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Abstract
We prove an arithmetic version of a theorem of Hirzebruch and Zagier saying
that Hirzebruch-Zagier divisors on a Hilbert modular surface are the coefficients of
an elliptic modular form of weight two. Moreover, we determine the arithmetic self-
intersection number of the line bundle of modular forms equipped with its Petersson
metric on a regular model of a Hilbert modular surface, and study Faltings heights
of arithmetic Hirzebruch-Zagier divisors.
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Introduction

It is of special interest in Arakelov theory to determine intrinsic arithmetic intersection
numbers of varieties defined over number fields and Faltings heights of its subvarieties.
Here we study Hilbert modular surfaces associated to a real quadratic field K. Since these
Shimura varieties are non-compact, we consider suitable toroidal compactifications. As the
natural metrics of automorphic vector bundles on such varieties have singularities along
the boundary (see e.g. [Mu], [BKK2]), we work with the extended arithmetic Chow rings
constructed in [BKKI].

In their celebrated paper Hirzebruch and Zagier proved that the generating series
for the cohomology classes of Hirzebruch-Zagier divisors is a holomorphic modular form of
weight 2. A different proof was recently obtained by Borcherds [Bo2]. Moreover, it was
shown by Franke and Hausmann that the product of this generating series with the first
Chern class of the line bundle of modular forms, i.e., the generating series for the hyperbolic
volumes, equals a particular holomorphic Eisenstein series E(7) of weight 2 [Fra], [Haul.

In the present paper we define certain arithmetic Hirzebruch-Zagier divisors on a suit-
able regular model of the Hilbert modular surface. We show that the generating series of
their classes in the arithmetic Chow ring is a holomorphic modular form (of the same level,
weight, and character as in the case of Hirzebruch and Zagier). The main result of our work
is that the product of this generating series with the square of the first arithmetic Chern
class of the line bundle of modular forms equipped with its Petersson metric is equal to a
multiple of E(7). The factor of proportionality is the arithmetic self intersection number
of the line bundle of modular forms which is computed explicitly.

Since Hilbert modular surfaces can also be viewed as Shimura varieties associated to
the orthogonal group of a rational quadratic space of signature (2,2), these results are
related to the program described by Kudla in [Kul], [Ku3], [Kud], [Ku6]; for a discussion
of results in that direction see also to the references therein. However, notice that there are
several technical differences. For instance in the present case the Shimura variety has to
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be compactified, the arithmetic Hirzebruch-Zagier divisors contain boundary components,
and we work with different Green functions.

We show that the arithmetic self intersection number of the line bundle of modular
forms is essentially given by the logarithmic derivative at s = —1 of the Dedekind zeta
function (x(s) of K. It equals the expression conjectured in [Kiil]. We refer to Theorem B
below for the precise statement.

We also determine the Faltings heights of those Hirzebruch-Zagier divisors which are
disjoint to the boundary. It is well known that their normalizations are isomorphic to
compact Shimura curves associated with quaternion algebras. This result will be used in
a subsequent paper [KuKil to determine the arithmetic self intersection number of the
Hodge bundle equipped with the hyperbolic metric on Shimura curves.

Our formulas provide further evidence for the conjecture of Kramer, based on results
obtained in [Kr] and [Kiil], that the arithmetic volume is essentially the derivative of the
zeta value for the volume of the fundamental domain, the conjecture of Kudla on the
constant term of the derivative of certain Eisenstein series [Ku3|, [Kud], [Ku6], [KRY],
and the conjecture of Maillot-Roessler on special values of logarithmic derivatives of Artin
L-functions [MaRol], [MaRo2].

Our approach requires various results on regular models for Hilbert modular surfaces
[Ral, [DePal, [Pa], as well as an extensive use of the theory of Borcherds products [Boll,
[Bo2], [Bri], [Br2]. Another central point is the g-expansion principle [Ral, [Ch], which
relates analysis to geometry. Finally a result on Galois representations [OS] allows us to
replace delicate calculations of finite intersection numbers by density results for Borcherds
products.

We now describe the content of this paper in more detail.

Since the natural metrics on automorphic line bundles have singularities along the
boundary, we cannot use arithmetic intersection theory as presented in [SABK]| and have
to work with the extension developed in [BKKI]. In particular, our arithmetic cycles will

be classes in the generalized arithmetic Chow ring C/I\-I*(% . Dpre), in which the differential
forms are allowed to have certain log-log singularities along a fixed normal crossing divisor.
We recall some of its basic properties in Section 1. Choosing representatives, the arithmetic
intersection product of two arithmetic cycles can be split into the sum of a geometric
contribution as in [SABK] and an integral over a star product of Green objects. The
formulas for the latter quantity generalize those of [SABK] and may contain additional
boundary terms.

We concentrate on the analytic aspects in Sections 2 and 3. The geometric contribution
is considered in Sections 5 and 6.

We begin Section 2 by recalling some facts on the analytic theory of Hilbert modular
surfaces. Throughout the paper the discriminant D of K is assumed to be prime. Let I' be
a subgroup of finite index of the Hilbert modular group I'x = SLy(Of ), where Ok denotes
the ring of integers in K. We consider an (at the outset arbitrary) desingularization X (I)
of the Baily-Borel compactification X (T') of T'\H?, where H is the upper complex half
plane. Here the curve lemma due to Freitag is a main technical tool to obtain adequate
local descriptions. We introduce the line bundle of modular forms My(I") of weight k£ with
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its Petersson metric || - ||pet, which is singular along the normal crossing divisor formed by
the exceptional curves of the desingularization. We show that the Petersson metric is a
pre-log singular hermitian metric in the sense of [BKKI].

For any positive integer m, there is an algebraic divisor T'(m) on X(I'), called the
Hirzebruch-Zagier divisor of discriminant m. These divisors play a central role in the
study of the geometry of Hilbert modular surfaces (see e.g. [Gel]). We consider the Green
function ®@,,(z1, 22, 8) on the quasi-projective variety I'\H?, associated to T'(m), introduced
in [Bri]. A new point here is the explicit description of the constant term, given in Theorem
2.11] which involves (x(s) and a certain generalized divisor function o,,(s) (see (2.32)).
We then define the automorphic Green function G,, for T'(m) to be the constant term
in the Laurent expansion at s = 1 of ®,,(21, 29, $) minus a natural normalizing constant,
which is needed to obtain compatibility with the theory of Borcherds products as used in
Section 4. By abuse of notation we also denote by T'(m) the pull-back of T'(m) to X (I").
By means of the curve lemma we show that the Green function G,, defines a pre-log-log
Green object in the sense of [BKKI] for the divisor 7'(m) in the projective variety X (I).

In Section 3 we specialize the general formula for the star product to the Green objects
g(m;) = (=200G,,,, G,,,) associated to suitable triples of Hirzebruch-Zagier divisors T'(m;)
(see Theorem . In this case, using the curve lemma, it can be shown that certain bound-
ary terms vanish. As a consequence, the resulting formula only depends on the Baily-Borel
compactification X (I') and is independent of the choices made in the desingularization.
An analogous formula holds for the star product associated to a Hirzebruch-Zagier divisor
T(m) and the divisors of two Hilbert modular forms. In that way we reduce the analyti-
cal contributions to the arithmetic intersection numbers in question to integrals of Green
functions G, over X (I') and star products on Hirzebruch-Zagier divisors T'(m).

The analysis of Section 2 allows us to determine the integral of (G, in terms of the
logarithmic derivatives of (x(s) and o,,(s) at s = —1 (Corollary [3.9). If p is a prime that
splits in K, then T'(p) is birational to the modular curve Xy(p). We determine the star
products on these T'(p) using the results of [Ku2] in Theorem [3.13|

The proofs of our main results rely on the theory of Borcherds products in a vital way.
Therefore in Section 4 we recall some of their basic properties with an emphasis on the
construction given in [Brl]. Borcherds products on Hilbert modular surfaces are particular
meromorphic Hilbert modular forms that arise as regularized theta lifts of certain weakly
holomorphic elliptic modular forms of weight 0. They enjoy striking arithmetic properties.
For instance, a sufficiently large power of any holomorphic Borcherds product has coprime
integral Fourier coefficients. Hence, by the ¢-expansion principle, it defines a section of
the line bundle of modular forms over Z. Moreover, the divisors of Borcherds products
are explicit linear combinations of Hirzebruch Zagier divisors, dictated by the poles of the
input modular form. By [Brl], the logarithm of their Petersson norm is precisely given by
a linear combination of the Green functions G,,.

