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Abstract

We present recent results and conjectures for multiple q-zeta values. By that, we
focus on our efforts to generalize the work of Gangl-Kaneko-Zagier to double q-zeta
values.

Introduction

In this note we study the relations, which are satisfied by single and double q-zeta values.
We start by recalling some aspects of multiple q-zeta values in section one. In section two
we analyze distinct sets of relations and in the last section we study the interplay between
those relations and the relations satisfied by single and double zeta values. We assume
that the reader is familiar with the basic results for multiple zeta values and we use the
notation as in [8].
Acknowledgements. The authors would like to thank Nils Matthes for his helpful com-
ments and his contributions to this project. We also thank Hidekazu Furusho for making
our participation at the RIMS Conference Various Aspects of Multiple Zeta Values (2019)
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1 Multiple q-zeta values

Many of the most basic concepts in mathematics have so-called q-analogues, where q
is a formal variable such that the specialization q → 1 recovers the usual concept. In
this report we will study the following q-analogues of multiple zeta values. If not stated
otherwise, the results in this section are obtained in [6].

Definition 1.1. For integers s1, . . . , sl ≥ 1 and Q1(t) ∈ tQ[t] and Q2(t) . . . , Ql(t) ∈ Q[t]
we call

ζq(s1, . . . , sl;Q1, . . . , Ql) =
∑

n1>···>nl>0

Q1(q
n1)

(1− qn1)s1
· · · Ql(q

nl)

(1− qnl)sl
∈ Q[[q]]

a multiple q-zeta value.



The condition Q1(t) ∈ tQ[t] assures ζq(s1, . . . , sl;Q1, . . . , Ql) ∈ Q[[q]]. Moreover, since we
have for s1 > 1

lim
q→1

(1− q)s1+···+slζq(s1, . . . , sl;Q1, . . . , Ql) = Q1(1) . . . Ql(1) · ζ(s1, . . . , sl) ,

such series indeed give q-analogues of multiple zeta values1.

Definition 1.2. We set ζq(∅; ∅) = 1 and define the Q-vector space of multiple q-zeta
values to be

Zq :=
〈
ζq(s1, . . . , sl;Q1, . . . , Ql)

∣∣ l ≥ 0, s1, . . . , sl ≥ 1, deg(Qj) ≤ sj

〉
Q
.

In fact Zq is a Q-algebra, for example, it is

ζq(s1;Q1) · ζq(s2;Q2) = ζq(s1, s2;Q1, Q2) + ζq(s2, s1;Q2, Q1) + ζq(s1 + s2;Q1 ·Q2) ,

and clearly degQ1 ·Q2 ≤ s1 + s2 if degQj ≤ sj for j = 1, 2.
This model free approach to multiple q-zeta values recovers previously known multiple
q-zeta values, where special choices for the Qi(t) have been made, e.g. the Bradley-
Zhao model, the Schlesinger-Zudilin model and its extension by Ebrahimi-Fard-Manchon-
Singer, the Okounkov-model and others, see e.g. [6], [13].

Remark 1.3. Caution: s1 + · · · + sl does not give a good notion of weight for ζq. Also
l will not be used to define the depth. Instead, we will consider a class of q-series which
also spans the space Zq and use these series to define a weight and a depth filtration on
Zq.

Definition 1.4. For natural numbers s1, ..., sl ≥ 1 and r1, ..., rl ≥ 0 the bi-brackets are
defined bys1, . . . , sl

r1, . . . , rl


q

= κ ·
∑

n1>···>nl>0

nr11 Ps1−1(q
n1) . . . nrll Psl−1(q

nl)

(1− qn1)s1 . . . (1− qnl)sl
∈ Q[[q]] ,

where κ =
(
r1!(s1 − 1)! . . . rl!(sl − 1)!

)−1 and the Pk−1(t) are the Eulerian polynomials
defined by

Pk−1(t)

(1− t)k
= Li1−k(t) =

∑
d>0

dk−1td .

For example we have P0(t) = P1(t) = t and P2(t) = t2 + t. If r1 = · · · = rl = 0, then
bi-brackets specialize to the brackets defined in [5], i.e.,s1, . . . , sl

0, . . . , 0


q

=
s1, . . . , sl

q
=

1

(s1 − 1)! . . . (sl − 1)!

∑
n>0

( ∑
u1v1+···+ulvl=n
u1>···>ul>0
v1,...,vl>0

vs11 . . . vsll

)
qn .

In the case l = 1 we get the classical divisor sums σk−1(n) =
∑

d|n d
k−1 and the single

brackets appear in the Fourier expansion of classical Eisenstein series, which are (quasi)-
modular forms for SL2(Z), for example

G2 = −
1

24
+
2

q
, G4 =

1

1440
+
4

q
, G6 = −

1

60480
+
6

q
.

1 We use the convention ζ(s1, . . . , sl) =
∑

n1>...>nl>0

1
n
s1
1 ···nsl

l

.



