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Introduction String Theory

String Theory

@ Field theory (Supergravity) limit of string theory:
Mp > Mgut

@ 10-dimensional space-time = R3" x X
@ Kaluza-Klein compactification on internal Calabi-Yau
threefold X

@ Laplace equation on the threefold
A 0P = \0®

determines KK modes.
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Introduction Interesting Things to Calculate

Wish List

@ Zero modes \, = 0 determine the light 4-d particles.
Success: Reduces to cohomology.

Volker Braun (UPenn) Metrics and the Laplace Operator Universitat Hamburg 4/61



Introduction Interesting Things to Calculate

Wish List

@ Zero modes \, = 0 determine the light 4-d particles.
Success: Reduces to cohomology.

@ Normalization of Fields | ® A x® = 1.
Calabi-Yau Metric?

Volker Braun (UPenn) Metrics and the Laplace Operator Universitat Hamburg 4/61



Introduction Interesting Things to Calculate

Wish List

@ Zero modes \, = 0 determine the light 4-d particles.
Success: Reduces to cohomology.
@ Normalization of Fields [ ® A x® = 1.

Calabi-Yau Metric?

@ Yukawa couplings.
Product in cohomology. If we only knew
normalization. . .

Volker Braun (UPenn) Metrics and the Laplace Operator Universitat Hamburg

4/61



Introduction Interesting Things to Calculate

Wish List

@ Zero modes \, = 0 determine the light 4-d particles.
Success: Reduces to cohomology.

@ Normalization of Fields | ® A x® = 1.

Calabi-Yau Metric?

@ Yukawa couplings.
Product in cohomology. If we only knew
normalization. . .

@ Massive modes )\, > 0.

@ Higher-order couplings.
A> products.
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Calabi-Yau Metrics

0 Introduction

e Calabi-Yau Metrics
@ Kahler Geometry
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Calabi-Yau Metrics Kahler Geometry

Kahler Metrics on the Quintic

@ Let’s consider our favourite CY threefold:

OF:{zg+zf+z§+z35+zf:0}C]P’4
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Calabi-Yau Metrics Kahler Geometry

Kahler Metrics on the Quintic

@ Let’s consider our favourite CY threefold:
QF = {zg+zf+225+z35+zf:0} cP*

@ The metric is completely determined by the Kahler
potential K(z, z):

97(2.2) = 00K (2, 2)
w = g7(2,2)dz' dZ = 00K(z, 2).
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Calabi-Yau Metrics Kahler Geometry

Kahler Metrics on the Quintic

@ Let’s consider our favourite CY threefold:
QF = {zg+zf+225+z35+zf:0} cP*

@ The metric is completely determined by the Kahler
potential K(z, z):

97(2.2) = 00K (2, 2)
w = g7(2,2)dz' dZ = 00K(z, 2).

@ Locally, K is a real function.
@ wisa(1,1)-form.
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Calabi-Yau Metrics Kahler Geometry

Fubini-Study Metric

Unique SU(5) invariant Kahler metric on P*

4
Krs = In Z ZZ;
i=0
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Calabi-Yau Metrics Kahler Geometry

Fubini-Study Metric

Unique SU(5) invariant Kahler metric on P*

4
Krs = In Z ZZ;
i=0
Generalize to
4
Kes=In ) hz,z;
a,B=0

with h a hermitian 5 x 5 matrix.
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Calabi-Yau Metrics Kahler Geometry

Fubini-Study Metric

Unique SU(5) invariant Kahler metric on P*

4
Krs = In Z ZZ;
i=0

Generalize to )

Kes =In > h*z,z
a,B=0
with h a hermitian 5 x 5 matrix.

