be a vocabulary and α an ordinal. The relation

M0 ∼αM1 ⇔ Player II has a winning strategy in EFα(M0,M1)

is an equivalence relation on Str(L).

Proof. Reflexivity of ∼α is clear, but since we have assumed models in
the game have disjoint domains, we have to prove reflexivity for isomorphic
structures, i.e., if f : M0

∼= M1, then Player II has a winning strategy in
EFα(M0,M1). In fact, Player II wins then EFα(M0,M0) with the trivial

1“Cub” abbreviates “ closed and unbounded”.
2I.e., stationary and co-stationary.
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strategy τξ(〈xη : η ≤ ξ〉) = f(xξ). Symmetricity is also trivial: Suppose
Player II wins EFα(M0,M1) with τ = 〈τξ : ξ < α〉. In fact, the very same
strategy is winning for Player II in EFα(M1,M0). To prove transitivity
of ∼α, suppose τ = 〈τα : ξ < α〉 is a winning strategy of Player II in
EFα(M0,M1) and τ ′ = 〈τ ′ξ : ξ < α〉 is a winning strategy of Player II in
EFα(M1,M2). We describe a winning strategy τ ′′ = 〈τ ′′ξ : ξ < α〉 of Player
II in EFα(M0,M2). The idea is that Player II plays EFα(M0,M1) and
EFα(M1,M2) simultaneously. Suppose z′′ = 〈x′′η : η ≤ ξ〉 ∈ (M0 ∪M2)ξ+1.
We define by induction over η ≤ ξ the sequences z = 〈xη : η ≤ ξ〉, z′ = 〈x′η :
η ≤ ξ〉, and τ ′′ = 〈τ ′′ξ : ξ < α〉 as follows:

If x′′η ∈ M0 M2

Then xη = x′′η τ ′η(z′↾η+1)
x′η = τη(z↾η+1) x′′η
τ ′′η (z′′↾η+1) = τ ′η(z′↾η+1) τη+1(z↾η+1)

Now 〈τ ′′ξ : ξ < α〉 is a winning strategy of Player II in EFα(M0,M2). q.e.d.

The relations ∼α form a sequence of finer and finer partitions of Str(L),
starting from the one-class partition ∼0 and eventually approaching the
ultimate refinement ∼= of every ∼α. Already ∼ω separates all ordinals from
each other, so the number of equivalence classes becomes a proper class.
This is a serious setback.

How close can two structures be to being isomorphic without actually
being isomorphic? The Ehrenfeucht-Fräıssé-game provides a method to
answering this question. For countable models the Scott watershed gives a
perfect scale in terms of countable ordinals as to how close the models are
to being isomorphic. For models of cardinality λ > ω the analogous λ-Scott
watershed does not yield as satisfactory a scale. In this case we may try
the relations ∼α, α < λ, as an alternative. After all, in this case ∼λ implies
isomorphism. However, we immediately run into an open problem:

Open problem: Are there (in ZFC) two non-isomorphic structuresM and
N of cardinality ℵ1 such that II has a winning strategy in EFα(M,N ) for
all α < ω1.

A positive answer is known only for the case α < ω2, but even the case
α = ω2 is open. There is no problem if we assume CH (see Proposition 61).
Assuming V = L we can even get non-isomorphic (ω1-separable) Abelian
groups G and H of size ℵ1 such that II has a winning strategy in EFα(M,N )
for all α < ω1. On the other hand, the Proper Forcing Axiom together with
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the assumption that II has a winning strategy in EFω1

ω2+ω(G,H) implies G ∼=
H for all ω1-separable abelian groups of cardinality ℵ1 [EklForShe95]. For
more on constructing models very close to being isomorphic, see [HytTuu91,
Hyt92, HytSheTuu93, HytShe94, HytShe95, HytShe99].

Of special interest are games where the length α satisfies strong closure
properties, as in the case that α is a cardinal, in particular in the case
α = ω1. It turns out that the statement that any two structures M,N
of cardinality ℵ2 are isomorphic if and only if II has a winning strategy
in EFω1

(M,N ), is equiconsistent with the existence of a weakly compact
cardinal [MekSheVää93, HytSheVää02].

10 On Partially Ordered Sets

In order to define the dynamic version of the transfinite Ehrenfeucht-Fräıssé
game, and thereby make a further step towards obtaining a scale of how
close two uncountable structures can be to being isomorphic, we need some
preliminaries on po-sets.

A po-set (or a partial order) is a binary structure P = 〈P,≤P〉 which is
transitive and anti-reflexive. A po-set P is a tree if it has a unique least
element (the root) and the set of predecessors of any element is well-ordered
by ≤P . Suppose P and P ′ are po-sets. We define P ≤ P ′ if there is a
mapping f : P → P ′ such that for all x, y ∈ P : x <P y → f(x) <P′ f(y).
We write P < P ′, if P ≤ P ′ and P ′ 6≤ P, and we write P ≡ P ′, if P ≤ P ′

and P ′ ≤ P. Note that ≤ is a transitive relation among po-sets.
For any ordinal α let M ′

α be the tree of descending sequences β0 > . . . >
βn of elements of α ordered by end-extension. Then α ≤ β (as ordinals) if
and only if M ′

α ≤ M ′
β (as po-sets). Suppose T is a tree. T has no infinite

branches if and only if there is an ordinal α so that T ≡ 〈α,>〉.
Suppose P is a po-set. The tree σP is defined as follows. Its domain is

the set of functions s with dom(s) ∈ Ord such that for all α, β ∈ dom(s) we
have α < β → s(α) <P s(β). The order is s ≤ s′ ↔ s = s′↾dom(s). σ

′P is
the suborder of σP consisting of sequences s ∈ σP of successor length. The
σ-operation was introduced by Kurepa [Kur56], see also [TodVää99].

Lemma 38.

(i) σ′P ≤ P.

(ii) σP 6≤ P.

(iii) σ′P < σP.

(iv) If T is a tree, then T ≡ σ′T .
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Proof. (i) If s ∈ σ′P, let f(s) = s(dom(s) − 1). Then f : σ′P → P is
order-preserving. (ii) Suppose f : σP → P were order-preserving. Define
inductively s : Ord → P by s(α) = f(s↾α). Since α < β implies s(α) <P

s(β), we get the result that P is a proper class, a contradiction.
(iii) σ′P ≤ σP trivially. If σP ≤ σ′P, then σP ≤ P contrary to (ii),
(iv) We know already σ′T ≤ T . Suppose t ∈ T and 〈tα : α ≤ β〉 is the

set of t′ ∈ T with t′ ≤T t in ascending order. Let dom(s) = β + 1 and
st(α) = tα. then st ∈ σ′T and t 7→ st is order-preserving. q.e.d.

We have that Q 6≤ σQ since σQ is well-founded while Q is not. In
particular Q 6≤ σ′Q. Hence σ′Q < Q. Note that σ′Q is a special tree while
σQ is non-special. (Kurepa, [Kur56]).

Lemma 39. There is no sequence P0,P1, . . . so that σPn+1 ≤ Pn for all
n < ω.

Proof. Suppose fn : σPn+1 → Pn is order-preserving. For each fixed α, let
snα ∈ Pn so that fn(〈sn+1

β : β < α〉) = snα. We get the result that each Pn is
a proper class, a contradiction. q.e.d.

We now define a useful comparison game for posets: Suppose P and P ′

are po-sets. The game G(P,P ′) is defined as follows. Player I plays p0 ∈ P,
then Player II plays p′0 ∈ P

′. After this Player I plays p1 ∈ P with p0 <P p1,
and then Player II plays p′1 ∈ P

′ with p′0 <P′ p′1, and so on. At limits Player
I moves first pν ∈ P with pα <P pν for all α < ν. Then Player II moves
p′ν ∈ P

′ with p′α <P′ p′ν for all α < ν. If a player cannot move, he loses and
the other player wins. Since P and P ′ are sets, one of the players eventually
wins. Now we have the following two equivalences:

(i) σ′P ≤ P ′ if and only if Player II has a winning strategy in G(P,P ′).

(ii) If P is a tree, then P ≤ P ′ if and only if Player II has a winning
strategy in G(P,P ′).

Proof. (i) Suppose f : σ′P → P ′ is order-preserving. If Player I has played
p0 < . . . < pα in G(P,P ′), Player II plays p′α = f(〈p0, . . . , pα〉). In this
way she ends up the winner. Conversely, suppose Player II has a winning
strategy in G(P,P ′) and s ∈ σ′P with dom(s) = α+1. Let us play G(P,P ′)
so that Player I plays pβ = s(β) for β ≤ α and Player II uses his winning
strategy. After Player I plays pα, Player II plays p′α. If we define f(s) = p′α,
we get an order-preserving mapping σ′P → P ′. (i) is proved. (ii) follows
from (i). q.e.d.
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Lemma 40. σP ′ ≤ P if and only if Player I has a winning strategy in
G(P,P ′).

Proof. Suppose f : σP ′ → P is order-preserving. If Player II has played

p′0 < . . . < p′β < . . . (β < α) (16)

in G(P,P ′), Player I plays pα = f(〈p′0, . . . , p
′
β , . . .〉) in P ′. In this way

Player I has a winning strategy in G(P,P ′). On the other hand, if Player I
has a winning strategy in G(P,P ′) and (16) is an ascending chain in P ′,
we can let Player I play against the moves p′0, . . . , p

′
β , . . . of Player II in

G(P,P ′). Finally Player I plays pα according to his winning strategy. We
let f(〈p′0, . . . , p

′
β , . . .〉) = pα. Now f : σP ′ → P is order-preserving. q.e.d.

Example 41. Suppose S ⊆ ω1. Let T (S) be the tree of closed ascending
sequences of elements of S. Choose disjoint bistationary sets S1 and S2 (it
suffices that S1 ∩ S2 is non-stationary). Then T (S1) 6≤ T (S2) and T (S2) 6≤
T (S1). Thus the game G(T (S1), T (S2)) is non-determined. T (S) ≤ Q if and
only if S is non-stationary. If S ⊆ ω1 is bistationary and T is Aronszajn,
then T (S) 6≤ T and T 6≤ T (S). [TodVää99].

If Ti, i ∈ I is a family of trees, let
⊕

i∈I Ti be the tree which consists of
a union of disjoint copies of Ti, i ∈ I, identified at the root. Then

⊕
i∈I Ti

is the supremum of {Ti : i ∈ I} in the sense that Ti ≤
⊕

i∈I Ti for all i ∈ I
and if Ti ≤ T for all i ∈ I, then

⊕
i∈I Ti ≤ T . On the other hand, let∏

i∈I Ti be the product tree

∏

i∈I

Ti = {s : dom(s) = I,∀i ∈ I(s(i) ∈ Ti)}.

s ≤ s′ ⇐⇒ ∀i ∈ I(s(i) ≤Ti
s′(i)).

Let
⊗

i∈I Ti be the subtree

⊗

i∈I

Ti = {s ∈
∏

i∈I

Ti : ∀i ∈ I∀j ∈ I(htTi
(s(i)) = htTj

(s(j))}.

Then
⊗

i∈I Ti is the infimum of {T ′
i : i ∈ I}, that is,

⊗
i∈I Ti ≤ Ti for each

i ∈ I, and if T ≤ Ti for all i ∈ I, then T ≤
⊗

i∈I Ti.
The order ≤ between trees with no uncountable branches is quite interest-

ing and not at all completely known. Unlike the order≤ among well-founded
trees, which has the property T ≤ T ′ or T ′ ≤ T for all T , the order ≤ be-
tween trees with no uncountable branches has big blobs of incomparable
trees. This order has been studied in [TodVää99, Tod07].
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11 The Transfinite Dynamic Ehrenfeucht-Fräıssé
game

In this section we introduce a more general form of the Ehrenfeucht-Fräıssé-
game. In this game Player I moves up a po-set, move by move. The game
goes on as long as Player I can move. If P is a po-set, let r(P) denote
the least ordinal δ so that P does not have an ascending chain of length
δ. This game generalizes at the same time the games EFα(M0,M1) and
EFDδ(M0,M1).

Definition 42. Suppose M0 and M1 are L-structures and P is a po-set.
The game EFP(M0,M1) is like EFδ(M0,M1) except that on each round
Player I chooses an element xα ∈ M0 ∪M1 and an element pα ∈ P. It
is required that p0 <P . . . <P pα <P . . .. Finally Player I cannot play a
new pα anymore. Suppose Player I has played z = 〈〈xβ , pβ〉 : β < α〉 and
Player II has played y = 〈yβ : β < α〉. If the arising mapping is a partial
isomorphism between M0 and M1, Player II has won the game, otherwise
Player I has won.

Thus a winning strategy of Player I in EFP(M0,M1) is a sequence
̺ = 〈̺α : α < r(P)〉 and a strategy of Player II is a sequence τ =
〈τα : α < r(P)〉. Note that the old EFα(M0,M1) is the same game
as EF〈α,<〉(M0,M1), and the old EFDα(M0,M1) is the same game as
EF〈α,>〉(M0,M1). Naturally, the games EF〈α,<〉(M0,M1) and
EF〈α,>〉(M0,M1) are one and the same game, if α is finite. But if α hap-
pens to be infinite, there is a big difference. Then the first is a transfinite
game while the second can only go on for a finite number of moves.

It turns out that po-sets P with r(P) < λ give a perfect scaling for EFλ:
Player II has a winning strategy in EFλ(M,N ) if and only if she has a win-
ning strategy in EFP(M,N ) for every P with r(P) < λ (Proposition 48).
In particular, for modelsM and N of cardinality λ, the condition ”II has a
winning strategy in EFP(M,N )”, when P ranges over all P with r(P) < λ,
provide a perfect scale of non-isomorphism. First we need some elemen-
tary properties, making sure that the ordering P ≤ P ′ of po-sets is neatly
connected to the game EFP(M0,M1):

Lemma 43. If Player II has a winning strategy in EFP′(M0,M1) and
P ≤ P ′, then Player II has a winning strategy in EFP(M0,M1). If Player I
has a winning strategy in EFP(M0,M1) and P ≤ P ′, then Player I has a
winning strategy in EFP′(M0,M1).

Proposition 44. Suppose Player II has a winning strategy in EFP(M0,M1)
and Player I has a winning strategy in EFP′(M0,M1). Then σP ≤ P ′.

