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Exercise 33(6 points).
We are modelling Achilles and the turtle as a transfinite process on the real lineR. Please give
arguments for all answers.

(1) Achilles’ position at timet is given byAt, the turtle’s position is given byTt. We start
with A0 := 0 andT0 := 1. For every indexi, we defineAi+1 := Ai + |Ti − Ai|,
Ti+1 := Ti + 1

2
· |Ti − Ai|, and

T∞ := lim
i∈N

Ti,

A∞ := lim
i∈N

Ai,

T∞+∞ := lim
i∈N

T∞+i, and

A∞+∞ := lim
i∈N

A∞+i.

Determine the least indexi such thatAi = Ti (1 point). Where is Achilles at time
∞ + ∞ (1 point)?

(2) Now the positions are given byA∗

t
andT ∗

t
defined as follows. For each indexi ∈

{0, 1, 2, ...,∞,∞ + 1,∞ + 2,∞ + 3, ...}, we define thevalue v(i) as follows:

v(i) := n if i = n or i = ∞ + n.

We start withA∗

0 := 0 andT ∗

0 := 1. For every indexi, we defineA∗

i+1 := A∗

i
+ 1

2v(i) ,
T ∗

i+1 := T ∗

i
+ 1

2v(i)+1 , and
T ∗

∞
:= lim

i∈N

T ∗

i
,

A∗

∞
:= lim

i∈N

A∗

i
,

T ∗

∞+∞
:= lim

i∈N

T ∗

∞+i
, and

A∗

∞+∞
:= lim

i∈N

A∗

∞+i
.

ComputeA∗

∞+5, T
∗

∞+12, A
∗

∞+∞
andT ∗

∞+∞
(1 point each).

Exercise 34(7 points).
Let L := {+, ·, 0, 1,−} be the language of Boolean algebras andΦBA be the axioms of
Boolean algebras. Let

ϕ :≏ ∀x∀y

(

(

(x 6= x · y) ∧ (y 6= x · y)
)

→ (x · y = 0)

)

,

ψ :≏ ∃x
(

(x 6= 0) ∧ (x 6= 1)
)

.
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Let Φ0, Φ1, Φ2, andΦ3 be the deductive closures ofΦBA, ΦBA ∪ {¬ψ}, ΦBA ∪ {ϕ}, and
ΦBA ∪ {ϕ, ψ}, respectively. Investigate whetherΦi is a complete theory. If it isn’t, give a
formulaσ such thatσ /∈ Φi and¬σ /∈ Φi. If it is complete, give a brief argument why. (1
point each forΦ0 andΦ1, 2 points forΦ2, 3 points forΦ3.)

Exercise 35(6 points).

(1) Give the names of the following logicians and mathematicians (1 point each):
• X was one of the students of David Hilbert who was a teacher at theGymnasium

Arnoldinum from 1929 to 1948.
• Y was an important figure in the history of theDeutsche Mathematiker-Vereini-

gung. He was married to the granddaughter of Hegel, and is popularly known for
the “Y bottle”, a two-dimensional manifold not embeddable intoR

3.
(2) Consider the following German mathematicians: Felix Bernstein, Ludwig Bieber-

bach, Kurt Scḧutte. Find out which of these is a student of David Hilbert (1 point per
correct answer; please prove your answer by giving the year of the dissertation if the
answer is “Yes” or the name of the PhD supervisor if the answeris “No”).

(3) What is the canonical webpage for finding information about supervisor-student rela-
tions in mathematics? (1 point)

Exercise 36(3 points).

(1) Find wellordersW andW
∗ such thatW ⊕ W

∗ is not isomorphic toW∗ ⊕ W and
explain why (1½ points).

(2) Similarly, find wellordersW andW∗ such thatW⊗W
∗ is not isomorphic toW∗⊗W

and explain why (1½ points).

http://staff.science.uva.nl/∼bloewe/2006-07-I/CoreLogic.html