By a careful analysis of the obstruction space for the existence of Borcherds products
we prove that for any given linear combination of Hirzebruch-Zagier divisors C' there are
infinitely many Borcherds products Fi, Fy, such that C' N div(F;) N div(F,) = (), and
such that further technical conditions are satisfied (Theorem [£.12). This will give an
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ample supply of sections of the line bundle of modular forms for which the associated star
products can be calculated. In the rest of this section we essentially show that the subspace
of Pic(X (T'k)) ®z Q spanned by all Hirzebruch-Zagier divisors, is already generated by the
T'(p), where p is a prime which splits in K (Theorem [4.15]). This fact can be viewed as an
explicit moving lemma for Hirzebruch-Zagier divisors (cf. Theorem , and is crucial in
the proof of Theorem B, since it simplifies the calculations at finite places noticeable.

In Section 5 we recall the arithmetic theory of Hilbert modular surfaces. Unfortunately,
there are currently no references for projective regular models defined over Spec Z. There-
fore we will work with regular models over the subring Z[(y, 1/N] of the N-th cyclotomic
field Q(Cy). More precisely, we consider toroidal compactifications H(N) of the moduli
scheme associated with the Hilbert modular variety for the principal congruence subgroup
Lk (N) of arbitrary level N > 3. We define 7y(m) C H(N) as the Zariski closure of
the Hirzebruch-Zagier divisor 7'(m) on the generic fiber. This definition is well-behaved
with respect to pull-backs and is compatible with the theory of Borcherds products (see
Proposition . If p is a split prime, there exists a natural modular morphism from the
compactified moduli space of elliptic curves with a subgroup of order p to the minimal
compactification of H (1) whose image is essentially 7;(p) (cf. Proposition [5.14). This al-
lows us to determine the geometric contribution of the arithmetic intersection numbers in
question using the projection formula (Proposition [5.16]).

In Section 6 the arithmetic intersection theory of Hilbert modular varieties is studied.
There exists no arithmetic intersection theory for the stack H(1), thus following a sug-
gestion of S. Kudla, we will work with the tower of schemes {H(N)}ys3 as a substitute
for ﬁ(l) We define the arithmetic Chow ring for the Hilbert modular variety to be the
inverse limit of the arithmetic Chow rings associated to this tower. In this way we obtain
R-valued arithmetic intersection numbers, even so for every N we need to calculate the
arithmetic intersection numbers only up to contributions at the finite places dividing the
level. R

We introduce the arithmetic Hirzebruch-Zagier divisors 7y(m) = (Znx(m),gn(m)),
where gy(m) is the pull-back of the automorphic Green object described in Section 2.
The subgroup of the first arithmetic Chow group generated by these divisors has finite
rank (see Theorem . We let ¢ (M (T'x(N))) be the first arithmetic Chern class of the
pre-log singular hermitian line bundle M, (T'x(N)) of modular forms of weight k with the
Petersson metric.

The sequences 7 (m) := (’]A'N(m))Nzg and ¢ (My) = (61 (Mg(Tk(N))))n>3 define
—~1 ~
classes in the arithmetic Chow group CH (H, Dyye) which is defined as the inverse limit of

the arithmetic Chow groups él\{l(ﬁ(N )s Dpre)-

Let M, (D, xp) be the space of holomorphic modular forms of weight 2 for the congru-
ence subgroup ['o(D) C SLy(Z) with character xp = (2) satisfying the “plus-condition”
as in [HZ].

Theorem A. The arithmetic generating series

Alr) =2 (M, ) + > T(m)q™

m>0
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is a holomorphic modular form in M, (D, xp) with values in C/ﬁl(’l?[, Dpre)q, i-€., an ele-
1 ~
ment of My (D, xp) ®g CH (H, Dyre)g-

To establish Theorem A we show that the Green functions G,, are compatible with
the relations in the arithmetic Chow group given by Borcherds products (Theorem [4.3)).
Moreover, using the g-expansion principle and the results of Section 4, we prove that the
divisor of a Borcherds product over Z is horizontal and therefore compatible with the
definition of the Hirzebruch-Zagier divisors over Z as Zariski closures (Proposition .
Now modularity follows by a duality argument due to Borcherds in the geometric situation
[Bo2).

Our main result below provides some information on the position of the generating
series in the arithmetic Chow group. Its proof is much more involved, since, in contrast to
Theorem A, it requires the computation of arithmetic intersections.

Theorem B. We have the following identities of arithmetic intersection numbers:

k(=1 , ¢(=1)
+ + = +—1 g(D) | - E(7).
(k(=1)  ¢(=1) 2
Here E(7) denotes the Eisenstein series defined in (4.2)). In particular, the arithmetic self
intersection number of My is given by:
(x(=1)  d(=1)
+ + + —1 g(D)
(k(=1)  ¢(=1) 2
Theorem C. If T(m) is a Hirzebruch-Zagier divisor which is disjoint to the boundary,
then the Faltings height of its model T (m) with respect to My, equals
¢(=1) 1 1lo,(=1
hty7 (7 2k (T 44— .
(7)) =~k vol(rm) (G + 5+ 522

The arithmetic intersection theory used here can be viewed as a substitute of an arith-
metic intersection theory on stacks for our particular situation. Notice that any reasonable
arithmetic intersection theory for the coarse moduli space without level structure would
have to map into the above theory so that all arithmetic degrees and heights would agree.

Many arguments of the present paper can (probably) be generalized to Shimura varieties
of type O(2,n), where one would like to study the arithmetic intersection theory of Heegner
divisors (also referred to as special divisors, see e.g. [Ku6], [Ku2]). In fact, the work on
this paper already motivated generalizations of partial aspects. For instance, automorphic
Green functions are investigated in [BrKii| and the curve lemma in [Br3]. However, progress
on the whole picture will (in the near future) be limited to the exceptional cases, where
regular models of such Shimura varieties are available.

~

Al e = el-1)

My = —k*Cre(-1) (

While working on this manuscript, we benefited from encouraging and stimulating
disscussions with many colleagues. We would like to thank them all. In particular, we
thank E. Freitag, E. Goren, W. Gubler, J. Kramer, S. Kudla, K. Ono, G. Pappas, and
T. Wedhorn for their help.
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1 Arithmetic Chow rings with pre-log-log forms

The natural metrics that appear when considering automorphic vector bundles on non
compact locally symmetric spaces, do not extend to smooth metrics on a compactification
of the space. This is the case, for instance, for the Petersson metric on the line bundle
of modular forms on a Hilbert modular surface. Therefore the arithmetic intersection
theory developed by Gillet and Soulé can not be applied directly to study this kind of
hermitian vector bundles. In the papers [BKKI] and [BKK2] there are two extensions of the
arithmetic intersection theory that are suited to the study of automorphic vector bundles.
The first of these theories is based on what are called pre-log and pre-log-log forms, where
the second extension is based in log and log-log forms. The diference between them is that
a differential form w is pre-log or pre-log-log if w, w, Ow and 0w satisfy certain growth
conditions, whereas a differential form is called log or log-log form if all the derivatives of
all the components of the differential form satisfy certain growth conditions. The main
advantage of the second definition is that we know the cohomology computed by the log
and log-log forms, therefore the arithmetic Chow groups defined with them have better
properties. By contrast, the main advantage of the first approach is that it is easier to
check that a particular form satisfies the conditions defining pre-log and pre-log-log forms.
Since the arithmetic intersection products obtained by both theories are compatible, for
simplicity, we have choosen to use in this paper the first of these theories.

1.1 Differential forms with growth conditions

Notation 1.1. Let X be a complex algebraic manifold of dimension d and D a normal
crossing divisor of X. We denote by &% the sheaf of smooth complex differential forms on
X. Moreover, we write U = X \ D, and let j : U — X be the inclusion.

Let V' be an open coordinate subset of X with coordinates z1, ..., z4; we put r; = |2].
We say that V' is adapted to D, if the divisor D is locally given by the equation z; - - - 2z = 0.
We assume that the coordinate neighborhood V' is small enough; more precisely, we will
assume that all the coordinates satisfy r; < 1/e®, which implies that log1/r; > e and
log(log 1/7;) > 1.

If f and g are two complex functions, we will write f < g, if there exists a constant
C' > 0 such that |f(z)| < Clg(z)| for all z in the domain of definition under consideration.

Definition 1.2. We say that a smooth complex function f on X \ D has log-log growth
along D, if we have

Flz1, ., 2q) < Hlog(log(l/m))M (1.1)

for any coordinate subset V' adapted to D and some positive integer M. The sheaf of
differential forms on X with log-log growth along D is the sub algebra of j.&;; generated,
in each coordinate neighborhood V' adapted to D, by the functions with log-log growth
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along D and the differentials

dz dz fori=1 k
zilog(1/r;)’ zilog(1/1;)’ I
dz;, dz, fori=k+1,....d.

A differential form with log-log growth along D will be called a log-log growth form.

Definition 1.3. A log-log growth form w such that dw, dw and 0w are also log-log growth
forms is called a pre-log-log form. The sheaf of pre-log-log forms is the sub algebra of j, &
generated by the pre-log-log forms. We will denote this complex by &% ((D))pre-

In [BKK1], Proposition 7.6, it is shown that pre-log-log forms are integrable and the
currents associated to them do not have residues.