Theorem 1.5. The following equality holds

Zq =
〈s1, . . . , sl

r1, . . . , rl


q

∣∣ l ≥ 0, s1, . . . , sl ≥ 1, r1, . . . , rl ≥ 0
〉
Q
.

The main idea of proof is illustrated by the following example1, 1

0, 1


q

=
∑

n1>n2>0

qn1

(1− qn1)

n2q
n2

(1− qn2)

=
∑

n1>n2>0

qn1

(1− qn1)

qn2

(1− qn2)
+

∑
n1>n2>n3>0

qn1

(1− qn1)

qn2

(1− qn2)

1− qn3

(1− qn3)

= ζq(1, 1; t, t) + ζq(1, 1, 1; t, t, 1− t) .

Remark 1.6. (i) The (bi)-brackets have also a direct connection to multiple zeta val-
ues, since if s1 > r1 + 1 and sj ≥ rj + 1 for j = 2, .., l, then

lim
q→1

(
1− q

)s1+...+sls1, ..., sl
r1, ..., rl


q

=
1

r1! · ... · rl!
ζ(s1 − r1, ..., sl − rl). (1.1)

(ii) Another very interesting connection to multiple zeta values is given by the Fourier
expansion of multiple Eisenstein series, for more details we refer to [1], [7].

Definition 1.7. We endow the space of multiple q-zeta values Zq with the weight-
filtration FilW resp. depth-filtration FilD induced by the notion of weight and depth
defined on the bi-brackets, namely the sum of all the indices si and ri and the number l.

Conjecture 1.8. We conjecture the following refinements of Theorem 1.5.
(B0)

Zq =
〈s1, . . . , sl

r1, . . . , rl


q

∣∣∣ l ≥ 0
si > ri for all i = 1, . . . , l
si + ri odd, if l − i odd

〉
Q

and this spanning set respects the weight and depth filtration given in Definition 1.7.
(B1) Multiple q-zeta values are linear combinations of brackets.
(B2) Multiple q-zeta values are linear combinations of "123"-brackets, i.e.

Zq =
〈s1, ..., sl

q

∣∣∣ si ∈ {1, 2, 3} for all i = 1, . . . , l
〉
Q
.

In contrast to the case of multiple zeta values, where it is expected that ζ(s1, ..., sl) with
si ∈ {2, 3} form basis, we have relations among the brackets in (B2) starting in weight 6.
Given the alphabet Az = {zs,r | s ≥ 1, r ≥ 0} we define the quasi-shuffle product � on
Q〈Az〉 recursively. Let u, v ∈ A∗z be words, then 1 � u = u � 1 = u and

zs1,r1u � zs2,r2v = zs1,r1(u � zs2,r2v) + zs2,r2(zs1,r1u � v) + (zs2,r2 ◦ zs1,r1)(u � v),

where

zs2,r2 ◦ zs1,r1 =
(
r1 + r2
r2

)(
zs1+s2,r1+r2 +

s1∑
j=1

λjs1,s2zj,r1+r2 +

s2∑
j=1

λjs2,s1zj,r1+r2

)



and with the Bernoulli numbers Bn we have

λja,b = (−1)b−1
(
a+ b− j − 1

a− j

)
Ba+b−j

(a+ b− j)!
.

Furthermore, we let2

A
(
X1,X2,...,Xl

Y1,Y2,...,Yl

)
=

∑
s1,...,sl≥1
r1,...,rl≥0

zs1,r1 ...zsl,rl X
s1−1
1 · · ·Xsl−1

l Y r1
1 · · ·Y

rl
l

be the generating series of words of depth l. Then for each l we set

τ
(
A
(
X1,X2,...,Xl

Y1,Y2,...,Yl

))
= A

(
Y1+···+Yl,...,Y1+Y2,Y1
Xl,Xl−1−Xl,...,X1−X2

)
and define the involution τ on Q〈Az〉 by setting

τ(zs1,r1 ...zsl,rl) = coefficient of Xs1−1
1 · · ·Xsl−1

l Y r1
1 · · ·Y

rl
l in τ

(
A
(
X1,X2,...,Xl

Y1,Y2,...,Yl

))
.

Theorem 1.9 ([1],[2]). The vector space of bi-brackets is a Q-algebra with derivation
q d
dq
. More precisely, the map (Q〈Az〉, �) → Zq given by zs1,r1 ...zsl,rl 7→

s1,...,sl
r1,...,rl


q
is a

τ -invariant algebra homomorphism.

A key ingredient for the proof is to relate the product � to certain functional equations of
the generating series of bi-brackets and then to check those by using the following explicit
description

g
(
X1,...,Xl

Y1,...,Yl

)
=

∑
s1,...,sl≥1
r1,...,rl≥0

s1, . . . , sl
r1, . . . , rl


q

Xs1−1
1 · · ·Xsl−1

l Y r1
1 · · ·Y

rl
l

=
∑

m1>...>ml>0

l∏
j=1

emjYj
eXjqmj

1− eXjqmj
∈ Q[[q]][[X1, Y1, ..., Xl, Yl]].

