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Is the Dream Solution of the Continuum

Hypathesis Attainable?

joed David Hamkins

Let me turn now 1o a second illustration of this pattern of response. Consider the
set-theoretic principle that | have called the powerser size axiom (PSA), the axiom
asserting plainly that smaller sets have fewer subsets:

ve . sl <yl = [P < PO,

Set-theorists understand the situation of this axiom very well, and | shall shortly ex-
plain. But how is il received in mathematics generally? Extremely well! A large
number of mathematicians, including some very good ones (invariably from non-
logic-related areas of mathematics), look favorably upon the axiom when it is first
considered, viewing it as highly natural or even obviously true. They take the axiom
to express what seems be a basic intuitive principle, namely. a strictly smaller set
should have strictly fewer subsets. The principle, for example, is currently the 1op-
rated answer (see HamKins [4]) among dozens 1o a popular MathOverflow question
secking examples of reasonable-sounding statements that are nevertheless indepen-
dent of the axioms of set theory, and the same issue has arisen in at least three other
MathOverflow questions, posted by mathematicians asking naively whether the PSA
is true, or how to prove it or indeed asking with incredulity how it could not be prov-
able. My experience is that a brief conversation with mathematicians at your favorite
math tea stands a good chance to turn up additional examples of mathematicians who
find the axiom to express a basic set-theoretic fact.
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(38) I x is a cardinal. we say that P has the xk-c.c.
(Thus, the c.c.c. is the Nyj-c.c.)
cardinals > x if for every
a cardinal” if and only if M{G] &
and M =P
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If x is a cardinal in M,
P-generic Alter ¢ over M and evervy A > Kk,
Show that if M }
, then P preserves cardinals > k.

Let 1 = ([J]™)
chain. First, assume 4 s regular. Then ([J]" )
s0 by the A-system lemma (see 11 1.6) there s an X = @ with |[X] = & such
that {domi{p,): § € X]| forms a Jd-system with some root r. Since there are
less than @ possibilities [or p,|
w (see Lemma 5.4)

i ‘ ‘ If & 15 singular, then since @ 5 regular and > 2
I h 'ﬂ.'as 2 ;\ ’ uﬂ,i'_ i< A such that ¥ {8 |p| < X} ardinalit (p.: Le¥)
*. { \ 4 contradicts the (| J1°* 1" -c.c. which we have just proved for regular 2. O
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1.6 THERES. Lt a0 be any infinite cordinal, Let @ > x be reguelar and satisfy
Yo < 005" = 0 Asswne | = & aod Yxea( ul < K}, then there o5 a
# oo, anch that |8 = O gnd # forms g d-spatem

Proor, By shrinking & il mecsssary, we may assume |[&f =0 Then
[|laf] = & Since what the elements of & are m individuals is irrelevant, we
may assume | Lo = I Then each x & o' has some order (ype <« as a subses
ol i Sinee ¢ is regular amd 0 > &, there i3 some p < K, such that & =
|x& 5 x has tvpe o) has cardinality 8 'We now fix such a o dand deal only
with &'

For each & < i), B o I aplees that bews than # elements of o', are
subsets of o Thus, | |, is unbounded in 8 If x& o, and { < g let x($)
be the J-th element of x. Since 0 & regular, there 15 some ¢ such that
) s s, | B unbounded in 0, NMow fix &5 to be the least such & (&, may
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Figure 1.1, A 4-Syskrm

if every antichain in F has cardinality smaller

we say IItEIT preserves

“i 18 a regular cardinal”

we have that M =
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. and suppose that [p. ¢ < 0]
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