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(15) Suppose α and β are ordinals and define F (β, α) := {f : β → α ; for all but finitely
many γ ∈ β, f(γ) = 0} Define an order < on F (β, α) by

f < g :⇐⇒ f(µ) < g(µ) where µ := max{γ ∈ β ; f(γ) 6= g(γ)}.

Show that (F (β, α), <) ∼= (αβ,∈).

(16) Prove the Knaster-Tarski Fixed Point Theorem: Let X be a set and F : ℘(X)→ ℘(X)
a ⊆-monotone function, i.e., if A ⊆ B, then F (A) ⊆ F (B). Then F has a fixed point,
i.e., a set A ⊆ X such that A = F (A).

Use the Knaster-Tarski Fixed Point Theorem to prove the Banach Decomposition The-
orem: Let X and Y be sets and f : X → Y and g : Y → X arbitrary functions. Then
there are disjoint decompositions X = X1 ∪X2 and Y = Y1 ∪ Y2 such that f [X1] = Y1
and g[Y2] = X2.

[Hint. Apply Knaster-Tarski to F (S) := X\g[Y \f [S]].]

Finally, derive the Cantor-Schröder-Bernstein Theorem from the Banach Decomposi-
tion Theorem.

(17) Consider the usual topology on the real numbers R: a subset P ⊆ R is called open if
for every x ∈ P there is an ε > 0 such that the open ball around x with radius ε is a
subset of P (i.e., {y ∈ R ; |y − x| < ε} ⊆ P ). Let τ be the set of open subsets of R.
Prove that there is a bijection between R and τ .

[Hint. Use the fact that Q is countable and lies dense in R.]


