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Example
We consider the space Y = C([0, 1]; R) with its usual norm and

let X C'Y be the set of functions

X={fey ‘ fe CH(0,1):R), sup |F'(x)] <oob.
x€(0,1)

with norm
Ifllx = sup [f(x)]+ sup [f'(x)].
x€[0,1] x€(0,1)



Example continued

Example (Continuation)

Obviously X and Y are Banach spaces, f € X = f € Y. Moreover
the mapping lx : X — Y is continuous since for f € X we have
Iflly < ||fllx- This embedding is compact, since for any bounded
set in X the set as a subset of Y is equicontinuous, hence
precompact.
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Example (Continuation)

Obviously X and Y are Banach spaces, f € X = f € Y. Moreover
the mapping lx : X — Y is continuous since for f € X we have
Iflly < ||fllx- This embedding is compact, since for any bounded
set in X the set as a subset of Y is equicontinuous, hence
precompact.

For the proof of the embedding theorem, the interpolation
inequality for Lebesgue-spaces is useful. It reads as follows.

Lemma (Interpolation inequality)
Assume 1 < p < r < g < co. Choose 0 € [0,1] such that

1 6 1-94
+

r P q
Suppose u € LP(2) N L9(RQ), then u € L"(Q) and

lulliri@y < ullfneylullahy-



Proof of the interpolation inequality

Proof. Observe that the function U : x — max{|u(x)|?, |u(x)|9} is
integrable with

[ U6)ax < oy + ey
Q

Since |u(x)|" < U(x) it is clear that u € L"(Q).
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Proof of the interpolation inequality

Proof. Observe that the function U : x — max{|u(x)|P, |u(x)|9} is
integrable with

[ U6)ax < oy + ey
Q

Since |u(x)|" < U(x) it is clear that u € L"(€2). Then by defintion
we have
0 r(1—296)

—+
p q

=land r0+r(1—0)=r.

Moreover it is clear that |u|"® € L (Q) and |u|(1~9) € L) ().
Using Holders inequality with the function spaces L%(Q) and

q

Lr@=0)(Q) we get



Proof of the interpolation inequality — Continuation

/|u|’dx _ /|u|f9|u|f(1—")dx
Q

< ro
1-6
= muunzﬁ(m)



Proof of the interpolation inequality — Continuation

/|u|’dx _ /|u|f9|u|f(1—9)dx
Q Q

< ro r(1-9)
Il g Nl =y

r r(1-60
= Jullflulfey

- . . 1 .
Taking left and right hand side to the ;-th power yields the result.



Compact Sobolev Embedding

Theorem (Rellich-Kondrachov: Compact Embedding)
Let Q C R" be bounded and assume O is of class C1. Let

1 < p < n then for
np
n—p

1<qg<p'=

we have
WLP(Q) cc LY(Q).



Proof — First Step

1. We first prove a continuous embedding: we use the fact that
for any open set U with Q C U C R” and any u € WP(Q)
we find a function & : U — IR with supp o C U and
u € WHP(RRM).
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Proof — First Step

1. We first prove a continuous embedding: we use the fact that
for any open set U with Q C U C IR” and any u € WP(Q)
we find a function & : U — R with supp o C U and
u € WHP(IR"). Hence there is an operator

E: WhP(Q) — WHP(R™)

which is bounded.

Especially we can consider E : WhP(Q) — W, P(U) be
bounded and moreover by Theorem 4.4.5 we have an
embedding of Wol’p(U) C LP"(U). Hence we have a bounded
embedding W'P(Q) into LI(Q) for 1 < q < p*.



Proof — Continuation

2. Choose a bounded sequence {um}mev in WEP(Q), we need
to show that it is relatively compact as a subset in
W, P(U) C LI(U).



Proof — Continuation

2. Choose a bounded sequence {um}me in WEP(Q), we need
to show that it is relatively compact as a subset in
W, P(U) C LI(U).

3. We consider the smoothed functions J:(un,) for e < .
W.l.o.g. we may assume that supp J-up, C U for all
m, € < €o.



Proof — Continuation

2. Choose a bounded sequence {um}me in WEP(Q), we need
to show that it is relatively compact as a subset in
W, P(U) C LI(U).

