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There is an alternative proof for union and intersection that can be instructive in certain
contexts. Given nonempty sets @ and @', as well as F € Q and F' C @, we let

FAF ={(q.d)€QxQ:q€e Fand ¢ € F'} = F x F' and
FVF ={(q.¢)eQxQ:q€ Foryq € F'}.

We can now give a product construction of two automata: if D = (£.Q. 4, gy, F) and D' =
(E,Q, &, gy F') are two antomata, we define

Ix8:Ex(QxQ)—QxQ :(alg.q)) :=(6(a.q).0(a.q)).
This allows us to define product automata for intersection and union as follows:

DAD :=(Z,Qx Q.8 x ¥, (go.q). FAF'),
DvD = mrqxqsﬁxﬁ(%'ﬁ)-"‘”m-

Proposition 2.18. For any antomata D and D', we have

L(DAD) = L(D)NL(D') and
L(Dv D)= L(D)uL(D).

Proof. By definition (and induction), § x &'(w, (¢.4')) = (8(w.q).8(w.q)). Therefore,

we LDAD) < §x ¥(w.(p.%) € FAF HoMEWO R . |
<= (§(w.q).#(w,q) € F x F* Cuock ket yoo
= §(w.qo) € F and §(w. ) € F'
= w € L(D) and w € L(D),
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