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ABSTRACT. We propose a notion of “Ricci flow unstable cell” which extends Ein-
stein metrics. We hope that once we have a “Ricci flow unstable cell” centered at
an Einstein metric, we can extract more geometric information by analyzing the cor-
responding Ricci flow ancient solution. As an example of this idea, we construct a
“Ricci flow unstable cell” centered at a K&hler-Einstein metric on the twistor space
of positive quaternion K&hler manifolds. By analyzing the corresponding ancient
solutions, we settle the LeBrun-Salamon conjecture, i.e., we prove that any locally
irreducible positive quaternion Kéhler manifold is isometric to one of the Wolf spaces.
Details can be found in [K-O1,2] arXiv:0801.2605, 0805.1956 [math.DG].

0. Background.

Let M be an n-dimensional smooth closed manifold. Perelman’s WW-functional
is defined by

W (gis, fo7) = /M[T<R+ V) + f — nldm

where dm = (4n7)"2e/dV,. We put the constraint that the measure dm is a
fixed volume form on M. The L2-gradient flow of the functional W™ under this
constraint 1s

8tgij = —2(Rij + VZV]f) 5
n
1 of=-Af—R+ —
( ) tf f + 2o )
atT =-1.
The difficulty with this system of equations is that there is no guarantee that the
solution exists even for a short time (the second equation is “backward” and the

first and the second equations are coupled). However, this difficulty disappears if
we introduce the following modification of the above equations:

Orgij = —2Ryj ,
(2) Oru = —Au+ Ru (u:= (4r7)"2e ),
@tT =-—1.

In this system, the first equation is the Ricci flow where the short time existence
is established after the works by by Hamilton and DeTurck. Therefore, the second
equation (conjugate heat equation) is solved in the backward direction with the
“initial” condition in the future time. The relationship between (1) and (2) is this:
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Apply the 1-parameter family of time-dependent diffeomorphisms generated by the
time-dependent vector field —V f to (2). Then we get (1). Now the advantage of
(2) is that the functional

Wigsj, f.7) = /M[T(R FIVHR) + f = n)(d4nr) e av,

is monotone nondecreasing along the solution of (2). Indeed, we have the “entropy

formula” ([P])
d
%W = 2/];/[7'

Here, in the case of (1) udV should be replaced by dm. Perelman’s WW-functional is
a “coupling” of the logarithmic Sobolev functional' and the Hilbert-Einstein
functional®. Suppose that there exists a critical point which corresponds to a Ricci
soliton

1 2
R;i; + Vivj‘f — Egij udV >0 .

1
Rij +ViVif — 595 =0

which at time ¢ = —1 (7 = 1) is interpreted as the initial condition for the Ricci
flow equation (the solution satisfies the above equation and called the Ricci soliton,
which evolves under a 1-parameter group of diffeomorphisms of M). Perelman [P]
showed that this Ricci soliton is characterized by the equality case of the logarithmic
Sobolev inequality in the following way. Let g;;(—1) satisfy the above equation at
time ¢ = —1 and g;;(t) the corresponding solution of the Ricci flow, i.e., the Ricci
soliton with initial metric g;;(—1). Then the logarithmic Sobolev inequality on
(M, gij(t)) introduced in [P] is

W(gij <t>f7 _t> > W(.gij <t>7 f(t)7 _t>

= H}Lf ~ W(gzj (t)7 f? _t>
fify@m(=t)2 e fdV =1

=: (1(g45(t), —t)
= u(gi;(—=1),1)

where fis any smooth function on M satisfying the condition

/M(47T(—t>)%€_fd‘/g(t) =1.

I The logarithmic Sobolev inequality on the n-dimensional Euclidean space R™ is the following.
2
Let f = f(z) satisfies the constraint [, (477)” 7 e~/ dVeuc = 1. Then we have

/ IV F2 + f —n)(dnr) 2 dVine > 0
RTL

2

where the equality holds iff f(x) = %.

2 The Hilbert-Einstein functional is RdV, for a closed Riemannian manifold (M, g) and
M
the critical points are Einstein metrics.



This observation gives us an important information on the behavior of the W-
functional at a critical point (i.e., the Ricci soliton). We look at the Hessian of
the W™-functional at the critical point. The W™-functional is invariant under the
group of all dm-preserving diffeomorphisms and therefore this action corresponds
to the zeros of the Hessian. On the other hand, the action of the diffeomorphisms
which do not preserve dm may be given by the following way. Let ¢ be such
a diffeomorphism. Introduce f? by setting dm = (471'7')_%6_f i dVy+4 and define
&*(g, f,7) = (¢*g, f, 7). Then we have

_n _f®
é*g)—l—fqﬁ—n]\(élm') 2/ dV¢*%
dm

W™ (6% (g, f,7)) = /M [7(Ryeq + [V £

and therefore the W™ -functional increases in the direction of the action of the
diffeomorphisms which do not preserve dm, which follows from the logarithmic
Sobolev characterization of the Ricci soliton. This implies that the tangent space
of the configuration space {(g, f,7)} decomposes into three subspaces Vy, V. and
V_. Here, V} corresponds to the action of the dm-preserving doffeomorphisms (Hess
= 0), V. corresponds to the action of the diffeomorphisms which do not preserve
dm (Hess > 0) and finally V_ corresponds to the rest?.

Applications of the VW-functional.

1. No Local Collapsing Theorem (Perelman). If the Ricci flow 0:g;; = —2R;; de-
fined on [0, T), then 3 & := k(g;;(0),T) > 0 such that (M, ¢;;(¢)) is K-non collapsing
in scale VT (i.e., Vr < /T, |Rm|(z) < r~2 Va € B(r) = Vol(B(r)) > xr™).

One of the important consequences of No Local Collapsing Theorem is that if a
singularity develops in the Ricci flow in finite time, then an appropriate rescaling
procedure produces an ancient solution which encodes all information of the
singularity. Here, a Ricci flow solution is called an ancient solution if it is defined
in the time-interval (—oo,T'), T' being a real number.

2. Dynamical Stability of a Positive K&hler-Einstein Metric under the Kéhler-Ricci
Flow (Perelman, Tian-Zhu [T-Z]). If a Fano manifold M admits a K&ahler-Einstein
metric, then the normalized Kéhler-Ricci flow with any initial metric in ¢ (M)
converges to a Kahler-Einstein metric in the sense of Gromov-Cheeger.

