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1. Homology

Let (Ci)i∈Z be abelian groups and let ∂i : Ci → Ci−1 be homomorphisms such that ∂i ◦ ∂i+1 = 0
for all i ∈ Z. The sequence

... −→ Cn+1
∂n+1−→ Cn

∂n−→ Cn−1
∂n−1−→ Cn−2 −→ ...

is called chain complex and the maps ∂n : Cn → Cn−1 are called boundary maps.

Elements in the kernel ker ∂n of a boundary map ∂n are called n-cycles and elements in the

image of ∂n are called boundaries.

The nth-homology group with respect to the given chain complex is de�ned as the quotient

Hn := ker ∂n/im ∂n+1.

A collection of homomorphisms (fi : Ai −→ Bi) between chain complexes A and B which

commute with the boundary maps, i.e. ∂Ai fi−1 = fi∂
B
i , is called chain map.

2. Singular Homology

Let X be a topological space.

a. De�nitions

Let v0, ..., vn be pairwise distinct points in Rn such that v1−v0, ..., vn−v0 are linearly independent.
The convex hull of v0, ..., vn is denoted by [v0, v1, ..., vn] and is called n-simplex. If e1, ..., en+1 is

the standard basis of Rn+1, the hull [e1, ..., en+1] is called standard n-simplex. It is denoted by

∆n. Subsets of the form [v0, ..., vi−1, vi+1, ..., vn] are identi�ed with ∆n−1. If n < 0, then ∆n = ∅.

A continuous map σ : ∆n → X is called singular-n-simplex. A �nite formal sum
∑

α nασα of

singular-n-simplices σα is called singular-n-chain.

By ∆n(X) one denotes the free abelian group consisting of all singular-n-chains. For n ≥ 1 a

group homomorphism

∂n : ∆n(x)→ ∆n−1(X)
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is de�ned by

∂n(σ) =
n∑
i=0

(−1)nσ|[v0,...,vi−1,vi+1,...,vn].

For n ≤ 0 let ∂n = 0. The sequence

... −→ ∆2(X)
∂2−→ ∆1(X)

∂1−→ ∆0(X)
0−→ 0 −→ 0 −→ ...

is called (singular) chain complex and the quotient

Hn(X) = ker ∂n/im ∂n+1

is called the nth-(singular) homology group of X.

b. Key Facts

Proposition. If (Xβ)β are the path-components of X, then for all n ∈ Z

Hn(X) ∼=
⊕
β

Hn(Xβ).

Proposition. If X is non-empty and path-connected, then H0(X) ∼= Z.

Proposition. Let X be path-connected and let π1(X) denote the fundamental group of X.

Moreover let [π1(X), π1(X)] be the commutator subgroup of π1(X). Then

H1(X) ∼= π1(X)/ [π1(X), π1(X)] .

Theorem. Let n ∈ Z. Every continuous map f : X → Y induces a homomorphism f∗ : Hn(X)→
Hn(Y ). If g : X → Y is another continuous map homotopic to f , then f∗ = g∗.

Corollary. A homotopy equivalence f : X → Y induces an isomorphism f∗ : Hn(X)→ Hn(Y ).

3. Homological Algebra

a. De�nitions

Let (Gn)n∈Z be groups and fn : Gn → Gn−1 be homomorphisms for all n ∈ Z. The sequence

... −→ Gn+1
fn+1−→ Gn

fn−→ Gn−1
fn−1−→ Gn−2 −→ ...

is called exact if and only if the identity im fn+1 = ker fn holds for all n ∈ Z.

An exact sequence of the form

0 −→ G3
f3−→ G2

f2−→ G1 −→ 0

is called a short exact sequence.

Let

...
∂−→ An+1

∂−→ An
∂−→ An−1

∂−→ ...

...
∂−→ Bn+1

∂−→ Bn
∂−→ Bn−1

∂−→ ...

...
∂−→ Cn+1

∂−→ Cn
∂−→ Cn−1

∂−→ ...

page 2 of 5



De�nitions and Key Facts - Homology Theory Christian O�en, Florian Noethen

be chain complexes with homology groups denoted by Hn(A), Hn(B) and Hn(C). For k ∈ Z let

ik and jk be homomorphisms such that the sequences

0 −→ Ak
ik−→ Bk

jk−→ Ck −→ 0

are exact for all k ∈ Z. If the diagram

0 0 0
↓ ↓ ↓

...
∂−→ An+1

∂−→ An
∂−→ An−1

∂−→ ...
↓i ↓i ↓i

...
∂−→ Bn+1

∂−→ Bn
∂−→ Bn−1

∂−→ ...
↓j ↓j ↓j

...
∂−→ Cn+1

∂−→ Cn
∂−→ Cn−1

∂−→ ...
↓ ↓ ↓
0 0 0

commutes, i.e. i and j are chain maps, then the chain complexes together with the chain maps

are called short exact sequence of chain complexes.

b. Key Fact

Theorem. A short exact sequence of chain complexes induces a long exact sequence of

homology groups

... −→ Hn+1(A)
i∗−→ Hn+1(B)

j∗−→ Hn+1(C)
∂−→ Hn(A)

i∗−→ Hn(B)
j∗−→ Hn(C)

∂−→ Hn−1(A) −→ ...