Restrict to Q c P*. Not Ricci flat.
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Calabi-Yau Metrics Donaldson’s Algorithm

Donaldson’s Ansatz

Let’s try [Donaldson]
K(z, 2) _ In Z h(l‘1,‘..,ik)7(717'~~77k) Z? 000 zll(k 2{1 ©coo Z;_(k
N N —

%i‘zz degree k  degree k
Je=

for some hermitian N x N matrix h
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Calabi-Yau Metrics Donaldson’s Algorithm

Donaldson’s Ansatz

Let’s try [Donaldson]
K(z, 2) _ In Z h(l‘1,‘..,ik)7(717"'77k) Z? 000 zll(k 2{1 LK) Z;_(k
N N —

%i‘zz degree k  degree k
Je=

for some hermitian N x N matrix h

N = (5 + 2 a 1) = {# deg k monomials}
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Calabi-Yau Metrics Donaldson’s Algorithm

Technicalities

On the quintic z5 + z? + z3 + z3 4+ z7 = 0. So not all
monomials are independent in degrees k > 5.
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Calabi-Yau Metrics Donaldson’s Algorithm

Technicalities

On the quintic z5 + z? + z3 + z3 4+ z7 = 0. So not all
monomials are independent in degrees k > 5.

Let s, be a basis for

Clao, ...z [(+ 2+ B+ 25+ 2 =0)

degree k

Donaldson’s Ansatz

K(z,2)=InY_ h*’s,53
o3
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Calabi-Yau Metrics Donaldson’s Algorithm

More Technical

@ s, are sections of Oq(k)

o-H°(P*, O(k—5)) — H°(P* O(k)) — H°(Q, Oq(k))—0
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Calabi-Yau Metrics Donaldson’s Algorithm

More Technical
@ s, are sections of Oq(k)
o-H(P* O(k—5)) — H°(P* O(k)) — H°(Q, 0q(k))-0

@ Metric on the line bundle Oq(k)

0(2)7(2

o,.T7T) = )
(77 = S s, (2)5:(2)

€ C*(Q,C)

@ Metric on the space of sections H°(Q, Og(k))

<a, 7'> :/ (a, T)(Z, z)dVol € C
Q
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Calabi-Yau Metrics Donaldson’s Algorithm

Balanced Metrics

his “balanced” if the matrices representing the metrics
coincide, that is:

<<Sa’ Sﬁ>> =h

1<a,B<N
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Calabi-Yau Metrics Donaldson’s Algorithm

Balanced Metrics

his “balanced” if the matrices representing the metrics
coincide, that is:

<<Sav Sﬁ>> =h"’

1<a,3<N

Theorem

Let h be the balanced metric for each k. Then the
sequence of metrics

wp=00InY " h7s,5;
converges to the Calabi-Yau metric as k — oc.
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How to solve

(<Sa, Sﬂ>)_1 _

«Or «Fr «=>» o



Calabi-Yau Metrics Donaldson’s Algorithm

T-Operator

How to solve »
(<sa, sg>> = h?

Donaldson’s T-operator:

T(h)as = (Sa.S8)

fosms.mm ™
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Calabi-Yau Metrics Donaldson’s Algorithm

T-Operator

How to solve »
(<sa, sg>> = h?

Donaldson’s T-operator:

T(h)as = (Sa.S8)
/ Zhaﬁs ( )dVoI

One can show that iterating T(h,)~" = h,,4 converges!
Fixed point is balanced metric.
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Calabi-Yau Metrics Implementation

Donaldson’s Algorithm

@ Pick a basis of sections s,
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Donaldson’s Algorithm

@ Pick a basis of sections s,
@ lterate h = T(h)~! where

B Sagg
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Calabi-Yau Metrics Implementation

Donaldson’s Algorithm

@ Pick a basis of sections s,
@ lterate h = T(h)~! where

- Sagg
T(h)ag = /O SahO‘BEB dVol

@ The approximate Calabi-Yau metric is

g;j =03 s,h75;
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@ Exact Calabi-Yau volume form

4
dVol=qn0, o= ¢ 37

Q(2)




Calabi-Yau Metrics Implementation

Details

@ Exact Calabi-Yau volume form

d*z

Q(2)

dVol =QAQ, Q=

@ Integrate by summing over random points.
[Douglas,Karp,Lukic,Reinbacher]
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Calabi-Yau Metrics Implementation

Details

@ Exact Calabi-Yau volume form

d*z

Q(2)

dVol =QAQ, Q=

@ Integrate by summing over random points.
[Douglas,Karp,Lukic,Reinbacher]

@ Implemented in C++

@ Parallelizable (MPI)
Use 10 node dual-core Opteron cluster (Evelyn
Thomson, ATLAS).

