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(24) Let κ, λ, µ, and ν be non-zero cardinals. Show the following rules of cardinal arithmetic
by providing explicit bijections or injections between the corresponding sets:

(a) (κ · λ)µ = κµ · λµ,

(b) κλ · κµ = κλ+µ, and

(c) (κλ)µ = κλ·µ.

(d) If κ ≤ λ and µ ≤ ν, then κµ ≤ λν .

(25) Show that the following sets have cardinality 2ℵ0 :

(a) R,

(b) C,

(c) the set of continuous functions from R to R.

[Hint. For (a) and (b), first be precise about what R and C actually are. You might
wish to use the Cantor-Schröder-Bernstein Theorem. For (c), note that continuous
functions that agree on the rationals are equal (why?).]

(26) Show the following additional closure properties of limit levels of the von Neumann
hierarchy.

(a) Let λ be any limit ordinal. Assume ZFC and show that Vλ satisfies AC by showing
that the choice function for any set x ∈ Vλ lies in Vλ.

(b) Let λ be any uncountable limit cardinal. Assume ZFC + GCH and show that Vλ

satisfies GCH by showing that for each κ < λ, the bijection between κ+ and the
power set of κ is in Vλ.


