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The ‘“computable” numbers may be described briefly as the real
numbers whose expressions as a decimal are calculable by finite means.
Although the subject of this paper is ostensibly the computable numbers.
it is almost equally easy to define and investigate computable functions
of an integral variable or a real or computable variable, computahle
predicates, and so forth. The fundamental problems involved are,
however, the same in each case, and I have chosen the computable numbers
for explicit treatment as involving the least cumbrous technique. I hope
shortly to give an account of the relations of the computable numbers,
funetions, and so forth to one another. This will include a development
of the theory of functions of a real variable expressed in terms of com-
putable numbers. According to my definition, a number is computable
if its decimal can be written down by a machine.

1. Computing machines.

We have said that the computable numbers are those whose decimals
are calculable by finite means. This requires rather more explicit
definition. No real attempt will be made to justify the definitions given
until we reach §9. For the present I shall only say that the justification
lies in the fact that the human memory is necessarily limited.

It is my contention that these operations include all those which are used
in the computation of a number. The defence of this contention will be
easier when the theory of the machines is familiar to the reader. In the
next section I therefore proceed with the development of the theory and
assume that it is understood what is meant by “machine”, “tape”,
“geanned ', ete.

Automatic machines.
If at each stage the motion of a machine (in the sense of §1)is completely

determined by the configuration, we shall call the machine an “auto-
matic machine” (or g-machine).
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Let ¥ be an alphabet and Q a non-empty finite set whose elements we shall call states. A
tuple of the form

(0,k,a,g) eNxNxExQ,
(1,ka.q.¢) ENxNxExQxQ,

(2,k.q, ) ENxNx xQxQor

(3.kqqd) eNxNxQxQ

is called a (X, Q)-instruction. For improved readability, we write

+(k.a.q) := (0.k.a.q). (“add”)
Mk.a.q.¢') := (1.k,a.9.9). (“check™)
2k,e.q.4') := (2.k,q,q) and (“check™)
_{k'l q1 ﬂ := (31‘ k'l qi q'] {“rem.FEF )

Instruction Interpretation

+(k,a.q)  “Add the letter a to the content of register k and go to state ¢."

2k.a.q.q") “Check whether the last letter in register k is a: if so, go to
state ¢; otherwise, go to state ¢"."

?2(k.c.q.¢') “Check whether register k is empty: if so. go to state q: otherwise,
go to state ¢'."

—(k.q.q")  “Check whether register k is empty: if so, go to state ¢; otherwise,
remove the final letter of its content and go to state ¢'”.
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We say that a sequence C := (g, wy. ..., w,) € Q x W" ! is a configuration or snapshot of
length n + 1. In such a configuration, the first entry g is called the state of the configuration
and the rest is called the register content of the configuration. If M is a register machine
with upper register index n and C is any configuration of length m > n + 1, then we can
define the action of M on C: we say that M transforms C to C' if the following is true:

Case 1. If P(q) = +(k,a,q¢') and C' = (¢', wo, ..., Wi 1, Wty Whspy eoey Win )
Case 2. If P(q) = 7(k.a.q.q").

Subcase 2a. w = wa for some w and C' = (', wy. ... W) OF
i f ]

Subcase 2b. wy # wa for any w and C" = (¢, wy, ..., wy,). s
Case 3. If Plgq) = Hk,e.q.q"),

Subcase 3a. wy - and O = (¢, wy, ..., W) OF

Subcase 3b. w; # ¢ and C'" = (¢", wy, ..., wy ).
Case 4. If P(q) = —(k,q'.q"),

Subcase 4a. wy, = ¢ and " = (¢, wy. ..., w,,) or

Subcase 4b. w; = wa for some a and C' = (¢", wo, ..., Wiy, W, Wiy ooey Wiy ).
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