Volker Braun (UPenn) Metrics and the Laplace Operator Universitat Hamburg 14 /61



Calabi-Yau Metrics Testing the Metric

Testing the Result

How do we test whether the metric is the Calabi-Yau metric?
We could compute the Ricci tensor, but its easier to test that

QANQ ~ B
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Calabi-Yau Metrics Testing the Metric

Testing the Result

How do we test whether the metric is the Calabi-Yau metric?
We could compute the Ricci tensor, but its easier to test that

QANQ ~ B
So normalize both volume forms and define

o / Q(2) A Q(2)
" Q

1 - ———~———~7|dVol
On a Calabi-Yau manifold oy = O(k—2)

wi(z,2)
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The Zs X Zs Quotient
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The Zs5 X Zs Quotient Symmetric Quintics

Symmetric Quintics

@ The Fermat quintic is part of a 5-dimensional family of
quintics with a free Zs x Zs group action.
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The Zs5 X Zs Quotient Symmetric Quintics

Symmetric Quintics
@ The Fermat quintic is part of a 5-dimensional family of
quintics with a free Zs x Zs group action.

@ It is numerically much easier to work on the
four-generation quotient Q/ (Zs x Zs).

Q=Q/(Zs x Zs), Oqlk) = 05(k) / (Zs x Zs).
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The Zs5 X Zs Quotient Symmetric Quintics

Symmetric Quintics
@ The Fermat quintic is part of a 5-dimensional family of
quintics with a free Zs x Zs group action.

@ It is numerically much easier to work on the
four-generation quotient Q/ (Zs x Zs).

Q=Q/(Zs x Zs), Oqlk) = 05(k) / (Zs x Zs).

@ To do this, we only have to replace the sections s, of
Og(k) by invariant sections!

H°(Q,0a(k)) = H(@, o@(k))zsxzs
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The Zs x Zs Quotient

Symmetry Group

g1 Zo =

g2 Z> =

Note that g19.9; "' 95

Heisenberg group

Symmetric Quintics

00001 20
10000 Z1
01000 2
00100 Z3
00010 Z4
1o 0 0 0
Tl
0e5 0 0 0 20
o27i 1
0 0 &5 0 0 22
32mi Z3
00 0 €% 0 Z
42mi
0 0 0 0 e b5
2mi
' = e, so they generate the

0—>%s— G— ZsxZs— 0
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The Zs5 X Zs Quotient Invariant Theory

Invariant Theory

The invariant sections are

Clzo, 21, Z2, Z3, 24]°
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The Zs5 X Zs Quotient Invariant Theory

Invariant Theory

The invariant sections are

100
Cl20, 21, 22, 23, 24)® = @) MiClb1, b2, b3, 0, 0]

i=1

(“Hironaka decomposition”)
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The Zs5 X Zs Quotient Invariant Theory

Invariant Theory

The invariant sections are

100
Cl20, 21, 22, 23, 24)® = @) MiClb1, b2, b3, 0, 0]

i=1

(“Hironaka decomposition”) where

def 5. 55, 551 55 | 55

01 = Z3+2zZ;+2+ 23+ 2,

92 def 2021202324
def

O3 L 232124+ 202320 + 202325 + 212523 + 202324
def

04 & zi0 + Z{0 + z}0 4 Z10 4 Z10

def
0s ¥ 282023 + 202128 + 202824 + 282324 + 212028
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The Zs x Zs Quotient

Secondary Invariants

Invariant Theory

... and the “secondary invariants” n; are polynomials in
degrees 0, 5, 10, 15, 20, 25, 30:

n €1

def _2 2 2 2 2 2 2 2 2 2

def
moo € 2+ 270+ 20 + 23+ 2,
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Secondary Invariants

... and the “secondary invariants” n; are polynomials in
degrees 0, 5, 10, 15, 20, 25, 30:

n €1

def _2 2 2 2 2 2 2 2 2 2

def
moo € 2+ 270+ 20 + 23+ 2,

@ All invariants are in degrees divisible by 5
@ No invariant sections in Ox(k) unless 5|k?