A big quest in the history of multiple q-zeta values had been the search for a model that
is dimorphic and compatible to multiple zeta values, i.e. it satisfies a stuffle and a shuffle
formula for the product, which specialize via q → 1 to the classical double shuffle, see e.g.
[13]. This is the case for the bi-brackets by employing the identity a · b = τ

(
τ(a) · τ(b)

)
.

However, a disadvantage of the bi-brackets is that their product is only filtered and not
graded with respect to the weight.
We define now the q-stuffle product ∗ on Q〈Az〉 recursively. Let u, v ∈ A∗z be words, then
1 ∗ u = u ∗ 1 = u and

zs1,r1u ∗ zs2,r2v = zs1,r1(u ∗ zs2,r2v) + zs2,r2(zs1,r1u ∗ v) +
(
r1+r2
r2

)
zs1+s2,r1+r2(u ∗ v).

We observe that ∗ respects the natural weight grading on Q〈Az〉 given by the sum of all
indices si and ri.

2More precisely, we denote by A the bimould of generating series for A∗
z ordered by depth, i.e. we

have a sequence A =
(
A
(
X
Y

)
,A
(
X1,X2

Y1,Y2

)
, ...
)
and it is clear by the number of variables which element we

have to take.



Definition 1.10. We define the algebra Zfq of formal multiple q-zeta values to be the
graded algebra with the universal property that any τ -invariant algebra homomorphism
(Q〈Az〉, ∗)→ A factors through Zfq , i.e. we require a commutative diagramm

(Q〈Az〉, ∗) //

((

Zfq

��
A

Remark 1.11. (i) One could construct Zfq as the polynomial ring in formal variables
ζfq
(
s1,...,sl
r1,...,rl

)
modulo the relations given by the requirements that the bimould given

by the generating series of these variables is symmetril and swap-invariant. For the
reader we explain these notations in an example. Let Z =

(
Z
(
X
Y

)
,Z
(
X1,X2

Y1,Y2

))
be

the bimould given by

Z
(
X
Y

)
=
∑
s≥1
r≥0

ζfq
(
s
r

)
Xs−1Y r, Z

(
X1,X2

Y1,Y2

)
=

∑
s1,s2≥1
r1,r2≥0

ζfq
(
s1,s2
r1,r2

)
Xs1−1

1 Xs2−1
2 Y r1

1 Y r2
2 .

Then Z is swap-invariant if and only if

Z
(
X1

Y1

)
= Z

(
Y1
X1

)
, Z

(
X1,X2

Y1,Y2

)
= Z

(
Y1+Y2,Y1
X2,X1−X2

)
(1.2)

and Z is symmetril if and only if

Z
(
X1

Y1

)
Z
(
X2

Y2

)
= Z

(
X1,X2

Y1,Y2

)
+ Z
(
X2,X1

Y2,Y1

)
+ 1

X1−X2

(
Z
(

X1

Y1+Y2

)
−Z
(

X2

Y1+Y2

))
. (1.3)

For more details on moulds and bimoulds we refer to [11].

(ii) The map ∂ : Zfq → Zfq given by ∂ζfq
(
s1,...,sl
r1,...,rl

)
=

l∑
i=1

si(ri + 1)ζfq
(
s1,...,si+1,...,sl
r1,...,ri+1,...,rl

)
is a

derivation.

For the algebra structure of Zq, we conjecture the following.

Conjecture 1.12. The algebra Zq is a graded and there is an isomorphism of graded
algebras Zfq → Zq.

Using the description of Zfq in the language of bimoulds, see Remark (1.11) (i), we have
the following evidence towards Conjecture 1.12.

Theorem 1.13 ([4] and [3]). There are formal power series

G
(
X
Y

)
=
∑
s≥1
r≥0

G
(
s
r

)
Xs−1Y r ∈ Zq[[X, Y ]], (1.4)

G
(
X1,X2

Y1,Y2

)
=
∑

s1,s2≥1
r1,r2≥0

G
(
s1,s2
r1,r2

)
Xs1−1

1 Xs2−1
2 Y r1

1 Y r2
2 ∈ Zq[[X1, Y1, X2, Y2]], (1.5)

G
(
X1,X2,X3

Y1,Y2,Y3

)
=

∑
s1,s2,s3≥1
r1,r2,r3≥0

G
(
s1,s2,s3
r1,r2,r3

)
Xs1−1

1 Xs2−1
2 Xs3−1

3 Y r1
1 Y r2

2 Y r3
3 ∈ Zq[[X1, Y1, X2, Y2, X3, Y3]],

(1.6)



such that the bimould G =
(
G
(
X
Y

)
, G
(
X1,X2

Y1,Y2

)
, G
(
X1,X2,X3

Y1,Y2,Y3

))
is symmetril and swap-invariant

and such that the coefficients of (1.4),(1.5) and (1.6) successively span

FilD1 (Zq) ⊆ FilD2 (Zq) ⊆ FilD3 (Zq).