Proof. Suppose Player II has a winning strategy τ in EFP(M0,M1) and
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Player I has a winning strategy ̺ in EFP′(M0,M1). We describe a winning
strategy of Player I in G(P ′,P). Suppose ̺0(∅) = 〈x0, p

′
0〉. This p′0 is the

first move of Player I in G(P ′,P). Suppose Player II plays p0 ∈ P. Let

y0 = τ0(〈x0, p0〉),

〈x1, p
′
1〉 = τ1(〈y0〉).

This p′1 is the second move of Player I in G(P ′,P). More generally the
equations

yβ = τβ(〈〈xγ , pγ〉 : γ ≤ β〉)

〈xα, p
′
α〉 = τα(〈yβ : β < α〉)

define the move p′α of Player I in G(P ′,P) after Player II has played 〈pβ :
β < α〉. This game can only end if Player II cannot move pα at some point,
so Player I wins. q.e.d.

If T is a tree, T + 1 is the tree which is obtained from T by adding a new
element at the end of every maximal branch of T .

Lemma 45. Suppose S ⊆ ω1 is bistationary,M0 = φ(S) andM1 = φ(∅).
Then Player I has a winning strategy in EFσP(M0,M1), if P = T (ω1\S)+1.

Proof. Suppose Player I has to decide how to play 〈xα, pα〉 in EFP(M0,M1).
Suppose he has played already 〈xβ , pβ〉 and Player II has played yβ for
β < α. We assume that Player I has played so that

1. pβ = 〈〈δδ : δ ≤ γ〉 : γ < β〉 (∈ σ(T (ω1 \ S) + 1)).
2. yν+2n < xν+2n+1 in M0.
3. yν+2n+1 < xν+2n+2 in M1.
4. rank(yν+2n+1) < δν+2n+1 < rank(xν+2n+2).
5. rank(yν+2n) < δν+2n < rank(xν+2n+1).
6. δβ < δγ in S for β < γ.
7. δν = supβ<ν δβ for limit ν.

It is clear that Player I can continue playing so that the above conditions
hold until δν ∈ S for some limit ν. At this point Player I plays the supremum
xν of the previous moves in M0. Suppose Player II moves yν ∈ M1. Now
yν cannot be the supremum of the previous moves in M1 (as δν ∈ S), so
Player I wins with his next move. The “+1” part of P guarantees that
Player I does indeed have one more move. q.e.d.

The proof of the following lemma is similar:
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Lemma 46. Suppose S ⊆ ω1 \ {0} is bistationary, M0 = φ(S) and M1 =
φ(∅). Then Player I does not have a winning strategy in EFP(M0,M1), if
P = T (ω1 \ S) + 1.

12 Karp and Scott Trees

Suppose M0 6∼=M1. Then there is a

δ ≤ Card(M0) + Card(M1)

such that Player II does not have a winning strategy in EFδ(M0,M1). We
examine now the case that the least such δ is a limit ordinal. Thus for
all α < δ there is a winning strategy for Player II in EFα+1(M0,M1). In
[Hyt87] a tree K(= K(M0,M1)), consisting of all winning strategies of
Player II in EFα+1(M0,M1) for α < δ, is introduced. We can make K a
tree by letting

〈τξ : ξ ≤ α〉 ≤ 〈τ ′ξ : ξ ≤ α′〉

if and only if α ≤ α′ and ∀ξ ≤ α(τξ = τ ′ξ). We call K the canonical Karp
tree of the pair (M0,M1). Note that K does not have a branch of length
δ, for otherwise Player II would win EFδ(M0,M1).

Lemma 47. Suppose P is a po-set. Then

Player II has a winning strategy in EFP(M0,M1)⇐⇒ σ′P ≤ K.

Proof. ⇒ Suppose Player II has a winning strategy τ in EFP(M0,M1).
If s = 〈sξ : ξ ≤ α〉 ∈ σ′P, we can define a strategy τ ′ of Player II in
EFα+1(M0,M1) as follows

τ ′ξ(〈xη : η ≤ ξ〉) = τξ(〈〈xη, sη〉 : η ≤ ξ〉).

Since K does not have a branch of length δ, α < δ, and hence τ ′ ∈ K. The
mapping s 7→ τ ′ is an order-preserving mapping σ′P → K.
⇐ Suppose f : σ′P → K is order-preserving. We can define a winning

strategy of Player II in EFP(M0,M1) by the equation

τα(〈〈xξ, sξ〉 : η ≤ ξ〉) = f(〈sξ : ξ ≤ α〉)(〈〈xξ, sη〉 : ξ ≤ α〉).

q.e.d.

Proposition 48 (Hyttinen, [Hyt87]). Suppose δ is a limit ordinal such
that Player II has a winning strategy in EFα(M0,M1) for all α < δ. The
following conditions are equivalent:
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(i) Player II has a winning strategy in EFδ(M0,M1).

(ii) Player II has a winning strategy in EFP(M0,M1) for every po-set P
with no branches of length δ.

Proof. (i)→(ii) is trivial. To prove (ii)→(i), suppose Player II does not have
a winning strategy in EFδ(M0,M1). Let P = K(M0,M1). Then σP does
not have branches of length δ, hence by (ii) Player II has a winning strategy
in EFσP(M0,M1) and we get σP ≤ P from Lemma 47, a contradiction.

q.e.d.

Note: Player II has a winning strategy in EFP(M0,M1) if and only if
Player II has a winning strategy in EFσ′P(M0,M1). So from the point of
view of the winning of Player II we could always assume that P is a tree.

Corollary 49. Player II has never a winning strategy in EFσK(M0,M1)

Definition 50. A po-set P is a Karp-po-set of the pair (M0,M1) if Player
II has a winning strategy in EFP(M0,M1) but not in EFσP(M0,M1). If
a Karp-po-set is a tree, we call it a Karp-tree [HytVää90].

By the above, there are always Karp-trees for pairs of non-isomorphic
structures. Suppose Player I has a winning strategy ̺ in EFP(M0,M1).
Let S̺ be the set of sequences y = 〈yξ : ξ ≤ α〉 ∈ dom(̺) such that

p̺↾α+1,y ∈ Part(M0,M1).

Thus S̺ is the set of sequences of moves of Player II before she loses
EFP(M0,M1), when Player I plays ̺. We can make S̺ a tree by ordering
it as follows

〈yξ : ξ ≤ α〉 ≤ 〈y′ξ : ξ ≤ α′〉

if and only if α ≤ α′ and ∀ξ ≤ α(yξ = y′ξ).

Lemma 51. Player I has a winning strategy in EFσS̺
(M0,M1).

Proof. The following equation defines a winning strategy ̺′ of Player I in
EFσS̺

(M0,M1):

̺′α(〈yξ : ξ < α〉) = 〈xα, 〈〈yξ : ξ ≤ β〉 : β < α〉〉,

where
̺α(〈yξ : ξ < α〉) = 〈xα, pα〉.

q.e.d.
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Lemma 52. σS̺ ≤ P.

Proof. Suppose s = 〈〈yξ : ξ ≤ βη〉 : η < α〉 ∈ σS̺, where

β0 < β1 < . . . < βη < . . . (η < α).

Let δ = supη<α βη and

̺δ(〈yξ : ξ < δ〉) = 〈xδ, pδ〉.

We define f(s) = pδ. Then f : σS̺ → P is order-preserving. q.e.d.

Note that Lemma 52 implies P 6≤ S̺. In particular, if Player I has a
winning strategy ̺ in EFδ(M0,M1), then S̺ is a tree with no branches of
length δ.

Suppose P0 is such that σP0 ≤ P and Player I has a winning strategy in
EFσP0

. So P0 could be S̺. Suppose furthermore that there is no P1 such
that σP1 ≤ P0 and Player I has a winning strategy in EFσP1

. Lemma 39
implies that this assumption can always be satisfied.

Lemma 53. Player I does not have a winning strategy in EFP0
(M0,M1).

Proof. Suppose Player I has a winning strategy ̺′ in EFP0
(M0,M1). Then

Player I has a winning strategy in EFσS
̺′ (M0,M1) and σS̺′ ≤ P0, con-

trary to the choice of P0. q.e.d.

Definition 54. A po-set P is a Scott-po-set of (M0,M1) if Player I has a
winning strategy in EFσP(M0,M1) but not in EFP(M0,M1). If a Scott-
po-set is a tree, we call is a Scott-tree [HytVää90].

By the above, S̺ is always a Scott-tree of (M0,M1), so Scott-trees
always exist. Note that

Card(S̺) ≤ sup
α<b(P)

(Card(M0) + Card(M1))α.

Note that if Player I has a winning strategy in EFTi
(M0,M1) for all i ∈

I, then Player II does not have a winning strategy in EFN
i∈I Ti

(M0,M1).

The families of Scott and Karp trees of (M0,M1) are closed under suprema.
If P is a Scott-po-set of (M0,M1), where Card(M0),Card(M1) ≤ 2ℵ0 , then
there is a Scott-tree of (M0,M1) such that T ≤ P and Card(T ) ≤ 2ℵ0 .

Lemma 55. Suppose Player I has a winning strategy ̺ in EFP(M0,M1)
and K = K(M0,M1). Then K ≤ S̺.
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Figure 1. The boundary between Player II having a winning strategy and
Player I having a winning strategy.

Proof. Suppose τ ∈ K. Let Player II play τ against ̺ in EFP(M0,M1).
The resulting sequence y of moves of Player II is an element of S̺. The
mapping τ 7→ y is order-preserving. q.e.d.

Suppose Player II has a winning strategy in EFP0
(M0,M1) and Player

I has a winning strategy ̺ in EFP1
(M0,M1). Figure 1 shows the resulting

picture.

In summary, we have proved:

Theorem 56. Suppose Player II has a winning strategy in EFP0
(M0,M1)

and Player I has a winning strategy in EFP1
(M0,M1). Then there are trees

T0 and T1 such that

(i) σ′P0 ≤ T0 ≤ T1 ≤ P1.
(ii) Player II has a winning strategy in EFT0

(M0,M1) but not in
EFσT0

(M0,M1).
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(iii) Player I has a winning strategy in EFσT1
(M0,M1) but not in

EFT1
(M0,M1).

Example 57. Suppose Player I has a winning strategy in EFω(M0,M1).
There is a unique δ = δ(M0,M1) such that Player II has a winning strategy
in EFω,δ(M0,M1) and Player I has a winning strategy in EFω,δ+1(M0,M1).
Then 〈δ,>〉 is both a Karp- and a Scott-po-set for M0 and M1.

Example 58. Suppose Player II has a winning strategy in EFα(M0,M1)
but not in EFα+1(M0,M1). Then 〈α,<〉 is a Karp-tree (in fact a Karp-well-
order) ofM0 andM1. This follows from the fact that σ〈α,<〉 ≡ 〈α+1, <〉.

Example 59. Suppose Player I has a winning strategy in EFα+1(M0,M1)
but not in EFα(M0,M1). Then 〈α,<〉 is a Scott-tree (in fact a Scott-well-
order) of M0 and M1.

Example 60. Let S ⊆ ω1 \ {0} be a bistationary set. Then 〈ω+ 1, <〉 is a
Karp-tree of φ(S) and φ(∅) (see remark before Lemma 37), and T (ω1\S)+1
is a Scott-tree of φ(S) and φ(∅) (Example 45). In this example all Karp
po-sets P0 must satisfy r(P0) ≤ ω+ 1 and all Scott po-sets P1 must satisfy
r(P1) ≥ ω1, so the Karp po-sets and Scott po-sets are far apart.

We end with two examples of pairs of structures where the Karp- and
Scott-po-set are large but close to each other. In fact in both cases they co-
incide with each other so we can locate exactly where the boundary between
Player I winning and Player II winning is.

Theorem 61. There are trees M0 and M1 of cardinality 2ω such that
〈Q, <〉 is both a Karp- and Scott-po-set of M0 and M1.

Proof. Let M0 be the tree of sequences s = 〈α0, q0, . . . , αγ , qγ〉, where
q0 < · · · < qγ in Q and αξ ∈ ω1, ordered by end-extension. Let M1 be the
tree of sequences s = 〈α0, q0, . . . , αγ〉 where q0 < q1 < · · · in Q, sup qξ <∞
and αξ ∈ ω1, ordered by end-extension. If r ∈ Q, let ⌊r⌋ be the integer part
of r. If s ∈M0 ∪M1, ⌊s⌋ is the maximum value of qξ in s. Similarly, sup(s)
and max(s) are defined as sup(qξ) and max(qξ).

We need a new po-set for the proof. This po-set, which we denote by
Pq consists of triples 〈q, α, β〉, where q ∈ Q and β < α < ω1. The order
is as follows: 〈q, α, β〉 ≤ 〈q′, α′, β′〉 iff q < q′ or q = q′, α = α′ and β ≤ β′.
Thus Pq can be obtained from 〈Q, <〉 by replacing rationals by well-ordered
sets < ω1, in all possible ways. It is not hard to show that Pq ≤ 〈Q, <〉.
Let EF′

P(M0,M1) be the variant of EFP(M0,M1) in which Player I can
only play 〈xα, pα〉 in Mc, c ∈ {0, 1}, if for all predecessors z of xα in Mc

there is β < α such that xβ = z or yβ = z. The point of the new game
is that if Player II has a winning strategy in EF′

Pq
(M0,M1), she has a
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winning strategy in EFQ(M0,M1). So we only need to show she has a
winning strategy in EF′

Pq
(M0,M1). But since Pq ≤ 〈Q, <〉, we only need

to show Player II has a winning strategy in EF′
Q(M0,M1). Suppose the

moves 〈xβ , rβ〉, β ≤ α, have already been made by Player I and the moves
yβ , β < α, by Player II. Now Player II should decide what her next move
yα is. During the game Player II has maintained a certain strategy. To
describe it, let gn : Q→ Q ∩ [n, n+ 1) be order-preserving. The conditions
are

(1) ⌊yβ⌋ = ⌊xβ⌋+ 1
(2) sup yβ ≤ g⌊yβ⌋(rβ)

Assume first the rank of xα is a limit ordinal. Thus there is an ascending
sequence aαβ

, β < ν, of predecessors of xα in the relevant model Mcα
and

they have been played already. Here ν = ∪ν. Thus aαβ
= xαβ

or aαβ
= yαβ

for each β < ν. Because of (1) there is β0 < ν such that aαβ
= xαβ

for
β0 ≤ β < ν or aαβ

= yαβ
for β0 ≤ β < ν. We may also assume ⌊aαβ

⌋ = N
for some constant N ∈ ω for β0 ≤ β < ν.

Case 1. aαβ
= xαβ

for β0 ≤ β < ν. Let bαβ
= yαβ

. By (1), ⌊bαβ
⌋ = N + 1.