Therefore the Kéhler-Ricci flow produces a Ricci flow stable cell centered at
a positive Kéhler-Einstein metric. It is natural to search for an example of a
Ricci flow unstable cell centered at a Kahler-Einstein metric on a Fano manifold.
Such unstable cell, if exists, consists of ancient solutions of non-Kdhler Ricci flow.
In this paper we propose a candidate for such possibility. The ancient solution
proposed in this paper corresponds to one of the natural collapses of the twistor
space of positive quaternion Kihler manifolds?, in which the base manifold (= a
given positive quaternion Kéhler manifold) shrinks faster.

3 This is very similar to the behavior of the Hilbert-Einstein functional under the Yamabe
problem.

4 There are two kinds of natural collapses of the twistor fibration Z — M of a positive quater-
nion Kahler manifold. One may ask which shrinks faster, base manifold or a fiber.



1. Main results.

Let (M*", g) be any locally irreducible positive quaternion Kihler manifold of
dimension 4n > 8. The local holonomy group is contained in Sp(1)Sp(n) and we
can consider the holonomy reduction P — M of the oriented orthonormal frame
bundle of M. Write Z — M for the twistor fibration and let

a3, X' (i=0,1,2,3)
W—/ N 2

~
fiber P! direction base M direction

denote the unitary (moving) coframe on Z. This set-up is not in the complex Kéahler
setting but in the real Riemannian setting w.r.to the Kahler-Einstein metric on Z.
Here, the triple {a;}3_; constitutes the Sp(1)-part of the connection form defined
on the holonomy reduction P of the oriented orthnormal frames of the positive
quaternion Kihler manifold (M, g). We take a1, as from the triple {a;}3_;. This
choice correspond to looking at the infinitesimal variation of orthogonal complex
structures around the orthogonal complex structure J of a tangent space of M
represented by (0 : 1 : 0) in the P!-fiber of the twistor fibration Z — M. The
quadruple { X*}?_ consists of column n-vectors corresponds to the decomposition of
the orthogonal complex structure J and the quaternion structure, which constitute
an orthonormal coframe of M defined on P.

Using the above data, we introduce the following two parameter family of Rie-
mannian metrics on Z :

F={pg5 }p50

where pggY is a Riemannian metric on Z defined in terms of the Cartan formalism
of the moving frames by

pgx” =p { A ( af + a3 )
—_——
Fubini-Study metric on P!-fiber
4 fXO‘XO—FtXl 'Xl +tX2'X2—|—tX3'X?:} )

quaternion Kaéler metric on the base manifold M

Proposition 1.1 (Chow-Yang [C-Y]). The metric pg$¥ is Kdhler if and only
if \=1 (indeed, g1 is Kdhler-FEinstein).

Theorem 1.2 (Theorem 7.1). (1) For the above family

F=1{pg5¥}pas0

of Riemannian metrics on the twistor space Z of a quaternion Kdhler manifold
M*™, we have the formula

RiCA =2 /\_2{1+(27’L+1))\2} g\/z)ﬂi .
(14n22)
14+(2n+1)A2

In particular pg$Y is Kihler-Einstein if and only if A = 1.
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(2) Any Ricci flow solution with initial metric in F stays in F and is an an-
cient solution whose asymptotic soliton is the special solution consisting of positive
multiples of the Kahler-Einstein metric g1. In particular the 2-parameter family
F = {(X\, p)}p a0 is foliated by the trajectories of the Ricci flow solutions which are

given by the equation
/\2
P = (COnSt) W
where the (const) is positive and depends on the initial metric.

Example 1.3. Pick a trajectory defined by the equation

cA\?
p =
(A2 — 1)2(n+1)

where ¢ > 0 and A > 1 in the (A, p)-plane identified with the family F. This

trajectory consists of metrics pg$Y = p[A2(a? + a2) + 320 PX? - X with p =
cA? . — 222 (14nA2 3 i i

(>\2—1§\2(n+1>- As Ricy = 2A 2{1+(2”4’1))‘2}[71“%”11))\% (e +a3)+> 5 o' X" X1,

we have
8(1 4 n)(A\? — 1)20H1 (1 + 2p\2)

e

for the scalar curvature of the metric pgSY in the trajectory. If we set u = constant
determined by [, udV = 1, i.e., u = 1/Vol(gs;(t)), we get a solution u(t,z) (t-
dependent constant function on M) to the conjugate heat equation dyu = —Au +
Ru. Since Vol(pg$Y) = (Vol(M, g))p*" 1A%, we have

()\2 _ 1)2(n+1)(2n+1)
NGFOVoI(M, g)

Scal(pg}¥) =

From the Ricci flow equation (Theorem 7.1 (1)) we have

d(cX/(N? —1)272))

=dt .
—8(1 + nA?)

Therefore if we set

_ [ dfdi(et/ (2 — 120
T / 8(1 + nl?) ’

then the function —W(g;j, f,7) (W being Perelman’s W-functional) is monotone
decreasing along the Ricci flow trajectory passing through a metric pggY with
A > 1, which is determined by the triple (pg{Y, f,7) where p, A, 7 are given as
above, A € (1,00) increases to from 1 to oo when 7 decreases from oo to 0), and f
is determined by setting u = (477)~("+tVe~/ with u and 7 given as above.

o

Theorem 1.4 (Theorem 7.2). For any locally irreducible positive quaternion
Kdhler manifold, the limit formula

. cy cy
lim |Vg)‘ Rm9x ‘ cy =0
A—00 gx

holds.

By applying of this limit formula, we settle the LeBrun-Salamon conjecture :
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Theorem 1.5 (Theorem 7.3). Any locally irreducible positive quaternion Kdhler
manifold is isometric to one of the Wolf spaces, i.e., the formula

[VRm| =0
holds.

The proofs with full details of all theorems in this section can be found in [K-O1],
arXiv:0801.2605 [math.DG].

2. Quaternion Kihler manifolds.

Let H denote the quaternions and identify R** = H". Then H acts on H" from
the right which makes R4 = H" into a right H-module. Define

Sp(n) = {A € SO(4n) | A is H-linear} .

Let Sp(1) be the subgroup of SO(4n) consisting of the image in SO(4n) of the right
action of the group of unit quaternions on H". Then we can define the subgroup
Sp(n)Sp(1) of SO(4n) to be the product of the subgroups Sp(n) and Sp(1) in
SO(4n). This is a proper subgroup if n > 2.
Definition 2.1. A 4n (n > 2)-dimensional Riemannian manifold is quaternion
Kahler, if its holonomy group lien is Sp(n)Sp(1).