The sheaf &5((D))pe together with its real structure, its bigrading, and the usual
differential operators 9, 0, is easily checked to be a sheaf of Dolbeault algebras. We call
it the Dolbeault algebra of pre-log-log forms. Observe that it is the maximal subsheaf of
Dolbeault algebras of the sheaf of differential forms with log-log growth.

Definition 1.4. We say that a smooth complex function f on U has log growth along D,
if we have

Flz1,- o, 20) < Hlog(l/n-)M (1.2)

for any coordinate subset V adapted to D and some positive integer M. The sheaf of
differential forms on X with log growth along D is the sub algebra of j.&}; generated, in
each coordinate neighborhood V' adapted to D, by the functions with log growth along D
and the differentials

R R T
Zi %

dz, dz;, fore=k+1,...,d.

A differential form with log growth along D will be called a log growth form.

Definition 1.5. A log growth form w such that Ow, dw and d0w are also log growth forms
is called a pre-log form. The sheaf of pre-log forms is the sub algebra of j,&}; generated by
the pre-log forms. We will denote this complex by &% (D) pre-

The sheaf & (D) e together with its real structure, its bigrading and the usual differ-
ential operators 0, 0 is easily checked to be a sheaf of Dolbeault algebras. We call it the
Dolbeault algebra of pre-log forms. It is the maximal subsheaf of Dolbeault algebras of the
sheaf of differential forms with log growth.

For the general situation of interest to us, we need a combination of the concepts of

pre-log-log and pre-log forms.
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Notation 1.6. Let X, D, U and j be as above. Let Dy and Dy be normal crossing divisors,
which may have common components, and such that D = D; U Dy. We denote by D) the
union of the components of Dy which are not contained in D;. We will say that the open
coordinate subset V' is adapted to D and Dy, if D; has the equation z; - - - zx = 0, D}, has
the equation zg,1---2, =0, and r; = |z;| < 1/e® fori=1,...,d.

Definition 1.7. We define the sheaf of differential forms with log growth along Dy and
log-log growth along D to be the sub algebra of j.&}; generated by differential forms with
log growth along D; and log-log growth along D-.

A differential form with log growth along D; and log-log growth along D5 will be called
a mized growth form, if the divisors D; and Dy are clear from the context.

Definition 1.8. Let X, D = DU D,, U and j be as before. A mixed growth form w such
that Ow, Ow and 00dw are also mixed growth forms is called a mized form. The sheaf of

mixed forms is the sub algebra of j,&7; generated by the mixed forms. We will denote this
complex by & (D1(Ds))pre-

The sheaf &% (D1(Ds3))pre together with its real structure, its bigrading and the usual
differential operators 0, 0 is easily checked to be a sheaf of Dolbeault algebras. We call it
the Dolbeault algebra of mized forms. Observe that we have by definition

éa)? <D1 <D2>>pre = (gg)HDl <D;>>pre-

1.2 Pre-log-log Green objects

Notation 1.9. Let X be a complex algebraic manifold of dimension d and D a normal
crossing divisor. We denote by X the pair (X, D). If W C X is an open subset, we write
W=W,DnWw).

In the sequel we will consider all operations adapted to the pair X. For instance, if Y C
X is a closed algebraic subset and W = X'\ Y, then an embedded resolution of singularities
of Y in X is a proper modification 7 : X — X such that W‘ﬂ_l(w) Y (W) — W is an
isomorphism, and

= (Y), = YD), = Y(Y U D)

are normal crossing divisors on X. Using Hironaka’s theorem on the resolution of singu-
larities [Hi], one can see that such an embedded resolution of singularities exists.

Analogously, a normal crossing compactification of X will be a smooth compactification
X such that the closure D of D, the subset By = X \ X, and the subset BxUD are normal
crossing divisors.

Given a diagram of normal crossing compactifications of X

—_ %2

X‘<E
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with divisors By and By at infinity, respectively, then by functoriality of mixed forms
there is an induced morphism

/

"+ Ex(Bx(D))pre — Ex (B (D)) pre-

In order to have a complex which is independent of the choice of a particular compactifi-
cation, we take the limit over all possible compactifications. Namely, we denote

E;re(£>o = lﬁlr(y7 g%<BY<E>>pT8)7
where the limit is taken over all normal crossing compactifications X of X.
The assignment which sends an open subset U of X to £} (U)° is a presheaf in the
Zariski topology; we denote by EJ . v its associated sheaf.
Definition 1.10. Let X = (X, D) be as above. Then, we define the complex E} (X) of
differential forms on X, pre-log along infinity and pre-log-log along D as the complex of
global sections of EY . «, i.e.

E7 (i) = F<X7 E;re,g)'

pre

Notation 1.11. (see [BKKI] Section 5.2) Let X be a smooth real variety and D a normal
crossing divisor defined over R; as before, we write X = (X, D). For any U C X the
complex E (U) is a Dolbeault algebra with respect to the wedge product. For any Zariski
open subset U C X, we put

*
Dpre,&

(Uv p) = (D;r&K(U,p), dere) = (D*(EPYE(QC>7P)07 dere)?

where D*(Epe(Uc), p) is the Deligne algebra associated to the Dolbeault algebra £ (U),

and o is the antilinear involution w +— Fy(w) (see [BKKI] Definition 7.18). When
(X, D) is clear from the context we write D; (U, p) instead of D} (U, p).

pre

The arithmetic complex D, made out of pre-log and pre-log-log forms could been seen
as the complex that satisfies the minimal requirement needed to allow log-log singulari-
ties along a fixed divisor with normal crossing as well as to have a theory of arithmetic
intersection numbers. Observe that such singularities naturally occur if one works with
automorphic vector bundles [Mul].

Let U — X be an open immersion and Y = X \ U. We write

ngre7y (X7 p) - Hn (DEYG,K(X’ p)? D;r@X(U? p))?

where the latter groups are truncated relative cohomology groups (see [BKKI] Definition
2.55). Recall that a class g € Hp (X, p) is represented by a pair g = (w, g), with w €

7(D" (X, p)) a cocycle and § € D-1(U, p) := D1 (U, p)/Imdp,,. , such that dp,,. § = w.

pre pre pre
There are morphisms

wi Hpy  (X,p) — Z(DL(X,p)),

pre
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given by w(g) = w(w, g) = w and surjective morphisms

cl: ngmy(X,p) - ngre,Y(Xa ),

~

given by sending the class of the pair (w,g) in Hp _,(X,p) to its class [w,g] in the
cohomology group H"(Dj,.(X,p), Dj,.(U, p)).

pre
Definition 1.12. Let y be a p-codimensional algebraic cycle on X, with suppy C Y. A
weak pre-log-log Green object for y (with support in Y ) is an element g, € H%’:)T%Y(X,p)
such that

cl(gy) = cl(y) € Hy, (X,p),

here the class cl(y) is given by the image of the class of the cycle y in real Deligne-Beilinson
cohomology via the natural morphism H%ITY(X, R(p)) — H%im,Y(X’ p). f Y = suppy then
gy is called a pre-log-log Green object for y.

The surjectivity of the morphism cl implies that any algebraic cycle as before has a
weak pre-log-log Green object with support in Y. For the convenience of the reader we
now recall that

Z(D%,(X,p)) = {w € EP2(X)NE?,

pre pre pre,R

(X,p) | dw =0}

and

pre pre pre,R

D2 U, p) = {g € Br " (U) N EX AU, p— 1)} /(Ima +Im ),

where d = 0 4 0 and 0, respectively 0, are the usual holomorphic, respectively anti holo-
morphic, derivatives. Then a weak pre-log-log Green object for y as above is represented
by a pair

(—200g,,3,) € Z(D*. (X, p)) & D> (U, p).

pre pre
Observe that a weak pre-log-log Green object carries less information than a pre-log-
log Green object. For instance the subsequent proposition is not true, in general, for weak

Green objects. Nevertheless weak Green objects appear naturally when considering non
proper intersections and they are usefull as intermediate steps (see [BKKI1] Remark 3.55).

Proposition 1.13. Let X = (X, D), where X is a proper smooth real variety and D is a
fixed normal crossing divisor. Let y be a p-codimensional cycle on X with supportY .
i) If the class of a cycle (w, g) in HQD’:%Y(X,p) is equal to the class of y, then

—200[g] = [w] — 4. (1.3)

Here the currents [-] and d, are normalized as in [BKKI1] (5.32) and Definition 5.55.
i) Assume that y = 3 _;n;Y; with irreducible subvarieties Y; and certain multiplicities
n;. If the cycle (w, g) represents the class of y, then the equality

. o (@miP!
— lim ad g—T;nj Yja (1.4)

=0 Jap.(v)

holds for any differential form «; here d° = ﬁ(@ — ) and B.(Y) is an e-neighborhood of
Y such that the orientation of 0B.(Y') is induced from the orientation of B.(Y). O
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Notice that in contrast to the theory by Gillet and Soulé a pre-log-log Green object is
not characterized by (1.3)). However if w is a smooth form, then a pre-log-log Green object
determines a Green current in the sense of Gillet and Soulé.