3. We consider the smoothed functions J.(upm) for ¢ < &o.
W.l.o.g. we may assume that supp J-u, C U for all
m, € < ¢€p.

4. J.up converges uniformly in m to u,, with respect to the
space L9(U). We prove this first for u,, smooth, the full result
follows by approximation of arbitrary functions (in WP(U)
by smooth functions). As before we write (compare with the
proof of Lemma 4.2.5)

G = 5 (X2 ) utay

en 5

_ / p(2)u(x — ez)dz.

B1(0)



Proof — Continuation

4. (Continued) We consider for a differentiable up,

(Jetm)(x) = um(x) = / p(2) (um(x = €2) = um(x)) dz

B1(0)

= / p(z) (jium(x — 5tz)dt> dz

0

= —¢ / p(z) (/1 Dupm(x — tz—:z)zdt) dz

B1(0) 0



Proof — Continuation

4. (Continued) Therefore we can estimate

/\(Jgum)(x)—um(x)|dx < ¢ / p(y)/l/yDum(x—ty)\dxdn
U 0 U

B1(0)

< 6/|Dum(x)|dx.
U



Proof — Continuation

4. (Continued) Therefore we can estimate

1
/ 6% //]Dum(x—ty |dxdt
B1(0 0 u

5/ |Dupm(x)|dx.
U

IN

[ 10-0m)0) = ()] dx
U

IN

5. It follows that
[ Jetim = uml|3vy < €llDum|11uy < Cel|Duml| e (u)

where the last inequality follows fromn the Holder inequality
This generalizes (by approximation) to arbitraty
WP(U)-functions.
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4. (Continued) Therefore we can estimate

/\(Jgum)(x)—um(x)|dx < ¢ / p(y)/l/youm(x—ty)\dxdn
U 0 U

B1(0)

< 6/|Dum(x)|dx.

U

5. It follows that
([ Jetm — ”mHLl ) < E”DL’mHLl w) = CEHDumHLP

where the last inequality follows fromn the Holder inequality
This generalizes (by approximation) to arbitraty
WP (U)-functions.

6. Therefore J.upy — upy uniformly in m with repect to the
LY(U)-norm.



Proof — Continuation

7. Let 1 < g < p* and choose g < p < p* and write

1 1-6
e
q p

Then we have from the interpolation inequality
[Jetm — Umllauy < [ Jetim — UmH(ZI(U)HJsUm tm|| Lp(u)-
By bounded embdedding Wol’p(U) — LP(U) we have
[etim = tmllaquy < CllJetim = tml|T1 )

and we have uniform (with respect to m) convergence of
Jetum — up in LI(U).



Proof — Continuation

8. Fix 0 < e < g9. We show {J-tm}men is uniformly bounded.
For x € U (or x € R") we have

1 X —
|J€Um(X)| < g P< y) |um(Y)| dy
C
< Sllelleewllumllicw)
C
< — <o

En



Proof — Continuation

8. Fix 0 < e < g9. We show {J-tm} men is uniformly bounded.
For x € U (or x € R") we have

T

En

X —

") lun(v)]

C
< Sllelleewllumllicw)
C
< =<
gn
9. For 0 < € < g¢ the family {um}men is equicontinuous:

C X—y
Prunl)l < 5 [ |00 (*Z) lomtl @y
c
< ;,,HDPHLoc(U)HUmHLl(U)
c
<

€n+1 :



Proof — Continuation
10. Find a convergent subsequence, fix > 0. Then we find an
e1 € (0,g0) with for all (0 < & < e1) we have
0
VmG]N : ||J5um — umHLq(U) < §

By equicontinuity and the Ascoli-Arzeld theorem we find a
subsequence {um, }jew such that {J-um, }jen is (with respect
to uniform convergence) a Cauchy sequence, since U is
bounded it follows that this is a Cauchy sequence in L9(U),
i.e. there exists a N € IN such that k,j > N implies

o
| Jetim, — JEUijLq(U) < 3

Then we have with X = L9(U), 0 <e <e;1 and j,k > N
Humk_uijX < Humk_JEumk||X+||J8umk_-j€umjHX“‘”Umj_JEUijX

lum, — uijX < 0.



