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(43) Let P be a partial order. Define, by recursion on ↵:

• N0 = ;,
• N↵+1 = P(N↵ ⇥ P), and
• N↵ =

S
�<↵ N� if ↵ is a limit ordinal.

Prove that
S

↵ N↵ is equal to the class V P of all P-names.

(44) Let M be a countable model of ZFC and P 2 M a partial order. Generalize Problem (41) from last week
and prove the following general statement: a filter G on P is M -generic if and only if it interescts every
maximal antichain in P that is an element of M .

(45) The results in class imply that p � (9x)('(x, ⌧)) is equivalent to the set

E =
�
q 6 p : (9�)

�
q � '(�, ⌧)

� 

being dense below p.
This problem proves that it is in fact equivalent to

(9�)
�
p � '(�, ⌧)

�
.

(as one would probably expect).
a. Prove that there is a maximal antichain A in E.

b. Prove that there is a function that chooses for every q 2 A a name �q such that q � '(�q, ⌧).

Let D =
S
{dom�q : q 2 A}. Define

� = {h⇡, ri : (9q 2 A)(9t 2 P)(r 6 q ^ r 6 t ^ h⇡, ti 2 �q)}
c. Prove that p � '(�, ⌧). Hint : If G is M -generic then G \ A consists of exactly one point q; prove

that val(�, G) = val(�q, G).

 

DEFINITION
IN GENERAL IF Y IS A FORMULA
AND E TK ARE NAMES
THEN

p11 4 Ts TK IFF

FOR ALL M GENERIC G WITH PEG
WE HAVE

M GIF 4 VALLEG VALCTK.GS



43 Let XP be the class of all IPnames and let YNabe
defined as above

We furtherdefinethe rank of a IP name recursively

A P name of rank a Ca an ordinal is a IP name

T Ti pi licio where pie P and
Ti is a P name of
rank a 2

We now show that the IP names of rank a are equivalent
to Na

No 0 and the only B name of rank 0 is 0

Hence No is equivalent in fact equal tothe Bnameof rank0

Assume for an ordinal X they are equivalent

Nat P NaXP EP LI p E is aIPnameofrankapep
CTp e isof rankedpep

which is Exactly all the IPnames of rankat

In the limit case assume the equivalence holdsforall per

Ny Np UP namesofrankB
Exactly the P names of rank 8

Hence they are equivalent

44 Suppose that G is M generic Let A be amaximal antichain of P that is in M

Let D pep I Fa EA pea
The maximality of A ensures D is dense and it
is open as a union of opens

Thus Dr G 0 3 F p E Da G



F a EA pea a e G by upward closure
Hence a E An G

Conversely suppose that foreverymaximal antichain A
that is in M An G 0

Fix D EM a dense open subset of P

Let A E D be a maximal antichain of D

Then by 40 A is maximal in P
and furthermore A EM

A G 0
AnG E Dn G Dna 0

45 a E is partially ordered as a subset of a partial order
By 40 a every antichain in a partial order iscontaina maximal anti chain Thus proving that a maxima
antichain exists reduces to proving that any anti
exists However ifanEicing YfPtI isthmptyrindedGEE g is an
problem is trivial so I a maximal antichain A
containing 93

b Let F be a family of sets Fg where

HgeA Fg 0 I 911 Tco T
ined

Then by the axiom of choice there exists a 1
choice function that selects ogEFg forevery chain
g EA

The
C Weneed to show that for all M generic G withPEG

MLG E Y ValloG Val T G

G is M generic Gn A 0 Nowsuppose

n g E G A n q

Then I r e G St ren and req
n 11g But n.geA n 19 contradiction



Gna g for some 9

911 4cog T
MEG K 4valcogGJ valet G

Hence if ValCoq G valco G then we aredone

Vallo G valen G I In EG Min E o

ValCoq G valen G I Ine G yn E0g
We have defined

o stir laneA AtEP renaret a Hit eOn

Suppose a E ValCoqG Then It such that
a Val it G and In EG LIT n EOg
Lit n E O 2 Eval O G

ValCoq G Eval O G

Suppose a Eval O G Then IT such that

a Valli G and I r E G Lt r E O

I neA Ft EP r In a ret n ITEDEOn

But upwardsclosure neg ne GnA

neg
Lit t EOg a EvallogG
Vallo G E Valla G

Vallo G ValCoqG


