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Exercise 12. Assume (X, <,0,S) satisfies the principle of complete induction. We recursively define
a function f: N — X: f(0) =0 and f(nU {n}) = S(f(n)). It can be shown by induction on n that
m < n implies f(m) < f(n). By totality, the converse is also true. Since f is strictly increasing, it is
one-to-one. The set ran f is S-inductive hence f is onto. We conclude that f is an isomorphism from
(N, G, 0,z — zU{z}) to (X,<,0,5). Hence every property true in the former is also true in the latter.
In particular, we have z < S(x) if and only if z < x or z = x.

We now prove that (X, <,0,S5) satisfies the principle of order induction. Let Z be an order inductive
set. We define Z' = {x € X : Vz < 2(z € Z)}. Notice that because Z is order inductive, we have
Z' C Z. Clearly 0 € Z' because there is no z < 0. If x € Z', then S(x) € Z'. Indeed, if z < S(zx) then
either z < x or z =x. If 2 < x then z € Z by the definition of Z' and if z = x then z € Z since Z' C Z.
Hence Z' is S-inductive thus Z' = X. Since Z' C Z C X, we also have Z = X and the principle of
order induction is true.

Let us now assume that (X, <,0,5) satisfies the principle of order induction. We show that it satisfies
the least number principle. Let Z be a set with no least element. Then clearly Z¢ is order inductive
because if for all z < x, z € Z, then x € Z because otherwise x would be minimal. Hence Z¢ = X and
Z is empty.

We finally assume that (X, <,0,S5) satisfies the least number principle and show that it satisfies the
principle of order induction. Let Z be an order inductive set. Assume Z # X, then there is a minimal
x € X such that x ¢ Z. But for every z < x, we have z € Z by the minimality of x hence x € Z since Z
is order inductive. That is absurd, thus we must have Z = X.