Throughout this paper we restrict our attention to locally irreducible (in the
sense of the de Rham decomposition) positive quaternion Kéahler manifolds.

e The locally irreducible quaternion Kahler condition implies the Einstein con-
dition. Therefore quaternion Kahler manifolds are classified into three classes ac-
cording to the sign of the scalar curvature :

e A (geodesically) complete quaternion Kahler manifold is called positive (resp.
loc. hyperKéhler, negative), if its scalar curvature is positive (resp. zero, negative).

e loc. hyperKéhler < No Sp(1) component.

e A positive quaternion Kéahler manifold is a simply connected positive Einstein
manifold.

Normalization. We fix the scale of the invariant metric of HP" so that the sec-
tional curvatures range in the interval [1, 4]. This is equivalent to saying Ric(gupn) =
4(n + 2)gup- and therefore to the statement Scal(ggpn) = 16n(n + 2). Set S :=
16n(n+ 2) (in this paper we normalize a positive quaternion Kéhler metric so that
its scalar curvature is equal to §) We fix the scale of the Fubini-Study metric of
the P!-fiber of the twistor fibration and other cases so that the Gaussian curvature
is identically 4.

Definirion 2.2. A quaternion Kahler manifold in dimension 4 is defined as a
self-dual Finstein Riemannian 4-manifold.

In this paper we consider only positive quaternion Kahler manifolds of dimension
> 8. The round 4-sphere S* and the complex projective space P?(C) with the
Fubini-Study metric exhaust examples of positive quaternion Kéhler 4-manifolds
(Hitchin [Hi] and Friedrich-Kurke [F-K]). The application of the methods of this
paper gives us a new proof to this result ([K-O2]).



3. Examples of quaternion Kihler manifolds of dimension > 8.

Example 3.1. (1) [Positive quaternion Kéhler manifolds] Wolf spaces (positive
quaternion Kéhler symmetric spaces)

n _ Sp(n+1)
P = 5ot < sp(D)
ny _ SU(n)
() = STm < v@)
&4([@") _ SO(n)

SO(n —4) x SO(4)

plus some exceptional cases.
These spaces are compact symmetric spaces whose isotropy group contains an
Sp(1)-component.

(2) [Negative quaternion Kéhler manifolds] The non-compact dual of Wolf spaces
are examples of negative quaternion Kéhler manifolds. There exist many other
examples of noncompact negative quaternion Kéhler manifolds which are not sym-
metric (e.g. Alexeevskii, Galicki, - --).

Remark 3.2. Galicki-Lawson’s quaternion Kahler reduction method produces many
examples of positive quaternion Kahler orbifolds which are not symmetric.

In Theorem 7.3 of this paper, we give an affirmative answer to the following
conjecture :

Conjecture 3.3 (LeBrun-Salamon). Any positive quaternion K&hler manifold
is a Wolf space.

4. Moving frames.
Basic Setting :

e (M*" g) : a quaternion Kihler manifold
= 3 reduction of the SO(4n) frame bundle F to the holonomy Sp(n)Sp(1) bundle
P (i.e., we fix an orthonormal frame in F at one point and think of all parallel
displacements to any point along various curves = we get P). Each point of P over
m € M represents an orthonormal frame at m € M tautologically. = The space P
is the domain where the orthonormal frames obtained by all parallel displacements
are defined simultaneously.



e Definition of subgroups Sp(n) and Sp(1) of SO(4n) = Sp(n) is the centralizer
of Sp(1) in SO(4n) = (ea)¥, € P : an orthonormal frame at m € M gives an
identification T,, M — H" defined by

n—+a 2n+a + kx?m—l—a)n

zhey — (2% + izt + g 1
and a local section (e4)42, of P — M on an open set U C M defines a right H-
module structure on TU = locally defined three almost complex structures I, J, K
(behaving like 4, j, k in H) which is not parallel if the Sp(1) part of the holonomy

is non-trivial (we are interested in this case).

Linear Algebra :

e The right action of 4 and j on R*" = H" :

0 -1 0 0 00 -1 0
1 0 0 0 00 0 -1
o0 o 1| ™ |10 0 o
0 0 -1 0 01 0 0

e The Lie algebra sp(n) is computed as

AO —Al —A2 —A3
Ar Ay —As Ay
Ay Az Ay Ay
As —Ax A1 A

where Ag = —'Ap and Ay = A, (1 <\ < 4) are n X n matrices. Similarly, the Lie
algebra of the subgroup Sp(1) of SO(4n) is computed as

0 —a1 —ag —das
ai 0 as —an
ao —das 0 a1
as as —aq 0

= The Lie algebra of Sp(n)Sp(1) is

AO —Al — a —Ag — az —A3 — as
(3) A+ ay Ao —As+a3 Az —as
As+ay Az —as A A1+ ay
Az +a3 —As+ax Al—a Ao

In the following computation we use «; instead of a; (i = 1,2, 3) for sp(1)-valued
1-forms.
Cartan Formalism :

e (M%", g) : a quaternion Kihler manifold (n > 2). P : the holonomy reduction
of the full frame bundle. ()%™, : the orthonormal coframe dual to the orthonor-
mal frame (e4)%, in P. (64)4, is a system of 1-forms on P. The geometry of

M being encoded in (df4)%™ , is the main idea of the Cartan formalism.



e The 1-st and 2-nd structure equations

Aot + T4 A08 =0
dT4 +TAATS = Q4
where (I'4) represents the Levi-Civita connection matrix (i.e., sp(n) +sp(1)-valued

I-form on P) and (£24) is the curvature matrix (i.e., sp(n) + sp(1)-valued 2-form
on P) both of which is of the form (3).

e meaning of the connection and curvature matrices : (eq)4, € P : an or-
thonormal frame at T,,M =

V(el,...,e4n) = (61,...,64n> (Fg) N
R(X,Y)(e1,...,e4n) = (e1,...,e4n) (AB(X,Y)) .

5. Twistor spaces. The Chow-Yang metrics.

Definition of the Twistor Space :

e There is a canonical identification

{unit pure imaginary quaternions}

right action of unit pure imaginary quaternions
—

{orthogonal complex structures on 7'M, } .

e The above identification depends on the basis (e4) € P. However, if ¢ is a
unit pure imaginary quaternion, then so is xgx~! for any unit quaternion z and
therefore the set (identified with P1) of all orthogonal complex structures on T'M,,
is independent of the choice of the basis (e4) € P. The twistor space Z of M is
defined by

Z =P Xspmysp(r) P!

where Sp(n)Sp(1) operates on the set P! of unit pure imaginary quaternions (or-
thogonal complex structures of H") by the trivial action of Sp(n) and the right
action of the group Sp(1) of unit quaternions given by q — xgxr~!. From this we
have

Z = P /Sp(n)Sp(1)NU(2n) .