By (2),
sup
β<ν

sup bαβ
≤ sup
β<ν

gN+1(rβ) ≤ gN+1(rα).

Thus we can find yα such that

(3) ∀β < ν(yαβ
< yα)

(4) sup yα ≤ gN+1(rα)
(5) ⌊yα⌋ = N + 1
(6) ∀β < α(yα = yβ ↔ xα = xβ)
(7) ∀β < α(yα = xβ ↔ xα = yβ).

Case 2. aαβ
= yαβ

for β0 ≤ β < ν. Let bαβ
= xαβ

. By (1), ⌊bαβ
⌋ = N − 1.

Let yα be such that ∀β < ν(xαβ
< yα) and (3)-(7) above hold.

The other case is that xα has an immediate predecessor x−α inMcα
. The

predecessor x−α is xβ or yβ for some β < α. Let us first assume x−α = xβ .
Let N = ⌊x−α ⌋. Player chooses an immediate successor yα of yβ in such a
way that (5)-(7) hold. Note that

sup yβ ≤ gN+1(rβ) < gN+1(rα)

so (4) can be satisfied as well. The case x−α = yβ is similar to 2.1.

Now we prove that Player I has a winning strategy in EFσQ(M0,M1). Let

f : 〈Q, <〉 → 〈Q∩]0, 1[, <〉
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be order-preserving. The strategy of Player I is to play an increasing se-
quence inM1, imitating the moves of Player II. Player I uses f to translate
the moves of Player II into his own moves in Q∩]0, 1[. Then eventually
Player II cannot move anymore because supβ<α max yβ =∞. At this point
Player I jumps to [1,∞[∩Q and wins.

More exactly, suppose Player I has played 〈xβ , sβ〉, β < α, so far and
Player II has responded with yβ , β < α. The idea of Player I is to maintain
the conditions:

(8) He keeps playing in M1

(9) xβ = 〈0,max(y0), 0,max(y1), . . . , 0,max(yγ), . . . , 0〉 (γ < β)
(10) sβ = 〈f(max yξ) : ξ < β〉 (∈ σQ)

It is evident that Player I can always choose 〈xα, sα〉 so that (8)-(10) con-
tinue to hold. Since the game cannot go on for ω1 moves, a point is reached
where Player II cannot choose yα anymore, because supβ<α max yβ =∞.

q.e.d.

Theorem 62 (Tuuri, [Tuu90]). There are structures (M0,M1) of car-
dinality 2ω so that R is both a Karp and a Scott po-set of (M,M′).

Proof. Let P0 be the set of functions f : R → 3. If f ∈ P0, let Supp(f) =
{r ∈ R : f(r) 6= 0}. Let

P = {f ∈ P0 : Supp(f) is a well-ordered subset of R}.

If d ∈ 3, let #(d) be defined by #(d) = 0 if d = 0 and #(d) = 1 otherwise.
If f ∈ P let #(f) be the function #(f)(r) = #(f(r)). Let F be the set
of functions f with dom(f) an open initial segment of R and rng(f) ⊆
{0, 1}. For f ∈ F we define (1 − f)(r) = 1 − f(r), when r ∈ dom(f).
The construction that follows depends on certain decisions at limit stages
and these decisions are not canonically determined by earlier stages of the
construction. For this reason we introduce a decision-making function m.
Let m : F → 2 be a function so that m(f) is arbitrarily chosen, subject
to the conditions that if f ∈ F is eventually constant d, then m(f) = d,
and for all f , m(1 − f) = 1 −m(f), and if f and g eventually agree, then
m(f) = m(g).

Our models will have P ∪R as the universe, an auxiliary predicate E, and
a unary predicate U the interpretation of which makes the models different.
The predicate U is interpreted by defining two “smashed” versions fM and
fM

′

of every f ∈ P . These are defined by induction along Supp(f). At
successor stages the idea is to use the smash function # to let f(r) generate
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a value #(f(r)) or 1−#(f(r)), according to what decisions have been made
before, for fM(r′) and fM

′

(r′), r′ < r. At limit stages we use the function
m.

Suppose f ∈ P and Supp(f) = 〈xα : α < β〉 in increasing order. Sup-
pose M′′ ∈ {M,M′}. We define fM

′′

(x) by cases. If g is a function
with dom(g) ⊆ R, denote the restriction of g to (−∞, x) by g↾x and the
restriction to (−∞, x] by g↾≤ x.

If x ∈ R and Supp(f) = ∅ or x < x0, we let fM
′′

(x) = 0 if M′′ = M
and fM

′′

(x) = 1 otherwise. For other x we let

fM
′′

(x) =





#(f(x)), if x = xα, and m(fM
′′

↾x) = 0

1−#(f(x)), if x = xα, and m(fM
′′

↾x) = 1

fM
′′

(xα), if xα < x < xα+1

m(fM
′′

↾x), if x = supα<ν xα < xν , ν = ∪ν
fM

′′

(xα), if x > supα<β xα and β = α+ 1

m(fM
′′

↾x∗), if x ≥ x∗ = supα<β xα and β = ∪β.

Now we are ready to define the models needed in the theorem:

M0 = 〈P ∪ R, E, {f ∈ P : fM is eventually 0}〉

M1 = 〈P ∪ R, E, {f ∈ P : fM
′

is eventually 0}〉,

where E = {〈f, g, r〉 : f, g ∈ P, r ∈ R and f↾r = g↾r}.

Claim: Player I has a winning strategy in EFσR(M,M′).

The strategy of Player I is the following. Player II will play elements h0
α

and h1
α together with s0α and s1α = s0α

⌢〈rα〉 in σR. We construe round α of
the game as consisting of actually two rounds. First Player I plays h0

α and
s0α, and after this h1

α and s1α. The responses of Player II are respectively
k0
α and k1

α. As part of his strategy Player I then chooses one of h0
α and

h1
α, say hdα

α , to be denoted by aα, if the move hdα
α was made in M and the

corresponding kdα
α in M′ will then be denoted by bα. If the move hdα

α was
made in M′, then hdα

α will be denoted by bα and the corresponding kdα
α by

aα. Eventually a limit ordinal δ will emerge such that supα<δ rα =∞ and
then the unions f = ∪αaα and f ′ = ∪αbα will be elements of P . The point
is that Player I takes care that fM and f ′M

′

will not be both eventually 0,
so when he finally plays f forcing Player II (because of the predicate E) to
play f ′, he has won the game.

Suppose aα, rα and bα for α < β have been played as above and
supα<β(rα) <∞. Part of the strategy of Player I is to maintain the condi-

tion aMα ↾≤ rα = 1− bM
′

α ↾≤ rα.
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Case 1. β is a successor α+ 1. Since aMα ↾≤ rα = 1− bM
′

α ↾≤ rα there is a
smallest r > rα such that aα(r) 6= 0 or bα(r) 6= 0, for otherwise Player II
has lost the game already. Now Player I plays h0

β and h1
β , choosing carefully

h0
β(r) and h1

β(r), together with s0β and s1β = s0β
⌢〈rβ〉, rβ = r, in such a

way that, to avoid immediate loss, Player II has to play k0
β and k1

β so that

aMβ ↾≤ rβ = 1− bM
′

β ↾≤ rβ .

Case 2. β is limit. Let rβ = supα<β rα. Now Player I plays h0
β and

h1
β , choosing carefully h0

β(rβ) and h1
β(rβ), together with s0β =

⋃
α<β s

1
α and

s1β = s0β
⌢〈rβ〉 in such a way that, to avoid immediate loss, Player II has to

play k0
β and k1

β so that aMβ ↾≤ rβ = 1− bM
′

β ↾≤ rβ

Claim: Player II has a winning strategy in EFR(M,M′).

Suppose hα and rα ∈ R have been played by Player I and kα by Player II for
α < β, and rβ = supα<β sup(sα) <∞. Let aα = hα if ha was played in M
and aα = kα otherwise. Similarly, let bα = hα if ha was played in M′ and
bα = kα otherwise. The strategy of Player II is to keep aMα (rα) = bM

′

α (rα)
and aα(x) = bα(x) for x > rα. If Player II can keep playing like this he
wins since then aMα is eventually 0 if and only if bM

′

α is. q.e.d.

Scott- and Karp-po-sets are analogues of the Scott watershed of a pair
of models. Due to non-determinacy, the concept of Scott watershed splits
into two different concepts. The concept of Scott rank likewise splits into
two concepts that are called universal Scott-tree and universal Karp-tree.
For more on these, see [HytSheTuu93, Vää95].

We end our survey of the infinite Ehrenfeucht-Fräıssé-game here. De-
veloping methods for the dynamic transfinite Ehrenfeucht-Fräıssé-game has
led us to the set-theoretic problem of structure of trees and po-sets. On
the other hand, the po-sets and trees provide a perfect measure of non-
isomorphism of uncountable models in the same sense as Scott-watersheds
measure non-isomorphism of countable models. The difference is that while
Scott-watersheds can build on the relatively well-established theory of or-
dinals, the properties of Karp- and Scott-trees are interwoven with set-
theoretical properties of trees and po-sets. More structure theory for trees
has to be developed before the analysis of uncountable structures in terms of
the infinite Ehrenfeucht-Fräıssé-game can make more progress. On the other
hand, interesting model-theoretic problems, related to stability theoretic
properties of the models involved, arise already at the level of Ehrenfeucht-
Fräıssé-game of length ω2 [HytTuu91].



316 Jouko Väänänen

References.

[AddHenTar65] John W. Addison, Leon Henkin, and Alfred Tarski, Theory
of Models, Proceedings of the 1963 International Symposium at
Berkeley, North-Holland 1965

[Bar75] Jon Barwise, Admissible Sets and Structures: An Approach to
Definability Theory, Springer 1975 [Perspectives in Mathematical
Logic]

[Bar77] Jon Barwise, Handbook of Mathematical Logic, Part A, North-
Holland 1977 [Studies in Logic and the Foundations of Mathemat-
ics 90]

[Dic75] Max A. Dickmann. Large Infinitary Languages: Model theory,
North-Holland 1975 [Studies in Logic and the Foundations of
Mathematics 83]

[Ehr60] Andrzej Ehrenfeucht, An Application of Games to the Com-
pleteness Problem for Formalized Theories, Fundamenta Math-
ematicæ 49 (1960), p. 129–141

[EklForShe95] Paul C. Eklof, Matthew Foreman, and Saharon Shelah, On On-
variants for ω1-Separable Groups, Transactions of the Ameri-
can Math. Society 347 (1995), p. 4385–4402
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tions, Publications Scientifiques de l’Université d’Alger 1
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[Tod07] Stevo Todorčević, Lipschitz Maps on Trees, Journal of the
Institute of Mathematics of Jussieu 6 (2007), p. 527–556
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abstract. Some basic properties of the concept lattice of a coali-
tional game form and of the desirability relations it induces on the lat-
ter through a natural rank function are studied. The use of concept-
latticial lengths and widths as basic complexity measures of the un-
derlying game correspondences is also presented by means of several
examples.

1 Introduction

Game forms are games without outcome evaluation structures: they only
describe the relevant interaction structures or ‘rules of the game’. Coali-
tional game forms are meant to represent such interaction structures by
focusing on coalitional power, while ignoring the actions available to play-
ers and coalitions: coalitions of players (including of course single players)
are characterized by the complete list of events they are able to force within
the relevant outcome space. Hence a coalitional game form may be regarded
as a classification of both coalitions and families of coalitions in terms of
their decision power1. This view of coalitional game formats as coalitional-
power-classifying data structures in turn suggests to focus on the concept
lattice of a coalitional game form.

The concept lattice of a coalitional game form —a complete lattice—
is made up of ‘concepts’, namely of pairs consisting of ‘closed’ families of

1Notice that coalitional game forms can be attached in a most natural way to any
strategic game form and, for that matter, to any extensive game form. Therefore, any
extensive or strategic game form can be represented by a suitable coalitional game form.



320 Stefano Vannucci

coalitions and outcome-subsets, ordered by set-inclusion (the interpretation
being that the coalitions of a ‘closed’ family attached to a certain ‘closed’
family of outcome-subsets or events are precisely those coalitions that are
able to force the final outcome within any event of the latter family). In a
concept lattice an ordered pair of concepts denotes a hierarchical relation
between two distinct types of coalitions (e.g., a coalition belonging to the
smaller family but not to the larger is more powerful of a coalition belonging
to both). Conversely, an unordered pair of concepts denotes two types of
coalitions that are endowed with specialized decision power. Thus lengths
and widths of concept lattices of game forms provide two natural structural
complexity measures of the latter, and suggest some new interesting clas-
sifications of well-known game forms and games according to the degree of
hierarchy and specialization of the allocations of decision power they em-
body. In particular concept lattices of game forms suggest the possibility to
introduce (a few versions of) a new notion of ‘concept-latticial infinity ’ for
game forms and games as based upon suitable concept-latticial parameters
(e.g., size, length or width).

Of course the classification of game forms and games provided by con-
cept lattices is a purely structural one, since it is in principle unrelated to
behavioural aspects. That classification is at variance with the bulk of the
extant game-theoretic literature which is almost invariably concerned with
the behaviour of games or game forms with respect to certain solution con-
cepts. There are exceptions, however, the most prominent one being the
theory of simple games and their desirability relations (recall that ‘power
indices’ for simple games are mostly monotonic with respect to individual
desirability relations). Therefore the present paper also includes a tentative
exploration of ways to extend the analysis of desirability relations to general
coalitional game forms by means of their concept lattices. It is shown that
a few desirability relations for coalitional game forms may be defined in
a natural way through the notion of concept-latticial coalitional height. In
particular it is also proved that the symmetric components of the coalitional
desirability relations induced by the concept-latticial rank function are in
fact normal in Taylor-Zwicker’s sense (cf. [TayZwi99]). A few significant
examples of easily computable concept lattices of game forms, including
demand game forms, 2 × 2 strategic game forms, and several voting game
forms, are also presented and discussed in order to illustrate the structural
notions previously introduced.

It should also be remarked here that introducing concept-latticial classi-
fications of coalitional game form raises in turn the issue of the relationships
between such ‘structural’ and ‘behavioural’ classifications. This is a very
important topic which is not addressed in the current paper. A few obser-
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vations on this theme, however, are provided in the concluding remarks.
The structure of the paper is as follows: Section 2 is devoted to the

introduction of some basic results. Section 3 describes the concept lattices
of several widely used game forms, and discusses the ensuing classifications
of the latter in terms of concept-latticial parameters. Section 4 offers some
short concluding remarks.

