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3.B  The Borel Hierarchy

The collection of all Borel sets can be steatified o o hlerarchy,
Definition 3.5. Let 2 be a topological space. The classes
ETZIT | Z2A; | ZC MZ)
are delined by induction on o > 1:
o Bl Z=]VLCZ|Visopen}:
e E [ Z={U X | I Inew)(l €4, <a A X, e g | Z)}, for

a> 1
il [ Z2={Z\ X | X e X | Z}, for a > 1;
e A1 Z=02 1 ZNITZ. fora21

Definition 3.16, A set {7 C =w = “w s universal for a pointelass Tl

VAC "w({AeTl == dac"w (A=)

Proposition 3.17. [f I" s closod wnder trivval substifutions and it s selfe

i et then 11 does nof hare a universal sef

Corollary 3.18. Assume AC(E). For vach 0 < a < wy, E:I ireel H': fuizeee

o universal set. Therefore the Borel hierarchy is proper, v.c.,
o B0 2 TL,
o Al c E' and A? C IT.,
e X' C Al and IT C A} fora <
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A term is either a hrst order term or a second order term. The hrst order
terms denote natural numbers and are defined as follows;

T\' e the lirst order variables are first order terms.

—_— 0_
e the constant () is a first order term. "'\\1

e il { and u are first order terms, then so are 69”&'“ /rzu\":, v EHILGJ

S, t+u, tew {tud, t1, tm 0),  Pr(tu). m /EJQING &f}”\]
Swee W sV

[oash spper broinol

1 =]
are first order torms T oy =]

TR
rTln- second order terms denote elements of the Baire space and are defined L%
as follows: ﬁ? :;LG!@E ~
o a second order variable 1= a second order term, gjcﬁ 3
e
e if + and u are second order terms. then so are @\ﬁ:f@f ){i (_n'k) N 3((2’*-1)
Sy, 7, t&w, tr, o,
[ QS (u. =y (2

=
e il u is a first order term and {15 a second order term, then x(&} 2!2 h'

e [I]“ B—' I —_— (.k_) 2“';,.1_}".'
= are second order terms. i
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\- e if 1 1= a first order term and 18 a second order term, then

Val(t,u), Code(t.u),
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Definition 4.5. A formula ¢ of A" is:

. 1s obtained from atomic formule using the boolean connectives
L‘.-I_.'llldt‘{l guantification over first order variables, 1.e. quantification

of the form = ROVNIED
32V (21 y{” A @) and \ vz (20 < 4@ = o). ERV ANT T ER
= — 0
For notational simplicity, we will write 32" < ") @ and vV < y") . o

armulae are also called ¥ formule or I1f) formula;

= (A) 3 W) U'llt (A)

" it is of the form "'3 X X
D \ ! .
w A
a I1" formula; N\ \1] -
@ it is of the form \ — -—

el P

with P a ¥ formula, |Therefore ¢ is IT) | iff it is equivalent to the
0

, formula,
i T ] Nt eoRECT =k L3 --.Qeé—D‘V ¢

negation of a X
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Lemma 4.21. Suppose A CN,,, is ih AY(X),) Then A is clopen in Ny ,,.

E—

Lemma 4.22. Let C T N;,,. IfC € X) then C is closed.

1

Theorem 4.23. Let AT N;,, and X CR. For everyn > 1:

(a) fA€ X0X)or A€ IT°(X) or A€ A°, then A€ =° or A€ II° or ||
A€ Al Conversely

(b) Assume ACL(R). If A€ X or A € H?, or A € A, then there is a
p € R such HII‘H' 4 e Xp) or A € (), or A € A%(p).
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Mathematics

1’_“"'-1 5:5 (1955), 8B41-847

THE STRICT DETERMINATENESS OF CERTAIN
INFINITE GAMES

PuiLir WoLre

1. Introduction. Gale and Stewart [1] have discussed an infinite
two-person game in extensive form which is the generalization of a game
as defined by Kuhn [3] obtained by deleting the requirement of finite-
ness of the game tree and regarding as plays all unicursal paths of
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INFINITE CAMES OF FERFECT INFOAMATION
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Ir 16 well-kmgpww thay Flalie, we-perian, Sefo-dun geasss wlth perledt

informatlon are scrictly determingd (1| Thers hies been abtbampts to remove

fron this result ssch of theas restrlotians I is the Firvt ol theds with
whilch we will b concammad, |.& . w comilder Inflnils games

Im & paper by Gale and $tewart (1), aere.oum, ©ws.pereos,. [aflslte

gy d with pearfsct Llaflormstisn are dellmsd Famlllaricy with this papesr =1Ll
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wil will mean the (& X K K B, & II. !II: of Gals anld BLewart
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HIGHER SET THEORY AND MATHEMATICAL PRACTICE *

Harvey M.FRIEDMAN
Stanford University

Reveived 17 Aprid 1970

Intreduction

When we examin. the classical set-theoretic foundations of mathe-
matics, we see that the only sets that play a role are sets of restricted
type,; at the risk of understatement, only s2ts of rank < w + w. Further
examination reveals four fundamentai principles about sets used. the
existence of an infinite set; the existence of the power set of any set;

every property determines a subset of any set; and the axiom of choice.

a v i



Tem Joumsil oF Svemouc Lome Annaly of Methematies, 103 Hﬂﬁﬂj, Ha-371
Volume J7, Number 4, Dec. 1972

Borel determinacy

J. B. PARIS
By DoNALD A, MARTIN

Introduction. lnlhhp:pum:huwth:mhrmﬂanmtdmw[m

Introduction

- nl’mmh mul proof - Let Y be a set of finite sequences such that every initial segment (includ-
mﬁﬂ::u. The first :ﬂ'::m:“‘:,“b:ﬁﬂdﬂt:h and su'm: 131 mm ing the empty one) of an element of ¥ belongs to ¥ and such that every
that in ZF o games are determinate. This was then successively improved by element of ¥ is a proper initial segment of an element of ¥. Let T(Y) be
Wolfe E‘] Wﬁ(ﬂd s0 of course m and then hj' Morton Davis "] to I]I The the eollection of all infinite sequences (y,, ¥, + -+ &ll of whose finite initial

: . & segments belong to ¥. For each A S 7(Y) we define a two person game of
results of Morton Dawvis further showed that countable unions of sufficiently

foct | 8(4, ). _ : -
*simple’ determinate sets are also determinate. At this time, however, 13 sets did perfect information §(4, ¥). Two players, 1 and II, take turns moving: I

- - » e picks y,. with (¥ € Y, Il picks y, with (y. ¥ € ¥, 1 picks y, with (y.. ¥ 9 €
not appear sufficiently simple for this method to be applied in order to get X3 Y, ete. | wine just in case {y:iewie A. (w = the set of all natural

numbers.) A strategy for ] is s function » with domain the set of all elements
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Sur les fonetions représentables analytiquement;

Pax M. H. LEBESGUE.

O x w Cela est évident i E est un intervalle, car alors e en est un aussi.

( C__ (D) Or tout ensemble mesurable B se déduit d'intervalles par 'application

w répétée des opérations I et 1T, lesquelles se conserventen projection (*);
s A la proposition est établie.

| [ EBESCUE s TALSE CLATM:
C i C B, Mou $C 3 Bowl [l

|
i | / pC ={x}Jy ("S)ec]

2 qzﬂmw Qb (\13) proved Heat
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