Almost Complex Structure and Chow-Yang Metrics on Z :

e The Levi-Civita connection of (M4", g) corresponds to the horizontal distribu-
tion on the holonomy reduction P — M of the oriented orthonormal frame bundle.
The twistor space Z is by definition Z = P/Sp(n)Sp(1) N U(2n) and therefore we
can introduce canonically the horizontal distribution and submersion metric on Z
from those of P. The almost complex structure of Z is defined by the corresponding
orthogonal complex structure in the horizontal subspace and the standard complex
structure of P! along the fiber.
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Theorem 5.1 (Salamon 1982). The orthogonal almost complex structure on the
twistor space s integrable.

e We introduce a certain class of Riemannian metrics on Z and compute the
Ricci tensor by moving frame technique (we will call this the class of Chow-Yang
metrics)®. The construction of this class of metrics is conceptually not so simple and
therefore we give a detailed description before starting moving frame computations.
We start by recalling the idea of the Cartan formalism of moving frames. Let (IV, g)
be any n-dimensional oriented Riemannian manifold and F — N the bundle of all
oriented orthonormal frames. We have the system {60!, ..., 0"} of coframes on F
which is, at p € F lying over m € N, the system of 1-forms dual to the orthonormal
frame of N, represented by the point p € F. Given a local frame field on an open
set U C N, we tautologically associate the section U — F. Thus the local frames
which are not unique on N becomes a globally defined single valued object on F and
moreover the dual object {61, ...,60,} consists of differential 1-forms and therefore
we have an advantage being able to work functorially on differential forms (such
as connection forms) on F. For instance, the Riemannian metric on NV is written
as (01)2 + .- + (6™)? and connection form is computed by taking the exterior
differential of {61,...,6,} on F and so on.

Now let us return to our original (quaternion Kéhler) situation. A fiber on m €
M of the twistor fibration Z — M is the set of all orthogonal complex structures on
the tangent space M,, which is canonically identified with Sp(n)Sp(1)/Sp(n)Sp(1)N
U(2n) = P!. Therefore the twistor space is also defined as the orbit space with
respect to the Sp(n)Sp(1) N U(2n) action on P, i.e.,

Z ="P/Sp(n)Sp(1) N U(2n) .

We construct local sections Z — P of the principal Sp(n)Sp(1) N U(2n)-bundle
P — Z in the following way (we use these local sections to construct a certain class
of metrics on Z). Fix a point m € M. Let P., C Z be the fiber of the twistor
fibration over m. To each z € P we (locally) associate a quaternion orthonormal
frame in the fiber of P — M over m so that the frame is ordered in the way
compatible with respect to the orthogonal complex structure represented by z. If
z varies on P! such frames rotates by an element of Sp(n)Sp(1) and the rotation
is unique modulo those by elements of Sp(n)Sp(1) N U(2n). This procedure is
possible only locally on P} because this is equivalent to make the (local) section of
the principal Sp(n)Sp(1) N U(2n)-bundle Sp(n)Sp(n) — Sp(n)Sp(1)/U(2n) = PL.
We extend this construction locally on open set U C M containing m. This way
we construct local sections of the Sp(n)Sp(1) NU(2n)-principal bundle P — Z. We
then restrict 1-forms

X0 xt x2 x3

5 The class of Chow-Yang metrics is not identical to the so called canonical deformation on
the twistor space Z, where the canonical deformation consists of metrics constructed by the sum
of the base metric and scaled fiber metric by using the horizontal distribution. The following
discussion shows that the construction of the Chow-Yang metric is different from the canonical
deformation at least from topological nature.
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and the

Sp(1)-part of the connection form orthogonal to the Sp(n)Sp(1) N U(2n)-fiber
which are defined globally on P (these are contained in the space of 1-forms

spanned by «;’s)

to the above constructed local sections. The Sp(1)-part of the connection form
restricted to the local sections are not necessarily unit 1-forms with respect to the
standard submersion metric on Z coming from the standard Riemannian submer-
sion P — Z (because the local sections are not orthogonal to the Sp(n)Sp(1) N
U(2n)-fibers)®. We thus get the system of 1-forms

{XO7X17X27X370417QS}

say (this corresponds to the infinitesimal deformation of orthogonal complex struc-
tures at the one defined by the right multiplication of j, as in the following com-
putations), locally at 1 point on Z. We define the metric on Z by requiring that
the above constructed system of 1-forms to be an orthnormal coframe. This means
that the metric

g?Y:: (Oé%-'—()é%)—f—thXo—'—tXle+tX2X2+tX3X3

is an expression in terms of the orthnormal coframes. In the following arguments
we will consider the metrics of the form

gg\jY — )\Q(CE%—FCEg)—f—tXOXO—f-tXle+tX2X2+tX3X3

on Z (we call this type of metric as a Chow-Yang metric, because Chow and Yang
first constructed such metrics in [C-Y]). These metrics are well-defined (independent
of the choice of the local sections of the Sp(n)Sp(1) N U(2n)-bundle P — Z) and
moreover we can work functorially on differential forms on P using the moving
frame technique.

e We introduce the so called canonical deformation metric

g8 = Ngrs + gum
(the sum is defined by the horizontal distribution of the twistor fibration Z — M
coming from the Levi-Civita connection).

