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Example 4.21. The functions fy (signum function), f; (predecessor function), fi (cut-off
subtraction Jlrunrfjun}. f:{ (absolute difference function). fy (difference check fru;rhnuj, and
Is (remainder mod q function) defined below are primitive recursive:

0 ifn=0and
1 iln>0:

0 if n =0 and .3
n—1 ifn>0

() if n < m and
n—=m ifn>m;

fnfn ) := signumin)

filn) :== p(n)

. n—m if n > m and
fs(n.m) = |n — m| : _
? m-=n itln<m:
: 1 il n# m and
faln,m)

faln.m) i=n<=m:=
' 0 uUn m: and

fsln) := rin,m) kil and only if n = k (modm)

Squwowt (0) 1= O ‘:(ﬂ) =0
e (wray: = 1 l:;(,u.ﬂ'] = N
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APPLICATIONS

Splitting & merging words.  Woe use our access to anthmetical functions to define split-
ting and merging operations on binary words. Consider the anthmetical fanetion

which is the well-known Cantor sgzag bijechion that Cantor used to prove the countability of
the rational numbers @ (cf. the proof of Lemnma 1.1), This fanction is a composition of the
I:liL-II' .i1i.1]||:1||l|||:'.|i fl!lllr'rluh*- 1h.1r wie .1|.1'|'.l|.||'|. |'-\.I.|.|-':|-||.~-| AN PrImitive reciursive, .-I|l| Il.l-tl-i'
T Ii!l!i'l!']" 3.2 IIr||j|I||.1|1Ir|I' S, r_|||- maps (&, W) — b ||' #EiE =&, #ter) B A |||J|.|||||'I.|h|_1-
|"||||.l.|:|u|.;| W wWrite s gy i .|.1||] 1.|” E|'.;|- lll."'::ltlllll e rEprg and w inlo a tu.lr,lh warrd,

|J||' merging unction s n totil |.-|-I:||L|I|I.|.||lr' 1::}_|| tian il-l'|'-lb1'1_l 3' .|_||1! :‘: |r'-. R LR R N
taking a word o adwd Ii]llhll'.', v and e stieh that o e i i also be [t formed v i rogisted
machine: note that we koow that these words mmst exist, sipes Che Cantor ripag funetion
5 o bijection and that if the formula s valid, then oov < w, 0 we only need (o search
through hnitely muans |ltr‘-*—-|h|l' valwes of w and v, This opcration is « alll ‘II'.Illlu'.IIn'llll u. mia hwo
words, [t gives rise to two computable total functions g : B = B and «: B = B such that
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