-LARGE Oﬂ«-mb AL

DINALS X
Tewtk LECTURE

LoG\CAL MERARCHIES CoNSERVENCE HERARCHY
et aleugt | < B $§ CreCygp
iy doa Oy =g B4

=T ¥ Bs.P<.D

< D o
<., b § =i

“~ oblw | 25+ CH fric: 2F¥C~ 1CH
2xC ~1CH %G 23+ C\
S'euud, c::“cem‘:ﬂ‘ lg D © a cordinal 0 S we

Cwite BC fr e Boy
¥ &C, g ek L5 (o e loast tucl

e caxcliva) .
Lt Maesable
So L-_ Sis dle leack Wemg)‘@mlgod
p W
Ly Nuosedtelolo

2+ Pl =4 2—R2+£C Ly & Ly 1



WC
&
= T

+ 2 C

2.

% C ZFC AW,
y: CEH:*EC..
R3]
W ‘:aﬂs

27+ WO, .
—

20

I

2%C.

=K
My
Nleag
==

i i I

Noweven &



(20 2 ) s
[-, W, => A (Nm K \waccaseiblo
3 "-“Nmrw)

et 0|
WC = Fa (Na ® wedely
uu(\omi
] k= Q\]u:tm)

2rXC AT C. <> 2FCAIce
- cz.?c.«-z‘c ~C 2FCATC

D> 2EC~ EIC ED EFC—"-‘IQ
| ———
2 C+wnC = Ly = Loy
So 2C - W(C <;4 2+~ > C.

Comdvsiou Necrr <., war = LoaSIg
(% . waed Som-—ﬁda Nlet  belicveyg
W <o WHoot doo weode de—

Caw Fmbe% :



IDENTITY CREES

Annals of Mathematical Logic 10 (1976) 31-57
© North-Holland Publishing Company

HOW LARGE IS THE FIRST STRONGLY COMPACT CARDINAL?
or
A STUDY ON IDENTITY CRISES

Menachem MAGIDOR"
Ben Gurion Universiry of the Negsv, Beertheva, firael

Received 31 July 1974

It is proved that if strongly compect cardinals are conmistent, then it is contistent 1hat
the first such cardinal Is the first measurable. On the other hand, if it is consistent to as
sume the existence ol supercompact cardinal, then it is consistent to assume that it is the
first sirongly compact cardinal,
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NONLINEARITY IN THE HIERARCHY OF LARGE CARDINAL
CONSISTENCY STRENGTH

JOEL, DAV (AR

B B T e R e R T L P
wna mmmber 1B al rrmsshen plaleeqibarnd seprris o D et i ol o arsl-
My wil hirgant 1a b gt | e sl yntiees el pas cisse g o
Ve FFU' it arharh sorreesl i svevsrtad mag, ol e T30 anbome. bet with
& sl 1 Eaked dadsisle g sbviiagl S Lk ke ussiall | o ik s | easae i
Lit Al simiiie oy ey 4l SEIBSR Ll Ra vervems o maey Langs @ anieel
[ T T T T ] T T R e I e e R e

| [ hlwm_-uhﬁiﬂ_i-_hll_‘d
pllrrssaminrd) G b enpladiod, il cnpr bust sl stregent st hemationl s
wevin | fiiwmrly oo vl asd lmboes] weliimbetnl e ossistrncy sticigih. Cilven
awy twni o the lemilier large ranfmal fruibess, e oanple. generally sse of
therns will prvse Uhe romsistoney of Ve other:

Wiy whusiade] e Do liimrns ™ W'l slhel 0o D vourciiosal ot st Bitnsr i S pbvin,
whati ey ofie aeiei S oaupdetaly diffissm -L_-irul-lnl! Klrsim .
alde wariliials siise fon et-theorcte lmis in mesiiee ey Lamey sanlmals
ﬂnhkb-hqnﬁ.nl-humm_“*ﬂn—
il (et ew of mfimiiery bigie. Wl sl Ve dinjmrats o rstins
H“W“““"M bric alidend armpelin nbi md omsbeienscy

Theorem 2. There are statements o and 7 in the language of arithmetic with
incomparable consistency strengths over PA. That is, neither Con(PA + @) nor
Con(PA + 7) provably ymplies the other over PA.

Proof. Using the double version of the fixed-point lemma, we can find distinet
sentences o and 7, each asserting that for any refutation of the other sentence in
the theory PA + Con(PA), there is a smaller refutation of itself. one with a smaller
Gadel code. That is, & asserts that for any proof of - in PA + Con(PA), there is
a smaller proof of = and similarly vice versa with 7.

Neither of these sentences, 1 claim, is actually refutable in PA +Con(PA), since if
one of them were refutable, then one of them would have the smallest refutation, and
this would make that sentence also provably true in PA, which would contradict the
consistency of the theory PA + Con(PA). So neither sentence is actually refutable
and hence both are (vacuously) true.

Since o is not refutable, it follows that PA+Con(PA) 4 is consistent, and so it is
also consistent with the assertion of its own inconsistency — Con(PA+Con(PA)+a).
In any model of this combined theory, o is refutable in PA+Con(PA), but since also
@ is true there, there must not be any smaller refutation of 7. Since this syntactic
situation will be provable in PA, it follows in light of what the sentences assert that
the model thinks that PA proves that ¢ is true and 7 is false. So from Con(PA) it
follows both that Con(PA + ¢) and - Con(PA 4+ 7) in this model.

Similarly, since r is not refutable, we may consider the theory PA + Con(PA) + 7
analogously, and thereby find a model in which Con(PA +7) but = Con(PA+a). So
the two sentences have incomparable consistency strength over PA, as claimed. O
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The analogue of “subset collapse’ is: NOTES, E‘-—:-' =

Theorem 4 (Mostowski’s Collapsing Theorem). Let r be a relation on a set a that
i5 well-founded and extensional. Then there exists a transitive set b, and a |ri]t'l'!iﬂl|.

f:a—=bsuch that (Ve.y€a)lrrye flr fiy)). Moreover, b and f are unigue

Remark. ‘Well-founded® and ‘extensional’ are trivially necessary

A. W e rﬁar@ea
H{f‘:’t:&{-eu&mquh]

Qo



