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ON COMPUTABLE NUMBERS, WITH AN APPLICATION TO
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The following operations on partial functions were considered by Alonzo Church (1903 -1995):
The functions

M it W 2 Wb = w, ( projection functions)
TN (LA Cre: W =5 Wi = £ (constant functions)

s:W-oaW:w—rv (where #(v) = #(w) + 1; the successor function)

are called basic functions. We have already proved that all basic functions are computable.
Suppose f: W™ ——» W and gy, .... g : W* ——2 W are partial functions, then the partial
function i defined |}.\'

h(iw) := flg (). .... gmlti))

is called the composition of [ with (g4, .... g ). The notational convention used for operations
applies here as well: if any term on the right hand side is undefined, then so is the left hand

."'-ii‘flf -

] B W W
R
’{:"":“'5 g‘f"iém y \Nl it WA

10 @) - 8@ ).
h-u:j CoMpoMIoN



ReCORION
Suppose [ : WY —+ W and g : W*™2 ——3 W are partial functions, then the function h
defined by the n*rmjiml equations /
had~ &Y

b - . hid, ) = f[u"']-.'uul S }_1'{__
i, s(v)) = g(w, v, h{w. v))

is called the recursion result of f and g.
Suppose [ : W ! --» W is a partial function, then the partial function h defined by

MINIM\ - 2eA -y v if for all v < v, we have that f(u)l and

Qmﬂm h(wf) 1= v 18 <-minimal such that f(u', v) = ¢ or

I\ Tt if for all v, flw,v) # ¢
b
is called the minimisation ‘r?m of f.

We say that a class C of partial functions is closed under composition, recursion, or
ninimisation if, whenever f, g, gi. ..., g are in C, then the composition of [ with (g, ..., gm),

g |

the recursion result of f and g. or the minimisation result of f. respectively, are in (

i \V\;’h”"}’w'




¥ wlieuever Q‘“'“‘;L ore. M e) =
Mauw <lha resolts gﬁf &W\\Sé Cw'f/

ec, /M‘u.mmm o W

o\ dug alese of a\ pe&hal
Q&QE) < Sosedl %wﬁ' E_L\ —+Cver
)




Uber formal unentscheidbare Sitze der Principia
Mathematica und verwandter Systeme ')

Von Eurt Cldel in Wisn

= /
T —

I

[He Eotwicklnng der Mathematik in der Richtung za griberer
Eunkiheft hat bekannibich dazn gofthrt, dal weith Qebicte von ibr
formalisgiert wordes, in der Art, dad dns Bewriscn nach cinlgen
wWeRigen mechaniachon R:'.g'r'.'ln 'I'IEIIH.DF\':H werden kann. Die wmins-
somdston dereedt pafgestellien formalen Systems wimd o System der
Principia Matbematica (PM)% cinerseits, das Zermelo-Fracnkel- ’
gcha (vom J. v, Neamann weiter ansgobildete) Axlomensystesm der P N
Mengenlebre ) anidererspits. Dicsa belden Bystome wind s weit, daf
allo bémie in der Mathomatik angewesdeien Hewolsmethiedon in thoen d
WE- formalislert, Jd. b aul slnlge wenige Axiome ned Sshlafrogeln murick-
ml_;;,ﬂ_,"-.' gefbrd eind, Es liegt daber din Vermutong sabe, dab diese Azjons

lnmsen, auch i enischeiden, Im folgenden wird gereigl, dad dies

L= nbcht der Fall #st, sondern odall es o den beldes angofiilries
3 Eysipmen sognr relativ einfnehs Probleme ans der Theorio der £ q 06 ] Lq }

und Sehlubregeln dosn pmerviches; sllo mothematiseben Frages, dis by
T Q)ﬂ} a}_ﬂw‘!‘& gish im den betrefiemden Systemen @berhanpt formal  siosdrilcken K_"Ti' GDD‘E!
@

..JF.'.J'C
Wﬂm‘ withnlichen ganzen fahlem gl ¢, die sleh ans den Axiomen michs

Wir schalten nun eine Zwischenbetrachtung ein, die mit dem !
formalen System P vorderhand nichts zn tun hat, und geben zun#ichst
folgende Definition: Eine zahlentheoretische Funktion ®®) o (z,, 2, ... 2,)
heiit rekursiv definiert ans den zahlentheoretischen Funktionen
U (2, @y ... Zp—g) Und p. (25, 25 . . . Tns1), Wwenn fiir alle 2, . .. 2, £20)
folgendes gilt:

(0, 2, ... 20) =Y (2 ... 2)
o(k+1, 2, “.:c.,}:p(fr,qa{ﬁ:,m,...:x:,.),si!__._..m.).

Eine zahlentheoretische Funktion ¢ heifit rekursiv, wenn es
eine endliche Reihe von zahlentheor. Funktionen @,, o,. .. ¢, xibt, welche
mit ¢ endet und die Eigenschaft hat, dab jede Funktion gi\der Reihe
entweder aus zwei der vorhergehenden rekursiv definiert\ist oder

(2)

*%) D. h. ihr Definitionsbereich ist die Klasse der nicht negativen\ganzen
Zahlen (bzw, der m-tupel von solchen) und ihre Werte sind nicht negativé, ganze
Zahlen. |

%) Kleine lateinische Buchstaben (ev. mit Indizes) sind im folgdnden
immer Variable fiir nicht negative ganze Zahlen (falls nicht ausdriicklich\ das
Gegeunteil bemerkt ist).
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By recursion on the height of the tree, we can assign functions fr, to each non-empty

labelled tree (T, () such that the arity of the function assigned to the root is equal to the
arity of the label £(=):

(&)

(b)

(c)

()

By construction. a labelled tree has height 1 if and only if £(2) is a basic label, i.e., Bf ..
B. or B*. In this case, let fr¢ = i, fri = Cre. OF frs = 5. respectively.

Suppose the height of the treeis &+ 1 > 1 and £(2) = C, ;. Recursively, we assume that
the construction is already done for all trees of height < k. Note that all of the subtrees
starting with the immediate successors of £ are labelled trees with height < k, so we
have already assigned functions of the right arity to them. By construction, £ has n + 1
successors: the first one is assigned a function f of arity n, and all others are assigned
functions ¢; of arity k. We let fr; be the composition of f with (g;..... ga).

Suppose the height of the tree is k + 1 > 1 and £(¢) = Ri. By construction, £ has two
successors: the first one is assigned a function f of arity & and the second one is assigned
a function g with arity k + 2. We let f;, be the recursion result of f and g.

Suppose the height of the tree is k41 > 1 and £(2) = M. By construction, £ has a unique
successor that is assigned a function f of arity £ + 1. We let fy; be the minimisation
result of f.
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