2 Model and Results

A coalitional game form is a triple G = (N,X,E) where N and X are
non-empty sets denoting the sets of players and outcomes, respectively, and
E : P(N) → P(P(X)) is the coalitional power function: the ‘power-value’
E(S) of coalition S ⊆ N is the collection of all events A ⊆ X coalition
S ⊆ N is able to ‘force’ (under some suitable interpretation of the latter
notion). We also assume #N ≥ 2 and #X ≥ 2 in order to avoid trivialities.
A coalitional game form (N,X,E) is a (standard) effectivity function if E
satisfies the following boundary conditions:

EF1) (Sovereignty) E(N) ⊇ P(X)\ {∅}.

EF2) (Null Set Normalization) E(∅) = ∅.

EF3) (Exhaustiveness) X ∈ E(S) for any S, ∅ 6= S ⊆ N .

EF4) (Null Event Unenforceability) ∅ /∈ E(S) for any S, ∅ ⊂ S ⊆ N .

A coalitional game form is monotonic if for any S, T ⊆ N and any A,B ⊆ X

[A ∈ E(S) and S ⊆ T entail A ∈ E(T )] and

[A ∈ E(S) and A ⊆ B entail B ∈ E(S)] .

In what follows we shall confine ourselves to monotonic coalitional game
forms.

A monotonic coalitional game form G = (N,X,E) is regular if ∅ 6=
A ∈ E(S) entails X\A /∈ E(N\S) for any S ⊆ N and B ⊆ X, maximal if
A /∈ E(S) entails (X\A) ∈ E(N\S) for any ∅ 6= S ⊆ N and ∅ 6= A ⊆ X,
essential if for any i ∈ N : E({i}) 6= {A ⊆ X : A 6= ∅}, consensual if for
any S ⊂ N : E(S) 6= {A ⊆ X : A 6= ∅}, and linear if E(S) ⊇ E(T ) or
E(T ) ⊇ E(S) for any S, T ⊆ N . Moreover, it is superadditive if for any
S, T ⊆ N and A,B ⊆ X, A ∈ E(S), B ∈ E(T ) and S ∩ T = ∅ entail
A ∩ B ∈ E(S ∪ T ), convex if for any S, T ⊆ N and A,B ⊆ X, A ∩ B ∈
E(S ∪ T ) or A ∪ B ∈ E(S ∩ T ) whenever A ∈ E(S) and B ∈ E(T ), and
additive if there exist positive probability measures p, q on P(N),P(X),
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respectively, such that A ∈ E(S) if and only if p(S) + q(A) > 1 (an additive
effectivity function is also convex).

A (monotonic) simple game on N is an order filter of (P(N),⊇), i.e., a
set W , P(N) ⊇ W 6= ∅, such that S ∈ W and T ⊇ S entail T ∈ W . The
coalitions belonging to W are meant to represent the winning or all-powerful
ones. Finally, a coalitional game form (N,X,E) is simple if there exists an
order filter W of (P(N),⊇) such that for any S ⊆ N , A ⊆ X, A ∈ E(S)
if and only if either A = X and S 6= ∅ or A 6= ∅ and S ∈ W (notice
that a simple effectivity function is —by definition— both and monotonic).
Indeed, simple effectivity functions amount to simple games as endowed
with a fixed outcome set.

In many relevant contexts, one may be focussed on effectivity functions
that treat “symmetrically” players and/or outcomes. Such requirements are
embodied in the following properties. A coalitional game form (N,X,E) is
anonymous if for any A ⊆ X, and S, T ⊆ N such that #S = #T : A ∈ E(S)
if and only if A ∈ E(T ), and neutral if for any S ⊆ N and any A,B ⊆ X
such that #A = #B: A ∈ E(S) if and only if B ∈ E(S).

We are mainly interested in those coalitional game forms —and effectiv-
ity functions— that can represent the decision power of coalitions under
a certain decision mechanism, or strategic game correspondence. A strate-
gic game correspondence on (N,X) is a correspondence G : D → P(X)
where D ⊆

∏
i∈N Si, and Si is the set of “interactive behaviours” available

to player i ∈ N . A strategic game form is a single-valued strategic game
correspondence.

Now, the notion of decision power admits at least two distinct interpre-
tations, namely “guaranteeing power” and “counteracting power” that in
turn correspond to the ability to force maximin and minimax outcomes,
respectively. Thus, the allocation of “guaranteeing power” under game cor-
respondence G with domain D is represented by the α-effectivity function
of G —denoted by Eα(G)— as defined by the following rule: for any non-
empty S ⊆ N , we let

(Eα(G))(S) =
{
A ⊆ X : a tS ∈

∏

i∈S

Si exists such that

(tS , sN\S) ∈ D and G(tS , sN\S) ⊆ A

for any sN\S ∈
∏

i∈N\S

Si
}
.

Conversely, the allocation of “counteracting power” under game corre-
spondence G with domain D is represented by the β-effectivity function
of G —denoted by Eβ(G)— and defined as follows: for any non-empty
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S ⊆ N , we let

(Eβ(G))(S) =
{
A ⊆ X : for any sN\S ∈

∏

i∈N\S

Si

some tS ∈
∏

i∈S

Si exists such that

(tS , sN\S) ∈ D and G(tS , sN\S) ⊆ A
}
.

It is easily checked that (N,X,Eα(G)) is regular, (N,X,Eβ(G)) is max-
imal, and both of them are monotonic and —provided that G is non-empty
valued— satisfy null-event-unenforceability. Also it is well-known that su-
peradditivity and monotonicity of an effectivity function (N,X,E) imply
that a game correspondence G exists such that E = Eα(G).2 Indeed,
monotonicity of α-effectivity functions and β-effectivity functions of game
correspondences is our main reason for confining the ensuing analysis to
monotonic effectivity functions (as mentioned previously). Furthermore,
the foregoing distinction between α-effectivity functions and β-effectivity
functions brings us to the general notion of a polarity operator for effectiv-
ity functions, implicitly defined as follows (cf., e.g., [AbdKei91]): the polar
G∗ = (N,X,E∗) of a monotonic effectivity function E on G = (N,X,E) is
the unique effectivity function such that for any non-empty S ⊂ N , A ⊂ X,
A ∈ E∗(S) if and only if X\A /∈ E(N\S). (It should be noticed here that
E = E∗ if and only if E is both regular and maximal.)

The concept lattice of a coalitional game form G can be defined through
the following steps. First, define the functions ⋋E : P(P(N)) → P(P(X))
and ⋌E : P(P(X))→ P(P(N)) for any S ⊆ P(N), A ⊆ P(X):

⋋E(S) = {A ⊆ X : A ∈ E(S) for all S ∈ S} and

⋌E(A) = {S ⊆ N : A ∈ E(S) for all A ∈ A} .

It is easily seen that (⋋E ,⋌E) is a Galois connection between (P(P(N)),⊆)
and (P(P(X)),⊆), i.e., for any S,T ⊆ P(N) and A,B ⊆ P(X),

i) if S ⊆ T then ⋋E(S) ⊆ ⋋E(T), and if A ⊆ B then ⋌E(B) ⊆ ⋌E(A),
and

ii) (⋌E ◦⋋E) (S) ⊇ S,(⋋E ◦⋌E) (A) ⊇ A.

Now, consider

C(G) = {(S,A) ∈ P(P(N))× P(P(X)) : S = ⋌E(A), and A = ⋋E(S)} .

2Cf. [Mou83, Bor+95].
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In the language of formal concept analysis (cf., e.g.,[GanWil99]) an element
(S,A) of C(G) is said to be a concept of the context G, with extent S and
intent A (the latter notions are amenable to straightforward dualizations).

Thus, the (dual)3 concept lattice of G (sometimes also referred to as
its Galois lattice) is L(G) = (C(G), >) where for any (S1,A1), (S2,A2) ∈
C(G) we have

(S1,A1) > (S2,A2) iff A1 ⊇ A2,

which is provably equivalent to S2 ⊇ S1,

(S1,A1) ∧ (S2,A2) = (⋌E(⋋E(S1 ∪ S2)),A1 ∩A2),

and
(S1,A1) ∨ (S2,A2) = (S1 ∩ S2,⋋E(⋌E(A1 ∪A2)).

It is also well-known and easily shown that both (⋌E ◦⋋E) : P(P(N))→
P(P(N)) and (⋋E ◦⋌E) : P(P(X))→ P(P(X)) are closure operators with
respect to set-inclusion (recall that a closure operator K on a preordered
set (Y,>) is a function K : Y → Y such that for any y, x ∈ Y : K(y) >

y,K(y) > K(x) whenever y > x, and K(y) > K(K(y)) ), and extents and
intents of concepts are precisely the closed elements —or fixed points— of
(⋌E ◦ ⋋E)and (⋋E ◦ ⋌E), respectively, (i.e., (S,A) ∈ C(G) if and only if
S = ⋌E(⋋E(S)) and A = ⋋E(⋌E(A))). We shall also denote (⋌E ◦ ⋋E)
and (⋋E ◦ ⋌E) by KG and K∗

G, respectively. The sets of all fixed points
of KG and K∗

G are also called the (Galois) closure systems of coalitional
game form G, and denoted by C and C∗, respectively.

Clearly enough the concept lattice L(G) —that is also sometimes called
the Galois lattice of G (cf., e.g., [BarMon70, Vol.2, Chapter V])— is lattice-
isomorphic to the lattices of inclusion-ordered closure systems (C,⊆) and
(C∗,⊇), respectively, (cf. [DavPri90, p. 227]). Hence L(G) is complete, has
a unique atom if G is null-set-normalized and a unique co-atom if G satis-
fies null-event-unenforceability. Moreover, if G is linear then L(G) is also
linearly ordered.

3As pointed out to me by an anonymous referee, the ordering of the concept lattice
as defined below is indeed endowed with the reverse ordering of the concept lattice as
usually defined in the literature. Therefore, what is referred to as a ‘concept lattice’ in
the text is in fact the dual of a concept lattice as usually defined. The reason I insist
on dual concept lattices is my intention to focus on rankings of coalitions in terms of
decision power, relying on the ability to ‘force’ events as the relevant criteria/attributes.
By contrast, the concept lattice of a coalitional game form in the standard sense is
best regarded as a classification of the ‘resilience’ of (families of) events with respect to
coalitional capabilities to act.
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Those basic facts concerning L(G) —which rely on the classic Birkhoff’s
theorem on concrete, i.e., polarity-induced, Galois connections (cf. [Bir67])—
can be summarized by the following:4

Proposition 1. Let G = (N,X,E) be a coalitional game form. Then a
complete lattice L(G) —the concept lattice of G, uniquely defined up to
isomorphisms— can be canonically attached to G. Moreover,

(i) if G is null-set-normalized, then L(G) is dense, i.e., has a minimum
that is meet-irreducible;

(ii) if G satisfies null-set-unenforceability, then L(G) is co-dense, i.e., has
a maximum that is join-irreducible;

(iii) L(G) is finite whenever either N or X is finite;
(iv) if G is linear then L(G) is a chain.

Remark 2. Proposition 1.ii) implies that L(G) = 1 ⊕ B(L(G)) ⊕ 1 for
some lattice B(L(G)) if G satisfies null-set-unenforceability and null-set-
normalization and L(G) = 1 ⊕ B(L(G)) if it is just null-set-normalized
(where 1 denotes the degenerate 1-element lattice, and ⊕ denotes the linear
or ordinal sum operation: cf., e.g., [Bir67] or [DavPri90]). In any case we
shall refer to the lattice B(L(G)) as the bulk of L(G).

Thus the situation can be summarized as follows: as mentioned above,
concept lattices of coalitional game forms —and their bulks— provide us
with a representation of game correspondences that allows some significant
new ‘structural’ lattice-theoretic classifications. (Of course, a game corre-
spondence G is entitled to —at least— two concept lattices, the α-concept
lattice and the β-concept lattice, that correspond to Eα(G) and Eβ(G), re-
spectively. We shall refer to the concept lattice of game correspondence G
when Eα(G) = Eβ(G)).

Let us then turn to a more detailed consideration of a few basic concept-
latticial parameters of a coalitional game form. To begin with, the concept
lattice L(G) provides —at least— two natural complexity measures for
the underlying coalitional game form G = (N,X,E), namely its length and
width which provide ordinal scales for the degree of hierarchy and dispersion
of coalitional decision power embodied in G5. We recall here the relevant
definitions (cf. [Bir67, DavPri90]).

4A similar result for the slightly more specialized case of effectivity functions is pre-
sented and discussed in [Van99].

5Of course this is not meant to deny that sensible game-theoretic or social choice-
theoretic interpretations might be possibly suggested for other latticial parameters (i.e.,
number of join irreducibles) or properties (e.g., modularity or distributivity) of the con-
cept lattice of a coalitional game form.
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Definition 3. The length ℓ(L) of a lattice L is the least upper bound of
the set of lengths of chains included in L (a chain is a totally ordered set;
the length of a chain of k + 1 elements is k).

Definition 4. The width w(L) of a lattice L is the size or cardinality of its
largest antichain (an antichain is a set of pairwise incomparable elements).

A most useful evaluation of the comparative power of coalitions (and
persistence of events) can be introduced relying on the lengths of chains in
the concept lattice of an coalitional game form G = (N,X,E) through the
following.

Definition 5. Let G = (N,X,E) be a coalitional game form. The height
hE(x) of x = (C,C′) ∈ L(G) is the least upper bound of the set of sizes of
chains in L(G) having x as their maximum. The height rE(S) of a coalition
S ⊆ N is the height hE(x) of the highest x = (C,C′) ∈ L(G) such that
S ∈ C (a dual definition applies to an issue A ⊆ X).

A few fundamental properties of a coalitional game form (N,X,E) (hence
of a game form G when E = Eα(G) = Eβ(G)) can also be readily expressed
using the foregoing notion of height :

(i) (N,X,E) is fully distributed if rE({i}) > 1 for any i ∈ N (in words,
(N,X,E) is fully distributed if each single player is endowed with some
non-communal decision power);

(ii) (N,X,E) is unspecialized if rE(S) = rE(T ) entails E(S) = E(T ) for
any S, T ⊆ N , and specialized otherwise (in words, E is unspecialized
if having the same height entails having exactly the same decision
power).

(iii) (N,X,E) is strictly hierarchical if rE(S) = rE(T ) entails S = T for
any S, T ⊆ N (in words, the coalitions are linearly ordered with re-
spect to their height in (N,X,E)).

