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(54) Let X be a Polish space, with topology τ , and F a closed subset of X. Let σ be the
smallest topology that contains τ ∪ {F}. Prove that σ is a Polish topology and that the
Borel sets defined from σ are exactly the Borel sets defined from τ .

(55) Let {An : n ∈ ω} be a pairwise disjoint family of analytic subsets of X. Prove that there
is a pairwise disjoint family {Cn : n ∈ ω} of Borel sets such that An ⊆ Cn for all n.

(56) Let {As : s ∈ Seq} be a family of Borel sets such that As ⊇ At whenever s ⊆ t and such
that As_n ∩ As_m = ∅, whenever s ∈ Seq and n 6= m. Prove that
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(57) Prove that there are a set of measure zero Z and a meager set M such that R = Z ∪M .
Hint : Inspect the proof in class that µ∗(Q) = 0.

(58) Let r ∈ (0, 1). Construct a closed nowhere dense subset Dr of [0, 1] such that µ(Dr) = r.


