V Stxdeoutn. lechre, 2l Novesaber b2y
K v ﬂ Acthuate. 2 TFznaa L“ﬂ“"ﬁ‘a

Wiese e we 2

C.'hnrl.er &, COMPOTABILITY

2 L.A ’Ja%w Maclude g

&u.2 [Duat e RMg do ?
PerRFoRM ORERATING
AdNLER QUESTING
B &3 Gupoteblo Cpsha)) g
Coumporable X c.e. sets
EXAMPLES G ustout Souckvug b7 P'ﬂ“'-
Gonesty & 4% CoDING NOHBERR =

Lechne XY

8§ k4t Godoy wwbers
Hw) < 2%

Hw = 0"l bid) -4

#'}t: IN—- B TNGoES

£, 0,4, 00,04,10,
A1, 000, OO4,CAQ,



Nh -——> N adeds o RE
S e
r® "lB /”
F(w) = # )
iy

(Ve S‘itlr\h.c‘r AT N% < ‘"—Dmru’&blﬁ. oT c.e.
12 %ﬁ)#ﬁ) &"E\'S 'S .
.

.Q.nuup[a‘i
A . Gusloar 5&;2 Prjedvus are. Qo Pukbhp_,
ol. W= 111’0 ' &“‘PM&-
3. Pudwu AU— A S
Cnutrauhbfﬂ.-

i 7
' Quecescor ,%md\bu_ e




= oo 0M Wecesew .r/ A

\
‘,";‘S‘ /»./‘ /ﬂ
‘< 7 7 7
, ) ( Lu o v . J
k la,',f_'(, & ,-’; ‘~\ “\‘; t:,‘ ‘v\ \“ ,“"o ‘IR M‘-‘ & {f)* O‘
WA

v
X )') d

: N)ﬂ) ‘' O
- o  n Mk (e e © ,3 € LD A
_I\*‘\\ V<;.\ O =% MQS ) Q - b ‘) S M\‘\ oL W;\\Aa 3

be ‘g; ;’\M\ |t ’3\ 'q‘k

o 4a 28 © 0.
(\XL@ R\ LuY»S TRPR ‘& v X 2 K
AN

i




Applications: numerical information in computation & truncations. DBeing able
to refer to numbers via their codes allows us to represent several operations that require the
use of numerical information.

Proposition 4.15. The question “If v 1s the reqister content of register 1. what is the #uvth
letter of reqister j¢° can be answered by a register machine.

Proof. Take unused registers k and £ and empty them. Copy the content of register j in re-
verse order to register k by Example 4.9 (11). Repeat the following subroutine until register {
contains v: Remove one letter from register & and apply the successor function s to register (.

When register { contains v, answer the question “What is the final letter of register £7" by
Example 4.9 (G). Q.E.D.
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Similarly, referring to numerical information can be used to refer to computation steps

asking a given machine to run for a fixed number of steps; we call this truncation and it will
play a very important role in §4.8. If M is a register machine and k.n € N

i%. Weé Can llq'ﬁllr'
sets Tharin © B*, Tarsx € B**!, and Ty € B**? as follows:

Iapin := {0 ; M has halted with input « after at most n steps},
Dy i= {0, u) : M has halted with input « after at most #u steps}, and

Trp = {(,u,v); (o, u) € T and v is the content of register 0
at time of halting }

Proposition 4.17. The sets Ty 4 .. Tagg, and Ty, are computable.
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8 4.5 "Riuwkwe recorcde %udnu

Uber formal unentscheidbare Sitze der Principia
Mathematica und verwandter Systeme I".
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e Entwicklang der Mathematik in der Richtung zo griffierer
Exaktheit hat bekanntlich dngn gefithrt, daf weite Gebiete von ihr
formalisiert worden, in der Art, dall das Beweiscn nach cinigen
wienigen mechanischen Hegeln vollzogen werden kann, DNe wmfas-
sendsten derzeit nufgestelltan formalen Systeme sind das Svstom der
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Suppose f: N¥ --» N, g: N**? ——s N, and ¢y, ...,qu: N* ==+ N are partial numerical
functions, then the partial numerical function ¢ defined by

c{it) := fgi(7), .... gu(T))
is called the composition of f with (gy. .... i) and the partial numerical function r defined by

r{n,0) = f(i) and

rin.m+ 1) = gin,m,r(n,m))

is called the recursion resull of f and g. A class C of numerical functions is closed under
composition or recursion if, whenever f. 9,9, ..., g, are in C, then the composition of f with
(§1. ...s G ) OF the recursion result of f and g, respectively, are in C. The numerical functions
listed in Proposition 4.14, i.e., the identity function, the constant functions, the projection
functions, and the successor function are called basic functions. Proposition 4.14 proved that
they are all computable.

Definition 4.18. The class of primitive recursive functions is the smallest class of partial

functions containing all basic functions that 1s closed under composition and recursion.
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Example 4.20. We build addition using the basic functions and operations.

(a) The identity function is a basic function.
(b) The function w32(n, m, k) = k is a basic function.
(¢) The function s(n) = n + 1 is a basic function.

(d) The function somys is a concatenation of the functions in (b) and (¢): semye(n,m k) =
k+1.

| (¢) We now apply recursion to the funetions jy (a) and (d), Le.,

F(n,0) = id(n)
$(n,m+41) = s(mgaln,m. +(n,m))) = +(n,m) + 1

The addition function + defined by these recursion equations is primitive recursive.

The recursion equations given in (e) are the so-called Grussmann equations for addition.

+(m,0)=m
A (mwmen) = A (waw) ¥4
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X(u,0) =0
x (W, W) = x(Mw) + N

exp(%,0): = 4
(J_LP(_FK‘HL‘UC)"’: Q"P(M‘me‘