1.3 Star products of pre-log-log Green objects

Let X = (X, D) be a proper smooth real variety of dimension d with fixed normal crossing
divisor D. Moreover, let Y, Z be closed subsets of X. Then it is shown in [BKKI] that the
product e of Deligne-Beilinson cohomology induces a star product

* ngre,y (X7p> X H/Tanre,Z<X7 q) - H%;TYQZ(X7P + q)’

which is graded commutative, associative and compatible with the morphisms w and cl.
We fix a cycle y € ZP(Xg) with suppy C Y and a cycle z € Z%(Xg) with suppz C Z. If
y and z intersect properly there is a well defined intersection cycle y - z. If they do not
intersect properly, then the cycle y - z is defined in the Chow group of X with supports
onYNZ Letg, = (wy,q) € H%pre (X,p) and g, = (w,,9.) € HDlDre (X, q) be weak
pre-log-log Green objects for y and z, respectively. Then g, *g. is a weak pre-log-log Green
object for the cycle y - z with support Y N Z. Moreover, if suppy =Y, suppz = Z and Y
and Z intersect properly then g, * g, is a pre-log-log Green object for the cycle y - z. We
now recall how to find a representative of this Green object.

Adapting the argument of [Bu], we can find an embedded resolution of singularities of
YUZ, 7 Xg — X, which factors through embedded resolutions of Y, Z and Y N Z. In
particular, we can assume that

oY), 7 12), Y NZ), 7 (YND),and 7~ (ZN D)

are also normal crossings divisors. Let us denote by Y the normal crossings divisor formed
by the components of 7~ 1(Y) that are not contained in 7='(Y N Z). Analogously, we

denote by Z the normal crossing divisor formed by the components of 7~ 1(Z) that are

not contained in 7='(Y N Z). Then Y and Z are closed subsets of X that do not meet.
Therefore, there exist two smooth, F.-invariant functions o,, and o, satlsfymg 0 <

0y, 0, < 1, Oyy T Osy = 1, o0,, = 1 in a neighborhood of Y and o,, = 1in a
neighborhood of Z. Flnally, in the group HD’; ng 2(X,p+ q), we then have the identity

gy %9, = (wy ANwy, (—20,, 9y N 00g, — 265(ayzgy) A gZ)N) . (1.5)

In order to compute the arithmetic degree of an arithmetic intersection, we need formu-
las for the push-forward of certain *-products in the top degree of truncated cohomology
groups. We make the convention that for g = (w,§) € H2*2 (X, d) we write [ 9 instead

Dpre,d
of [y

Theorem 1.14. Let X be as before and assume that D = Dy U Do, where Dy and Dy are
normal crossing divisors of X satisfying D1 N Dy = (). Let y and z be cycles of X such
that suppy =Y and suppz C Z. Let g, be a pre-log-log Green object for y and let g. be a
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weak pre-log-log Green object for z with support Z. Assume that p+ q = d+ 1, and that
YNZ=0, thatYNDy=0 and ZN Dy, =0. Then

: g, = li : A 2 (g- Ad° Ad€g.)
riyd | B9 = I Grid | BT (gpiya g: Ndgy — g, Nd°g.
X

X\B:(D) 9(Be(D1))

1
+ W / 9z

y\(yND1)

where B.(D;) denotes an e-neighborhood of D; (j =1,2), and B.(D) = B.(D1) U B.(Dy).

Proof. Let X be an embedded resolution of Y U Z as described above. We write Y’ ,
respectively Z’, for the strict transforms of Y, respectively Z; we note that Y’ N 2’ = (.
Furthermore, we write Y for the strict transform of the closure of Y\ (Y N D). Choosing
o,, and 0,, as above, we may assume that o, has value 1 in a neighborhood of Dy, since
Dy N Z = (), and vanishes in a neighborhood of Ds.

Using —200 = (4i) dd®, we get by means of ([L.5):

gy * 8 = (wy Aw,, 4mi (dd“(oy ,9y) AN g +0,,9, Nddg.)7) . (1.6)
In order to perform the following calculations, we put
X. =X\ (B(D)UB.(Y")UB.(Z),

where B.(-) denotes an e-neighborhood of the quantities in question. On X one can split
up the integral in question by means of formula (7.32) of [BKKI]:

/ (dd“(ay,9y) A g + 04,9y A dd®gs)

€

= / gy Ndd®g, + / d(g. Nd(oy,9y) — 0y ,9, Nd“g,) . (1.7)

5 5

Applying Stokes’ theorem to the latter integral and using the properties of the function

o, , we obtain for sufficiently small £ > 0:

YZ

/ d(g. Ad(0, ,g,) — 0y 0y Ad°gs) = — / (9: Nd®gy — gy Nd°gz)
e O(Be(D1)UB:(Y"))

= - / <9z/\dcgy_gy/\dcgz>
9(B:(D1))

- / (gz/\dcgy_gy/\dcgz>-
O(B:(Y")\(B:(Y")NB:(D1)))
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Taking into account that (w,, g,) is a Green object for y and that g, is a smooth (n—p, n—p)-
form on B.(Y")\ (B.(Y") N B:(D1)), we derive from ({1.4):

- [ wndg—gnan =" [ gipe. o)

9(Be(Y")\(B:(Y"")NB:(D1))) y\(yND1)

Here f(g) is a continuous function with lim._¢ f(¢) = 0. Combining (1.6)), (1.7), and (1.8)),

we finally find
/gy *gr = hr% ( / Gy N (_28592*) + (271.2')17 / 9=

Xe X\BE(D) y\(yﬂDl)
— 4mi / (gz/\dcgy—gy/\dcgz)+f(€)>-
0(B:(D1))
Hence the claim follows. O

Observe that if D is empty and supp z = Z, then the above formula specializes to the
formula for the star product given by Gillet and Soulé. Nevertheless, when D is not empty
both terms in the formula of Gillet and Soulé may be divergent. Therefore one could view
the theory of cohomological arithmetic Chow groups as a device that gives, in the non
smooth situation, the necessary correction terms.

1.4 Arithmetic Chow rings with pre-log-log forms

Let K be a number field, A a subring of K with field of fractions K, and > a complete set
of complex embeddings of K into C. Let 2" be an arithmetic variety over A of (relative)

dimension d over S = Spec A, i.e., a regular scheme 2" which is flat and quasi-projective
over Spec A. We let 25 = [[, o5 Z5(C) and set Zr = (2w, Fo). Let Dk be a fixed

ocex Yo
normal crossing divisor of 2. We denote by D the induced normal crossing divisor on 2.

In this paragraph we recall basic properties of the arithmetic Chow groups (SI\{*(% s Dpre)
defined in [BKKI].

Let ZP(Z") be the group formed by cycles on 2" of codimension p. Given y € ZP(Z'),
we write Yoo = [[,c5 ¥-(C) and let Y = supp yo.. We define

~ ) .
Hpire’y(%,p) = Hpirﬁy(%oo,p)F
and put

H%im,ﬂf’i”('%’?p) = 1@-[{12);;)%’)/(%7]9),
P

where in the limit 27 is the set of cycles on 2, of codimension > p ordered by inclusion.
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Definition 1.15. The group of p-codimensional arithmetic cycles on 2 is the group

(2 Do) = {(0.8)) € Z(2) & HE_,0(2,0) | cllgy) = cllyo)

Let w be a codimension p — 1 irreducible subvariety of 2" and let h € k(w)*. Write hy
for the induced function on wy, and set Y = supp(div(he)). Then there is a distinguished

pre-log-log Green object g(h) € ﬁ%’;rey(%,p) for div(ho). We point out that g(h) only
depends on the class of ho in H%Z:(X \Y,p). We write (Tgf(h) = (div(h), g(h)) for this
arithmetic cycle and denote by P/{%p(% , Dpre) the subgroup of Zp(% , Dpre) generated by

arithmetic cycles of the form div(h). Then, the p-th arithmetic Chow group of Z  with
log-log growth along D is defined by

CH' (2, Dyre) = 2" (2, Dyre) / Rat' (2, Dpre).
We are now in position to quote the following key result of [BKKI].

Theorem 1.16. There exists an arithmetic intersection product

CH' (2, Dpre) ® CH' (2", Dpe) — CH (2, Dpre) @2, Q,

and
~ % o)
CH (2, Dpre)o = D CH (2, Dpre) @2 Q
p=>0
equipped with this product has the structure of a commutative associative ring. Il

We call GI\{*(%, Dyre)g the arithmetic Chow ring of 2 with log-log growth along D. For
a detailed description of the arithmetic intersection product we refer to [BKKI] Theorems
4.18 and 4.19. We now briefly discuss the special case p+q =d + 1.