Observe, according to Conjecture 1.12 the mapZfq → Zq given by ζfq
(
s1,...,sl
r1,...,rl

)
7→ G

(
s1,...,sl
r1,...,rl

)
for l = 1, 2 and 3 should have an extension to all depths. Below we sketch the proof for
depth up to 2 only. The method to establish the depth 3 case is slightly more conceptual
and propably extends to higher depth [3].
Idea of Proof: First we prove the existence of a symmetril and swap-invariant bimould
β̃ =

(
β̃
(
X
Y

)
, β̃
(
X1,X2

Y1,Y2

))
, where

β̃
(
X
Y

)
= −

∑
k≥2

Bk

2k!
Xk−1 −

∑
k≥2

Bk

2k!
Y k−1

and the power series β̃
(
X1,X2

Y1,Y2

)
is made out of a Bernoulli realisation for double zeta values,

see Remark 3.4. We set

G
(
X
Y

)
= β̃
(
X
Y

)
+ g
(
X
Y

)
, (1.7)

G
(
X1,X2

Y1,Y2

)
= β̃
(
X1,X2

Y1,Y2

)
+ β̃
(
X2

Y2

)
g
(
X1

Y1

)
+ β̃
(
X1−X2

Y1

)
g
(

X2

Y1+Y2

)
− β̃
(
X1−X2

Y2

)
g
(

X1

Y1+Y2

)
− 1

2
g
(

X1

Y1+Y2

)
+ g
(
X1,X2

Y1,Y2

)
. (1.8)

Then, using the functional equations for the generating series of bi-brackets, we check
swap-invariance and symmetrility. Now the claim follows, since by Theorem 1.5 the
coefficients of (1.7) span FilD1 (Zq) and those of (1.7) and (1.8) span FilD2 (Zq). �

Definition 1.14. The coefficients of (1.4),(1.5) and (1.6) are called combinatorial multiple
Eisenstein series.

Remark 1.15. (i) This notation is due to the fact that combinatorial multiple Eisen-
stein series of depth one are given by classical Eisenstein series and their derivatives,
whenever s + r is even. Moreover, similar linear combinations of bi-brackets occur
in the Fourier expansion of multiple Eisenstein series, see [9], [2], [7].

(ii) The combinatorial multiple Eisenstein series satisfy the algebraic double q-shuffle
relations (see Definition 2.2), namely

G
(
s1
r1

)
G
(
s2
r2

)
= G
(
s1,s2
r1,r2

)
+G
(
s2,s1
r2,r1

)
+
(
r1+r2
r1

)
G
(
s1+s2
r1+r2

)
=
∑

1≤j≤s1
0≤k≤r2

(
s1+s2−j−1

s1−j

)(
r1+r2−k

r1

)
(−1)r2−kG

(
s1+s2−j,j
k,r1+r2−k

)
+
∑

1≤j≤s2
0≤k≤r1

(
s1+s2−j−1

s1−1

)(
r1+r2−k
r1−k

)
(−1)r1−kG

(
s1+s2−j,j
k,r1+r2−k

)
+
(
s1+s2−2
s1−1

)
G
(
s1+s2−1
r1+r2+1

)
,

and taking the limit q → 1 similar to (1.1) yields the algebraic double shuffle relations
for multiple zeta values (see Definition 3.2).



(iii) In addition we have

q d
dq
G1
(
X
Y

)
= ∂2

∂X∂Y
G1
(
X
Y

)
, and q d

dq
G2
(
X1,X2

Y1,Y2

)
=
(

∂2

∂X1∂Y1
+ ∂2

∂X2∂Y2

)
G2
(
X1,X2

Y1,Y2

)
2 Relations satisfied by double q-zeta values

If not stated otherwise, the results in this section are obtained in [4].

Notation 2.1. Let A be a Q-algebra. In the following Z =
(
Z
(
X
Y

)
,Z
(
X1,X2

Y1,Y2

))
denotes

a bimould of formal power series

Z
(
X
Y

)
=
∑
s≥1
r≥0

Z
(
s
r

)
Xs−1Y r ∈ A[[X, Y ]],

Z
(
X1,X2

Y1,Y2

)
=

∑
s1,s2≥1
r1,r2≥0

Z
(
s1,s2
r1,r2

)
Xs1−1

1 Xs2−1
2 Y r1

1 Y r2
2 ∈ A[[X1, X2, Y1, Y2]].

Definition 2.2. Let Z =
(
Z
(
X
Y

)
,Z
(
X1,X2

Y1,Y2

))
be a bimould.

