Exercise 21

Prove the Knaster-Tarski Fized Point Theorem, the Banach decomposition Theorem and derive
the cantor-Schrider-Bernstein Theorem.

Knaster-Tarski Fixed Point Theorem (KT-FPT): Let X be a set and F': P(X) — P(X)
a C-monotone function. Then F' has a fixed point.

Banach Decomposition theorem (BDT): Let X and Y besetsand f: X Y andg:Y —
X be arbitrary functions. Then there are disjoint decompositions X = X7 U X, and Y =Y, UY,
such that f[X;] =Y; and f[Y3] = Xo.

Cantor-Schréder-Bernstein Theorem (CSBT): Let X and Y be sets. If there is an injection
from X to Y and one from Y to X, then there exists a bijection between X and Y.

We start by proving KI-FPT. Let X be a set and F': P(X) — P(X) a C-monotone function.
Define the following set:
A={ACX|ACF(A)}

Consider the following set: B = |J.A. We will show B = F(B) by showing two inclusions:

e BC F(B)
Let b € B. Then there is A € A such that b € A. As A C F(A), we see b € F(A). By
monotonicity of F' and A C B, we see F(A) C F(B). So b € F(B). Thus, B C F(B).
e« F(B)CB
As B C F(B), F(B) C F(F(B)) by monotonicity. Thus, F(B) € A an so, F(B) C B.
We conclude that B is a fixed point of F.
Now, we prove BDT. Let X and Y besetsand f: X — Y and g : Y — X functions. Consider

the following function:
F:P(X)—=PX):S— X \g[Y\ f[9]]

We show this function is monotone: Let A and B be X-subsets such that A C B, then:

AC B — fIA] € f[B]
=Y\ fIBICY\ fA]
= glY \ fIBl] C g[Y'\ f[A]]
= X\ gV \ fIA] € X\ g[Y'\ f[B]]
— F(A) C F(B)

So indeed, F' is monotone. By KT-FPT, this function has a fixed point C":
C=F(C)=X\g[Y\ fIC]]

Then, also: X = CUg[Y'\ f[C]]and Y = f[CIU(Y'\ f[C]). So, we choose X1 = C, X5 = g[Y'\ f[C]],
Y1 = f[C] and Y2 =Y \ f[C] (note these are disjoint). This proves BDT.

Finally, we will derive CSBT. Let X and Y be sets and f : X — Y and g : Y — X be
injective functions. By BDT, there are disjoint compositions X = X; U Xy and Y = Y3 U Y,
such that f[X1] =Y; and g[Y2] = X5. As f and g are injections, so are f | X; and g | Y2. Note



that these functions are reversible when domain and range are restricted: f acts as a bijection
between X; and Y7 and g acts as a bijection between Y, and Xs.
Now, consider the following function:

FiX oy po @ izeX
g Hz) ifze X,

This function is one-to-one, as f and g~! are. If y € Y, then either y € Y; or Y. In the
former case, we know there is x € X; such that f(z) =y, as f[X1] = Y1. In the latter case, we
know there is a unique x such that g(y) = x. Thus, g~*(z) = y. Thus, F is onto. We conclude
F is a bijection. This proves CSBT.
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