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In the fifth group interaction, we shall look at Hessenberg’s Theorem. The following is an excerpt
from Jech’s book (pp. 30–31):

(1) Draw a picture of what this function is doing. Calculate the values of Γ(2, 2), Γ(3, 3), Γ(4, 4),
Γ(0, ω), Γ(ω, 0), Γ(ω, ω), Γ(ω, ω + 1), and Γ(ω + 3, ω + 3).

(2) Check Jech’s claims in this text excerpt:

(a) < is a linear order,

(b) if X is a nonempty class of pairs of ordinals, then it has a <-least element,

(c) for each α, α× α is the initial segment of < given by (0, α).

(3) Use the function Γ to prove Hessenberg’s Theorem: for any infinite ordinal α, there is a
bijection between α and α× α.

[Hint. It’s enough to prove this for cardinals ℵγ (why?). Prove it for these by induction on γ: assume that it
is the case for all ordinals ξ < γ and show it for γ.]

(4) Use (3) to show that for infinite cardinal numbers κ ≤ λ, the following three sets are in
bijection with each other: λ, κ×λ, and the disjoint union of κ and λ (i.e., κ×{0}∪λ×{1}).