Theorem 5.1 (continued) (Salamon 1982). (M, g) : positive quaternion Kdhler
= 3 a scaling of the fiber metric s.t. the canonical deformation metric on the twistor

space s positive Kahler-Einstein. In fact gi*" is Kahler-Einstein.

e We now compare two families {g{¥} and {g5?"}. The Chow-Yang metric
gY =2 (a2 +ad) +IXOXO + XX 41 X2X2 + X3 X3 and the canonical defor-
mation metric g5 = (\)%grs+ g coincide if and only if A = X = 1. In particular,

6 Here we define the metric on P just by the sum of the base metric on M and the Killing
metric on the fiber.
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the Chow-Yang metric for A # 1 do not belong to the family of canonical defor-
mation metrics. The reason is the following. It is well-known that the canonical
deformation metric is Kahler-Einstein for a unique suitable partial scaling. Our
normalization is that g{*" is Kahler-Einstein (Theorem 5.1). In this case the paral-
lel translation along curves in the P!-fiber of the twistor fibration Z — M preserves
the orthogonal complex structure of the twistor space Z and therefore the “rota-
tion” along the P!-fiber must belong to U(2n). In [C-Y], Chow and Yang proved
that ¢¢Y is Kihler-Einstein (see discussions in §6). This means that a canonical
deformation metric ¢g§*" and a Chow-Yang metric gg,Y coincide if A = X = 1.
Suppose next that A\, \" # 1. For ¢g§*", there exists an oriented orthonormal frame
field for the horizontal subspaces defined globally along a P!-fiber of the twistor
fibration (namely, the constant horizontal frame along the P!-fiber). We show that
such a global object does not exist for the Chow-Yang metric gS,Y. To see this, we
fix a P!-fiber of the twistor fibration. We note that for any value of A’ > 0, any
Pl-fiber is totally geodesic w.r.to the metric g5¥. Therefore the parallel transla-
tion along any curve in the P'-fiber preserves tangent spaces of the P!-fiber and
therefore preserves the horizontal subspaces. On the other hand, as was shown in
[C-Y] by Chow and Yang, the Chow-Yang metric g for X # 1 is never Kiihler
(see §6). Therefore the holonomy restricted to the horizontal subspace along any
closed curve in the P!-fiber is not contained in U(2n). Therefore the set of all
parallel translations of a given oriented horizontal orthonormal frame along curves
in the P!-fiber must be identical to Sp(n)Sp(1)/Sp(n)Sp(1) N U(2n) = P!. This
implies that there exists no smooth oriented horizontal orthonormal frame field
defined globally along the P!-fiber. Indeed, the existence of such a global object
would correspond to a global section of the principal Sp(n)Sp(1) N U(2n)-bundle
Sp(n)Sp(1) — Sp(n)Sp(1)/Sp(n)Sp(1) N U(2n) = P! which never exists. We have
thus proved that the Chow-Yang metric gg,Y is never a canonical deformation met-
ric, because the image under all parallel translations along curves in the P!-fiber
of a given oriented orthonormal frame in the horizontal subspace is a Riemannian
invariant and this set has different topological structures for two metrics g§*" and
g5vY (here, A\, N # 1). Indeed, the set has a global horizontal section along the
can

P!-fiber for the canonical deformation metric ¢g§*", while this set does not admit
such a global object for the Chow-Yang metric g>C\,Y.

6. Moving frames on twistor spaces.
e (M*" g) : a positive quaternion Kihler manifold (n > 2). (Z,J,h) : Z is
the twistor space of (M, g), J is the orthogonal alm. complex structure and h is
the canonical metric with the property that the fiber metric is the Fubini-Study
metric with curvature A\=2 and the base metric is normalized so that the scalar
curvature is the same as HP"™ whose sectional curvatures range in [1,4]. The right
multiplication by j defines the canonical identification of T}, M with C?" given by
(xa +ixn+a _|_jw2n+a _|_kw3n+a)2:1
N (wa _|_jw2n+a wn—l—a _|_jx3n+a)n

a=1 -

Pick a point z € Z over m € M which induces this identification.
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e Choose the above canonical metric h on Z. “(ay, a3) : orthonormal coframe
in the column real vector notation representing infinitesimal deformation of the
unit imaginary quaternion at j. Introduce the column real vectors X° := (z9),
X1 = (ant9), X2 ;= (22779), X3 := (23"7%) (a = 1,...,n). Then we have the real
notation : {{(Aay, Aa3), X0, X1, X2, X3} which gives an orthonormal basis of T Z
w.r.to the metric h and the complex notation w.r.to J, i.e., a basis of all (1,0)
forms w.r.to the orth. alm. cplx. str. of Z at z which is given by A(? := Ao +iaz),
Z1 = X0 +iX? (= (2% +iz?")) and Z% = X! +iX3 (= (2" + ia37T9)).

e The family of canonical metrics on Z is expressed as (at z € Z)
h=X(a?+a)+'X° X0 ¢... 4 1Xx3. X3
— )\QKO|2 4 ‘Z1|2 4 |Z2|2 )

e complex notation w.r.to J = integrability of J, Kahler-Einstein property of
the canonical metric.

e real notation = curvature computation for non Kéhler canonical metrics.

Fundamentals for Moving Frame Differential Calculus on Z :

e 1-st and 2-nd structure equations of (M, g) :

dX+T'ANX =0
dl' + T AT =0

e Decomposition of the curvature operator of quaternion Kéhler manifolds :
Theorem 6.1 (Alexeevskii 1968, Salamon 1982). The curvature operator
of a quaternion Kdhler manifold (M*",g) (n > 2) decomposes as

Q= (590 +Q
where Q is the curvature operator of HIP™ with the scalar curvature S and

Q' € Sym*(sp(n)) C Sym?(A*T*M) .

Of course Theorem 6.1 is a quaternion Kahler version of the fact that the curva-
ture operator of a self-dual Einstein 4-manifold decomposes into the direct sum of
the self-dual part of the Weyl curvature tensor and the (S/S)-times the curvature
operator of the standard 4-sphere.

e Curvature of the quaternion projective space
P (H) = Sp(n+ 1) _ Sp(n+1)/Zs
Sp(n) x Sp(1)  Sp(n)Sp(1)

The Sp(1) in the middle is a part of the isotropy group at [1:0:---: 0] € P*(H)
while Sp(1) in the right is the image in SO(4n) of the right action of unit quaternions
on H™ (we must take this difference of the meaning of Sp(1) into account in the
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moving frame computation on P"(H)). Because P"(H) is a homogeneous space we
can compute the curvature of P”(H) from the Maurer-Cartan equation of the big
group Sp(n+1) =

da, — 2an Aa, = 2("X* A X0+ XA XY
QY= XHALXO - XOALXH 4 XV ALXT — XTATXY
+2("XF A X+ XA XYY
Q= —XHAPXO 4 XOAEXH — XV AEXT 4+ XTALXY
+2("X* A X +TXTA XYY,
(n, 1, v) being any cyclic permutation of (1,2, 3). In particular the sectional curva-
tures of HIP" range in the interval [1,4].