Let (y,g9y) € 7’2, Dpre) and (z, g,) € 7, D) be such that y., and z have proper
intersection on 2. Since p + ¢ = d + 1, this means y,, N 25 = (), and the intersection of
y and z defines a class [y - 2], in the Chow group with finite support CHL ™ (27). One
obtains

(5.8,) - (2.8:)] = [y 2lams 0y * 8] € CH' (2, Do) (1.9)

Definition 1.17. Let K be a number field, O its ring of integers, and ¥ a complete set
of complex embeddings of K into C. Then Spec Ok is an arithmetic variety, and due to
the product formula for K, we have as in [SABK] a well defined arithmetic degree map

Eég : GI\{I(Spec Ok, Dpre) — R, (1.10)

induced by the assignment

(Z anj»Z(Qﬁa)) — an log |Ok /p;| + Zga'

p;ES ocED pES oEeX
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In particular, this map is a group homomorphism, which is an isomorphism in the case
—~1
K = Q; it is common to identify CH (Spec(Z), Dpye) with R.

Remark 1.18. If N is an integer and A = O[1/N], then we obtain a homomorphism
— 1
deg : CH (5, Dpre) — Ry,

where Ry =R / < > v Q- log(p)>, and the sum extends over all prime divisors p of N.

Theorem 1.19. If 2 is a d-dimensional projective arithmetic variety over A and 7 :
X — S is the structure morphism, then there is a push forward morphism

T éﬁdﬂ(%,Dpre) — @1(5, Dpre)-
U

Remark 1.20. The arithmetic Chow ring 61\-1*(3{ , Dpre) 1s a generalization of the classical
construction éﬁ*(% ) due to Gillet and Soulé (see e.g. [SABK]), in which the differential
forms are allowed to have certain log-log singularities along a fixed normal crossing divisor.
If 2 is projective, then there is commutative diagram

—~ %

éﬁ*(%) CH (2", Dyre)

l |

—~ % —~ %

CH (Spec A) CH (Spec Aa Dpre)

in which the upper morphism is compatible with the product structure, the vertical mor-
phisms are direct image morphisms and the lower morphism is an isomorphism compatible
with arithmetic degrees. In particular this diagram implies the compatibility of the arith-
metic intersection numbers that can be computed in both theories.

Remark 1.21. Let A be as in Remark then the morphism
— ~ d+1
deg ﬂ-* . CH (c%, Dpre) — RN?

is induced by the assignment

> pParie > ne(loa P+ g [ ae);

PeZd+1(2) PeZd+1(2)
here we used the convention that for gp = (wp, gp) we write f 4 @p instead of f 9 gp-

~ d+1
In order to ease notation, we sometimes write for a« € CH =~ (27, Dpye) simply « instead
of deg 7. (av).
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1.5 Pre-log singular hermitian line bundles and Faltings heights

Let 2 and D be as in the previous section.

Definition 1.22. Let .Z be a line bundle on 2 equipped with a F,-invariant singular
hermitian metric || - || on the induced line bundle %, over 2. If there is an analytic
trivializing cover {U,, Sq }o such that, for all «,

—log ||sall € I'(Ua, &y, ((D))pre); (1.11)
then the metric is called a pre-log singular hermitian metric. The pair (&, | - ||) is called

a pre-log singular hermitian line bundle and denoted by .Z.

Lemma 1.23. If .Z is a pre-log singular hermitian line bundle on 2, then, for any
rational section s of £,

_ ~1
(div(s), (2001og ||s]|, —log ||s]|)) € Z (2", Dpre)- (1.12)

Proof. Let || - |lo be a F-invariant smooth hermitian metric on the line bundle .%,,. Since
the quotient ||s||/]|s||o does not depend on the section s, Definition implies that

f=—log(|ls[l/llslo)

is a pre-log-log function. Consequently, a(f) = (200f, — f) is a pre-log-log Green object
for the empty divisor (see [BKKI] Section 7.7). Since (200 log ||s|o, —log ||s|o) is a Green
object for div(s) and

(20010g|sl|, —log |s) = (209108 [|sllo, — log |Isllo) — a(f),

we obtain that (200 1log ||s||, —log||s||) is a pre-log-log Green object for div(s). O

It is easy to see that the class of (1.12) only depends on the pair (£, || - ||). We denote
it by ¢1(%) and call it the first arithmetic Chern class of £ .

Definition 1.24. The arithmetic Picard group 151\(:(3{ , Dpre) is the group of isomorphy
classes of pre-log singular hermitian line bundles, where the group structure is given by
the tensor product.

We have an inclusion 151\(:(% ) C f/’l\c(% , Dpre), where ﬁl\C(% ) is the arithmetic Picard
group defined by Gillet and Soulé. Moreover, the morphism

& : Pie( 2, Dyre) — CH (2, Dye) (1.13)

given by equation (1.12) is an isomorphism. Finally, given a pre-log singular hermitian line
bundle .Z on an arithmetic variety of (relative) dimension d over A, we write

2 = degr. (Q(D)")
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and call it the arithmetic self-intersection number of Z.

Putting U = Zr \ D, we write Z{;(Z") for the group of the ¢g-codimensional cycles z
of Z such that zg intersects D properly. We introduce Uy = £ \ Dk and observe that
there is a natural injective map Z%(Ux) — Z{(Z2"). In [BKKI] a height pairing

pt+q—d

(1) : CH' (2, Dyre) @ Z8(Z) — CH " (S, Dpre)a (1.14)

is defined. Observe that, since the height of a cycle whose generic part is supported in
D, might be infinite, one cannot expect that the height pairing due to Bost, Gillet, and
Soulé unconditionally generalizes to a height pairing between the arithmetic Chow groups
CAHP(% Dyre) and the whole group of cycles Z9(Z").

We now let 2", D, U be as before and p, g mtegers Satlsfylng p+q=d+1. Let
z € Z{,(Z') be an irreducible, reduced cycle and « € CH" (2", Dpre). We represent a by
the class of an arithmetic cycle (y, g,), where y is a p-codimensional cycle such that yx
intersects zj properly, and where g, = (wy, g,) is a pre-log-log Green object for y. We have

—~——

(a]2) = [mally- 2lsm), (0, 7495 7 8.)) ] € CH (S Dy (1.15)

e~ —

Here, the quantity mx(g, A J.) has to be understood as follows: Let Z = suppzg and
v: Z — Z be a resolution of singularities of Z adapted to D. Since yx N zx = 0, the
functoriality of pre-log-log forms shows that :*(g,) is a pre-log-log form on Z , hence it is
locally integrable on Z , and we have

- 1
T4 (gy NO2) = W/ 7" (gy)-

The pairing ([1.14) is now obtained by linearly extending the above definitions.
If we choose a basic pre-log-log Green form g, for z and put g, = (-2909g.,3.), then

the height pairing satisfies
- —~ 1
(a]2) = (@ [z,8:) +a (s ([0(@) Aol ) ) € CH (S, Do (1.16)

The height pairing (1.14)) is of particular interest, when o = ¢ (Z)P for some pre-log
singular hermitian line bundle . on 2". We call the real number

ht(2) = deg (&1(2)" | ) (1.17)

the Faltings height of z (with respect to 2L ).

Remark 1.25. As in remark|1.20] if the hermitian metric of - is smooth, the Faltings height
computed in this arithmetic intersection theory agrees with the one defined by Bost, Gillet
and Soulé.
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2 Complex theory of Hilbert modular surfaces

We begin by recalling some basic facts on Hilbert modular surfaces. This mainly serves to
fix notation. For a detailed account we refer to [Er3] and [Gel.

Let K be a real quadratic field with discriminant D. Let O be its ring of integers and
0 = (V/D) the different. We write = — 2’ for the conjugation in K, tr(z) = z + ' for the
trace, and N(x) = za’ for the norm of an element. Given an a € K we will write a > 0, if
a is totally positive. Furthermore, we denote by £y > 1 the fundamental unit of K.