Volker Braun (UPenn) Metrics and the Laplace Operator Universitat Hamburg

21/61



The Zs5 X Zs Quotient Invariant Theory

Secondary Invariants

... and the “secondary invariants” n; are polynomials in
degrees 0, 5, 10, 15, 20, 25, 30:

n €1

def _2 2 2 2 2 2 2 2 2 2

def
moo € 2+ 270+ 20 + 23+ 2,

@ All invariants are in degrees divisible by 5
@ No invariant sections in Ox(k) unless 5|k?
@ Oy(k) only equivariant if 5|k.

Volker Braun (UPenn) Metrics and the Laplace Operator Universitat Hamburg
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The Laplace Operator

Outline

o Introduction
9 Calabi-Yau Metrics
e The Zs x Zs Quotient

@ The Laplace Operator
@ Solving the Laplace Equation
@ Example: P®

e Pretty Pictures
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The Laplace Operator Solving the Laplace Equation

The Laplace-Beltrami Operator

The scalar Laplace operator

Algi) = Ni|oi)
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The Laplace Operator Solving the Laplace Equation

The Laplace-Beltrami Operator

The scalar Laplace operator
Algi) = Ai|éi)

In terms of some (non-orthogonal) basis of functions {f},

we can write N
|0i) = > 1) (f] o)

t
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The Laplace Operator Solving the Laplace Equation

The Laplace-Beltrami Operator

The scalar Laplace operator
Algi) = Ai|éi)

In terms of some (non-orthogonal) basis of functions {f},

we can write N
|0i) = > 1) (f] o)

t
(Generalized) eigenvalue equation

Algi) = M| o)
= (f]Alh) @@: Af<fs|ft><i\@
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The Laplace Operator Solving the Laplace Equation

Spherical Harmonics

Using an approximate finite basis {f;}, we only have to
solve the generalized eigenvalue problem

(6]A]8) ¥ = M(A|f) 7
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The Laplace Operator Solving the Laplace Equation

Spherical Harmonics

Using an approximate finite basis {f;}, we only have to
solve the generalized eigenvalue problem

(lalf) 7 = M(8|) 7

Nice basis: Recall that P* = S°/U(1)
So take the U(1)-invariant spherical harmonics on S°.
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The Laplace Operator Solving the Laplace Equation

Homogeneous Coordinates

In homogeneous coordinates, the spherical harmonics are

(degree k monomial) (degree k monomial)

k
(1202 + 21[2 + |Z2[2 + | 252 + |2

So, for example k = 1 on P':

Homo . 2020 Zq 20 2021 4 21

g [Z0l2+2112  |zoPH|z112  [20]2+z12 202+ ]?
1 X X XX

nhomog. | i T whE
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The Laplace Operator Example: P°

Example: P®

Analytic result:
@ Multiplicities of eigenvalues

_(n+3\?  (n+2)\? 0.1
Hn = n n—1 ’ — Yy by

@ Eigenvalues (normalize Vol P® = 1)

4
)\n,o R )\n,,un*" = %n(n—f— 3)
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The Laplace Operator Example: P°

Example: P®

Analytic result:
@ Multiplicities of eigenvalues

_(nH3\°_(nt2)
Mn— n n—1 ) T My Ty e

@ Eigenvalues (normalize Vol P® = 1)

— 4_7Tn(
V6

Numeric result: k = 3, N, = 100,000.

