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MATS3
MATHEMATICAL TRIPOS Part I1I

Tuesday, 6 June, 2023 9:00 am to 11:00 am

PAPER 116

LARGE CARDINALS

Before you begin please read these instructions carefully

Candidates have TWO HOURS to complete the written examination.

Attempt ALL questions.
‘IMEHETHREE questions in total.
m 1 earries 40 marks: questions 2 and 3 carry 30 marks each.
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Firat Lecture. Monday 23 January D073, Large candinal axoms: ther goal i bght of the imcompletenitd phanomenon; gendral kdea ﬂ

penaralizing langeness proparties of & to uncowntiabile cardinals. informal description of large cadingl arloms. Tem on-examples: sizes of A' ’ Pb:

power sets violating GCH (exstence not provable i ZFC, but not necessardy large) and faed points of the aleph functign [very largs, but
puistence provable in ZFC). Reminder: proof that arbétradily large fioed points of normal ordingl operations exst. Largeness properies of w
lemit cardinad, strong lemil cardhinal, regular, (Remanc smallest sleph fired pord ket cofinality M. b thun vingular. ] nsceesssiie candinas

nas coiEibly cordinals afe alaph hoed ponte. Leciur Nole n

Socond Lecturs l'i"l'l:l.lfll;‘-!.r]'.'lf .?5..I'dl'l..r.ll'i.' 2023 Lhang Codels Second Incompleieness Thedhem 10 Drosse hat SOMFTrarg Canrg b pronyed ‘ t #2
Pt
By FFC  an Maysmanin hssdarchy and valid anams of S8t 1hatfy in von Heumann ranis. Second order neplacemant. It & & Inatcotsibile, then

m——-——lr *
V., watisfios second order replacement Absoluteness of inatcessiblity tor von Neumanh ranks. Secend proaf that ol s mal prove mELD I_S
e N— S S =
mot using E&Fﬁ Etc-:-nl:r Inc-:rml:-mrﬂn Theorem; concrete construcion of mogets o LFL. + —IC, Lecture Notes -
Cledew, Y m)
Third Lectuns. Monday 30 January 2023, The consistency strangth heradchy. dofintdfia, masimal slemant, historenl eonnaclion Lo

Hilbert's finrlisl program Consisient theories T such that onsl [ | & nconsmient. The property of w-conskiency (no précisa
dafinition). Strctly increasing sequenced of langih w' unNded AsSUMBEon o W-conumency. STNCHEY INCraMang Meguinces of length o under Lc s

assurmption of ZFC 4+ 1. Definkion of n'.mﬂdli cardinals. Lecture MNode

Fourth Lecture. Wedneaoay T February 2023, if VW e JFC then W g & cardaal in this cass, & b8 8 Bmit cardingl and an sleph Tomsd Doint
(o proof, ef. Example Shaatl #1). Batic model-1hesmtic Concaptys. alamentary squivalencn, alermantary Iubainciun, sldmantary ﬂ -
embedding. Basic model-theoretic results: Tarski-Vaught Tast, elementary chains, Taolis Chas Agroma, The et of woridly cardinals below
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an maccassible casdinal m unBounded; There sre workdly cildingls oF all colmaiities below » among IH-I'EH.;# N e Motes
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Fifth Lecture. Monday § February 2003 Absohilensds upwards absolulensss, dowsaids sbachitenses. Substruciures in modael theory w
e m——
Th Esnguiagm of el Theady and A Inck of fTunclion md coneant sembohl. Delined funciiens pnd conitant symbols. Kon-sbsslutensis of

amptireds lor arbditrary models of ssl theary. Transithe madels of st rrlﬂi Eormuls classes guantifier fres, O, Xy, [1; . Semantic ! : ' |

formiula classan: up 1o equivalence in a theary T. Formudes in A° are absoluie batwesan transiive modais of T, Lacture Malss
—

Sinth Lecture. Weanesday 8 February 2021 Formulas in £ are upwards sbaciute between transitive modeis of T'. Formulas in IT] are

downwards abachite between iransitive imodels of T'. Set theoretic concepts that are i A : funclion, infection, biectian, colinal mubset; m M
ordingl is in A2TC ; wet thearetic concepts that are in Tl, - cardinal. reguter cardinal, inaccessibie cardinal Tranaitive models and s m_

models. Filters, witrafil cipality. Exmience of non-poncipal ultrafifters via Zom's Lomma (no proof]. Measurable

cardnalyl Maasursble carchruls are inaccastibdie Nl ecliire Hole WT
]_ “

Soventh Lecture. Monday 13 February 2023 Infinitary languages: infinitary conjunctions and digjunctions, mlirdtary quantifion, synias and
samanikca. The pepressiva power of infinitary languages transcencs firsi-order loges. Weakly compact cardinals] Wealkly compact cardmals

AfE ML CeStihe -rrm leeaf iy phenomenson in ihe cONSEIBNGY Siengin hierarciy, ProSecis and reduced products, Leciuse Notes u: ’ l !
B iR
Elghth Lecture. Wednesday 15 Eebvuwy 20290 ir ianguages: lengthe of L_, -formules; size of L. Lod's theorem for infinitary MMQ‘
T T e mm m e S Tt

Larai g [diabery Exbenssdn Propacly [WEF). Every vwdkly compact candinal hat the KER

