Forcing & the Continuum Hypothesis (M16)
Professor Benedikt Lowe

The method of forcing is one of the most important model constructions in set theory and its
versatility is the reason for the plethora of independenee results in set theory, [t was developed
to solve one of the most important foundational problems of the 20th century: determining
the cardinality of the set of real numbers. Cantor's Conbinuum Hypothesis asserts that the
cardinality of the set of real pumbers has the smallest possible value: David Hilbert

Every infinite set of reals is either equinumerons with the set of natural numbers (CH)
or equinumerous with the set of all real numbers. Equivalently, 2% = §,.

When he presented his list of twenty-three problems for the 20th century at the Infernabional
Congress of Mathematicians in Paris in 190, David Hilbert listed the the question whether
the Continunm Hypothesis is true as the very first problem on his list. It turned out that this
question cannot be solved on the basis of ZFC: in 1938, Kurt Gaodel showed that CH cannot be
disproved in ZFC; in 1963, Paul Cohen invented the method of forcing to show that CH cannot
be proved in ZFC.

In this course we shall study the basics of the method of forcing in order to present Cohen's
proof. The course will discuss:

. models of set theory (in particular, transitive models, the Lévy reflection theorem, and Hilbert in 1912

the theory of absoluteness); 23 January 1862
Kinigsberg of Wehlau,
Kingdom of Prussia
14 February 1943 (aged 81)
Gattingen, Mazi Germany

. showing relative consistency proofs with the method of forcing; University of Kénigsberg
(FhD)

. the construction of the generic extension of a countable transitive model (in particular,
the syntactic and semantic forcing relation, the forcing theorem, and the generic model
theorem);

. applications to cardinal arithmetic (in particular, preservation results and the consistency
of <CH and related results).
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Amencan malhematician

Paul Josaph Coben was an American
mathematician. He is bast known for his proals
that the confinuum hypothesis and the asiom of

Godel ¢. 1908 chisice are indepandent from Zermelo—F rasnkel
HKurt Frigcinich Ghdel ¢ theory, for which he was awarded a Fields

Aprd 29. 1908 Medal Wikipedia
Brinn, Austria-Hungary [row -
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