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Exercise 37(9 points).

Consider the following three directed grapglds, G; andG,. We say that a vertex is below
a vertexy if there is a path fromy to z. We say that: is abottom elementin a graph if it is
below all other elements in the graph. Our three graphs haiterb elementsay, bg, andcy
are the bottom elements 6f,, G;, andG,, respectively.
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In such a graph, it: andy are vertices, we define thgreatest lower bound ofx and y as
follows. If x = y or x is belowy, we say thatr is the greatest lower bound efandy.
Otherwise (i.e., ifr andy are distinct vertices and neither is below the other), we céte
greatest lower bound af andy if

e 2 is belowz,
e 2 is belowy, and
e if any w is below bothr andy, then eitherv = z or w is below:.

Notice that a greatest lower bound has to be unique if it &xiatso notice that in the three
given graphs, each pair of vertices has a greatest lowerdbyau do not have to prove this,
but please check for yourself by trying three or four exarsple

We can now define a binary operatioron the vertices by letting A y be the greatest lower
bound ofz andy. Using this, we define a (possibly partial) unary operatioon the vertices
as follows: —z = y if and only

e z Ay is the bottom element, and

e if for any w, x A w is the bottom element, then either= y or w is belowy.
(In other words:y is the greatest vertex such that\ y is the bottom element if this exists
uniquely.)

(1) For each ofzg, G1, andG,, find out whether- is a total function and give an argu-
ment (1% points each).



(2) With the given operation-, doesG, satisfy the formula— — x = z? (Give an
argument; 2 points)

(3) With the given operation-, doesG; satisfy the formula— — —x = —x? (Give an
argument; 2%z points)

Exercise 38(7 points).

(1) As mentioned in the lecture: Find wellord& andW* such thatW ¢& W* is not
isomorphic toW* & W and explain why (2 points).

(2) Similarly, find wellordersv andW* such thaW @ W* is not isomorphic toV*Q W
and explain why (2 points).

(3) In the first two tasks, you can choose one wellorder to bieefinWhy can’t both
wellorders be finite in such an example (1 point)?

(4) ConsiderL := (Q, <) to be the rational numbers with the usual ordering. Find out
whetherL & L is isomorphic td. and give an argument (2 points).

Hint. The Cantor Isomorphism Theorem (sometimes called “backfarth theorem”) for countable
linear orders may help. If you use it, you don’t have to prdybut please state it clearly with a proper
reference to the literature and make sure that you applyqmny.

Exercise 39(6 points).

We are modelling Achilles and the turtle as a transfinite ess®n the real linR. Please give
arguments for all answers.

(1) Achilles’ position at time is given byA,, the turtle’s position is given by;. We start
with Ay := 0 andT; := 1. For every index, we defined,;; := A; + |T; — A;l,
Tiqn =T + % -|T; — A;], and

T :=limT;,
ieN

Aoo := lim Ai,
€N
Toioo :=1imT,;, and
€N
Aoo+oo = lim Aoo—‘,—i‘

1€N
Determine the least indexsuch that4; = T; (1 point). Where is Achilles at time
00 + oo (1 point)?

(2) Now the positions are given hyt;y and 7} defined as follows. For each indéxe
{0,1,2,..., 00,00 + 1,00 + 2,00 + 3, ...}, we define thevalue v(:) as follows:
v(i) :=nifi=nori=oo+n.

We start withAj := 0 andTj; := 1. For every index, we defined;, , := A} + 5,
Tty =T} + 5o and

(2

T = lim 17,
iEN
AL =1lim A7,
i€EN
T =lm7, ., an
00+00 zlerlr\ll oco+1? and
Aoo+oo = %1611% Aoo—l—z"
Computed’ ., 1% 15, AL o andT . (1 point each).
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