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webpage as a single pdf file.

(43) Let P be a partial order. Define, by recursion on a:
L4 NO = 07
e Nyt1 =P(N, xP), and
o No=Ujso, Np if o is a limit ordinal.

Prove that |J,, N, is equal to the class V¥ of all P-names.

(44) Let M be a countable model of ZFC and IP € M a partial order. Generalize Problem (41) from last week
and prove the following general statement: a filter G on P is M-generic if and only if it interescts every
maximal antichain in PP that is an element of M.

(45) The results in class imply that p I (3x)(¢(x, 7)) is equivalent to the set

E= {q <p: (EIU)(q Ik (o, 7’))}
being dense below p.
This problem proves that it is in fact equivalent to

(Jo) (p IF (o, T))
(as one would probably expect).
a. Prove that there is a maximal antichain A in E.
b. Prove that there is a function that chooses for every ¢ € A a name o, such that g I+ ¢(og, 7).
Let D = |J{domoy, : ¢ € A}. Define
o={(m,r):(Fge At eP)(r<gAr<tA(mt)€oy)}

c. Prove that p Ik ¢(0,7). Hint: If G is M-generic then G N A consists of exactly one point g; prove
that val(o, G) = val(gy, G).
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Lt \/“9 be thz class of all P-names and let UNy be
definsd as above

We further dshing the rank o€ o P name fecursively -
A P-name of ronk & (& an ordinal) is a W-vame
‘z:=fc'z:i,pn [icio) whers pieP and
T s & P-nams o
rank < oL

We now shew daat e P-wnames of rank o ace squivalent
= Ny

No=0¢ ond e only Prame of rank O s ¢
Heace No is equivalent Cin fock iqualHo the Pwame of rank 0,
Acsume for an ordinal oL, they are gquivalent

Ngew = PUNgxP) 2= P ({2, )| T is a Pnams o rank o, peP)

fl

{ {(_’z’,'p)] T iSof vank coe,?eﬂ’ﬁ
which is 2xach~j ol the P-namss of rank ol
T Yhe Lmit case assume fhe squivalence holds for all @<y
N_J = (e[gx NP =;9L<)‘g§l?—mmzs of vank p}
= &Xedy e T-nomesS of rank .
Hence h\‘aj ore equ(\/o.l&vk-.
Sup?oss ot G s M-—ganer\'c. Letr A be a
maximal antichain of P~ Hhat s in M.

Lev ’D’-{pe Pl JdacA (p < o]

The mm(ma\{hj of A ensureet D s dense, and it
S oPen as & unien of opend.

Thus DaG*®. => Ap€Dna



= JacthA Psa = ae G \D:j wpwo.r‘ol closure
Hence a € AnG.

Conversel suppase  that for 2_\!9«13 moximal antichoasn A
Prok 1St M, An G # ¢.

Fix D&M a dense open subset of P
Let ASD be a moximal antichain of D.

e by (40) A is woximal in ¥
ond furthermore A €M,

= AnG# ¢
AcG € DG = DG # Q.

(“l S) a. E s 'Far'l'l'all ordered as a subset of a "Po.r'h’a_\ ovdes
‘83 (1o a) eN onhonain in a -Parh'a,l order & conia
n & MmoeRivaal T antiaein . Thus Pprovi Mot o vnoxivaa
onhchoun £X(s7S reduces to Provt Hot ang ont’
exists, Howsver, if E is nonswmpi , hen e o
C‘E‘JE) %q} 'S an anfichodn (¥ € 3s “:.mphj hen
problem 15 frivial) soe I oo wwoximal omtichoin A

Cx:vv\'cdv\'.\V\S {qg
b Lex F bz a 'Paw\.i\\j of sets Fq where

VqeA  F =10 | qi- Yo, |
ined

Then e oaxoun of choice ) thewe eXIErS a \
onotee T funchion  Yhat selects” 0 € EI for esfen chain
q¢ A.

he

C. We nzed o Swow fhat for all M-generic G with pe G
MLa] = Yel(o,6), vallT, ad)
G is M-gencric = GaA #¢. Now suppose
n,q3é Goh, n¥qg
Then I v e G & rén and 744

= nllq. But ngqe A = nlq  Cowmadickion



= GnA={q] fr some q

q \=Yiog,T>
= MLG] FE PO\, &), val(y, 6))
Hence i€ vallo, 6) = val(o, @), then we are dene.
val(s, @) = X\m\(M, &l 3aeas iMmd e o—}
Val(O’q) G) = {VA\(M, & 3nea <mund € o;lf
We have defineal

o= J<mry1@neA)@teP) cennret Admid>enyf

Supposs  RE VAl (0q,G). ™en I suh that
=N, &Y amal Inel <mynd> &gy

= dmnd €0 =S A eyalls, 6
= Nallog,6) € vallo, &)
Suppose & € val(d, G). Then IT sSuch thaf
& = NaW(T,8) and Ar 66 L € 0
= (A ReAYILEP) ren A ret A LTMEIE O
But upwaro(s closuct => nelG =>ne GnA
= r\zci
= {mt> 60'1 = DLE.\!Q\(DZD&)
= vall o, &) € vallog, &D

vallo; &) =Na\ (69, @D,



