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(13) As in the lectures, we let

D(A) := {X ⊆ A ; ∃n∃~s ∈ An∃R ∈ Def(A,n+ 1)(∀x(x ∈ X ↔ (x,~s) ∈ R))}

and L0 := ∅, Lα+1 := D(Lα), and Lλ :=
⋃
αλ Lα. We have already seen that Lα is transitive

for all ordinals α. Show that

(a) if α ≤ β, then Lα ⊆ Lβ and

(b) for all ordinals α, Ord ∩ Lα = α.

(14) Let κ be an inaccessible cardinal. Show that

(a) (Lκ,∈) |= Union;

(b) (Lκ,∈) |= Replacement.

(15) Show the Lévy Reflection Theorem in ZF (i.e., without assuming the existence of an inacces-
sible cardinal): if Φ is a finite set of formulas and α is any ordinal, then there is some β > α
such that all formulas in Φ are absolute for Vβ.

(Hint. Assume, without loss of generality that Φ is closed under subformulas and show a Tarski-Vaught style
criterion for absoluteness by induction on the formula complexity.)

(16) What properties of Vβ did you use in (15)? Can you generalise the Reflection Theorem to
obtain absoluteness for other hierarchies than the von Neumann hierarchy?

(17) We define by transfinite recursion: i0 := ℵ0, iα+1 := 2iα , and iλ :=
⋃
α<λ iα. A cardinal

is called a beth fixed point if κ = iκ. Show that if κ is regular, then κ is a beth fixed point if
and only if κ is inaccessible.

(18) Show in ZFC that for α > ω, |Vα| = |Lα| if and only if α is a beth fixed point.



(19) Assume that ZFC + IC is consistent and show that the following theory is consistent: ZFC+
“there are ordinals α < β < ℵ1 such that Lα |= ZFC, Lβ |= ZFC and Lβ |= ‘α is countable’ ”.

(20) Let x be any transitive set and define by transfinite recursion:

L0(x) := x,

Lα+1(x) := D(Lα(x)),

Lλ(x) :=
⋃
α<λ

Lα(x) (for λ limit).

As usual, we define L(x) :=
⋃
α∈Ord Lα(x) and write V=L(x) for the formula ∀x∃α(x ∈

Lα(x)) (note that this is a formula with the parameter x). Show that

(a) for each α, Lα(x) is transitive,

(b) if x is countable and α ≥ ω, then |Lα(x)| = |α|,

(21) Assume that κ is an inaccessible cardinal and x ⊆ N; prove the Condensation Lemma for
L(x):

Suppose V=L(x) and that A ⊆ N. Then there is λ < ω1 such that A ∈ Lλ(x).

Conclude that L(x) satisfies CH. If x ⊆ κ for some uncountable cardinal κ, what bound does
the proof of the condensation lemma give and what can you say about the size of 2ℵ0 in L(x)?

(22) Assume that for all x ⊆ N, we have that ℵL(x)1 is countable. Suppose that κ is inaccessible
and show that Lκ |= “ℵV1 is inaccessible” where ℵV1 refers to the first uncountable cardinal
in the universe.

2