(a) We say Z satisfies the algebraic double q-shuffle relations, if

Z
(
X1

Y1

)
Z
(
X2

Y2

)
= Z

(
X1,X2

Y1,Y2

)
+ Z
(
X2,X1

Y2,Y1

)
+ 1

X1−X2

(
Z
(

X1

Y1+Y2

)
−Z
(

X2

Y1+Y2

))
= Z

(
X1+X2,X1

Y2,Y1−Y2

)
+ Z
(
X1+X2,X2

Y1,Y2−Y1

)
+ 1

Y1−Y2

(
Z
(
X1+X2

Y1

)
−Z
(
X1+X2

Y2

))
. (2.1)

(b) We say Z satisfies the linear double q-shuffle relation, if Z
(
X
Y

)
and Z

(
X1,X2

Y1,Y2

)
solves

the equation

Z
(
X1,X2

Y1,Y2

)
+ Z
(
X2,X1

Y2,Y1

)
+ 1

X1−X2

(
Z
(

X1

Y1+Y2

)
−Z
(

X2

Y1+Y2

))
−Z
(
X1+X2,X1

Y2,Y1−Y2

)
−Z
(
X1+X2,X2

Y1,Y2−Y1

)
− 1

Y1−Y2

(
Z
(
X1+X2

Y1

)
−Z
(
X1+X2

Y2

))
= 0. (2.2)

Remark 2.3. (i) Of course, (a) implies (b).

(ii) If Z =
(
Z
(
X
Y

)
,Z
(
X1,X2

Y1,Y2

))
is a symmetril and swap-invariant bimould, then it

satisfies the algebraic double q-shuffle relations. Since (2.1) is nothing else than the
expansion of the equality

Z
(
X1

Y1

)
Z
(
X2

Y2

)
= τ
(
τ
(
Z
(
X1

Y1

))
τ
(
Z
(
X2

Y2

)))
by means of the formula (1.3).

(iii) If Z =
(
Z
(
X
Y

)
,Z
(
X1,X2

Y1,Y2

))
is a symmetril and swap-invariant bimould, then beside

of (1.2) and (2.2) there are the linear relations inbetween the coefficients of Z
(
X
Y

)
and Z

(
X1,X2

Y1,Y2

)
given by expanding the equality

Z
(
X1

Y1

)
Z
(
X2

Y2

)
= Z

(
X1

Y1

)
Z
(
Y2
X2

)
.



Proposition 2.4. Assume Z =
(
Z
(
X
Y

)
,Z
(
X1,X2

Y1,Y2

))
satisfies the linear double q-shuffle

relation.
(a) We have

Z
(
2
0

)
= Z
(
1
1

)
and Z

(
8
0

)
= 12Z

(
4,4
0,0

)
. (2.3)

(b) For even k ≥ 4 we have the identities∑
s1+s2=k
s1,s2 even

Z
(
s1,s2
0,0

)
=

3

4
Z
(
k
0

)
− 1

2
Z
(
k−1
1

)
, (2.4)

∑
s1+s2=k
s1>1,s2 odd

Z
(
s1,s2
0,0

)
=

1

4
Z
(
k
0

)
− 1

2
Z
(
k−1
1

)
. (2.5)

Proof. Let pk be homogenous polynomials of degree k − 2 such that
∞∑
k=2

pk(X1, X2, Y1, Y2) = Z
(
X1,X2

Y1,Y2

)
+ Z
(
X2,X1

Y2,Y1

)
+ 1

X1−X2

(
Z
(

X1

Y1+Y2

)
−Z
(

X2

Y1+Y2

))
−Z
(
X1+X2,X1

Y2,Y1−Y2

)
−Z
(
X1+X2,X2

Y1,Y2−Y1

)
− 1

Y1−Y2

(
Z
(
X1+X2

Y1

)
−Z
(
X1+X2

Y2

))
.

Let cpk(Xa
1X

b
2) denote the coefficient of Xa

1X
b
2 in pk, which must be zero by (2.2). Then

the first identity of (a) is given by Z
(
2
0

)
− Z
(
1
1

)
= cp2(1) = 0 and the second by

12Z
(
4,4
0,0

)
− Z
(
8
0

)
= 2cp8(X

2
1X

4
2 )− 3cp8(X

3
1X

3
2 ) + 2cp8(X

4
1X

2
2 ) = 0.

The identities in (b) are given by the equalities

1

2
pk(1, 0, 0, 0)±

1

4
pk(1,−1, 0, 0) = 0.

Theorem 2.5. Assume Z =
(
Z
(
X
Y

)
,Z
(
X1,X2

Y1,Y2

))
satisfies the algebraic double q-shuffle

relations, Z
(
2
0

)
6= 0 and ∂ is a derivation on A s.t. ∂Z

(
s
r

)
= s(r + 1)Z

(
s+1
r+1

)
. Then

∂3Z
(
2
0

)
+ 24Z

(
2
0

)
∂2Z
(
2
0

)
− 36

(
∂Z
(
2
0

))2
= 0 (2.6)

and if r + s is even, then there exists a homogenous polynomial gr,s ∈ Q[t1, t2, t3] such
that

Z
(
s
r

)
= gr,s

(
Z
(
2
0

)
, ∂Z
(
2
0

)
, ∂2Z

(
2
0

))
.

Idea of proof: We express (2.4) in terms of products, i.e.

k/2−1∑
i=1

Z
(
2i
0

)
Z
(
k−2i
0

)
=
k + 1

2
Z
(
k
0

)
− Z
(
k−1
1

)
.