)\n,O == )\n,unf1 n+ 3)
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Spectrum on P°: k = 3, N, = 100,000
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Spectrum on P3: k = 3
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Spectrum on P°: N, = 100,000

300

250

200 ¢
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100 |

50 |

0

Tis — 1971

114 = 825

113 = 300

M2:84

py =15
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Pretty Pictures

© Pretty Pictures
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Pretty Pictures Random Quintic

Random Quintic

Now, take some quintic

Q(z) = (—0.3192 + 0.7096/) 5 + (—0.3279 + 0.8119/)z¢ z;
+(0.2422 4 0.2198/) 28z, + - - - + (—0.2654 + 0.1222/) 23

with 126 random (nonzero) coefficients.
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Q(z) = (—0.3192 + 0.7096/) 5 + (—0.3279 + 0.8119/)z¢ z;
+(0.2422 4 0.2198/) 28z, + - - - + (—0.2654 + 0.1222/) 23

with 126 random (nonzero) coefficients.
No symmetry expect all eigenvalues to have multiplicity 1.
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Pretty Pictures Random Quintic

Random Quintic

Now, take some quintic

Q(z) = (—0.3192 + 0.7096/) 5 + (—0.3279 + 0.8119/)z¢ z;
+(0.2422 4 0.2198/) 28z, + - - - + (—0.2654 + 0.1222/) 23

with 126 random (nonzero) coefficients.
No symmetry expect all eigenvalues to have multiplicity 1.

@ Metric: k, = 8.

@ Integrate T-operator using 3,000,000 points.
@ Normalize Vol(Q) = 1.

@ Laplacian: k, = 3.

@ Integrate using N, = 200,000 points.
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Random Quintic: k, = 3, N, = 200,000

I~
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Random Quintic: N, = 200,000

200 — .
Eigenvalues ————
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Pretty Pictures Random Quintic

Weyl’s Formula

Theorem (Weyl)

d/2 dr-(d
jm 2 = (TG +1) [:38475’},
n—oco N Vol

where d [= 6] is the dimension of the manifold.
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Pretty Pictures Random Quintic

Weyl’s Formula

Theorem (Weyl)

d/2 dr-(d
jm 21— (4T (e +1) [:38475’},
n—oco N Vol

where d [= 6] is the dimension of the manifold.

Independent check on the volume normalization.
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Weyl’s Limit
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Pretty Pictures Random Quintic

Massive Gravitons

Consider KK modes of the graviton that are spin-2 in 4
dimensions:

h,lgd = Z hﬁiu(X07X1aX27X3) ’ ¢%d(y1’ S 7y6)

n

Mass m, = /.
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Pretty Pictures Random Quintic

Massive Gravitons

Consider KK modes of the graviton that are spin-2 in 4
dimensions:

h,lgd = Z hﬁiu(X07X1aX27X3) ’ ¢%d(y1a S 7y6)

n

Mass m, = v/ Ap.
Gravitational potential between two test masses M; and Ms.:

My My &
V(n=-G—=3 e
n=0
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V(r)/(G4M1 M.)

My M,
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Pretty Pictures Fermat Quintic

© Pretty Pictures

@ Fermat Quintic
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Fermat Quintic: N, = 500,000
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Pretty Pictures Fermat Quintic

Symmetries of the Fermat Quintic

@ The first massive eigenmode has degeneracy 20.

Volker Braun (UPenn) Metrics and the Laplace Operator Universitat Hamburg 40/ 61



Pretty Pictures Fermat Quintic

Symmetries of the Fermat Quintic

@ The first massive eigenmode has degeneracy 20.
@ The automorphisms group of the Fermat quintic QF is

Aut (QF) = (S5 x Zs) x (Zs)*

Lemma (Representation theory of Aut(Qr))

The 80 irreps of Aut(Qr) are in dimension

Dimensiond |1 2 4 5 6 8 10
Irrepsindimd |4 4 4 4 2 4 4

12 20 30 40 60 80 120

2 8 8 12 18 4 2
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@ The first massive eigenmode has degeneracy 20.
@ The automorphisms group of the Fermat quintic QF is