Computation on Z :

e Aim : We compute the 1-st structure equations for d*(¢°,tZ1,tZ?) in the
complex notation and d?(Aay, Moo, P X0 P X X2 tX3) in the real notation. Then
we the corresponding 2-nd structure equations (curvature).

e We remark that even if the description of the Chow-Yang metric is local at 1
point, we can apply the local moving frame computation to the system
{ag, a3, X% X1, X2 X3} to compute its curvature. The reason is the following.
We continue to work at a point on z € Z corresponding to the orthogonal complex
structure defined by the right multiplication of j. At points close to z the infinitesi-
mal deformation of the orthogonal complex structures can be expressed as a pair of
1-forms on the P!-fiber of the twistor fibration, which can be written as a; +0O(2)as
and ag + O(2)as, where O(2) represents quantities which are of order 2 w.r.to the
distance from the reference point z along the P'-fiber of the twistor fibration. Fur-
thermore, the aq itself is of O(2) around the point z (because it corresponds to
the complex structure represented by j = (0: 1:0) € P! = Sp(1)/SO(2)). There-
fore, the formal computation of the 2-nd structure equation applied to the system
{ag, a3, X% X1, X2 X3} gives the curvature.

e The 1-st structure equation on (M, g) <

dZ* +Z° A CO + (Ao + i(As + an)) A Z1
+ (A +iA3)ANZ% =0,

dZ% —Z" NCO+ (A +iAs) A 21
+(Ag —i(Ay —aw))ANZ2=0.

e The 2-nd structure equation on (M, g) plus expression (3) =

(4) Qy =dA,+ A, NAg+ A NA, + Ao NAL— A NA,,
+da, — 2a, N a, ,
N =—dA, — A, NA, — A, NAg+A, NA) —Ag N A,
+da, — 2a, Na, .
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(1, m, v) being any cyclic permutation of (1,2, 3).

e Computation of d¢°. Formula (4) =
Qf + Q) = 2da, — 4a, Na, .

Combining this with Alexeevskii’s decomposition formula we get

1
da,, — 2a, A a, = 5(95‘ + Q)
1 o~~~ 1
= §(S/S>(Qg + Q) + 5(9/3 +9Q7)
= (S/S)(da, — 2, Aa,)
[because Q' part does not involve the a-part]

=2(5/S) (' X" A X0+ XA XY)
and therefore we get

d¢® = d(ay + ias)
= 209 A a3 + (dag — 2an A ag) + 2iaq A a
+ i(dag — 201 A ag)
= —2iay ACO+ (S/8) (P22 N2t —tZV A Z2) .

We are now ready to right down the 1-st structure equation of the twistor space
(Z,h) .

e The 1-st structure equation of (Z,h) in complex notation:

co i,  —(S/8)t 22 (5/8)t 21 ¢o
d Zl == — 72 A() + ZAQ + ’iOéQ —Al + 2A3 AN Zl
72 —1 . . . 72

-7 A1 + 2A3 Ao — ’LAQ + 109

RHS contains no (0, 2)-forms

= the alm. cplx. str. defined by the basis {¢°, Z!, Z%} on Z of (1,0)-forms (i.e.,
the orthogonal alm. cplx. str. on Z) is integrable.

The matrix in RHS is skew-Hermitian
& scaling is chosen s.t. S/S =1
< the canonical metric is Kéhler if and only if the scaling of (M, g) is chosen so
that S/S = 1 (the fiber Fubini-Study metric is normalized so that the curvature 1).

e 2-nd structure equation = the curvature form €2 of the Kahler metric

CONC 42 NT 422N T
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is
2ONC +1Z AT
72 NT

AN

22N

which is certainly skew-Hermitian. Its Ricci form is

¢OA

O +

t71

-2
1925

47 Atz2

ZEANZ2 4 ONT

QL+ 03+ (0 + )}

O
—3{Q0 + 0 — i (Qf + 09)}
N ANNYA

Qg + Q3
T AZ 4 ONT

Ric(Q) = tr(Q) = 2(n + 1){g0 N +1ZINT 4122 /\72} ,

meaning that the Kahler metric

CONC 42V NT 422N T

is Kéahler-FEinstein.

Structure Equations w.r.to Non-Kéhler Canonical Metrics

We work on a canonical metric with a scaling parameter A > 0 :

=M (o +a3) +' X0 X0+ X X0+ X XX xR 4 X L X

where A = 1 corresponds to the Kahler-Einstein metric.

e 1-st structure equation in real notation is :

)\al
)\063
0
il o
X2
X3
0 —209 AT X0 X3 AX? Aoy
2009 0 —\X3 NEX?2 X! AEX0 Aas
A ixt ALxs A() — A, —As — an —Ag X0
- “A7LX0 )\ hx? Ay A() —Ag Ay — X!
—\Lxs3 ATX! Ao + g A3 AO — Ay X2
ATLX? —\"tx0 A3 —As + g Ay AO X3
e 2-nd structure equation dI'y + I'y A T'y = Q) gives the curvature
W75 W7 Do N7 Ng® g
D3 BT Dot Wyt ot Ot
0. — | 22 Qo ) Ay
ATl o, 9k, ol ol ol ol
A—2 A—1 A0 Al A2 A3
D2, D2 e DT d Qs
22, 03 Qg 9 s g




D=0+ X2ATX0 - XONT
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1) +das

where
MWI3=0, 2;=0,
s =4dazsNha; F4(PX2A X0 +IX3 A XY
—IXAXT XA XY XA X X0 A X
and
D = AT XA+ X2 Aas), D2, =21 XNa3 - X2 A )
Dl =AM X A+ X3 Aas), D =2 (X Aas - X3 A )
D2, =23 (=XANas+ X2 A1), D2, =21 XAar + X2 Aag)
QA s = AN =X"Aas+ X3 Aa1), 3, =2 X A+ XA )
o2 = Mar ATX% a3 ATX?), Dot = Maz ATXY — oy ATX?)
D2 =M AT X +asAtX3), = Mas ALXE —ap ATXD)
Dy 2 =AM—as AT X +a; ATX?), ot = Mar APXY + a3 ATX?)
Da?=AM—azs AT X +a ATX3), gt = Mag ATX Fazg ATXE) .
and
Q=05 - XPAIXT - X3AIX3 O =00 - XOATX0 - X2 AtX2
D3 =05 - X'AIXT - X3ATX3 O3 =00 - XOATX0 - X2 AtX?
and
Qo =2+ XONIXT + X2ATX? — (dag — 202 A )
Qo=+ X3NIXT - XPATX? — (dag — 203 A ay) + das
Do =03 - XA X+ XONEX3 — (das — 207 A )
DI =0 - X3AXO 4 X ATX? 4 (das — 201 A ag)
X% — )
X ( ) -

D5 =B+ X2A'XP 4+ XONT

Alexeevskii’s decomposition formula =
O M
Qf =Qf + Q5

= XIMAPXD - XONTXH

+ 2P XM A XD XA XY

Q= Q14+ Q7

= —XMATXO+ XONTXH — XV

+ da1 —2&2 /\043

+ XVALXT — XTALXY
+ Q5 ,

ALXT 4+ XTALXY

+ 2P XA XY HEXTA XYY+ QT

Ricci tensor of a non-Kahler Chow-Yang metric.
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Proposition 6.1. The “hyper-Kdihler part” Q'Y has no contribution to the Ricci
tensor. Therefore we can ignore the Q! -part in the computation of the Ricci tensor.