Let H = {z € C; (2) > 0} be the upper complex half plane. The group SLy(R) x
SLy(R) acts on the product H? of two copies of H via Moebius transformations on both
factors. As usual we identify SLy(K') with a subgroup of SLy(R) x SLy(R) by the embedding
M +— (M, M’), where M" = (9 %) denotes the conjugate of the matrix M = (24). If a is
a fractional ideal of K, we write

'Ok ®a) = {(Z Z) €SLy(K); a,d€Og,beat c€ a} (2.1)

for the Hilbert modular group corresponding to a. Moreover, we briefly write

and denote by I'k(N) the principal congruence subgroup of level N, i.e., the kernel of
the natural homomorphism 'y — SLy(Ox/NOfk). Throughout we use z = (21, 22) as a
standard variable on H?. We denote its real part by (x,73) and its imaginary part by
(y1,2)-

Let T’ < SLy(K) be a subgroup which is commensurable with T's. The quotient I'\H? is
called the Hilbert modular surface associated with I'. It is a non-compact normal complex
space which can be compactified by adding the cusps of T', i.e., the I'-classes of P!(K). By
the theory of Baily-Borel, the quotient

X(T) =T\(H? UP(K)) (2.3)

together with the Baily-Borel topology can be given the structure of a normal projective
algebraic variety over C. It is called the Baily-Borel compactification of T'\H?. Recall
that the cusps of I'(Okg @ a) are in bijection with the ideal classes of K by mapping
(a: 3) € PYK) to the ideal aOf + Ba~!. So in particular the cusp oo corresponds to the
principal class and 0 to the class of a='. For any point £ € H?> UP!(K), we denote by I'¢
the stabilizer of ¢ in I'. If £ € H?, then the quotient G = I'¢/{£1} is a finite cyclic group.
If |G| > 1, then ¢ is called an elliptic fixed point. Notice that ['x always has elliptic fixed
points of order 2 and 3. On the other hand ' (N) acts fixed point freely if N > 3.

If a is a fractional ideal from the principal genus of K, there is a fractional ideal ¢ and
a totally positive A € K such that a = Ac?. If M denotes a matrix in (<" ;') N SLy(K),
then

(A; (1)) MT M~ (3 ?) =TI (Ox @ a). (2.4)



20 Jan H. Bruinier, Jose I. Burgos Gil, and Ulf Kiithn

This induces an isomorphism of algebraic varieties over C,
F\H? — T(Ox @ a)\H?, 2z~ (3" 9) M=. (2.5)

It extends to an isomorphism X (I'x) — X (I'(Ox @ a)) mapping the cusp b of X (I'k)
to the cusp b/c of X(I'(Og @ a)). In particular the cusp ¢ is mapped to the cusp oo of
X(T(Ok @ a)), and ¢! mapped to the cusp 0.

2.1 Desingularization and the curve lemma

Throughout we write e(z) = €*™*. We denote by E(§) = {q¢ € C; |q| < 6} the d-disc
around the origin and put E = E(1). Moreover, we write E = {¢ € E; ¢ #0}.

The singular locus X (T')*9 of X (T") consists of the cusps and the elliptic fixed points.
Throughout we will work with desingularizations of X (I") such that the pull-back of the
singular locus is a divisor with normal crossings. Given such a desingularization

T X(T) — X(I), (2.6)
we denote this divisor by
Dr = 7% (X (I')*"9). (2.7)

We now present a local description of X (T") using the “curve lemma” due to Freitag.

Let k € P}(K) be a cusp of ' and g € SLy(K) with k = goo. By replacing ' by the
commensurable group ¢~ 'I'g, we may assume that x = co. There is a complete Z-module t
of K and a finite index subgroup A of the totally positive units of Ok acting on t such that
[« has finite index in the semidirect product t x A (see [Ge] Chapter 11.1). In particular,
if v € I's, then y(z1, 20) = (621 + p, €'29 + 1) for some p € t and some totally positive unit
e € A. A fundamental system of open neighborhoods of co € X(I') is given by

Vo =T \{(21,22) € HY 1132 > O} U oo, C > 0. (2.8)

Let C > 0. Let a € X(I') be a point with m(a) = oo, and U € X(I') be a small open
neighborhood of a such that 7(U) C V. Possibly replacing U by a smaller neighborhood,
after a biholomorphic change of coordinates we may assume that U = [E? is the product of
two unit discs, a = (0,0), and 700 = div(qf‘qg) on U with non-negative integers «, (3.

The desingularization map induces a holomorphic map E? — Vi, which we also denote
by 7. If we restrict it to E2, we get a holomorphic map E? — ', \H?2. Lifting it to the
universal covers, we obtain a commutative diagram

m—L - (2.9)

|

o2 — = Do \H2.
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Here II is a holomorphic function satisfying

(7 +1,7) = (501 &9) (71, 7) + (Z}) (2.10)

1 1

M(r,m+ 1) = (502 f) T(r1, ) + (’/f) (2.11)

2 2

with 1, uo € t and totally positive units eq,e9 € A.

Lemma 2.1. Let II : H? — H? be a holomorphic function satisfying (2.10) and (2.11)).
Then e, = g9 = 1 and there is a holomorphic function H : B2 — H2, such that

~ (IL(7m,m2)\ [T+ poTs
H(T1,T2)—<H2<Tl’72) = M/171+M/272 +H(Q17Q2>7 (2-12)

where ¢ = e(11) and qo = e(12). Moreover, j1, ja, and their conjugates are non-negative.

Proof. Applying the “curve lemma” ([Er1] Satz 1, Hilfssatz 2) to the functions H — H
given by 7; — IL;(7y, 73) with ¢, j € {1,2}, one finds that II(7y, 7») has the form (2.12)) with
1, o € t. The fact that S(IL;(7y, 72)) is positive implies that pq, p2, and their conjugates
have to be non-negative. O

Remark 2.2. The properties of the Baily-Borel topology on X (I') imply that the exceptional
divisor 7*(c0) contains the component {g; = 0}, if and only if x; is totally positive.

Let now ¢ € H? be an elliptic fixed point of ', G the cyclic group I'¢/{£1}, and n = |G].
Let V' C H? be a small open neighborhood of ¢ on which T'¢ acts. Then I'¢\V is an open
neighborhood of ¢ € T\H2. Let a € X(I') be a point with m(a) = &, and U ¢ X(I') be
an open neighborhood of a such that 7(U) C I'¢\V. Without loss of generality we may
assume that U = E? is the product of two unit discs, a = (0,0), and that 7*¢ = div(¢%q})
on U.

The desingularization map induces a holomorphic map E? — T'/\V. Arguing as in [Fr2]
(Hilfssatz 5.19, pp. 200) and using the fact that |G| = n, we get a commutative diagram
of holomorphic maps

2 1% H? (2.13)
| |
E2 —> [e\V — [ \H2.

From this one derives an analogue of the curve lemma for the elliptic fixed points.

There is a (unique up to a positive multiple) symmetric SLy(R) x SLo(R)-invariant
Kéahler metric on H2. Tts corresponding (1, 1)-form is given by

1 /dz;d dasd
<$1 yl+ T2 yQ).

_ L 92.14
A Y3 15 (2.14)

w
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Proposition 2.3. The form w induces a pre-log-log form on )?(F) with respect to Dr.

Proof. We show that if x is a cusp of I', and @ € X(I') with 7(a) = &, then 7w satisfies
the growth conditions of Definition [1.2] in a small neighborhood of a. The corresponding
assertion for the elliptic fixed points is easy and will be left to the reader.

Without loss of generality we may assume that x = oo and that 7 looks locally near a

as in (2.9).

By means of the I',-invariant function log(y;1y2), we may write w = ﬁ@é log(y1y2)-
Using the notation of Lemma [2.1| we see that
o (0 L (p1log|gi| + polog |Q2|> (Hl(Ch,CD))
II = —— +$ . 2.15
<?/2> 2m (N/l log |q1| + 15 1og | o] Hy(q1,q2) (2.15)
Consequently,
ﬂ*(log(ylyz)) = log (—ﬁfh((h, CZ2)) + log (—ﬁgz(fha (12)) ) (2-16)
where

91(q1, @2) = pa log |1 |* + palog |qa]? — 4nSHy (g1, ¢2),
92(q1, @2) = pylog |qi|” + phlog |qo|* — 47SHa(qr, g2)-

Hence we find
2min* (w) = 007 (log(y132))

1 d d dgq dg _
S <u1 Ny o2 47ra%H1) (m% T 478%}[1)
1

91(q1, ¢2)? 7 7 %@
1 d d dgq dg ~
92(q1, @) 4 a2 0 a2
DO H DO H.
g TOETL g TR (2.17)
91(q1, 2) 92(q1, q2)
Since H is holomorphic, this differential form has log-log growth along 7*(0). O
It follows that the volume form
1 daydy; dasd
2. _— CH N TTe b (2.18)
82y Y2
is also a pre-log-log form. It is well known that
1 dxydy; daosd
X(Tk) T JT \H2 Y1 Y

(see e.g. [Ge], p. 59). Here (k(s) is the Dedekind zeta function of K.
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2.2 Hilbert modular forms and the Petersson metric

Let k£ be an integer and x a character of I'. A meromorphic function F' on H? is called a
Hilbert modular form of weight k (with respect to I' and ), if it satisfies

F(yz1,7'22) = x(7)(cz1 + d)F (2 + &) F (21, 20) (2.20)

forally = (2%) € I. If F is holomorphic on H?, it is called a holomorphic Hilbert modular
form. Then, by the Kocher principle, F' is automatically holomorphic at the cusps. We
denote the vector space of holomorphic Hilbert modular forms of weight &k (with respect to
I' and trivial character) by My (I'). A holomorphic Hilbert modular form F' has a Fourier
expansion at the cusp oo of the form

F(z1,22) = ag + Z a,e(vz + V'), (2.21)
/S0
and analogous expansions at the other cusps. The sum runs through all totally positive v
in a suitable complete Z-module t of K. For instance, if I' = I'(Ok @ a), then t is equal
to ad~!. Any Hilbert modular form is the quotient of two holomorphic forms. We will say
that a Hilbert modular form has rational Fourier coefficients, if it is the quotient of two
holomorphic Hilbert modular forms with rational Fourier coefficients.

