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Ordinal Arithmetic

We shall now dehine addition, multiplication and exponentiation of ordinal
numbers, using Transfinite Recursion.
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Definition 2.18 (Addition). For all ordinal numbers o K*% U
(1) ¢ + 0=, S‘%
(i) e+ (F+1)=(a+ )+ 1. for all 3,
I:iii:l 0o+ 1= li]]I_-;.- gl + E) for all limit 3 = 0. —= ' '{ﬁ*’g) SQP 3

Definition 2.19 (Multiplication). For all ordinal numbers o C
= ab
Hl £k -“ —- l]. PS‘_? a‘* i
(n) av-(F+1l)=a-3+na for all 3.

(iii}) o -3 = limg_.g o - £ for all limit G > 0.
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Definition 2.20 (Exponentiation). For all ordinal numbers o D EG..EEE DF LEFT/

(i) o' =1,
ﬂj’I: P! ]= a” - a for all 3, ?ﬂl’t‘? ﬁQYHHET-RY.

(iii) a” = limg—ga® for all limit 3 > 0.

l.A.)E. Sawo* Theorem 2.26 (Cantor’s Normal Form Theorem). Every ordinal o >
A*m =(0 (0 can be represented uniquely in the form

9’_ = (O where n 2> l.a 2> 3y > ... > 0B, and ky., .... ky, are nonzero natural
g
& numbers.
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The Cumulative Hierarchy of Sets VON NEVHANN
H1ERARCHY

We define, by transhinite induction,

Vo
Va

The sets V,, have the following properties (by induction):

B,
U Vs
M i

Vas1 = P(Va),

if o is a limit ordinal.

(i) Each V,, is transitive.
(ii) If & < 3, then V, C Vj.
(iii) a« C V,,.
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