Moreover, both simple and consensual coalitional game forms as defined
above can also be characterized in terms of heights. Namely, a coalitional
game form (N,X,E) is simple if rE(.) is two-valued and monotonic with
respect to (P (N),⊇), and consensual if rE(N) > rE(S) for any coalition
S 6= N (in words, (N,X,E) is consensual if the grand coalition is uniquely
endowed with maximum height).

Clearly enough the foregoing properties are —generally speaking— not
independent. In particular, strictly hierarchical entails unspecialized and
not simple; simple entails unspecialized ; consensual and fully distributed
jointly entail not simple.

Concerning simple effectivity functions, the following basic result can be
easily established (see also the first example in Section 4 below):
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Proposition 6. Let G = (N,X,E) be a monotonic effectivity function.
Then,

(i) G is simple and consensual if and only if B(L(G∗)) = 1;
(ii) G is simple and not consensual if and only if B(L(G∗)) = 2

(the two-element Boolean lattice);
(iii) if G is simple, regular, and not consensual then

B(L(G)) = B(L(G∗)) = 2.

Proof. (i): Let B(L(G∗)) = 1. Then for any S ∈ P(N)\ {∅}, E∗(S) =
P(X)\ {∅}. Now —by definition— B ∈ E∗(S) if and only if (S = N
and B 6= ∅) or (N 6= S 6= ∅, B 6= ∅ and X\B /∈ E(N\S)). It follows
that E(N\S) = {X} for any non-empty S 6= N (while obviously E(N) =
P(X)\ {∅} since E is an effectivity function). Therefore E is indeed both
simple and consensual.

Conversely, let E be simple and consensual, i.e., —for any S ⊆ N,B ⊆
X— B ∈ E(S) if and only if S = N and B 6= ∅ or S 6= ∅ and B = X.
Then for any S ⊆ N,B ⊆ X such that ∅ 6= S,∅ 6= B, B ∈ E∗(S) since
C ∈ E(N\S) only if C = X. Thus B(L(G∗)) = 1.

(ii): Notice that —by definition— for any simple E either B(L(G)) = 2
or B(L(G)) = 1. Then ii) follows immediately from (i) above and from the
fact that —as it is easily checked— E is simple if and only if E∗ is.

(iii): In view of points (i) and (ii) above, it only remains to be shown
that if E is simple, not consensual and regular then B(L(G)) = 2. Indeed,
suppose not. Then B(L(G)) = 1 or equivalently E(S) = P(X)\ {∅} for any
S ⊆ N,S 6= ∅. Hence #N ≥ 2 and #X ≥ 2 entail A ∈ E(S), X\A ∈ E(T )
for some A 6= ∅, A 6= X, S 6= ∅, T 6= ∅ such that S ∩ T = ∅, which
contradicts regularity. q.e.d.

Thus the unanimity6 effectivity function turns out to be —somehow—
uniquely connected to the degenerate lattice 1, while simple and not con-
sensual effectivity functions are —somehow— uniquely connected to the
simple7 Boolean lattice 2.

6The unanimity effectivity function is a simple effectivity function such that the grand
coalition N is the only winning or all-powerful coalition, while any other non-empty
coalition can only force the universal event X. Clearly the unanimity effectivity function
is uniquely simple and consensual among effectivity functions.

7We recall here that a lattice (or, for that matter, any algebra) is simple if and only
if its congruences (or operation-consistent equivalences) reduce to the trivial ones, i.e.,
the identity congruence and the universal congruence.
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Furthermore, the notion of (concept-latticial) height of a coalition en-
ables a few new notions of individual and coalitional desirability relations
of a monotonic coalitional game form (N,X,E) as defined below (cf. also
[Ein85, TayZwi99]). Indeed, let G(N,X,E) be a monotonic coalitional game
form (N,X,E). For any S ⊆ N the S-reduced coalitional game form of
(N,X,E) —written (N,X,ES)— is defined by the following prescription:
for any T ⊆ N,T 6= ∅, ES(T ) = E(T ∪ S), and ES(∅) = ∅.

The individual desirability relation of (N,X,E) is the binary relation (N,
<E) defined as follows: for any i, j ∈ N ,

i <E j iff Ei(S) ⊇ Ej(S) for all S ⊆ N such that S ∩ {i, j} = ∅.

(Notice that we write Ei for E{i}, with a slight abuse of notation).
The (Lapidot) coalitional desirability relation of (N,X,E) is the binary

relation (P(N),<∗
E) defined as follows: for any S, T ⊆ N ,

S <∗
E T iff ES(U) ⊇ ET (U) for all U ⊆ N\(S ∪ T ).

Similar definitions may be obtained in natural ways by using the height
function of the concept lattice of G = (N,X,E).

Let us consider as an example8 the following set of definitions:
The (normalized) individual L-desirability relation of (N,X,E) is the bi-
nary relation (N,<L(E)) [(N,<◦

L(E)), respectively] defined by the following
rules: for any i, j ∈ N ,

i <L(E) j iff rEi
(S) ≥ rEj

(S)

for all S ⊆ N such that S ∩ {i, j} = ∅, and

i <◦
L(E) j iff rEi

(S)/rEi
(N)) ≥ (rEj

(S)/rEj
(N)

for all S ⊆ N such that S ∩ {i, j} = ∅.

While the (normalized) strong —or Lapidot— coalitional L-desirability re-
lation of (N,X,E) is the binary relation (P(N),<∗

L(E)) [(P(N),<∗◦
L(E)),

8It should be noticed that the desirability relations presented below are by no means
the only ‘natural’ versions of concept-latticial desirabilities based upon heights. As an
alternative, one might decree coalition S ⊆ N to be more desirable than coalition T ⊆ N

in terms of the concept-latticial heights attached to coalitional game form (N, X, E)
whenever rE(S ∪ U) > rE(T ∪ U) for any U ⊆ N such that U ∩ (S∪ T ) = ∅.

Incidentally, such a version of concept-latticial coalitional desirability would induce a
proper extension of (P(N), <∗

E
), which is not the case for (P(N), <∗

L(E)
) as defined below

(see Proposition 7.i)). A comparative assessment of several concept-latticial desirabilities
is however best left as a topic for further research. My point here is rather to show by
some examples the wide range of interesting opportunities offered by introducing height-
based concept-latticial desirabilities.
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respectively] defined as follows: for any S, T ⊆ N,

S <∗
L(E) T iff rES

(U) ≥ rET
(U) for all U ⊆ N\(S ∪ T ), and

S <∗◦
L(E) T iff rES

(U)/rES
(N)) ≥ (rET

(U)/rET
(N)

for all U ⊆ N\(S ∪ T ).

Clearly enough —and indulging in a slight abuse of notation— one may
regard <∗

E , <∗
L(E) and <∗◦

L(E) as concept-latticial counterparts to <E ,<L(E)

and <◦
L(E), respectively.

It should be emphasized here that standard desirability functions em-
body a certain notion of dominance with respect to set-inclusion, whereas
L-desirability relations are also meant to rank coalitions which do not dom-
inate each other in the standard desirability sense, by comparing their rela-
tive position with respect to other coalitions (in terms of decision power as
summarized by the concept lattice). Thus, L-desirability relations capture
the idea that comparative evaluations of ‘positional’ decision power status
across coalitions are a significant factor for the assessment of coalitional
decision power under a given coalitional game form.

The following proposition makes precise our previous claim to the ef-
fect that concept-latticial desirability relations are indeed a new, distinct
class of desirability relations, which can also be regarded as an extension
of the standard desirability relations for essential simple games to general
monotonic effectivity functions:

Proposition 7. Let (N,X) be a pair of non-empty sets, with N finite.
Then,

(i) there exist monotonic effectivity functions (N,X,E), (N,X,E′) such
that:
<L(E)*<E , <◦

L(E)*<E , <∗
L(E)*<∗

E , <∗◦
L(E)*<∗

E , <E′*<L(E′),

<E′*<◦
L(E′), <∗

E′*<∗
L(E′), and <∗

E′*<∗◦
L(E′);

(ii) if (N,X,E) is a simple effectivity function, then <E=<L(E)=<◦
L(E)

if E is essential, and <∗
E=<∗

L(E)=<∗◦
L(E) if E is consensual.

Proof. (i): Take X = {x, y, z, w, v}, #X = 5, N = {1, 2, 3, 4}, and consider
the effectivity function G = (N,X,E) defined as follows:

A ∈ E(S) iff [A 6= ∅ and S = N ] or

[A ⊇ X\ {x, y, z} and S ⊇ {1, 2, 3}] or

[A ⊇ X\ {x, y} and S ⊇ {1, 2}] or

[A ⊇ X\ {x, z} and S ⊇ {1, 3}] or
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[A ⊇ X\ {y, z} and S ⊇ {2, 3}] or

[A = X and S 6= ∅].

It is easily checked that the {1}-reduced and {2}-reduced effectivity func-
tions of E, that is G1 = (N,X,E1) and G2 = (N,X,E2), are as follows:

A ∈ E1(S) iff [A 6= ∅ and S ⊇ {2, 3, 4}] or

[A ⊇ X\ {x, y, z} and S ⊇ {2, 3}] or

[A ⊇ X\ {x, y} and 2 ∈ S] or

[A ⊇ X\ {x, z} and 3 ∈ S] or

[A ⊇ X\ {x} and S 6= ∅] ,

A ∈ E2(S) iff [A 6= ∅ and S ⊇ {1, 3, 4}] or

[A ⊇ X\ {x, y, z} and S ⊇ {1, 3}] or

[A ⊇ X\ {x, y} and 1 ∈ S] or

[A ⊇ X\ {y, z} and 3 ∈ S] or

[A ⊇ X\ {y} and S 6= ∅].

Hence

rE1
({3}) = rE2

({3}) = 1, (rE1
({3})/rE1

(N)) = (rE2
({3})/rE2

(N)) = 1/4,

while E1({3}) * E2({3}) and E2({3}) * E1({3}): it follows that 1 ∼L(E) 2,
1 ∼◦

L(E) 2 (whence 1 ∼∗
L(E) 2 and 1 ∼∗◦

L(E) 2 as well) but 1 �∗
E 2 and 2 �∗

E 1.

Next, consider the (not regular) effectivity functionE′ on (N = {1, 2, 3, 4},
X = {x, y, z, w}) with A ∈ E′(S) if and only if [A 6= ∅ and 1 ∈ S, or
A ⊇ X\ {x, y} and S ∩ {1, 2} 6= ∅, or A ⊇ X\ {x} and S ∩ {1, 2, 3} 6= ∅,
or else A = X and S 6= ∅]. Then A ∈ E′

1(S) if and only if [A 6= ∅ and
S 6= ∅], while A ∈ E′

3(S) if and only if [ A 6= ∅ and 1 ∈ S, or A ⊇ X\ {x, y}
and S ∩ {1, 2} 6= ∅, or A = X and S 6= ∅]. Therefore E′

1(S) ⊇ E′
3(S) for

any S ⊆ N, by definition, while it is immediately checked that L(G1) = 2
(that is the two-element chain), L(G2) = 4 (i.e., the four-element chain),
and rE1

({2}) = 0, rE3
({2}) = 1, whence not 1 <L(E) 3 and not 1 <◦

L(E) 3.

(ii): By contradiction. Let E be a simple and essential effectivity function
on (N,X) and i, j ∈ N such that for any S ⊆ N,S ∩ {i, j} = ∅ : rEi

(S) ≥
rEj(S), and suppose that there exists T ⊆ N such that T ∩ {i, j} = ∅
and Ei(T ) + Ej(T ). Then Ei(T ) = E(T ∪ {i}) 6= {A ⊆ X : A 6= ∅},
hence —by simplicity of E— Ei(T ) = {X} and Ej(T ) = E(T ∪ {j}) =
{A ⊆ X : A 6= ∅}. Now, Ej({j}) = E({j}) 6= {A ⊆ X : A 6= ∅} since E
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is essential. It follows that L(Gj) = 4 and rEj
(T ) = 1, while clearly

rEi
(T ) = 0: contradiction.
Now, let us suppose that E is simple and consensual, and that there exist

U, V ⊆ N and T ⊆ N such that T ∩ (U ∪ V ) = ∅, EU (S) ⊇ EV (S) for any
S ⊆ N,S∩ (U ∪V ) = ∅, and rEV

(T ) > rEU
(T ) (hence T 6= ∅, which entails

U 6= N). Then notice that by definition ES [P(N)] ⊆ E[P(N)] for any
S ⊆ N . Therefore it follows from simplicity of E, Proposition 1 above, and
definition of rES

(.) that 1 ≥ rEV
(T ) > rEU

(T ) ≥ 0, i.e., [rEV
(T ) = 1 and

rEU
(T ) = 0], which in turn entails —by simplicity of E and definition of

rES
(.) again— EV (T ) = {A ⊆ X : A 6= ∅}. Hence in view of our hypothesis,

EU (T ) = {A ⊆ X : A 6= ∅} as well: thus EU (T ) ⊇ EU (S) for any S ⊆ N .
But then rEU

(T ) = 0 entails EU (S) = EU (T ) = {A ⊆ X : A 6= ∅} for any
S ⊆ N,S 6= ∅. In particular, E(U) = EU (U) = {A ⊆ X : A 6= ∅}, i.e., E
is not consensual (since U 6= N): contradiction. A similar argument applies
to simple essential effectivity functions, by taking U = {i}, V = {j} for
some i, j ∈ N, i 6= j.

We have therefore established that <E=<L(E) whenever E is simple and
essential, and <∗

E=<∗
L(E) if E is simple and consensual.

Now, observe that essentiality of a simple E entails Ei({i}) = E({i}) ⊂
{A ⊆ X : A 6= ∅} = E(N) = Ei(N) for any i ∈ N , whence by defini-
tion 0 ≤ rEi

({i}) < rEi
(N) ≤ 1, that is rEi

(N) = 1. It follows that
<L(E)=<◦

L(E). Similarly, consensuality of a simple E entails ET (T ) =

E(T ) ⊂ {A ⊆ X : A 6= ∅} = E(N) = ET (N) for any T ⊂ N , whence
rET

(N) = 1, and <∗
L(E)=<∗◦

L(E). q.e.d.

