AUTOMATA AND FORMAL LANGUAGES (C) 24 lectures, Michaelmas Term
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Recursively enumerable languages

Register machines. Recursive functions. Hecursively enumerable sets. Chureh's thesis. Undecidability of
the halting problem. Universal register machines. The recursion theorem. The s-m-n theorem. Reductions.
Rice's theorem. Degrees of unsolvability. Hardness and completeness. {10}

Regular languages

Deterministic and non-deterministic finite-state automata. Regular languages. Regular expressions. Limi-
tations of finite-state automata: closure properties; the pumping lemma; examples of non-regular langunges.
Minimisation. {9]

il

Context-free languages
Context-free grammars. Context-free languages. Chomsky normal form. Regular languages are context-
free. Limitations of context-free grammars: the pumping lemma for context-free languages: examples of

"

non-context-free langunges. |5]
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David Hilbert ““_Bmls TENTH Tmm

Maihematische Problame

Vortrg, gobalten aof des internationales Mathematiker-Kosgred
e Prris 19006
Van

I, Milkert.

War von ona wilirde nicht gern den Behleior Hiften, anter dem
i Zokusdt verborgen lisgt, =m cinen Blick =0 werfen auof dis
bovorstehandan Portackritte mparer Wissenschalt mnd i dle Ge-
belmuiess [hror Entwickelusg wihresd der kilnftigen Jahrbon-
derta!  Weleke besonderen Fiele werden &8 ssin, denem dis fib-

Hilbert in 1812 reodin mathsmatischen Golnar dor kotnmendes Guscklechior mach-
atreben P welehs nesen Methodss usid newen Thabwehen werden
Born 23 January 1862 dis newen Jabrbunderls emtdecken — aef dem weiles und relchen
Kéanigsbera or Wahlau, Feldo mathomubischen Donlens?
Kingdom of Prussia
Died 14 February 1943 (aged 81) 10. DETERMINATION OF THE SOLVABILITY OF A DIOPHAN-
Gattingen, Nazi Germany TINE EqUuATION.
Education  Universily of Kiinigsberg Given a diophantine equation with any number of un-
(PhD) known quantities and with rational integral numerical

coefficients : To devise a process according to which it can be deter-
mined by a finite number of operations whether the equation i

la, CBJ solvable in rational integers.
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Lemma 1.1. If X and Y are countable, then sois X x Y.

Proof. First of all, if either X or ¥ is empty. then X x Y is empty, so we can assume that
they are both non-empty and pick surjections 7y : N = X and 7y : N =+ Y. Remember from
Numbers & Sets that there is a bijection z: N x N = N, e.g.. Cantor’s zigzag bijection

(i+)iti+)

2
which will feature prominently in §4.5. Given any n € N, find i and j such that n = 2(i, )
and define f(n) := (7x(i). 7y (j)). It is easy to check that this is a surjection onto X x Y.
Q.E.D.

(4,7) =

Proposition 1.2. If X # @ is countable, then X* is infinite and countable.

Proposition 1.3 (Cantor’s Theorem). If X is infinite, then the power set of X, i.e., the set
of all subsets of X, denoted by p(X), is uncountable.

Proposition 1.4. If X is countable, then the set of finite subsets of X is countable.









