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1. (Poisson structure of a symplectic manifold)
Let (M,ω) be a symplectic manifold. Given two functions F,G ∈ C∞(M), define
their Poisson bracket to be the new function

{F,G} := −ω(XF , XG).

a) Prove that X{F,G} = [XF , XG].

b) Prove that { . , . } : C∞(M) × C∞(M) → C∞(M) is a Lie bracket, i.e. it
satisfies

{G,F} = −{F,G}
{F, {G,H}} = {{F,G}, H}+ {G, {F,H}}.

c) Prove that {FG,H} = F{G,H}+G{F,H}.

d) Prove that the time evolution of a function F along the Hamiltonian flow
ϕH
t of an autonomous Hamiltonian function H satisfies the equation

d

dt
(F ◦ ϕH

t ) = {F,H} ◦ ϕH
t .

e) What is the local expression for {F,G} in Darboux coordinates?

2. (Lagrangian surgery)

a) Show that if L1 and L2 are two Lagrangian submanifolds passing through
p = (x, y) ∈ (R2n, ωst) such that TpL0 ∩ TpL1 = {0}, there exists a symplec-
tomorphism ϕ : R2n → R

2n such that for a sufficiently small ε > 0 one has
ϕ(L0 ∪ L1) ∩B(p, ε) = (Rn × {y} ∪ {x} ×Rn) ∩B(p, ε).

b) Construct a Lagrangian submanifold L ⊂ (R2n, ωst) diffeomorphic to R ×
Sn−1, such that

L ∩ (R2n \B2n(0, 1)) = (Rn × {0} ∪ {0} ×Rn) ∩ (R2n \B2n(0, 1)).

Together with Darboux’ theorem, a) and b) show that one can form the
connected sum of two Lagrangian submanifolds which intersect transversely
at one point such that the result is a new Lagrangian submanifold.

c)∗ Formulate and prove a similar result for Lagrangian submanifolds that in-
tersect cleanly, i.e. such that L1 ∩ L2 is a submanifold and for each point
x ∈ L1 ∩ L2 one has TxL1 ∩ TxL2 = Tx(L1 ∩ L2).


