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Fix an upper register index m and n < m. f o = (wy. ..., w,) € W' we write & for
the m + 1-tuple (wy, ... wy, £, ....£) € W™ ie., the tuple « with all remaining entries filled
up with the empty word. We think of the registers with the indices n 4+ 1 to m as scralch
space that the machine can use to keep inforthation while performing its computation.

Let F: W™ —— W"*! be any partial function. We say that a register machine M with

narn<+|

upper register index m performs the operation F if for all " € W
(i) if F(a)T, then M diverges on input & and
(ii) if F(w')l =, then M converges on input o™ with register content ¢ at time of halting.

If F'is a total flunction, we sometimes emphasise this by using the phrase “M performs the
total operation F

A question about n 4+ 1-tuples with k 4+ 1 answers is a partition of W**! into k + 1 disjoint
sets Ag, ... Ap. E.g.. the question “does the second register end with a7 is the partition
Ap == {; FJv(uy = va)} and Ay := W'\ Ay. A register machine M with upper register
index m answers a question about n 4+ 1-tuples with k 4 1 answers if it has k + 1 designated
answer states gy, ....qp. and input input @ € W™ the computation of M with input

produces in finitely many steps a configuration (g, ") if and only if o € A,
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Let Q@ = {Ag, A1} be a question about n-tuples with two answers and F : W™ --+ W" an
operation. Define by recursion FO() := & and F™*' () := F(F™(«)) and

R . T Fo(u) if m is the least number such that F™{(w) € A; and
Folw) i= + if there is no such number.

The operation Ry g can be described as “repeat F until the answer to @ is A,7

Lemma 4.8 (Repeat Lemma). If @ = {As, 4} be a question about n-tuples with two
answers that can be answered by a register machine and F : 'W" -—+ W" an operation
performed by a register machine. Then Rgg is performed by a register machine.

Proof. Let M = (X,0Q, P) be a register machine performing F and M’ = (. Q. P’) be a
register machine answering Q. As before, we can assume that QN = @ let r_;_-.,hi,l:‘-.*q”. and
qh be the start and halt states of M and M, respectively. We define M := (X, Q, P) where
t:_.l = () U Q" and ﬁ' s P U P where all occurrences of gy (the answer state for Ag) in the
instructions are replaced by gs and all occurrences of gy are replaced by g5. The start state

of M is g% and the halt state is §; (the answer state for A;). Then M performs the operation
Reg Q.E.D.
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ifw.ve W and w = ly...0p and v = ¢y...00. we can dehne the following order relation:

W= u e — i il Ol

w| = |v| and w = v and

if ¢+ is minimal such that b, # ¢,, then b, < ¢

This order relation is called the shortler order. It i1s a total order, Le., reflexive (for no w,
it is the case that w < w), transitive (if u < v < w. then u < w) and trichotomous (for any

¢ oaned e we either have ¢ < wor w < v or ¢ = w), and = 15 1ts mimimal element. YWe write
[!IE-l'-II_.'iH" {:- cEW: v < u-} for the imtial segment of word analler than o
i S
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4.5 Church's recursive functions

The [ollowing sperations on partinl fanctions were considered by Alomeo Choreh (1903 - 19495)
Tlu faneiiongs
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are called base Teippicf perres Wi have alreacdy |ll-l1.'11.| tlaat all bste functioos an ||.|j||!.l;!|1_|.|-||-

Suppose [: W™ —« Wand gy, ... i : W' —<+ W are partial functions, then the partial
function h dofined Ty *"
|'|Ir|'l _||'-_|.I|I|r'| ..l,,llla- |
i el iee] £l |rlH|||lll'-||'|llr| Jl_|I II il ] FP—_ | - .”!.l' ottt ionnd convention tpsase] i l-;lq'l.ltln.lllu

applies here as well: i aoy term on the right hand side = undefined. then so s the eft hand
siife

St o [ W e Woand g W' - W oare partial functions, then the functbon b
drefined B thi rectirslion ru:mnt‘rmu

I, e} =-f{w) wml Alonzo Church (1903-1995)
hiw, #{:}'!I LS ) X Born Juhe 14. 1903
ks callid thee recursion reswll of [ and g, Washington, D.C.., US
Srppose [ WS T WLl prartind Tunetiomn, Chen the partial function b defined by Died AUQU‘EI 11. 1095 {ﬂgﬂd 92)
¢ A foar all 6 < o, wor hsve that Fla)l and Hudson, Ohio, US
i) ¢ s <-minimal such that [, v) o Citizenship United States
ke Ll NN‘.H"QI : E Alma mater Frincaton Linlversity
ks calledd the momimisation resulf of | E‘_ Known for: Lambds caloukis

Woe sy that o class & of |l.|IFI.'|| functhsns 15 clise] under 1I|[|ll-lr|l-||| poanrsion, dnl Simply typed lambda calculus

Church encoding
Church's theoram
Church—Keene crdinal

Church-Turing thasis
M fﬁ-‘ s mm‘v (’fl E*‘E- @wd Frege-Church ontology

Church-Hosser theomam
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piminisad bon i, whetiever f if, iy s IO I i,' {lyen Ll OO eI of [ with VT
tha recursion resalt of F and g, or the minimisation result of f respectively, are in [

Intensional logic
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