HOMEWORK 5

SET THEORY

» 1 (Jech: 2.13). An ordinal v is called a gamma number (also known as additively indecomposable ordinal
or principal number of addition) if for all «, 5 < v, we have a+ 8 < . Show that for v > 0, the following
are equivalent:

(i) 7 is a gamma number,
(ii) for all & < 7, we have o + v =7,
(iii) there is some & such that v = w¢.

» 2. Let o and 8 be ordinals and let o« = w® - kq + - +w® - ky, and = wP - 01 + - +wPm - £, be the
Cantor normal forms of o and f3, respectively. Merge the two sequences to a finite descending sequence
of ordinals 3 > -+ > 7, such that {v; : 1 <i <k} ={a;: 1 <i<n}U{B;:1<i<m},

a=w" py+--+w" - p, and

B=wr g+ W™,
where

L kj lf ")/Z = aj, L gj 1f Yi = ﬂja and
pl_{ 0 if%—¢{a1,...,an}7 Qz-—{ 0 1f’}/z¢{ﬁ1,,ﬂm}
Define
afBi=w"(pr+aq) -+ W (pr )

The operation is called the Hessenberg addition or natural addition. Show that the operation # is
commutative and that a # 8 > max(a + 8,8 + a). Find examples for @ and /3 such that

(@) a#p=a+B#p+a,
(b) a# 8>max(a+f,8+ ).
» 3. We define the following relation for ordinal numbers «, 8, ¢’ and 3’
(o, B) <* (!, ') : <= max(a, 8) < max(a/,3') or
(max(a, 3) = max(c/, 8') and a < ) or
(max(a, 3) = max(/, ') and o = o’ and 3 < f3').
(a) Show that for every ordinal ¢ the structure (§ x &, <*) is a well-order.
We denote by g(§) the unique ordinal isomorphic to (§ x &, <*) and by G¢ : £ X £ — ¢(&) the unique
isomorphism between £ and g(§). Show that for every £ < n and «, 8 € £ we have
Ge(a, B) = Gy(o, B).

Therefore we can define the following class function:

G: (O‘aﬁ) = Gmax(aﬁ)Jrl(aa ﬂ)

(b) Show that the class function G maps pairs of ordinals to ordinals and satisfies the conditions for
(i) injectivity, (ii) order preservation, and (iii) surjectivity, i.e., (i) for all ordinals «,S,a’, ', if
G((o,B)) = G((¢/, 8)), then (o, B) = (¢, 5'); (ii) for all ordinals «, 8,0/, 8', we have G((a, 8)) <
G((o/,0")) if and only if (o, B) <* (o/, 8’); and (iii) every ordinal is G((a, §)) for some « and 3.

(¢) Show by induction that for every infinite cardinal £ we have g(k) = k. [Hint. First show that if the
claim holds for infinite cardinals A < k, then for every infinite ordinal o < K, we have |a x a| = |a|.]

(d) Finally, prove Hessenberg’s Theorem: for every infinite cardinal x, we have |k X k| = k.

If you submit by email, use this address: lorenzo.galeotti@gmail.com