Remark 8. It should be noticed that Proposition 7.ii) above is tight. To
check that, consider the simple effectivity functions (N,X,Ea), (N,X,Eb)
defined as follows: for any A ⊆ X = {x, y}, S ⊆ N = {1, 2, 3, 4} A ∈ Ea(S)
if and only if [(A 6= ∅ and 1 ∈ S) or (A = X and S 6= ∅)] and A ∈ Eb(S)
if and only if [(A 6= ∅ and S ⊇ {1, 2}) or (A = X and S 6= ∅)]. Then
it is immediately checked that there exist S ⊆ N such that S ∩ {1, 3} =
∅, Ea3 (S) + Ea1 (S), while rEa

1
(S) = rEa

3
(S) = 0, and S′ ⊆ N such that

S′∩ ({1, 2}∪{3}) = ∅, Eb3(S′) + Eb{1,2}(S′) while rEb
{1,2}

(S′) = rEb
3
(S′) = 0.

It is worth mentioning here that a few basic properties of L-desirability
relations suggest a further analogy with desirabilities for simple games and
their most standard extensions. Indeed, in their recent monograph on simple
games Taylor and Zwicker introduce a notion of normality for (classes of)
desirability indifference9 relations of simple games (cf. [TayZwi99]). Taylor-

9A desirability indifference relation ∼ is the symmetric component of a desirability
relation <, i.e., for any pair S, T of coalitions or players S ∼ T if and only if both S < T
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Zwicker’s definition can be easily extended to desirability indifference rela-
tions for effectivity functions as follows.

Definition 9 (Taylor-Zwicker-normal classes of coalitional desir-
ability indifference relations for effectivity functions). Let E be a
class of effectivity functions, and ≡= {≡E : E ∈ E} a class of coalitional de-
sirability indifference relations (i.e., for any effectivity function E on (N,X)
such that E ∈ E, ≡E ⊆ P(N) × P(N) is reflexive and symmetric). Then,
class ≡ is Taylor-Zwicker-normal if and only if the following criteria are
satisfied:

(i) (Anonymity-Consistency) If (N,X,E) is an anonymous effectivity func-
tion and S, T ⊆ N are such that #S = #T then S ≡E T ;

(ii) (Minimal Discriminatory Power) Let (N = {1, 2, 3, 4}, X = {x, y} , E)
be an additive effectivity function induced by probability measures p, q
with p(1) = 2/5, p(2) = p(3) = p(4) = 1/5, q(x) = q(y) = 1/2. Then
not {2, 3} ≡E {2};

(iii) (Merging Invariance) Let X be a non-empty set, N,N ′ two non-empty
finite sets, f : N → N ′ a surjective function, (N,X,E) and (N ′,X,E′)
effectivity functions such that for any A ⊆ X, S′ ⊆ N ′, A ∈ E′(S′)
if and only if A ∈ E(f−1(S′)). Then for any S′, T ′ ⊆ N ′ such that
S′ ∩ T ′ = ∅, f−1(S′) ≡E f−1(T ′) entails S′ ≡E′ T ′.

Remark 10. The Anonymity-Consistency and Minimal Discriminatory
Power requirements are mild and uncontroversial. Thus the crucial require-
ment for Taylor-Zwicker-normality is Merging Invariance which amounts to
‘closure under Rudin-Keisler pullbacks’ as defined in [TayZwi99]. The in-
tuition underlying Merging Invariance (which also motivates our choice of
terminology) is that if two equally desirable coalitions are affected by inter-
nal merging processes, then the resulting post-merger coalitions should also
be equally desirable.

It turns out that the symmetric components of strong coalitional L-
desirability relations for effectivity functions as defined above are indeed
a Taylor-Zwicker-normal class.

Proposition 11. Let X be a non-empty set, and N a non-empty finite set.
Then the class of L-desirability indifference relations

{∼∗
L(E) : there exist N ′ ⊆ N,X ′ ⊆ X such that (N ′,X ′, E)

is a monotonic effectivity function }

is Taylor-Zwicker-normal.

and T < S.
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Proof. (Anonymity-Consistency): Let (N ′,X ′, E) be an anonymous effec-
tivity function for some N ′ ⊆ N,X ′ ⊆ X, and S, T ⊆ N ′ with #S = #T .
Then for any V ⊆ N ′ such that V ∩ (S ∪ T ) = ∅, ES(V ) = ET (V ), while
for any U ⊆ N ′ such that ES(U) ⊂ ES(V ) it must be —by monotonicity
of E and definition of ES— that #(S ∪ U) < #(S ∪ V ) hence there exists
U ′ ⊆ N ′ such that #(T ∪U ′) = #(S∪U) and consequently —by anonymity
of E and definition of ET— ET (U ′) = ES(U) ⊂ ES(V ) = ET (V ). It follows
that —by definition of rES

and rET
— rES

(V ) = rET
(V ).

(Minimal Discriminatory Power): Just consider {4}. Clearly, E{2,3}({4}) =
{A ⊆ X : A 6= ∅} ⊃ {X} = E{2}({4}) = E{2,3}({2}) = E{2,3}({3}) (recall
that #X ≥ 2 by hypothesis). Hence rE{2,3}

({4}) > 0 = rE{2}
({4}), and

not({2, 3} ∼∗
L(E) {2}).

(Merging Invariance): Let G =(N,X,E) be a coalitional game form, f :
N → N ′ a surjective function and G′ = (N ′,X,E′) the coalitional game
form defined as follows:

For any S′ ⊆ N ′ ,A ⊆ X, A ∈ E′(S′) if and only if A ∈ E(f−1(S′)).
Hence, by definition, E′ = E ◦ f−1.

Now, take S′, T ′ ⊆ N ′ such that f−1(S′) ≡rE
f−1(T ′). Thus, by defini-

tion, for any V ⊆ N with V ∩ (f−1(S′) ∪ f−1(T ′)) = ∅ there exists a posi-
tive integer k such that k is the common height of V in L((N,X,Ef−1(S′)))
and in L((N,X,Ef−1(T ′))), i.e., k = rE

f−1(S′)
(V ) = rE

f−1(T ′)
. It follows

that, by definition of such concept lattices, for any k′ 6 k there exist
{S1, .., Sk′−2} ⊆ P(N), {T1, .., Tk′−2} ⊆ P(N) such that

E(f−1(S′) ∪ V ) = Ef−1(S′)(V ) ⊃ Ef−1(S′)(S1) ⊃ . . .

. . . ⊃ Ef−1(S′′)(Sk′−2) ⊃ Ef−1(S′′)(∅)

and
E(f−1(T ′) ∪ V ) = Ef−1(T ′)(V ) ⊃ Ef−1(S′)(T1) ⊃ . . .

. . . ⊃ Ef−1(T ′′)(Tk′−2) ⊃ Ef−1(T ′′)(∅).

Next, let us assume that not S′ ≡rE′ T
′. Then one may also assume

without loss of generality that there exist U ′ ⊆ N ′, a positive integer k∗,
and

{
S′

1, .., S
′
k∗−2

}
⊆ P(N ′) such that

U ′ ∩ (S′ ∪ T ′) = ∅,

E(f−1(S′ ∪ U ′)) = E′
S′(U ′) ⊃ E′

S′(S′
1) ⊃ .. ⊃ E′

S′(S′
k∗−2) ⊃ E′

S′(∅),

whilem < k∗ for any positive integerm such that there exist
{
T ′

1, .., T
′
m−2

}
⊆

P(N ′) with

E(f−1(T ′ ∪ U ′)) = E′
T ′(U ′) ⊃ E′

T ′(T ′
1) ⊃ .. ⊃ E′

T ′(T ′
m−2) ⊃ E′

T ′(∅).
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But notice that f−1(T ′ ∪U ′) = f−1(T ′)∪ f−1(U ′), whence the foregoing
statements on nested sequences may be rewritten as follows:

E(f−1(S′) ∪ f−1(U ′)) = E′
S′(U ′) ⊃ E′

S′(S′
1) ⊃ . . . ⊃ E′

S′(S′
k∗−2) ⊃ E′

S′(∅)

and

E(f−1(T ′) ∪ f−1(U ′)) = E′
T ′(U ′) ⊃ E′

T ′(T ′
1) ⊃ . . . ⊃ E′

T ′(T ′
m−2) ⊃ E′

T ′(∅)

entails m < k∗. Moreover, T ′ ∩ U ′ = ∅ entails f−1(T ′) ∩ f−1(U ′) = ∅ and
similarly S′∩U ′ = ∅ entails f−1(S′)∩f−1(U ′) = ∅. Therefore f−1(U ′) ⊆ N
is such that

f−1(U ′) ∩ (f−1(S′) ∪ f−1(T ′)) = ∅

while
rE

f−1(S′)
(f−1(U ′)) > k∗ > rE

f−1(T ′)
(f−1(U ′)),

hence not f−1(S′) ≡rE
f−1(T ′), a contradiction. q.e.d.

Thus, strong coalitional L-desirability relations —while distinct from the
most straightforward extensions to effectivity functions of the strong coali-
tion desirability relations for simple games— are indeed regular enough to
be members of the Taylor-Zwicker-normal class. In particular, it follows
that strong coalitional L-desirability relations may well be intransitive as
stated by the following

Corollary 12. Let X,N be non-empty finite sets. Then there exists a
monotonic effectivity function (N,X,E) such that ∼∗

L(E) is not transitive.

Proof. Straightforward from Proposition 11 above, Theorem 4.2.2 in Taylor
and Zwicker’s [TayZwi99], as combined with the fact that a simple game
(N,W ) can always be re-interpreted as an effectivity function on (N,X)
with #X = 2. q.e.d.

Corollary 12 suggests the need for a detailed analysis of conditions on an
effectivity function that imply transitivity or acyclicity (as well as totality)
of its strong coalitional L-desirability relation. This is however not the place
for a full-fledged analysis of L-desirability relations which is indeed best left
as a topic for further research.

3 Computing Concept Lattices of Coalitional Game
Forms: Some Examples

Computing the concept lattice of a coalitional game form may well involve
a heavy computational burden (but cf. [GanWil99, Chapter 2] for a short
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discussion of some feasible algorithms). The present section is devoted to
the computation of the (bulks of) concept lattices of some prominent and
well-known game forms that are simple enough to allow for “manual” calcu-
lations. Comparing such concept lattices, and their parameters, will enable
us to classify the underlying game forms according to the properties intro-
duced in the previous section.

3.1 Modular-Arithmetical Game Forms for Deterministic
Social Lotteries

A strategic game form for a deterministic social lottery on (N,X) is a
tuple GL = (N,X, (Si)i∈N , h) with Si = (X × Z+) for any i ∈ N, and
h((xi, zi)i∈N ) = xi∗ where i∗ =

∑
i∈N xi(modn) and n = #N (cf., e.g.,

[DanSot02] for an extensive discussion of game forms of this sort). Clearly,
Eα(GL) is a consensual effectivity function, while Eβ(GL)(S) = P(X)\{∅}
for any S ⊆ N .

Claim 13. Let GL be a lottery game form as defined above. Then L(GL
α) =

4, while L(GL
β) = 3 (hence in particular B(L(GL

β)) = 1).

Proof. Straightforward: just observe that the concepts comprising the bulk
of L(GL

α) are ({N} ,P(X) \ {∅}) and (P(N) \ {∅} , {X}), while the only
concept in the bulk of L(GL

β) is (P(N) \ {∅} ,P(X) \ {∅}). q.e.d.

Thus constancy of Eβ(GL) is reflected by flatness of its concept lattice.
Moreover, flatness of the concept lattice also implies that concept-latticial
coalitional desirabilities relations as defined above reduce to a single indif-
ference class.

3.2 Demand Game Forms

A (strategic) demand game form on (N,X) is a tuple GD = (N, (Xi)i∈N , x
∗)

where X ⊆ Πi∈NXi, and x∗ ∈ X denotes the conflict outcome. The players
in N may agree on any outcome in X by choosing x = ((xi)i∈N ) ∈ X. The
conflict outcome x∗ obtains if the players fail to agree on any other outcome.
Therefore Eα(GD) is given by the following rule: for any S,B ,∅ 6= S ⊆ N ,
∅ 6= B ⊆ X, and B ∈ (Eα(GD))(S) if and only if either S = N or x∗ ∈ B.
The validity of the following claim is easily established:

Claim 14. Let GD be a demand game form as defined above. Then
Eα(GD) = Eβ(GD) and L(GD) = 4. Thus GD is unspecialized and consen-
sual (but not simple, fully distributed or strictly hierarchical).

Proof. It is well-known that for any strategic game form Eα(G) = Eβ(G)
if and only if Eα(G) is maximal (cf. [Pel84, Lemma 5.1.17]). Now take
∅ 6= A ⊆ X,∅ 6= S ⊆ N such that A /∈ Eα(GD)(S). Then —by definition
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of GD— S 6= N and x∗ /∈ A: hence N\S 6= ∅ and x∗ ∈ X\A, i.e., X\A ∈
Eα(GD)(N\S). Moreover the definition of GD clearly entails that S = N is
the sole coalition such that A ∈ Eα(GD)(S) for each A ∈ P(X)\ {∅} (this
fact also implies that GD is consensual). Indeed, S = N is the sole coalition
such that A ∈ Eα(GD)(S) for some A ∈ {B ⊆ X : x∗ /∈ B} while —by
definition of GD— A ∈ Eα(GD)(S) for any coalition S 6= ∅ and any A ⊆ X
with x∗ ∈ A (hence in particular rEα(GD)({i}) = 1 for any i ∈ N). It follows

that B(L(GD)) = (({N} ,P(X)\ {∅}), (P(N)\ {∅} , {B ⊆ X : x∗ ∈ B})) =
2 (modulo isomorphisms). q.e.d.

Thus a demand game form provides an interesting elementary example of
an unspecialized and not strictly hierarchical game form which is not simple
while being endowed with a simple Galois-latticial bulk.

3.3 Voting-by-Veto Game Forms 1: The Finite Case

Majoritarian voting game forms rely on a sharp distinction between win-
ning, i.e., all powerful coalitions and losing, i.e., powerless coalitions. It
is well-known that unfortunately majoritarian-like voting procedures are,
generally speaking, unstable in that at many preference profiles their core10

is empty. By contrast, certain voting-by-limited-veto procedures (as briefly
introduced in section 2 above and thoroughly analyzed elsewhere, e.g., in
[MouPel82, Mou83, Pel84, DanSot93]) enjoy several nice stability proper-
ties (including core-stability11 on standard large preference domains) and
rely on a considerably more complex allocation of decision power. This is
neatly reflected by the properties of their concept lattices. As a prominent
example of a voting-by-limited-veto procedure that shares anonymity and
neutrality properties with majoritarian-like schemes we shall focus on a ver-
sion of the proportional veto procedure, first introduced by Moulin (cf., e.g.,
[Mou83, AbdKei91]). Namely, we consider a proportional veto procedure
with endogenous agenda formation that can be described as follows. A dis-
tinguished outcome x∗ —the “status quo”— is identified. Then each player
makes k proposals, is informed on the resulting set of outcomes, and issues

10An outcome x ∈ X is dominated within a game in coalitional form G = (N, X, E, (<i

)i∈N ), where (N, X, E) is a coalitional game form and (<i)i∈N is the profile of total
preference preorders on X, if there exist A ⊆ X and S ⊆ N such that A ∈ E(S) and for
any y ∈ A and i ∈ S both y <i x and not x <i y. The core of G is the set of outcomes
of X which are not dominated in G.