]
Wt proal). Thae smalles] inacoessible cardinal is not 1he srmallest weakly compact cardingd Lectures Mol I ﬂ " E;
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Miakh Lecture. Monday 20 Felruary JOZE Tvery woslly odemnnect candeal kas 1he HrﬂJEl Rt Cr (g m Certsnr pgrprimg
o reflecton. Balow every weakly compact cardhngl Thess afe unbouhdedy My mec r.u:-mlr cardinals Erdie r ..~|:-" R elalem I
Ramdey™s thecdem, Finile partilicon cedinaks. A candimal 15 woaldy compact f end ondy I I s frele parition (wihout r-'w:-I F rube e by

g H col SrCTure i
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Tenth Lecture. Weoneeday X7 Febvuary 2023 Clanure wnejer sl megrEne Giong Norrnal e Lespe ahis cardingdy Carry 3 mevmal
uiraldies (o Dol |.Hll ne Coarcifuala Wil & rormal relies sre Tralld Wadiufntds cardinas and MEminiEry oo desys
A A wilh & mEssTa : ceauhis 4 gl tly Sirohger o wieh [ Eases priceertaly | e apemes

lmhmhing, welfoundedness of The uliragiwey Eransithe uirapowsd AF ag I.in'abuni :n:l.qru of the GRTRpOWSE. AT & W4 | eciume Yot
Y [nate correctinn of proof on page 4)

Eleventh Lecture, Mondey 27 February 2003 The ordinals of M ame A, Tha embedding s (he lontity on Y, . The embedding i3 not The

shsEEY: ) &, Crircal poril of an smbadding v. 1 AL N o othe bl maccesaibiles gsonve m Then W . MaY 4. T
carcinality of {m) s ot most 2% 80 jix) 5ot measuraiie. omee L & M we have that WV« © M (no prool, of. Exsngle Sheet B3)
Rafheclion pIpuments Ndw proal [l (e are wBboondsdly mamy nacciTtlies below & e mlr FClur® Bl

Twablth Leciute. Wedneeday | March 2023 18 & mestimabie m W7 Fry appiosch: rats- srguenent 1hal *a a measurable in A cennot ba
peovably, Second aporoachs surviving cardnady rellection prguemant o thow thal @ '.|IJH|'II|I1-|'|-I;. carginad has Enhoundedly mary massurabie
carthirale belos

Prnal that [ & -compl#ts non-prncipal
ulErafidies on &

Thirteanth Lactung. Maondsy O Margs 2023 The Tl derreod Fiom an slemestany embaddng = absgys aormal. Every meaturabie cardmal
CaITies @ normal unralimer, Strengihereng of th refiection angummrts i L7 S & normad uftralites on <, Ihen IR Sel of insComiaibie candnai

balo & b4 bn d T Gartting rid of the ecceasible cardinal Scolt's trick. Conpbiuctaeg the uilrapose’ gs B irarddive clis of sety. DePnabiity of

AeTEE A e T
e USirapovieeT and i ambadading rom i Ehemanianty amnd the noncetmabliy of ruth. Eermentarity 58 & schams of asoma. The I ‘ # M

Furtamentsl Theotem on Weaturable Cardinaiy a5 8 thacrem schama Clasy theoried won Meumann- Bernays -Godel (NGHE ) mng meday-
rAoens | Y vwrimcat delmitena |Leciing Yol e

Fourtesnth Lachime, Weonescay 8 March 2020 The lsast messurable Catenal mnot the eag? weslly SOMBact proad 1hal & it weakly v‘*l g I h
-

campact i tha wiirepowes A Refiection arguenends shre (hat 1he propety of beng weskly compact reflects beitw & mosneable. Stabls I

ropories sacoessibibty s T-ulable and measuability 4 2 -slable 1-stable propertes sl refiect below 5 masseabile, 2 -stable V M
munl MSCERREEYY. Wilrnels [ormiulat and witness o0jsCte. rmapdursdslily of 5 et & wilhas olyect n L' 1 !rlrilﬂlh sl {"1|D=h'|-"i'\. Kﬂ

ety Eiriladding o Y-dlrdng. Sirmhg Cardinagls. Second eample oF (M 1act 1hal The mase LF s Jir and j e 1! aedl Pusd @roddbera ol each

olhid. Arvy 1 - #1504 property reflects Bekow an o - §Fehg ciddinal. Being B o -Lnong ©ednal canngl Puive & elness obgecl v 'V, I ‘ # A 2

| By B L

Filteenith Leciure. Alonpay 1] Maech 023 The surveeal refation on normsd witral @ees. Macheldl charscieriaabon lemoma. The suivlaad mlateon Qu”l m‘;

it @ wanll-founded, imelleve, trensitive relatson fwithout proof), Machell crdar of wiralibers. Canienats with hegher Wachel grdar and thse
e —

wilness oblects, oy of posde Milchel order refieCIe 81 A 2-Shong canmangd. Strong cardingds. Besnhand caddinais. Lumen s Inconilency m

The Ere-Hagna Meoism on o' - JSnsion hunchiong, Prool of Kunerm's Ianimiancy. Lechue Moles

Sixteenth Lecture. Weitesday 15 Manth J028 Kumen s leimma impbes T thais ©annod Wi s
Axiom cancidates clote 1o the Kunen inconsistency: |1 and 13, Algeberac nature of these arioms and connection to brasd groups l ‘ # L&

Supsrcompacinesy (he supsrcompact analogis of Reinfardt cardmale cannst s sithiee. A refiaction - hased ordenng of afrength of

CArhT Properiset Bnd T8 probiema. asmily Craas Tha iS9ge Cormnal Nersrchy: B DUeraes, | Bo1ums S H q
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