4. Relative and Reduced Homology

a. De�nitions

For a subset A ⊂ X we have ∆n(A) ⊂ ∆n(X). The boundary map of X induces a boundary map

on the quotient ∆n(X)/∆n(A). The associated homology groups are called relative homology

groups and are denoted by Hn(X,A). Note that by de�nition Hn(X, ∅) = Hn(X).

The chain complex given by the sequence

... −→ ∆2(X)
∂2−→ ∆1(X)

∂1−→ ∆0(X)
ε−→ Z −→ 0 −→ ...

is called augmented (singular) chain complex and it's homology groups H̃n(X) are called

reduced (singular) homology groups, where ε is de�ned as ε(
∑

α nασα) =
∑

α nα.

Reduced homology can be understood as subtracting one Z-factor in dimension 0. If X is non-

empty, then H̃n(X) = Hn(X) for n 6= 0 and H0(X) ∼= H̃0(X)⊕ Z.

For ∅ 6= A ⊂ X one de�nes H̃n(X,A) := Hn(X,A).

The pair (X,A) is called good, if A is closed in X and there exists a neighborhood of A which

deformation retracts to A.
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b. Key Fact

Theorem. We have a long exact sequence of a pair (X,A) in singular homology.

... −→ Hn(A)
i∗−→ Hn(X)

j∗−→ Hn(X,A)
∂−→ Hn−1(A) −→ ...

Here i : A ↪→ X is the inclusion and j : ∆n(X) −→ ∆n(X)/∆n(A) the quotient map.

Proposition. The long exact sequence of a pair (X,A) in singular homology also holds for

reduced homology.

Proposition. If (X,A) is a good pair, the quotient map q : X −→ X/A induces an isomorphism

q∗ : Hn(X,A)
∼−→ Hn(X/A,A/A) ∼= H̃n(X/A)

Theorem. For good pairs, there is an exact sequence

... −→ H̃n(A)
i∗−→ H̃n(X)

q∗−→ H̃n(X/A)
∂−→ H̃n−1(A) −→ ...

Corollary. The reduced homology of the n-sphere Sn is given by

H̃k(S
n) ∼=

{
Z, if k = n

0, if k 6= n

Corollary. Given topological spaces Xα with base points xα ∈ Xα, such that (Xα, {xα}) are

good pairs, the inclusions iα : Xα ↪→
∨
β Xβ induce an isomorphism

⊕α(iα)∗ :
⊕
α

H̃n(Xα)
∼−→ H̃n

(∨
α

Xα

)

Theorem (Excision). Let Z ⊂ A ⊂ X such that Z ⊂ int(A). Assuming this, the inclusion

(X\Z,A\Z) ↪→ (X,A) induces an isomorphism

Hn(X\Z,A\Z)
∼−→ Hn(X,A)

Theorem (Mayer-Vietoris Sequence). Let A,B ⊂ X such that int(A) ∪ int(B) = X. Then

we have a long exact sequence with homomorphisms induced by the inclusions

... −→ Hn(A ∩B)
(iA)∗⊕(iB)∗−−−−−−−→ Hn(A)⊕Hn(B)

(jA)∗−(jB)∗−−−−−−−−→ Hn(X)
∂−→ Hn−1(A ∩B) −→ ...

5. Cellular Homology

a. De�nitions

In this section X always is a CW-complex. We denote its n-skeleton by Xn.

Consider the boundary map ∂n+1 : Hn+1(X
n+1, Xn) −→ Hn(Xn) from the long exact sequence

of the pair (Xn+1, Xn) and the map jn : Hn(Xn) −→ Hn(Xn, Xn−1), induced from the quotient

map, in the long exact sequence of the pair (Xn, Xn−1). Let dn+1 := jn∂n+1 be the composition.

We get a chain complex

... −→ Hn+1(X
n+1, Xn)

dn+1−→ Hn(Xn, Xn−1)
dn−→ Hn−1(X

n−1, Xn−2) −→ ...

called cellular chain complex. It's homology is called cellular homology.
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b. Key Facts

Lemma. The following statements hold true for singular homology

a) Hk(X
n, Xn−1) is 0 for k 6= n and free abelian with a basis in one-to-one correspondence with

the n-cells of X for k = n.

b) For k > n we have Hk(X
n) = 0.

c) For k < n the inclusion i : Xn ↪→ X induces an isomorphism i∗ : Hk(X
n)

∼−→ Hk(X).

Proposition. The cellular chain complex as de�ned above is indeed a chain complex, i.e.

dndn+1 = 0.

Theorem. Cellular homology is isomorphic to singular homology.

Corollary. Cellular homology is independent of the choice of a particular CW-structure for X.

Corollary.

i) Hn(X) = 0 if X has no n-cells.

ii) The number of generators of Hn(X) is at most the number of n-cells in X.

iii) If X has no two cells in adjacent dimensions, then Hn(X) ∼= Hn(Xn, Xn−1).

Using the identi�cation of Hn(Xn, Xn−1) with the free abelian group generated by the n-cells
enα, we can compute the boundary map dn di�erently.

Proposition. Let dαβ be the degree of the map Sn−1α −→ Xn−1 −→ Sn−1β that is the com-

position of the attaching map of enα restricted to ∂enα = Sn−1α with the quotient map collaps-

ing Xn−1\int(en−1β ) to a point. Then the boundary map can be computed using the formula

dn(enα) =
∑

β dαβe
n−1
β .

While our presentation mostly stems from Hatchers book, we found Bredon taking a more general

approach to the topic, which has some nice results on how to compute degrees of maps Sn −→ Sn.
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