Since in addition Z
(
k−1
1

)
= 1

k−2∂Z
(
k−2
0

)
, we get recursion for Z

(
k
0

)
in terms of the Z

(
2
0

)
and its derivatives. The formula Z

(
8
0

)
= 12Z

(
4,4
0,0

)
of Proposition 2.4 gives the further

expression Z
(
8
0

)
= 6

7
Z
(
4
0

)2
, which in turn leads to the claimed differential equation. �



Remark 2.6. (i) The space of solutions for (2.6) is small, therefore there are not many
choices for Z

(
2
0

)
in general.

(ii) The above theorem gives an alternative proof of the fact that the ring of quasi-
modular form is generated by G2, G′2 := q d

dq
G2 and G′′2 :=

(
q d
dq

)2
G2.

(iii) A detailed study of the recursion gives

Z
(
2k
0

)
= (−1)k−1 B2k

2(2k)!

(
24Z
(
2
0

))k
+ more terms which contain ∂ (2.7)

Definition 2.7. Let k be even, then we refer to homogenous polynomials p ∈ Q[X1, X2, Y1, Y2]
of degree k − 2 and of the form

p(X1, X2, Y1, Y2) = p(−X1, X2,−Y1, Y2) = −p(X2, X1, Y2, Y1)

p(X1, X2, Y1, Y2)− p(X1 +X2, X2, Y1, Y2 − Y1)− p(X1, X1 +X2, Y1 − Y2, Y2) = 0,

as the odd q-period polynomial for SL2(Z) of weight k.

Theorem 2.8. Let k be even. Assume Z =
(
Z
(
X
Y

)
,Z
(
X1,X2

Y1,Y2

))
satisfies the linear dou-

ble q-shuffle relation, then each odd q-period polynomial for SL2(Z) of weight k determines
a Q-linear relations of the form∑
r1+r2+s1+s2=k

r1+s1 odd

λs1,s2
r1,r2

Z
(
s1,s2
r1,r2

)
=

∑
u1+u2+v1+v2=k

u1+v1 even

µu1,u2
v1,v2

(
Z
(
u1,u2
v1,v2

)
+ Z
(
u2,u1
v2,v1

))
+
∑
u+v=k

µu,vZ
(
u
v

)
.

(2.8)

More precisely, the rational numbers λs1,s2
r1,r2

, µu1,u2
v1,v2

and µu,v can be explicitely calculated
from the coefficients of the q-period polynomial.

Remark 2.9. (i) The relations (2.8) will be called exotic relations.

(ii) If the bimould Z satisfies beside the linear double q-shuffle relation no other linear
relations in weight k, then the vector space of exotic relations actually corresponds
to the vector space of the odd q-period polynomials of weight k.

(iii) For example we get in weight 12

28Z
(
9,3
0,0

)
+ 150Z

(
7,5
0,0

)
+ 168Z

(
5,7
0,0

)
= 28

(
Z
(
8,4
0,0

)
+ Z
(
4,8
0,0

))
+

190

3
Z
(
6,6
0,0

)
+ 4Z

(
12
0

)
. (2.9)

(iv) Of course, the combinatorial multiple Eisenstein series satisfy (2.9) and in that cases
the right hand side equals a modular form. Note that similar expressions have been
obtained also by Tasaka [12]. Now taking the limit q → 1 as in (1.1) yields the
famous relation of Gangl-Kaneko-Zagier, [9] Example 2.



Theorem 2.10. Assume Z =
(
Z
(
X
Y

)
,Z
(
X1,X2

Y1,Y2

))
satisfies the algebraic double q-shuffle

relations, then

F
(
X
Y

)
=

1

X
+

1

Y
+ Z
(−X
−Y

)
−Z
(
X
Y

)
satisfies the Fay identity

F
(
X1

Y1

)
F
(
X2

Y2

)
+ F
(
X1−X2

−Y2

)
F
(

X1

Y1+Y2

)
+ F
( −X2

−Y1−Y2

)
F
(
X1−X2

Y1

)
= 0.

Idea of proof: We use for the product F
(
X1

Y1

)
F
(
X2

Y2

)
the shuffle product formula to

evaluate the products where both factors have the same inside sign and the stuffle formula
for those where the inside signs are different. Then we proceed in a similar vein for the
remaining terms. Finally one can check after an easy but tedious calculation that all these
long expressions sum up to zero. �

Remark 2.11. (i) In [4] we show that any odd power series Z ∈ A[[X, Y ]], for which
the Laurent series

F
(
X
Y

)
= −1

2

(
1

X
+

1

Y

)
+ Z
(
X
Y

)
satisfies the Fay identity (see e.g. [10]), gives an (explicit) solution to the double
q-shuffle relation.

(ii) In [9], Theorem 4, similar results are proven for the double zeta values. In analogy we
could view the homogenous parts of F

(
X1

Y1

)
F
(
X2

Y2

)
as extended q-period polynomials.