Aut (QF) = (S5 x Zs) x (Zs)*

Lemma (Representation theory of Aut(Qr))

The 80 irreps of Aut(Qr) are in dimension

Dimensiond |1 2 4 5 6 8 10
Irrepsindimd |4 4 4 4 2 4 4

12 20 30 40 60 80 120
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Pretty Pictures Fermat Quintic

Donaldson’s Operator

@ A (conjectural) alternative calculation of the spectrum
of the scalar Laplacian.
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@ Specific to the scalar Laplacian only.
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Pretty Pictures Fermat Quintic

Donaldson’s Operator

@ A (conjectural) alternative calculation of the spectrum
of the scalar Laplacian.

@ Specific to the scalar Laplacian only.
@ “Compares” balanced metrics at k and 2k.

eA ~ YWapgys — /(Sa7 Sﬁ)(SW 35) dVol

[Recall: T(h).5= /(Sa,Sg)dVO|:|

Volker Braun (UPenn) Metrics and the Laplace Operator Universitat Hamburg 41 /61



Fermat Quintic: Donaldson’s Operator
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Fermat Quintic: scalar Laplacian
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Donaldson vs. scalar Laplacian
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© Pretty Pictures

@ Quintic Quotient
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Pretty Pictures Quintic Quotient

Fermat Quintic /(Zs x Zs)

OF = aF/(Z@ X Z5)

@ Simply use only invariant functions \ft>
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Pretty Pictures Quintic Quotient

Fermat Quintic /(Zs x Zs)
OF = aF/(Z@ X Z5)

@ Simply use only invariant functions \ft>
@ Yields eigenvalues \5*%,

Volker Braun (UPenn) Metrics and the Laplace Operator Universitat Hamburg 46 / 61



Pretty Pictures Quintic Quotient

Fermat Quintic /(Zs x Zs)

OF = aF/(Z@ X Z5)

@ Simply use only invariant functions ]ft>.

@ Yields eigenvalues \%5*%s,
@ Rescale volume to one:

1

)\%5><Zs _ 2571/3)\%5><Z5 — )\n

Volker Braun (UPenn) Metrics and the Laplace Operator Universitat Hamburg 46 / 61



Fermat Quintic /(Zs x Zs): N, = 100,000
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@ Families
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Pretty Pictures Families

Quintic/(Zs x Zs) Family #1

A family of Quintics

Q, = {Zz?—5¢Hz,:0}

Q= éw/(Zs X Zs)
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Q= éw/(Zs X Zs)
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Quintic/(Zs x Zs) Family #1

A family of Quintics

Q, = {Zz?—5¢Hz,:0}

Q= éw/(Zs X Zs)

@ ( is the Fermat quintic.
@ ) = 1 is the conifold point.
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Pretty Pictures Families

Quintic/(Zs x Zs) Family #1

A family of Quintics

Q, = {Zz?—5¢Hz,:0}

Q= éw/(Zs x Zs)

° (50 is the Fermat quintic.
@ ¢ =1 is the conifold point.
@ ¢ — oo is the “large complex structure limit”.
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Pretty Pictures Families

Conifold Point of the Quintic

Conifold Point

2424+ 25+ 25 + 25 — 52021202324, = 0
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Pretty Pictures Families

Conifold Point of the Quintic

Conifold Point

2424+ 25+ 25 + 25 — 52021202324, = 0

issingularat zc=[1:1:1:1:1]:

0Oy
Qi(zc) =0 = 5"(2c)
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Quintic/(Zs x Zs) Family #1
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Pretty Pictures Families

Large Complex Structure Limit

Qy={> 2z -5v]]z=0}/(Zs x Zs)

1) — oo is called “large complex structure limit”.
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Pretty Pictures Families

Large Complex Structure Limit

Qy={> 2z -5v]]z=0}/(Zs x Zs)

1) — oo is called “large complex structure limit”.