The dependency on the point of the full curvature does not contribute to the
Ricci map g — Ric(g).

e Set up : {€ 2, 1,&0,...,&3} : the frame on Z dual to
the coframe {ay, a3, X, ..., X3} (unitary w.r.to the KE metrix) =

R IO S IR IR Y

is the frame dual to the coframe
{)\al, )\ag,XO, NN ,X3} .

e Computation of the Ricci tensor. Using the formula

dim
Ric(ei, e5) = Y g (Y (eiex)€), ;)
k=1
we get
Ricx(A™1¢ o, A1 y) = Riea(A T, A 1eLy)
= % +4n ,
Ricx(A\™ Yo, X1 ) =0,
Rica(A™1¢_2, &) = Rica(A71¢_2, &) = RicA (A T¢_2, &)
= Rica(A7'¢ 5, &3) = Rica(A €11, &) = Riea(A 161, 61)
= Rica(A\71¢21, &) = Riea(A €01, &)
=0
and

Ric(&o,80) = Rica(&1,81) = Rica(§2,&2) = Rica(€3,E€3)
= % + (4n+2),

Ric(&o,€1) = Rica(§o, &2) = Rica(§o, &3) = Rica(€1-82)

= RiC)\(fl, 53) = RicA(éQ?éB)
=0.

Theorem 6.2. The Ricci tensor of the metric gx on the twistor space Z is given
by the formula

Ricy = 4 (14 n)\?) (a3 + a3)
+2(A 242+ D) (X0 X0 IXT X 4 EX? X2 XL X)L
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In other words,

Ricy = 2A72 {1 + (2n + 1))\2}9\/? :
(14n22)
1+(2n+1)A2

This means that the 2-parameter family

F={pgr}pr>0

of the (scaled) 2-parameter family of the canonical metrics on Z is stable under the
Ricci map.

Remark 6.3. If A =1 we get

RiC1 = 4(’/’L+1)gl .

Remark 6.4 (orbifold case). Of course we can construct locally irreducible pos-
itive quaternion Kahler orbifolds which are uniformized by one of the Wolf spaces.
On the other hand, many examples of non locally symmetric positive quaternion
Kahler orbifolds are constructed in [G-L]. Here we remark that the moving frame
computation in §2 does not necessarily generalize to positive quaternion Kahler
orbifold case. Indeed, given a locally irreducible positive quaternion Kahler orb-
ifold, the attempt constructing its twistor space with its complex structure may not
work. Moreover, even if the orbifold version of the twistor space exists, the orbifold
version of the Chow-Yang metric is not defined.

Here we explain the reason.

If we take a local uniformization of the orbifold along the locus of orbifold singu-
larities, we locally get a non-singular irreducible quaternion Kahler manifold with
a finite group G acting isometrically preserving the local quaternion Kahler struc-
ture. In the case where G operates on the local holonomy reduction Py, of the
oriented orthonormal frame bundle, we can construct the orbifold version of the
twistor space to this case just by working equivariantly. However, in the case where
the group G does not operate on Pj,., we cannot generalize the arguments in §2.
Indeed, the action of G can be defined in the SO(4n)-principal bundle of the full
space of oriented orthonormal frames of M and the space on which G can act con-
sists of two copies of P, whose fibers over the loci on which the G-action is not free
coincide. In other wards, the holonomy of the orbifold under question along a loop
which approaches to the orbifold singular loci and go around it and come back is
not contained in Sp(n)Sp(1) and the holonomy group becomes a disconnected sub-
group of SO(4n) whose identity component is a subgroup of Sp(n)Sp(1). Therefore,
in this case, the twistor space cannot be defined as a usual Kahler orbifold.

Suppose next that G operates on the local holonomy reduction Pj,. of the ori-
ented orthonormal frame bundle. In this case we can construct the orbifold version
of the twistor space. To see what happens to the construction of the orbifold Chow-
Yang metric, we work on the local uniformization level. The Chow-Yang metric
at a point z in the P!-fiber over m € M of the twistor fibration Z — M in the
local uniformization level, the coframe, say, {a1,as, X9, X1 X2 X3} is chosen so
that {X° X! X2 X3} is a unitary basis of T;,, M with respect to the orthogonal
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complex structure corresponding to z. However, in the local uniformization level,
we must work equivariantly with respect to the finite group action. This group
action identifies different orthogonal complex structures and induces in general a
non trivial rotation in the space P! of orthogonal complex structures of T,, M in
the local uniformization level. Therefore we cannot define the Chow-Yang metric
in the equivariant way and this implies that the orbifold Chow-Yang metric is not
defined in general (the case where the Chow-Yang metric is defined equivariantly
corresponds to orbifolds uniformlized by the Wolf spaces).

We thus conclude that the arguments in §2 cannot be generalized to quaternion
Kahler orbifolds.

For comparison, we compute (using O’Neill’s formula) the Ricci tensor of the

canonical deformation metric g§*". The result is

Ric(g5*) = (1 +nA\)grs + (n+2 — A )gus

Therefore g§*" is Einstein iff A2 = 1 and \? = n+r1 The case A\? = 1 corresponds
to the submersion metric coming from P — Z which is Kahler-Einstein. Another
Einstein metric (corresponding to the case \? = n%_l) is non-Kahler. In this case

the Ricci flow equation d,g = —2Ric, reduces to the following system of ODE’s on
the family of canonical deformation metrics {pg§*"}x,, :

d)\? 2

= _Z(N\-1 DA -1
7 p( H(n+1) }
dp = 2(n+2-)\?

dt ’

It turns out that the behavior is completely different from the Ricci flow defined
on the family of Chow-Yang metrics {pg{¥ }x , (see Theorem 7.1).
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7. Ricci flow.