11A coalitional game form G = (N, X, E) is core-stable on a certain domain D of
preference profiles if for any preference profile < in D the core of the game induced by
G at < is non-empty. Convexity implies core-stability on most standard preference-
domains. Voting-by-veto as defined below in the text is indeed additive hence convex
and therefore core-stable.



On Concept Lattices of Coalitional Game Forms 337

k vetos —according to a prefixed order— on non-vetoed alternatives. The
unique non-vetoed outcome is selected. The corresponding effectivity func-
tion EPV (that is regular and maximal, hence unambiguously determined)
is defined by the following rule:
For any S ⊆ N , A ⊆ X, A ∈ EPV(S) if and only if

⌈(kn+ 1)
s

n
⌉ > kn+ 1− a,

where s = #S, n = #N , and a = #A.
Since each coalition-size corresponds to a distinctive “degree” of decision

power, the concept lattice L(GPV) is easily computed. Thus it is straight-
forward to establish validity of the following

Claim 15. Let GPV = (N,X,EPV) be the proportional veto effectivity
function as defined above. Then

(i) L(GPV) = 1⊕ n⊕ 1 (where n denotes the chain of size n). Hence in
particular

(ii) GPV is consensual and unspecialized (but not simple, fully distributed,
or strictly hierarchical).

Proof. (i): Notice that for any S ⊆ N such that #S = n−h, ⌈(kn+1) sn⌉ >
kn+1−a if and only if a > kh, i.e., A ∈ EPV(S) iff #A > kh. It follows that
B(L(N,X,EPV)) = (({S ⊆ N : #S ≥ n− h} , {A ⊆ X : #A > kh}), h =
0, .., n − 1) = n (modulo isomorphisms). In particular, (N,X,EPV) turns
out to be consensual (N is the only coalition of maximum height) and un-
specialized (since its Galois lattice is a chain). q.e.d.

It turns out that the foregoing construct is amenable to a generalization
which provides a nice example of a coalitional game form with an infinite
concept lattice, as presented below.

3.4 Voting-by-Veto Game Forms 2: A Coalitional Game Form
with an Infinite Concept Lattice

Let us now consider the following extension of the proportional voting-by-
veto coalitional game form to an infinite setting. Let (N,X,Eµ,ν) be a
coalitional game form, where N = N is a countably infinite set, X = [0, 1]
and Eµ,ν : P(N)→ P(X) is defined by the following rule: there exist
positive and permutation-invariant probability measures µ : P(N)→ R+,
ν : P(X) → R+ such that for any S ⊆ N, A ⊆ X, A ∈ Eµ,ν(S) if and only
if µ(S) + ν(A) > 1. It is readily checked that even this infinite version
(N,X,Eµ,ν) of the voting-by-veto coalitional game form is indeed an effec-
tivity function. Moreover, (N,X,Eµ,ν) satisfies both superadditivity and
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monotonicity, therefore it can be regarded as the effectivity function of a
(non-deterministic) strategic game form (cf., e.g., [Bor+95] whose proof for
finite N and X can be easily adapted to the present infinite setting).

Claim 16. Let Gµ,ν = (N,X,Eµ,ν) be a coalitional game form as defined
above. Then L(Gµ,ν) = 1⊕ N⊕ 1.

Proof. From positivity and permutation-invariance of µ and ν it follows that
for any S ⊆ N and i ∈ N \S, µ(S∪{i}) > µ(S), and (⋌E◦⋋E)({S ∪ {i}}) ⊂
(⋌E ◦⋋E)(S), whence B(L(N,X,Eµ,ν)) = N. q.e.d.

It should be noticed that concept lattices of both demand and (neutral)
voting game forms as considered above are invariably chains. The following
example shows that there also exist elementary game forms whose concept
lattices are not chains.

3.5 2× 2 Strategic Game Forms

Let us consider a 2× 2 strategic game form G2 = (N,X, (S1, S2), h), where
N = {1, 2}, X = {a, b, c, d}, S1 = {s1, t1}, S2 = {s2, t2}, and h(s1, s2) = a,
h(s1, t2) = b, h(t1, s2) = c, h(t1, t2) = d. Clearly enough Eα(G2) 6=
Eβ(G2). The following Claim summarizes the situation:

Claim 17. Let G2 be a 2× 2 strategic game form as defined above. Then

(i) B(L(N,X,Eα(G2))) = B(L(N,X,Eβ(G2))) = 22, the 4-valued Bool-
ean lattice if G2 is “generic”, i.e., #X = 4. Hence in particular both
Eα(G2) and Eβ(G2) are consensual, fully distributed, specialized (and,
of course, neither simple nor strictly hierarchical);

(ii) B(L(N,X,Eα(G2))) = B(L(N,X,Eβ(G2))) = 3 if #X = 3 and the
replicated outcome is not on a diagonal, whereas B(L(Eα(G2))) =
B(L(Eβ(G2))) = 2 if #X = 3 and the replicated outcome is on a
diagonal;

(iii) B(L(N,X,Eα(G2))) = B(L(N,X,Eβ(G2))) = 2 if #X = 2 and there
exists a diagonal which does not include replicated outcomes, whereas
B(L(Eα(G2))) = 2 and B(L(Eβ(G2))) = 1 if #X = 2 and each
diagonal includes replicated outcomes.

Proof. Let G2 be a 2 × 2 strategic game form with outcome function h
as described in the text. Clearly enough by choosing rows and columns,
respectively, 1 can (α- and β-)enforce {a, b}, {c, d} (and supersets), whereas
2 can (α- and β-)enforce {a, c}, {b, d} (and supersets).
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(i): It is easily checked by direct inspection that the only difference be-
tween Eα(G2) and Eβ(G2) —in the “generic” case, i.e., with #X = 4— re-
duces to the fact that

{{a, d} , {b, c}} ∈ [Eβ({1}) ∩ Eβ({2})]\[Eα({1}) ∪ Eα({2})].

It follows that B(L(G2
α)) =

{
({N} , {A ⊆ X : A 6= ∅}),
({N, {1}} , {A ⊆ X : A = {a, b} , A = {c, d} or #A ≥ 3}),
({N, {2}} , {A ⊆ X : A = {a, c} , A = {b, d} or #A ≥ 3}),
({N, {1} , {2}} , {A ⊆ X : #A ≥ 3})

}

and B(L(G2
β)) =

{
({N} , {A ⊆ X : A 6= ∅}),
({N, {1}} , {A ⊆ X : #A ≥ 2, A 6= {a, c} , A 6= {b, d}}),
({N, {2}} , {A ⊆ X : #A ≥ 2, A 6= {a, b} , A 6= {c, d}}),
({N, {1} , {2}} , {A ⊆ X : A = {a, d} , A = {b, c} , or #A ≥ 3})

}
,

where G2
α = (N,X,Eα(G2) and G2

β = (N,X,Eβ(G2)). But then, modulo

(latticial) isomorphisms, B(L(G2
α)) = B(L(G2

β)) = 22.

(ii): When #X = 3, three subcases may be distinguished: a) a = b or
c = d (i.e., the identical outcomes are in the same row), b) a = c or b = d
(i.e., the identical outcomes are in the same column), c) a = d or b = c
(i.e., the identical outcomes are on a diagonal). It should also be noticed
that under both a) and b) Eα(G2) = Eβ(G2): this is so because whenever
a (2-dimensional) row or column has (two) identical entries —say x— the
following facts are easily checked by direct inspection of the game(-form)
matrix: 1) x is an element of both diagonals, 2) each diagonal replicates
a distinct row (column) if the double x is on a column (a row). But then
{{a, d} , {c, d}} ⊆ Eα(G2)({1}) ∩ Eα(G2)({2}). Thus, Eα(G2) = Eβ(G2) =
E(G2) follows from our previous observation on the relationship between
Eα(G2) and Eβ(G2) in the “generic” case: we denote by L(N,X,E(G2))
their concept lattice, which is determined as follows. Under case a) it is
checked by direct inspection that if we denote by x the replicated outcome,
and by y, z the remaining outcomes then

E(G2)({1}) = {A ⊆ X : A ⊇ {x}} ∪ {{y, z}} and

E(G2)({2}) = {A ⊆ X : A ⊇ {x, y} or A ⊇ {x, z}} .
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Hence, B(L(N,X,G2))) =

{
({N} , {A ⊆ X : A 6= ∅}),
({N, {1}} , {A ⊆ X : A = {y, z} , or A ⊇ {x}}),
({N, {1} , {2}} , {A ⊆ X : A ⊇ {x, y} or A ⊇ {x, z}})

}
.

Similarly, under case b) B(L(N,X,G2))) =

{
({N} , {A ⊆ X : A 6= ∅}),
({N, {2}} , {A ⊆ X : A = {y, z} , or A ⊇ {x}}),
({N, {1} , {2}} , {A ⊆ X : A ⊇ {x, y} or A ⊇ {x, z}})

}
,

where again x denotes the replicated outcome. Thus, under cases a) and b)
B(L(N,X,E(G2))) = 3.

Under case c) it is immediately seen that for each row there is (exactly)
one column that includes the same elements, and vice versa. Moreover, no
row or column amounts to a pair of duplicated outcomes, and none of the
diagonals can possibly be replicated by a row or a column ( because that
would entail #X < 3). Hence if we denote by x the replicated outcomes
and by y, z the other outcomes

Eα(G2)({1}) = Eα(G2)({2}) = {A ⊆ X : #A ≥ 2, A 6= {y, z}} and

Eβ(G2)({1}) = Eβ(G2)({2}) = {A ⊆ X : A 6= ∅, A 6= {y} , A 6= {z}} .

Thus, B(L(N,X,Eα(G2))) = B(L(N,X,Eβ(G2))) = 2.

(iii): If #X = 2 four cases may be distinguished: a) an outcome x ∈ X
and a strategy profile (u, v) ∈ S1 × S2 exist such that x = h(r, w) if and
only if (r, w) 6= (u, v); b) each row is made up of replicated outcomes; c)
each column is made up of replicated outcomes; d) each diagonal is made
up of replicated outcomes.

Under case a) it is immediately checked that

Eα(G2)({1}) = Eα(G2)({2}) = Eβ(G2)({1}) = Eβ(G2)({2}) =

= {A ⊆ X : A 6= ∅, A 6= {x}} .

It follows that B(L(N,X,Eα(G2))) = B(L(N,X,Eβ(G2))) = 2.

Under case b),

Eα(G2)({1}) = Eβ(G2)({1}) = {A ⊆ X : A 6= ∅} and

Eα(G2)({2}) = Eβ(G2)({2}) = {X} .
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Hence B(L(N,X,Eα(G2))) = B(L(N,X,Eβ(G2))) = 2.

Similarly, under case c),

Eα(G2)({2}) = Eβ(G2)({2}) = {A ⊆ X : A 6= ∅} and

Eα(G2)({1}) = Eβ(G2)({1}) = {X} .

Thus, again, B(L(N,X,Eα(G2))) = B(L(N,X,Eβ(G2))) = 2.

Under case d),

Eα(G2)({1}) = Eα(G2)({2}) = {X} and

Eβ(G2)({1}) = Eβ(G2)({2}) = {A ⊆ X : A 6= ∅} .

It follows that B(L(N,X,Eα(G2))) = 2, while B(L(N,X,Eβ(G2))) = 1.
q.e.d.

Therefore a generic 2 × 2 strategic game form provides a first elemen-
tary example of an effectivity function whose concept lattice has a non-
trivial width. Typical two players perfect information strictly competitive
extensive game (forms) —either finite or infinite— exhibit the very same
conceptual structure.

4 Concluding Remarks

The results presented in the previous sections suggest that our understand-
ing of games in terms of coalitional power may be significantly enhanced
if lattice- and order-theoretic methods are deployed within game-theoretic
models. In particular it has been shown that concept lattices of game forms
provide a few natural ‘complexity’ measures for the latter and a notion of
coalitional rank which in turn suggests a further extension of desirability
relations from simple games to effectivity functions.

In a sense all that is scarcely surprising: the concept lattice of any binary
relation may be regarded as one particular way of encoding the information
provided by the latter. Indeed, such an encoding of the interaction structure
is likely to contribute new ways of organizing the relevant data and help
elicit new patterns: as a matter of fact, concept lattices have become in the
last two decades the most rapidly growing strand of applied lattice theory,
with applications to an impressive array of fields ranging from retrieval
systems and analysis of lexical data bases to color perception (cf. Ganter
and Wille’s [GanWil99] and the Appendix by the same authors in [Grä98]).
In that connection, finding applications of concept lattices to the analysis
of game-theoretic models is indeed something to be expected.
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The present paper was focused on classifying game forms as coalitional-
power-classifying data structures from a purely structural perspective. Clas-
sifications of this structural sort may in fact contribute to game analysis in
at least two ways. First, concept-latticial classifications can improve our
understanding of game-theoretic objects as such. Second, make it possible
to identify which structural features of games interfere (or do not inter-
fere) with their behaviour. In that connection, a most interesting issue
is whether —and to what extent— various types of requirements on the
allocation of coalitional power thus classified interfere with implementabil-
ity/stability properties. In particular, one might ask, for any pair (N,X)
of player- and outcome-sets, what are the possible widths and/or lenghts
of the concept lattices of coalitional game forms (N,X,E) enjoying some
behaviourally prominent property such as, say, being convex or core-stable
on a suitably large domain of preference profiles (that issue is addressed in
[Van06], where it is shown that —essentially— restricting to convex coali-
tional game forms does not introduce any additional constraint on the set
of achievable widths or lenghts of their concept lattices)?