Meromorphic (holomorphic) modular forms of weight k& can be interpreted as rational
(global) sections of the sheaf My (T') of modular forms. If we write p : H* — T'\H? for the
canonical projection, then the sections over an open subset U C I'\H? are holomorphic
functions on p~!(U), which satisfy the transformation law (2.20). This defines a coherent
analytic sheaf on I'\H?, which is actually algebraic. By the Koecher principle, it extends
to an algebraic sheaf on X (I'). By the theory of Baily-Borel, there is a positive integer nr
such that My (T') is a line bundle if nr|k, and

X(F)%Proj( b Mk(F))

k>0,nrlk

(see |Ge] p. 44, and [Ch] p. 549). The line bundle of modular forms of weight k (divisible
by nr) on X(I) is defined as the pull-back 7*M,,(I'). By abuse of notation we will also
denote it by M (I'). In the same way, if F' is a Hilbert modular form of weight k, we
simply write F for the section 7*(F) on X. The divisor div(F) of F decomposes into

div(F) = div(F) + ) n;E;.
J

Here div(F') denotes the strict transform of the divisor of the modular form F' on X (T'),
and F; are the irreducible components of the exceptional divisor Dr. The multiplicities n;
are determined by the orthogonality relations
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Definition 2.4. If F' € M,(T")(U) is a rational section over an open subset U C I'\H?,
we define its Petersson metric by

1F (21, 22) e = | F (21, 22) (167 y1572)".

This defines a hermitian metric on the line bundle of modular forms of weight & on
['\H?. We now study how it extends to X (T).

Proposition 2.5. The Petersson metric on the line bundle My(I") of modular forms on
X (') is a pre-log singular hermitian metric (with respect to Dr ).

Proof. We have to verify the conditions of Definition locally for the points of Dr. Here
we only consider the the points above the cusps of X (I'). The corresponding assertion for
the elliptic fixed points (if there are any) is left to the reader.

Let % be a cusp, and a € X(I') with m(a) = x. Moreover, let F be a trivializing section
of Mg(T') over a small neighborhood of a. We have to show that log | F||pe; satisfies
the growth conditions of Definition [I.3] Without loss of generality we may assume that
k = oo and that 7 looks locally near a as in . It suffices to show that 7* log(y,y2) is a
pre-log-log form near a.

That 7* log(y1y2) and d97* log(y1y2) have log-log growth along Dr follows from
and in the proof of Lemma Using the notation of that Lemma, we see that

_ 1 dg dg -
or*log(y1y2) = (Ml kL 47r8%H1)
91(Q1> CIQ) q1 q2
1 dg dg -
+ (u’l Uy L 47raSH2> .
92(q1, q2) G 0

Since H is holomorphic, we may infer that d7*log(y1y) has log-log growth along Dr.
Analogously, we see that On* log(y1y2) has log-log growth. [

The first Chern form ¢ (Mg()), || - ||pet) of the line bundle My(I") equipped with the
Petersson metric is given by

Cl(Mk(F)), H . ”Pet) = 2mik - w. (222)

Definition 2.6. If F'is a Hilbert modular form for I'; then we denote the Green object
for div(F') by

g(F) = (20010g || Fl[pet, — log || Fllpe). (2.23)

Remark 2.7. In view of (2.19)) the geometric self intersection number My (T')? of the line
bundle of modular forms of weight k is equal to k? [[x : T'] (x(—1).
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2.3 Green functions for Hirzebruch-Zagier divisors

From now on we assume that the discriminant D of the real quadratic field K is a prime.
This implies that the fundamental unit ¢y has norm —1, and that narrow equivalence of
ideal classes coincides with wide equivalence. We write xp for the quadratic character
associated with K given by the Legendre symbol xp(z) = (%) The Dirichlet L-function
corresponding to xp is denoted by L(s, xp). Moreover, we write ((s) for the Riemann zeta
function.

We consider the rational quadratic space V' of signature (2,2) of matrices A = () ;)
with a,b € Q and v € K, with the quadratic form ¢(A) = det(A). For a fractional ideal a
of K we consider the lattices

L(a) = {(
L'(a) = {(J
Notice that the dual of L(a) is ﬁ[/(a). The group SLy(K) acts on V by 7.A = yAy"
for v € SLy(K). Under this action I'(Ok ¢ a~') preserves the lattices L(a) and L'(a). In
particular, one obtains an injective homomorphism T'(Ox @ a™')/{£1} — O(L(a)) into
the orthogonal group of L(a).
Let m be a positive integer. Recall that the subset

); a€N(a)Z,beZand v € a}, (2.24)

b);
3); a€N()Z,beZandvear '}, (2.25)

U {(21,20) €M%  azizp + vz + V2 +b=0} (2.26)
a5 7)ero
det(A)=mN(a)/D
defines a T'(Ok @ a)-invariant divisor Ty(m) on H?, the Hirzebruch-Zagier divisor of dis-
criminant m. It is the inverse image of an algebraic divisor on the quotient T'(Of & a)\H?,
which will also be denoted by T,(m). Here we understand that all irreducible components
of T,(m) are assigned the multiplicity 1. (There is no ramification in codimension 1.) The
divisor Ty(m) is non-zero, if and only if xp(m) # —1. If m is square free, then since
D is prime, Ty(m) is irreducible, if m is not divisible by D? (see [HZ], [Ge] Chapter V).
Moreover, Ty(m) and T,(n) intersect properly, if and only if mn is not a square.
Since there is only one genus, there is a fractional ideal ¢ and a totally positive A € K
such that a = Ac?. If M denotes a matrix in (" <) N SLy(K), then
1
N(e)
This implies that the isomorphism (2.5)) takes To, (m) to Ta(m).

We will be mainly interested in the case that a = Ok. To lighten the notation we will
briefly write L = L(Ok), L' = L'(Ok), and T'(m) = To,.(m).

1

WL,(C&).

(%" 9) M) " L(OK) = <L), ((%'9) M) " .L'(Ok) =

Definition 2.8. Let m be a positive integer with xp(m) # —1. If m is the norm of an ideal
in Ok, then T'(m) is a non-compact divisor on I'x\H?, birational to a linear combination
of modular curves. In this case we say that T'(m) is isotropic. If m is not the norm of an
ideal in Ok, then T'(m) is a compact divisor on I'fr\H?, birational to a linear combination
of Shimura curves. In that case we say that T'(m) is anisotropic.
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These notions are compatible with the description of T'\H? and the divisors T'(m)
as arithmetic quotients corresponding to orthogonal groups of type O(2,2) and O(2,1),
respectively (see Section [4.2)). Here isotropic (anisotropic) Hirzebruch-Zagier divisors are
given by isotropic (anisotropic) rational quadratic spaces of signature (2,1).

In [Brl] a certain Green function ®,,(z1, 22, s) was constructed which is associated to
the divisor T'(m). We briefly recall some of its properties. For s € C with R(s) > 1 the
function ®,,(21, 22, s) is defined by

az129 + A2y + Nzy + b|?
(21,22, 8) = Z Q-1 (1 + laz122 5 lm/D2 | ) . (2.27)
a.bel Y1Y2

Aco~!
ab—N(\)=m/D

Here QQ;_1(t) is the Legendre function of the second kind (cf. [AbSt] §8), defined by
Qur(t) = /(t VT Tcoshu)du  (t> 1, R(s) > 0). (2.28)
0

Notice that for D = m = 1 the function ®,,(z1, 29, $) equals the resolvent kernel function
(or hyperbolic Green function) for SLy(Z) (cf. [He]). Therefore ®,,(z1, 22, s) can be viewed
as a generalization to Hilbert modular surfaces.

The sum in converges normally for R(s) > 1 and (zy,2) € H? — T(m). This
implies that ®,,(z1, 29, ) is invariant under I'k. It has a Fourier expansion

D, (21, 22, 8) = uo(Y1, Y2, 5) + Z uy (Y1, y2, s)e(vay + v'ag), (2.29)
=
which converges for y1y2 > m/D and (z1, 22) ¢ T(m). As a function in s the latter sum
over v # 0 converges normally for R(s) > 3/4. The constant term is a meromorphic
function in s with a simple pole at s = 1. A refinement of these facts can be used to show
that ®,,(z1, 22, s) has a meromorphic continuation in s to {s € C; R(s) > 3/4}. Up to a
simple pole in s = 1 it is holomorphic in this domain (cf. [Brl] Theorem 1).

