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Some topology

Definition

Let M be a set. A topology T on M is a collection of subsets
of M, such that

m M and ( are contained in T
m arbitrary unions of sets in T are in T
m finite intersections of sets in 7 are in T

(M, ) is called topological space and sets in T are called
open.

Examples:

m R" with topology induced by any norm [most important
example for this course]

m (M, 7) with 7 = {(, M} for any non-empty set M

m (M, 7) with 7 = {U C M} for any non-empty set M [all
subsets of M are open]
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Some topology

Definition

A basis of the topology of (M, ) is a collection of open sets
B, such that for all open sets U 3 index set / and
corresponding B; € B with

U&:u

iel

This means: A basis of a topology generates the topology.
Examples:

m open balls B,(p) C R” w.r.t. any norm, r € Qso, p € Q"

m any topology is a basis of itself

Definition

m (M, 1) is called Hausdorff if Vp £ g € M 3 U, V open
with p € U, g € V, such that UN V = 0.

m (M, T) is called second countable if its topology has a
countable basis.
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Atlases and smooth manifolds

Next define central objects we will study in this course:
Definition

Let M be a second countable Hausdorff topological space. An
n-dimensional smooth atlas on M is a collection of maps

A={(ei, Ui) | i€ A}, oi: U — @i(U;)) CR",
such that all U; C M are open, all ¢; are homeomorphisms, and
m {U;,i € I} is an open covering of M

m ;o gaJTl s pi(Uin Uj) = ¢i(Ui N Uj) are smooth for all
i,jeA

m (i, U;), i € A, are called charts on M
m ;o gpj_l, whenever defined, are called transition functions

m from here on: atlas = n-dimensional smooth atlas

Definition

Two atlases A and B on M are called equivalent if AU B is
an atlas on M. [Notation: [A] = [B]]
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Atlases and smooth manifolds

Definition

An atlas A on M is called maximal if for all atlases B on M
with [A] = [B] we have

B C A.

m atlases form a partially ordered set w.r.t. “C”

m ~> can use Zorn's lemma

Theorem A

Every atlas is contained in a maximal atlas. If A; and A are
two maximal atlases on M, such that there exists an atlas B on
M with

[A1] = [B] and [A2] = [B]

then A; and A; already coincide.

Sketch of proof:

m The first point follows by using Zorn's lemma.
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Atlases and smooth manifolds

m The second point follows by writing

oyt =(pod Ho(poy)

for the transition functions of charts with overlaps ¢ in
A1, ¥ € Az, ¢ € B. Since B is an atlas, its charts cover
M and the claim follows.

Theorem A implies that, in order to uniquely specify a
maximal atlas on M it suffices to specify any atlas on M, e.g.
a finite atlas.

Now we have all tools at hand to define smooth manifolds:

Definition

A second countable Hausdorff space M together with an
n-dimensional maximal atlas is called smooth manifold of
dimension dim(M) = n.
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Atlases and smooth manifolds

An immediate consequence of the second countability property
is:

Proposition

Every maximal atlas contains a countable atlas.

Proof: Exercise!
Examples of smooth manifolds:

m R” with atlas containing only one chart
(id = (u*, ..., u"),R"). The maps
uip=(p1,.---,pn) = pi
are called canonical coordinates on R".

m The n-sphere S” C R™™! with atlas containing the two
charts (04,5 \ {p+}) and (o—, 5"\ {p-}).
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Examples (continuation)

m RP" =
{bx" ..o x"] | x=(x'...,x") e R™'\ {0} }, the
real projective n-space, with n+ 1 charts

pi:T (]R"Jrl \ {x' = 0}) — R

[x' o ox Tt

cx T X
Xl Xl—l — Xl+1 Xn+1
= || = 80008 — X' = S o008 : s

X

X! X! X! X!
called homogeneous coordinates on RP"
m the graph of a smooth function f : U — R, U C R" open,
graph(f) = {(x, f(x)) | x € U} c R"™*

with one chart ¢ : graph(f) — U, (x, f(x)) — x

m any open subset U C M of a smooth manifold with atlas
given by restricting an atlas on M to U
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Similar to the term “coordinates” on R” we call the following
objects local coordinates on smooth manifolds:

Defini

|
=

Let (u',...,u") denote the canonical coordinates on R”. For
any chart (¢, U) on an n-dim. smooth manifold M, we have

o=Wog,...,u"op)=(x'...,x").

The smooth functions x' are called local coordinate
functions, and ¢ = (x!,...,x") is called local coordinate
system (or simply local coordinates) on M
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END OF LECTURE 1

Next lecture:
m implicit function theorem and submanifolds of R"
®m smooth maps and diffeomorphisms

m methods to construct smooth manifolds

David Lindemann DG lecture 1 20. April 2020 11/11



	Some topology
	Atlases and smooth manifolds
	Examples