All in all, the results obtained so far are in our view promising enough to
suggest that indeed —when it comes to the tasks of classifying and under-
standing coalitional power— concept-latticial representations of game forms
are a quite powerful tool which deserves further careful study.
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abstract. We say that a family M of subsets of R has the large
intersection property if any intersection of countably many diffeomor-
phic images of members of M has Hausdorff dimension one. Here it is
shown, via very simple proofs, that the family of winning sets in the
sense of Schmidt’s (α, β)-games has the large intersection property.
Incidentally, we point out an alternative proof of Jarńık’s theorem
stating that the set of badly approximable numbers has Hausdorff
dimension one.

1 Introduction

Notation. Throughout, N and R stand for the set of nonnegative integers
(or natural numbers) and the set of reals, respectively. A natural number
n is identified with the set of its predecessors: n = {0, 1, . . . , n− 1}.

The intervals considered in this paper are assumed to be nontrivial (i.e.,
of positive length) and compact. The length of an interval I is denoted by
ℓ(I). Given δ ∈ (0, 1), the symbol Bδ(I) denotes the set of all subintervals
J of I such that ℓ(J) = δℓ(I). For x ∈ R and r > 0, by I[x, r] we mean the
interval with center x and length 2r.

Background: Hausdorff dimensions. Given a subset F of R, the Hausdorff
dimension dimF of F is defined as the infimum of the positive reals s such
that, for every ε > 0, there is a sequence (In)n∈N of intervals covering F
and satisfying ℓ(In) < ε and

∑
n∈N ℓ

s(In) <∞.

*The author sincerely thanks the referee for many precious suggestions.
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The following are easy consequences of the definition (a fuller account on
Hausdorff dimensions may be found in Falconer’s book [Fal90]):

(i) If E ⊆ F ⊆ R, then 0 = dim ∅ ≤ dimE ≤ dimF ≤ dim R = 1.

(ii) If (Fn)n∈N is a sequence of sets in R, then dim
⋃

n∈N

Fn = sup
n∈N

dimFn.

(iii) If F ⊆ R and ϕ : R→ R is a diffeomorphism (namely, a surjection of
class C1 with a never vanishing derivative), then dimF = dimϕ[F ].

(iv) If F is a subset of positive Lebesgue outer measure, then dimF = 1.

Sets with large intersections. Let (Fn)n∈N be a sequence of subsets of R,
and (ϕn)n∈N a sequence of diffeomorphisms ϕn : R → R. It follows from
(ii) and (iii) that the Hausdorff dimension of F :=

⋃
n∈N ϕn[Fn] is

dimF = sup
n∈N

dimϕn[Fn] = sup
n∈N

dimFn.

In contrast to this, it is generally impossible to determine the dimension
of E :=

⋂
n∈N ϕn[Fn] in terms of the dimensions of the Fn, the only rough

(and obvious) estimate being derived from (i) and (iii):

dimE ≤ inf
n∈N

dimϕn[Fn] = inf
n∈N

dimFn. (1)

It turns out that the inequality in (1) can be “dramatically” strict: it is
easy to construct two subsets of R of Hausdorff dimension one, even dense
in R, with empty intersection.

It is therefore useful to determine conditions on the sets Fn guarantee-
ing the equality in (1), i.e., the largest (in the sense of Hausdorff) possible
intersection. Indeed, sets fulfilling such large intersection properties occur
naturally in number theory (e.g., in the theory of diophantine approxima-
tions) and in dynamical systems (in problems of small divisors resonances,
for example).

Several authors have addressed this problem and introduced systems
of sets of Hausdorff dimension s such that countable intersections of the
sets also have Hausdorff dimension s. We mention the “regular sets” in
[BakSch70], the “Ms

∞-dense” construction in [Fal85], and the constructions
using “ubiquitous systems” in [DodRynVic90]. All these approaches, how-
ever, have in the author’s opinion two disadvantages: they are somewhat
technical; emphasis is not given on the sets per se, but rather on the recipe
for their construction.
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A very good model is proposed by Falconer in [Fal94], where he actu-
ally unifies the aforementioned constructions by giving a simple and direct
definition of sets with large intersection properties. Falconer’s approach
suggests the following

Definition 1. A familyM of subsets of R has the large intersection prop-
erty if, for any sequence (Fn)n∈N of members of F and any sequence (ϕn)n∈N

of diffeomorphisms ϕn : R→ R, we have dim
⋂
n∈N ϕn[Fn] = 1.

It is easy to deduce that all members F of F are everywhere of Hausdorff
dimension one, i.e., dimF ∩ O = 1 for any nonempty open subset O of R.
The family consisting of the full Lebesgue measure subsets of R obviously
has the large intersection property, by (iv).

Aim of this note is to indicate another (less trivial) class of sets with the
large intersection property. More precisely:

We will show in Theorem 5 that the winning sets in the sense of Schmidt’s
(α, β)-games have Hausdorff dimension one. We shall verify in Theorem 7
that the family W consisting of all winning sets is closed under taking dif-
feomorphic images. Combined with Schmidt’s result quoted in Theorem 2,
i.e., that the intersection of countably many members of W in its turn be-
longs to W, Theorems 5 and 7 immediately imply Corollary 8 stating that
W has the large intersection property.

Incidentally, as a direct consequence of Schmidt’s analysis, we also point
out an alternative proof of the classical theorem of Jarńık quoted in Corol-
lary 6: the set of badly approximable numbers has Hausdorff dimension
one.

While Theorems 5 and 7 are not new, for they are included in Schmidt’s
[Sch66, Theorems 6 and 1], their proofs —ad hoc for the real line case— are
particularly short and simpler than the original ones.

2 Schmidt’s (α, β)-games and winning sets

Let α, β ∈
(
0, 1

2

)
and W ⊆ R. The (α, β)-game relative to W between the

two players Adam and Eve is defined as follows. Adam selects an interval
A0 in R. Then Eve chooses E0 ∈ Bα(A0). Adam, in his turn, selects
A1 ∈ Bβ(E0). Eve responds with E1 ∈ Bα(A1), and so on. In general, for
any n ∈ N the rules of the game impose En ∈ Bα(An) and An+1 ∈ Bβ(En).

A winning (α, β)-strategy (for Eve) relative toW is a map σW = σW (α, β)
such that to every finite sequence of Adam’s moves A0, A1, . . . , An, it asso-
ciates En := σW (α, β;n;A0, A1, . . . , An) ∈ Bα(An) in such a way that

⋂

n∈N

En =
⋂

n∈N

An ⊆W.
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W is said to be (α, β)-winning if there exists a winning (α, β)-strategy rel-
ative to W . To put it another way: if Eve can always “hit” an element
of W , independently of Adam’s sequence (An)n∈N of legal moves. W is
α-winning if it is (α, β)-winning for every β ∈

(
0, 1

2

)
. Moreover, W is said

to be winning if it is α-winning for every α ∈
(
0, 1

2

)
.

Theorem 2 (Schmidt, [Sch66, Theorem 2]). For each α ∈
(
0, 1

2

)
, the

intersection of countably many α-winning sets is α-winning. Hence, the
intersection of countably many winning sets is winning.

It is worth remarking that the system of winning sets neither contains,
nor is contained in, the family consisting of the sets of full Lebesgue measure.
The set of badly approximable numbers, i.e., of those reals x fulfilling

∣∣x− p

q

∣∣ > c

q2

for some c > 0 and all rationals p
q , serves as a remarkable example:

Theorem 3 (Schmidt, [Sch66, Theorem 3]; Khintchine, [Khi63,
Theorems 23, 29]). The set B of badly approximable numbers is winning
and of Lebesgue measure zero. Hence, R \ B is of full Lebesgue measure
but it is not winning.

Proof. Schmidt proves that B is winning. On the other hand, B has
Lebesgue measure zero, according to Khintchine’s celebrated theorem. The
first assertion is thus verified.

To prove the second, observe that, for α, β ∈
(
0, 1

2

)
, Eve knows a winning

(β, α)-strategy σB(β, α) relative to B. Certainly Eve cannot win the (α, β)-
game relative to R\B, if Adam (judiciously) chooses his (n+2)th move An+1

according to Eve’s winning (β, α)-strategy σB(β, α) (Adam’s first choice A0

being immaterial).
As an alternative proof, simply apply Theorem 2: the intersection of two

winning sets is winning, but ∅ = B ∩ (R \B) is not. q.e.d.

3 Results

It follows from [Sch66, Corollary 2] that any winning subset of R has
Hausdorff dimension one. Below we indicate a short and simple proof of
Schmidt’s result valid for the real line case. Differently from Schmidt’s, our
proof is based on the following direct consequence of the so-called “mass
distribution principle” [Fal90, Section 4.1]:

Lemma 4 (Falconer, [Fal90, Example 4.6]). Let (εn)n∈N be a strictly
decreasing sequence of positive reals, and (Cn)n∈N a sequence of subsets of R
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with C0 = [0, 1] and each Cn+1 a union of intervals of equal length separated
by gaps of length at least εn. Suppose that for every n ∈ N each interval
of Cn contains mn ≥ 2 intervals of Cn+1. Then, defined F :=

⋂
n∈N Cn, we

have

dimF ≥ lim inf
n→∞

log(m0 · · ·mn)

− log(mn+1εn+1)
.

Theorem 5 (Schmidt, [Sch66, Corollary 2]). If W is a winning subset
of R, then dimW = 1.

Proof. We shall verify that, for every α ∈
(
0, 1

2

)
and every α-winning subset

W of R, we have dimW = 1 (this obviously implies the statement above).
For this purpose, it suffices to show that W contains a family of Cantor-like
sets of Hausdorff dimensions arbitrarily close to 1.

Fix arbitrarily a natural m ≥ 2, and let βm := 1
2m+1 . Put C0 := [0, 1]

and E0 := σW (α, βm; 0;C0), being σW (α, βm) a winning (α, βm)-strategy
relative to W . Divide E0 into 2m+1 subintervals of equal length, and denote
with Ii, the index i varying in m, the second, fourth, . . . , 2mth of them.
Then, let C1 :=

⋃
i∈m Ii and, for all i ∈ m, let E0i := σW (α, βm; 1;C0, Ii).

This done, divide each E0i into 2m + 1 subintervals of equal length and
call Iij , with j ∈ m, the one occupying the 2(j+1)th place. Again, put C2 :=⋃
i∈m

⋃
j∈m Iij and, for any i, j ∈ m, let E0ij := σW (α, βm; 2;C0, Ii, Iij).

Proceeding inductively, for any n ≥ 1 and any i1, i2, . . . , in ∈ m, divide
each E0i1···in into 2m + 1 subintervals of equal length; label with Ii1···inj ,
the index j ranging over m, the one in the 2(j + 1)th place; let

Cn+1 :=
⋃

i1,...,in∈m

⋃

j∈m

Ii1···inj

and, for all j ∈ m,

E0i1···inj := σW (α, βm;n+ 1;C0, Ii1 , . . . , Ii1···inj).

Finally, define F :=
⋂
n∈N Cn. By construction, F is contained in W . More-

over, for every n ∈ N, the set Cn+1 is a union of finitely many intervals
separated each other by gaps of length at least εn := (αβm)n+1, and each
interval of Cn contains precisely mn := m intervals of Cn+1. Therefore, in
view of the previous lemma we obtain

dimW ≥ dimF ≥ lim inf
n→∞

logmn

− logm
(

α
2m+1

)n+1 =
logm

log(2m+ 1)− logα
.

The conclusion follows by letting m→∞. q.e.d.
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As a first corollary of Theorems 3 and 5, we immediately obtain the
following noteworthy theorem of Jarńık:

Corollary 6 (Pollington, Velani, [PolVel00, Section 2.2]). The set
of badly approximable numbers has Hausdorff dimension one.

Jarńık’s proof makes essential use of the classical result that a number
is badly approximable if and only if the partial quotients of its continued
fraction expansion are uniformly bounded from above [Khi63, Theorem 23].
The game theoretic approach just indicated avoids the theory of continued
fractions, depending only on geometric arguments.

That the system of winning sets is invariant under taking diffeomorphic
images follows as a particular case from [Sch66, Theorem 1]. Here we give a
very simple proof of Schmidt’s theorem, ad hoc for the real line case — we
add, however, that the key idea of playing a suitable “virtual” game, in
combination with the “real” one, is to ascribe to him.

Theorem 7 (Schmidt, [Sch66, Theorem 1]). Let W be a winning
subset of R, and ϕ : R→ R a diffeomorphism. Then ϕ[W ] is winning.

Proof. Fix a winning set W , two constants α, β ∈
(
0, 1

2

)
, and a diffeomor-

phism ϕ : R→ R. We have to check that ϕ[W ] is (α, β)-winning.
In view of the continuity of the derivative ϕ′ of ϕ, and by neglecting

finitely many moves if necessary, without any loss of generality we may
assume Adam’s first choice A0 so small that there exist two constants k,K >
0 fulfilling K

k α <
1
2 and both the following equivalent conditions:

k ≤ |ϕ′(x)| ≤ K for every x ∈ ϕ−1(A0); (2)

1

K
≤ |(ϕ−1)′(y)| ≤

1

k
for every y ∈ A0. (3)

With the (n+ 1)th move An := I[an, ̺n] done by the first player Adam,
let us associate A′

n := I
[
ϕ−1(an), ̺n

K

]
. Then, let us determine Eve’s choice

E′
n accordingly to a winning

(
K
k α,

k
Kβ
)
-strategy relative to W (it does exist,

by assumption). Thus

E′
n := I

[
e′n,

̺n
k
α
]

= σW

(
K

k
α,

k

K
β;n;A′

0, A
′
1, . . . , A

′
n

)
∈ B

K
k
α(A′

n)

for a certain e′n ∈ R. Finally, put En := I[ϕ(e′n), α̺n].
By (2), (3), the theorem of Lagrange from elementary analysis, and the

self-evident observation that, for any x, y ∈ R, r > 0, and δ ∈ (0, 1), we
have I[y, δr] ∈ Bδ(I[x, r]) if and only if |x− y| ≤ r(1− δ), for all n ∈ N we
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have:

E′
n ∈ B

K
k
α(A′

n) implies En ∈ B
α(An);

An+1 ∈ B
β(En) implies A′

n+1 ∈ B
k
K
β(E′

n).

It then follows:
⋂
n∈N E

′
n = {limn→∞ e′n} ⊆ W , which clearly gives, being

ϕ continuous,
⋂
n∈N En = {limn→∞ ϕ(e′n)} ⊆ ϕ[W ]. q.e.d.

The main (and last) result of this note is now deduced by simply com-
bining Theorems 2, 5 and 7:

Corollary 8. The family of winning sets has the large intersection prop-
erty.
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