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22.7 Theorem (Solovay, Reinhardt). If ¥ < y. x is y-supercompact iff there is a -Kmm
normal wultrafilter over P,y . -

One observation that can now be made 15 that supercompactness does not mﬂm

entail the existence of greater large cardinals:
22.8 Exercise.

fa) If k is supercompact and i > x is inaccessible, then V, = x is super-
compact

fh) If Con(ZFC + 3x(x 15 supercompact)), then
Con(ZFC 4+ 3x(x 15 supercompact A —3A(A = & A A 15 inaccessible))).
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22.17 Theorem. If & < y, the following are equivalent:

fa) k is y-compact.

(h) There is a j: V < M with cnt(j) = x such that: for any X € M with
| X| <y thereisa ¥ € M such that ¥ 2 X and M = |Y| < jx).

(c) For any set S, every x-complete filter over 5 generated hy at most |y|
sets can be extended to a x-complete ultrafilter over §. :

Reverse direction of the Keisler-Tarski theorem:

Let k be a cardinal. If for any set S, every k-complete filter over S can be
extended to a k-complete ultrafilter over S, then & is strongly compact.

Proof Kanamori, The Higher Infinite, p. 37 (Proposition 4.1):

Suppose now that £ = |o, | @ = i} i1s a x-satsfiable collection of L.,
sentences. Recall that Poi =[x € 4 | |x] < x). For any x € P.A, let M, bea
structure for the language of I so that M, = A__, o,. With the availability of
M, we can assume that i > x. As

[ixePd | yESx]|yePi)

generates a k-complete filter over P,A by the regularity of «, let UV be a x-
complete ultrafilter over P, A extending this filter. Consider the ultraproduct M =
[p,s M. /U. It is straightforward to check that, essentially by the same proof
as for L,,,, Los's Theorem 0.6 holds for L., and ultraproducts by x-complete
ultrafilters, Since for any @ < A,
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