Conjecture 2.12. Let D be the Q-vector space spanned by the formal variables{
Z
(
s
r

)}
s≥1
r≥0
∪
{
Z
(
s1,s2
r1,r2

)}
s1,s2≥1
r1,r2≥0

modulo the linear relations (1.2), (2.2) and those described in Remark 2.3 (iii).
(F1) We have∑

k≥0

(
dimQ gr

W,D
k,1 (D) y + dimQ gr

W,D
k,2 (D) y2

)
xk

≡ χM̃(x, y)
1

1− D(x)yO1(x) + D(x)W(x)y2 − A(x)y2
mod y3

where χM̃(x, y) = 1 + x2

(1−x2)2 y +
x12

(1−x2)(1−x4)(1−x6) y
2, D(x) = 1

(1−x2) , O1(x) =
x

(1−x2) and

W(x) =
∑
k≥4

(dim(Mk(SL2(Z)) + dim(Sk(SL2(Z))) x
k

A(x) =
x8(1 + x6)

(1− x2)2(1− x6)2
.

(F2) The union of sets{
Z
(
s
r

) ∣∣∣ s>r≥0s+r=k

}
∪
{
Z
(
s1,s2
r1,r2

) ∣∣∣ si>ri≥0 for i=1,2

s1+r1 odd
s1+r1+s2+r2=k

}
(2.10)



gives a filtered basis for grWk (D) if k is odd. For even k the elements of depth 2 in (2.10)
satisfy wk linear relations, where wk equals the coefficient of xk in D(x)W(x). Moreover,
there are ak symbols Z

(
s1,s2
r1,r2

)
with odd s1 + r1, where ak equals the coefficient of xk in

A(x), which complete (2.10) to a spanning set for grWk (D).

Remark 2.13. (i) We confirmed the conjecture for all weights up to 37.

(ii) We expect that χM̃(x, y) is the bigraded Hilbert-Poincare series for the quasi-modular
forms for SL2(Z).

(iii) The relations in (F2) that correspond to the Eisenstein series, are given by (2.5)
and their derivations with respect to ∂. For the moment it is not clear in which way
the other relations coming from cusp forms are connected to the exotic relations
described in Theorem 2.8.

(iv) For small weight representatives for those exceptional elements are Z
(
4,1
1,2

)
, Z
(
5,1
2,2

)
,

Z
(
6,1
1,2

)
, Z
(
6,1
1,4

)
, Z
(
6,1
3,2

)
and Z

(
7,1
2,2

)
.

(v) We like to mention that the series A(x) counts the dimensions of the vector spaces
spanned by primitive, alternal, swap-invariant polynomial bimoulds of degree k− 2.

(vi) Finally, for the combinatorial multiple Eisenstein series we expect by Conjecture
1.8 that (2.10) spans FilW,D

k,2 (Zq) and by the dimension conjecture in [6], we expect
further relations, whose number equals the square of the dimension of cusp forms of
weight k. Again, this has been confirmed with the computer for weights up to 70.

3 The interplay between q-zeta and zeta relations

We now study how the relations for double q-zeta values of the last section correlate to
the relations satisfied by double zeta values. If not stated otherwise, the results in this
section are obtained in [4].

Notation 3.1. Let A be a Q-algebra. In the following Z =
(
Z(X),Z(X1, X2)

)
denotes

a mould of formal power series

Z(X) =
∑
s≥1

Z(s)Xs−1 ∈ A[[X]],

Z(X1, X2) =
∑

s1,s2≥1

Z(s1, s2)X
s1−1
1 Xs2−1

2 ∈ A[[X1, X2]].

Definition 3.2. Let Z =
(
Z(X),Z(X1, X2)

)
be a mould.

a) We say Z satisfies the algebraic double shuffle relations, if

Z(X1)Z(X2) = Z(X1, X2) + Z(X2, X1) +
Z(X1)−Z(X2)

X1 −X2

= Z(X1 +X2, X2) + Z(X1 +X2, X1) + Z(2).



b) We say Z satifies the linear double shuffle relation, if

Z(X1, X2) + Z(X2, X1) +
Z(X1)−Z(X2)

X1 −X2

= Z(X1 +X2, X2) + Z(X1 +X2, X1) + Z(2).

Of course, the generating series for (stuffle regularised) single and double zeta values
satisfy the algebraic double shuffle relations, since ζ∗(1, k) = ζ�(1, k) for k > 1 and
0 = ζ�(1) = ζ∗(1) = ζ�(1, 1) = ζ∗(1, 1) + ζ(2)/2.

Proposition 3.3. If a mould Z = (Z(X),Z(X1, X2)) satisfies the algebraic double shuffle
relations, then the bimould Z̃ =

(
Z̃
(
X
Y

)
, Z̃
(
X1,X2

Y1,Y2

))
given by

Z̃
(
X
Y

)
:= Z(X) + Z(Y ),

Z̃
(
X1,X2

Y1,Y2

)
:= Z(X1, X2) + Z(Y1 + Y2, Y1) + Z(X2)Z(Y1) +

1

2
Z
(
2
0

)
is symmetril and swap-invariant and thus satisfies the algebraic double q-shuffle relations.