Strominger-Yau-Zaslow conjecture

Any Calabi-Yau threefold is fibered by special Lagrangian
3-tori over a (rational homotopy) 3-sphere. In the large
complex structure limit the 3-torus fiber shrinks to zero size.
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Pretty Pictures Families

Large Complex Structure Limit

Qy={> 2z -5v]]z=0}/(Zs x Zs)

1) — oo is called “large complex structure limit”.

Strominger-Yau-Zaslow conjecture

Any Calabi-Yau threefold is fibered by special Lagrangian
3-tori over a (rational homotopy) 3-sphere. In the large
complex structure limit the 3-torus fiber shrinks to zero size.

Hence, the spectrum of the Laplacian degenerates into the
spectrum of the base space.

Volker Braun (UPenn) Metrics and the Laplace Operator Universitat Hamburg 52 /61
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Pretty Pictures Families

Quintic /(Zs x Zs) Family #2

E?w =" z> — 5¢ [] z has residual permutation symmetry.
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Pretty Pictures Families

Quintic /(Zs x Zs) Family #2

Qp =" z> — 5¢ [] z has residual permutation symmetry.

Another family of Quintics

Q, = Y Z+o]]Z +ip(z2124 + cyc)
+ (1= i)p(Z82125 + cyc) — (1 — 2i)p(25 2523 + cyc)
— (2= i)p(Z8 2225 + cyc)

QAO = é¢/(Z5 X Z5)
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Pretty Pictures Families

Quintic /(Zs x Zs) Family #2

Qp =" z> — 5¢ [] z has residual permutation symmetry.

Another family of Quintics

Q, = Y Z+o]]Z +ip(z2124 + cyc)
+ (1= i)p(Z82125 + cyc) — (1 — 2i)p(25 2523 + cyc)
— (2= i)p(Z8 2225 + cyc)

Qg;, = é¢/(Z5 X Z5)

o Qis again the Fermat quintic.
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Quintic /(Zs x Zs) Family #2
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Pretty Pictures Families

Spectral Gap

Definition
The spectral gap is the gap between the unique zero mode
Ao = 0and \;.
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Pretty Pictures Families

Spectral Gap

Definition
The spectral gap is the gap between the unique zero mode
Ao = 0and \;.

Theorem
On a non-negatively curved manifold (e.g. Calabi-Yau)

2 2d(d + 4)
D2 < M < Yz

where d is the real dimension and D the diameter.
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Pretty Pictures Families

Spectral Gap

Definition
The spectral gap is the gap between the unique zero mode
Ao = 0and \;.

Theorem
On a non-negatively curved manifold (e.g. Calabi-Yau)

2 2d(d + 4)
ﬁ < )\1 <

= T;
where d is the real dimension and D the diameter.

Essentially determined by diameter!
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Pretty Pictures Families

The Diameter

Turn inequality around and estimate diameter from the
spectral gap.
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Pretty Pictures Families

The Diameter

Turn inequality around and estimate diameter from the
spectral gap.

Fermat quintic has A\  41.1 =

s 2-6(6+4)
0490~ ——= <D< Y+—F——" 171
NV /¥
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@ Differential Forms
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Pretty Pictures Differential Forms

Differential Forms

The Laplace-Dolbeault Operator
A ¢(p a) _ ) gb(p e)] ¢I(7p7q) c QP9
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Pretty Pictures Differential Forms

Differential Forms

The Laplace-Dolbeault Operator
A (P.g) _ gb(p Xe)) ¢I(7p7q) c QP9

Complex conjugation & Hodge star:

)\(p ) _ )\(qp )\513*/0,3%) _ )\57347,3*/0)

Volker Braun (UPenn) Metrics and the Laplace Operator Universitat Hamburg
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Differential Forms on P2
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@ Calabi-Yau metrics are easy.
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Summary

Summary

@ Calabi-Yau metrics are easy.
@ Scalar Laplace-operator solved numerically.
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Summary

Summary

@ Calabi-Yau metrics are easy.
@ Scalar Laplace-operator solved numerically.

@ Outlook

e Laplacian on differential forms (Done on P3)
e Vector bundles.
e Special Lagrangians.
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