The family F is stable under the scaling by positive numbers and the convex
sum. Therefore the family F is stable under the Ricci flow equation. Here, for
a time dependent metrics g(x,t) is said to satisfy the Ricci flow equation if the
evolution equation

Org = —2Ricy

holds.
Theorem 7.1. (1) The Ricci flow equation

O0rg = —2Ric,

on the twistor space Z with initial metric in the family F reduces to the system of
ordinary differential equations

S (pnN(1) = ~8(1+n(1) |

% p(t) = =4(At) 2 +2n+1).

(2) For any initial metric at time t = 0 in the homothetically extended family
of Chow-Yang metrics on Z, the system of ordinary differential equations (12) has
a solution defined on (—oo0,T), i.e. the solution is extended for all negative reals
(such a solution is called an ancient solution) and extinct at some finite time T
(i.e., as t — T the solution shrinks the space and become extinct at time T'). The
extinction time T depends on the choice of the initial metric.

(3) Suppose that p(0) = 1. If A(0) = 1, then the metric remains Kdhler-Einstein
(A(t) = 1) and the solution evolves just by homothety p(t) =1 —4(n + 1)t (in this
case T = m)

If \(0) < 1, then

lim A(t) =1 , lim p(t) = oo,

t——o0
A =0 fing e =0

If X(0) > 1, then

lim A(¢t) =1, lim p(t) =00,

t——o0 t——o00
. o . o . 2 _
7:113%’ A(t) = o0, th—>H71“ p(t) =0, tler% p(t)A=(t) =0 .

Suppose that X\(0) # 1. Then, as t becomes larger in the future direction, the
deviation |1 — A(t)| of the solution from being Kdhler-Einstein becomes larger as
well. As t becomes larger in the past direction, then the solution becomes backward
asymptotic to the solution in the case of A(0) =1, i.e., the Kdhler-Einstein metric
is the asymptotic soliton of the Ricci flow under consideration.
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(4) Suppose that \(0) < 1. Then the Gromov-Hausdorff limit of the Ricci flow
solution as t — T, scaled with the factor p(t)~!, is the original quaternion Kdhler
metric on M.

(5) Suppose that A(0) > 1. Then the Gromov-Haussdorff limit of the Ricci flow
solution as t — T, scaled with the factor p(t)~!, is the sub-Riemmanian metric
defined on the horizontal distribution of the twistor space Z which projects isomet-
rically to the original quaternion Kahler metric on M.

Application of Theorem 6.2 and 7.1.

Theorem 6.1 and 7.1 imply that the 2-parameter family F is foliated by the
trajectories of the Ricci flow solutions all of which are ancient solutions.

We can draw the picture of this foliation.

Applying the curvature derivative estimates for the Ricci flow due to Bando and
Shi ([B], [Shi], see also presentation in [C-K]) to the ancient solutions in Theorem
7.1 (together with the curvature computation in §6), we get the following (for a
proof of Theorem 7.2, see [K-O1] arXiv:0801.2605 [math.DG].) :

Theorem 7.2. We have the limit formula
lim [V Rm% | jov =0 .
A—o00 A

This supports the LeBrun-Salamon Conjecture. If LeBrun-Salamon Conjecture
is true, we must have

VRm =0
for the original quaternion Kahler metric g on M*".

As g, tends to the sub-Riemannian metric on Z which covers the original
(M4, g) (n > 2) isometrically, there is a possibility that the limit formula

lim |VgSYngSY‘gCY =0
A—00 A
in Theorem 7.2 implies the LeBrun-Salamon conjecture
VRm =0,

i.e., the original (M%", g) is isometric to one of the Wolf spaces. In fact, we can
prove the following Theorem 7.3, full detail of which can be found in [K-O1],
arXiv:0801.2605 [math.DG].

Theorem 7.3. Any irreducible positive quaternion Kdhler manifold (M*™, g) is
isometric to one of the Wolf spaces.

Outline of Proof. We choose an orthonormal basis (e4) of the tangent space
(T'nM, gr) (m € M) and extend it to an orthonormal frame on a neighborhood
of m by parallel transportation along geodesics emanating from m. This defines
a (4n)-dimensional surface S centered at (e4) € P (P being the holonomy reduc-
tion of the principal bundle of orthonormal frames of M) which is transversal to
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the vertical foliation. This determines a (4n)-dimensional surface S’ in the twistor
space Z centered at a point m on a P'-fiber over m, which is transversal to the
P!-fibration. The covariant derivative of the curvature tensor at m is computed
by differentiating the components of the curvature tensor w.r.to the orthonormal
frames represented by points of S (identified with S” in Z) in the direction of a
horizontal tangent vector at m (identified with a tangent vector of M at m). In §6,
we computed the curvature form of the metric gy = A2(a? + a2) + 32°_ ' X7 - X7
on Z. For our purpose, we need:

Qo =20 — X' ATX - XPATXP
D=0 — XN X" - X2 A X2
Qs =05 — X' AIXE - X3AEX3
Qs =05 — XONIX0 - X2 AtX2

and

Qg =W+ XONIXT+ X2AIX3 — (dag — 200 A a3)

QMQ):QS+X3/\’5X1—Xl/\tXS—(dozg—2oz3/\a1)
+ do

Do =0 - XA X+ XONEX3 — (das — 201 A )

D2 =02 - X3ANXO+ XU ATX? 4 (das — 201 A ag)

D=+ XZAX0 - XONTX2 — (dag — 203 A aq)
+ das

ng:Qg+X2/\tX3+XO/\tX1+(doz1—2a2Aa3) .

Taking the component in the X* (i = 0, 1,2, 3) direction of the curvature tensor and
taking the covariant derivative in the X* (i = 0, 1,2, 3) direction, we immediately
conclude that the covariant derivatives of the X* (i = 0, 1,2, 3) part of the curvature
tensor of the metric g>C\Y of the twistor space Z at m in the horizontal direction
is equal to the covariant derivative in the corresponding direction of the curvature
tensor of the quaternion Kéhler manifold (M, g) under question. On the other
hand, we have from Theorem 7.2 the limit formula

i cy cy

lim |[V9 Rm% |ov =0.
A—00 A

This implies that the curvature tensor of the positive quaternion Kéahler manifold

(M, g) must satisfy the condition VR = 0 from the beginning. This implies that

(M, g) is a symmetric space. Since we assumed that (M, g) is irreducible, (M, g)

must be isometric to one of the Wolf spaces. [
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