Proof: The invariance under swap is checked easily. It remains to check symmetrility:

Z̃
(
X1

Y1

)
Z̃
(
X2

Y2

)
= Z(X1)Z(X2) + Z(Y1)Z(Y2) + Z(X1)Z(Y2) + Z(Y1)Z(X2)

= Z(X1, X2) + Z(X2, X1) +
Z(X1)−Z(X2)

X1−X2

+Z(Y1 + Y2, Y2) + Z(Y1 + Y2, Y1) + Z
(
2
0

)
+Z(X1)Z(Y2) + Z(Y1)Z(X2)

= Z̃
(
X1,X2

Y1,Y2

)
+ Z̃
(
X2,X1

Y2,Y1

)
+ 1

X1−X2

(
Z̃
(

X1

Y1+Y2

)
− Z̃
(

X2

Y1+Y2

))
�

Remark 3.4. (i) The bimould given by the lift of the generating series for (stuffle
regularised) single and double zeta values satisfies Theorem 2.5 with ∂ ≡ 0, therefore
(2.7) implies Euler’s formula for the even zeta values, once we know that ζ(2) = π2

6
.

(ii) By [9], supplement to Proposition 5, there exists a solution β = (β(X), β(X1, X2))
to the algebraic double shuffle relations, where

β(X) = −
∑
k≥2

Bk

2k!
Xk−1

is a generating series for Bernoulli number. Then the symmetril and swap-invariant
bimould β̃ needed for Theorem 1.13 is just its lift by means of Proposition 3.3.

Proposition 3.5. Assume the bimould Z =
(
Z
(
X
Y

)
,Z
(
X1,X2

Y1,Y2

))
satisfies the algebraic

double q-shuffle relations. If in addition Z
(
k
1

)
= 0 for all k > 1, then the mould(

Z
(
X
0

)
,Z
(
X1,X2

0,0

))
satisfies the algebraic double shuffle relations.



Proof: Obviously, we have

Z
(
X1

0

)
Z
(
X2

0

)
= Z

(
X1,X2

0,0

)
+ Z
(
X2,X1

0,0

)
+ 1

X1−X2

(
Z
(
X1

0

)
−Z
(
X2

0

))
= Z

(
X1+X2,X1

0,0

)
+ Z
(
X1+X2,X2

0,0

)
+R
(
X1,X2

0,0

)
,

where

R
(
X1,X2

0,0

)
=
Z
(
X1+X2

Y1

)
−Z
(
X1+X2

Y2

)
Y1 − Y2

∣∣∣
Y1=Y2=0

=
∑
k≥1

Z
(
k
1

)
(X1 +X2)

k−1.

Since Z
(
1
1

)
= Z
(
2
0

)
, which holds by (2.3), the claim follows, since Z

(
k
1

)
= 0 for k > 1. �

Proposition 3.6. If a bimould Z =
(
Z
(
X
Y

)
,Z
(
X1,X2

Y1,Y2

))
satisfies the linear double q-

shuffle relation, then the mould Z = (Z(X),Z(X1, X2)) given by the following power
series

Z(X) = Z
(
X
0

)
− Z
(
2
0

)
X

Z(X1, X1) = Z
(
X1,X2

0,0

)
+ 1

2
(X1 −X2)

Z′(X2)−Z
(
2
0

)
X2

+ 1
2
X1

Z′(X1)−Z
(
2
0

)
X1

,

where
Z ′(X) =

∑
k≥1

Z
(
k
1

)
Xk−1

satisfies the linear double shuffle relation.

Idea of proof: We can write Z ′(X) = Z
(
2
0

)
+XF (X) for some power series F . Set

ε(X1, X2) =
1

2
(X1 −X2)F (X2) +

1

2
X1F (X1),

then a straightforward calculation gives

ε(X1 +X2, X2) + ε(X1 +X2, X1)− ε(X1, X2)− ε(X2, X1) = (X1 +X2)F (X1 +X2).

As before

Z
(
X1+X2,X1

0,0

)
+ Z
(
X1+X2,X2

0,0

)
−Z
(
X1,X2

0,0

)
−Z
(
X2,X1

0,0

)
= R
(
X1,X2

0,0

)
,

where using the above notation

R
(
X1,X2

0,0

)
=
Z
(
X1

0

)
−Z
(
X2

0

)
X1 −X2

− Z
(
2
0

)
− (X1 +X2)F (X1 +X2)

=
Z(X1)+Z

(
2
0

)
X1−Z(X1)−Z

(
2
0

)
X2

X1−X2
− Z
(
2
0

)
− (X1 +X2)F (X1 +X2)

Finally, collecting all those terms yields the claim, since

Z(X1, X2) = Z
(
X1,X2

0,0

)
+ ε(X1, X2).

�

Remark 3.7. If we apply this to the combinatorial multiple Eisenstein series G = (G1,G2),
then its image G equals the q-series realisation of the linear double shuffle relation due to
Gangl-Kaneko-Zagier in [9], Theorem 7.
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