We denote by
2 o2 82 o2
A =2 (L L Ay =2 (L + L
Lo (m%*aﬁ)’ : y?(f):c%*ay;)

the SLy(R) X SLy(R) invariant Laplace operators on H?. The differential equation for
Qs_1(t) implies that
AN;®,, (21,22, 8) = s(s — 1) Dy, (21, 22, 5).

Because Q,_1(t) = —3log(t — 1) + O(1) for ¢t — 1, the function ®,,(21, 22,s) has a

logarithmic singularity along T'(m) of type — log |f|?, where f is a local equation.

The Fourier expansion (2.29) of ®,,(z1, 22, s) was determined in [Brl] using a similar
argument as Zagier in [Zal]. It follows from identity (19), Lemma 1, and Lemma 2 of [Bri]
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that the constant term is given by

27T / —s . / S
uo(y1,y2, ) = (23——1) Z max(|Aya], [Nya|)' = min([Aya|, [\yel)
N():;ia:;z/D
_ 2 ©°
T2 4 D) () S G, )0 (2.30)

v/ DI'(25)

a=1
Here G,(m,v) is the finite exponential sum

Go(m,v) = Yoo (tr(m)> . (2.31)

)\Ebil/aOK @
NAN)=-m/D (aZ)

Notice that our G,(m,v) equals G,(—m,v) in the notation of [Zal]. For the purposes of
the present paper we need to compute ug(y1, ¥, $) more explicitly.
We define a generalized divisor sum of m by

om(s) =m2N " d* (xp(d) + xp(m/d)). (2.32)
r

It satisfies the functional equation 0,,(s) = o,,(—s). If p is a prime and n € Z, then we
denote by v,(n) the additive p-adic valuation of n.

Lemma 2.9. i) If m = moD° with (mg, D) = 1, then 0,,(s) has the Euler product expan-
sion
1 — XD(p)vp(m0)+1p(vp(m0)+1)s

Tm(s) = mI=2 (1 4+ xp(mg) D) H

p prime 1- XD(p)pS
plmo
i) If m is square-free and coprime to D, then
o (—1) p— xp(p)
21— = —=——log(p). 2.33
oD~ 2 i xolp) ) (239
plm

Proof. The first formula follows from the multiplicativity of o,,(s). The second (and gen-
eralizations of it) can be obtained from the Euler product expansion in a straightforward
way. O]

Lemma 2.10. We have
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Proof. The exponential sum G,(m,0) is equal to
Go(m,0) = #{\ € Ox (mod ad); N(A)=-m (mod aD)}
=D 'H#{A € Ox (modaD); N(\)=-m (modaD)}
= D' N,p(—m),
with
Ny(n) = #{\ € O /bOk; N(A)=n (mod b)}

as in [Zal] p. 27. Tt is easily seen that Ny(n) is multiplicative in b. Hence it suffices to
determine Ny(n) for prime powers b = p". We get the following Euler product expansion:

i Go(m,0)a™® = % i Nap(—m)a™*
a=1 a=1

:%<Z NDHT(—m)D—“) H (Z Npr(—m)p_m). (2.34)

p#D

The function N, (n) can be determined explicitly by means of [Zal], Lemma 3. By a
straightforward computation we find that the local Euler factors are equal to

T pis L+ xo(mo) D7077)

1—xp(p)p™® 1= xp(p)»tmotipleimotiii=s)
1—pl=s 1—xp(p)p'~*

>~ Npier(=m)D ™ =
r=0

)

Z Nyr(—m)p™"° =
r=0
for p prime with (p, D) = 1. Inserting this into (2.34)), we obtain the assertion by means
of Lemma [2.9] O
Hence the second term in ([2.30)) is equal to

7l(s —1/2)? ((2s—1)

————(4/D)° 1ms22 2 25 (25 — 1), 2.35
By virtue of the functional equation
o mNE2T(1/2 — )
L(2s,xp) = <5> TL(l —25,Xp)

we may rewrite ([2.35]) in the form

s (Y1 T~ V2T C(2s—
D ['(2)['(1/2 — s) L(1 — 2s, xp)

Using the Legendre duplication formula, I'(s — 1/2)T'(s) = /72?7 %T(2s — 1), we finally
obtain for the second term in ([2.30)):

Y19 e [(s—1/2) ((2s-1)
—2 ( D > [(3/2—s) L(1 25, XD>am(25 —1). (2.36)

om(2s — 1).
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In the following we compute the first summand in (2.30]).
The subset

S(m) = U {(21,20) € H?;  Ayp + Nyo = 0} (2.37)
A€ol
N(X)=—m/D
of H? is a union of hyperplanes of real codimension 1. It is invariant under the stabilizer
of the cusp oco. The connected components of H? — S(m) are called the Weyl chambers of
discriminant m. For a subset W/ C H? and A € K we write (A, W) > 0, if Ady; + Ny, > 0
for all (21, 20) € W".
Let W C H? be a fixed Weyl chamber of discriminant m and W’ C W a non-empty
subset. There are only finitely many A € 9~! such that A > 0, N(\) = —m/D, and

(A, W) <0, (2N, W') > 0.

Denote the set of these A by R(W',m). It is easily seen that R(W',m) = R(W,m) for
all non-empty subsets W’ C W. By Dirichlet’s unit theorem the set of all A € d~! with
N(A) = —m/D is given by

{£Xei"; X € R(W,m), n € Z}.

For (z1,22) € W, A € R(W,m), and n € Z we have

ey, ifn>0
max )\5271 : )\,5/ 2n _ 0 ) )
(IAeg"y1l, [N'eg™ 52]) —Nep?yy, ifn <0,

On W we may rewrite the first summand in (2.30)) as follows:

2n . n 2n
o S S max(A ) min(A g, Xl

AER(W,m) n€Z

47 —s n —s n s
S X (D v s )

AER(W,m) \n>1 n>0

— Ar Z ()\ )173( v )s 5(% i +( N )173()\ )s 1
—28_1/\€R(W7m) hn Yo 1—53_45 Yo n 1—5(2)_45 .

We summarize the above computations in the following theorem.

Theorem 2.11. Let W C H? be a Weyl chamber of discriminant m. For (z1,29) € W the
constant term of the Fourier expansion of ®,,(z1, 20, $) is given by

wo(y1, Y2, 8) = 20(25 — 1)pm(s) (m*y1y2/ D)
4m 1 . .
tor e 2L (58 T N )+ (X))
s—1 1—¢f
AER(W,m)

(2.38)
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where

(s —1/2) 1
(3/2 —s) L(1 —2s,xp)

Om(s) = —; om(2s —1). (2.39)

g

As a function in s, the Green function ®,,(21, 22, s) has a simple pole at s = 1 coming
from the factor ((2s — 1) in the first term of ug(y1,ye, s). However, it can be regularized
at this place by defining ®,,(z1, 22) to be the constant term of the Laurent expansion of
D, (21, 22,5) at s =1 (see [Brl] p. 66).

Using the Laurent expansion ((2s —1) = (s —1)7' =T"(1) + O(s — 1) we get at s = 1
the expansion

20(25 = Dpm(s) (*5192/D) " = pm(1)(s = 1) = (1) log(1672y13)
+ L+ O(s — 1), (2.40)
where
Ly = ¢, (1) — 0 (1) (217(1) — log(16D)). (2.41)
By means of the Laurent expansion of I'(s) one infers that L,, is more explicitly given by

D(=1,x0) _,oh(=1)
L(-Lxp)  “om(-1)

In later applications it will be convenient to write the regularized function ®,,(z1, 22)
as a limit. In view of ([2.40)), we find that

Lin = ¢m(1) (2 + log(D)> . (2.42)

B, (21, 2) = lim (@m(zl,ZQ, 5) — @mm) . (2.43)

s—1 s—1

The Fourier expansion of ®,,(z1, z2) can be deduced from ([2.29)) by virtue of Theorem
and ([2.40). It is given by

: m(1
Py (21, 22) = lim (uo(yhyQ, s) — LU) + Z uy (Y1, 92, 1)e(vey + v/'xs).
s—1 s—1
veo !
v#£0
On a Weyl chamber W of discriminant m we get
@y (21, 22) = Lin — (1) 10g(167T2y1y2) + 4 (pwyr + pwi2) (2.44)
+ Z uu(ylny; 1)9(]/[['1 + V/'IQ)a
veo~!
v#0

where

w=—20 3 A (2.45)

is the so called Weyl vector associated with W.
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Remark 2.12. If we compare (2.44) with the formula given in [Brl] p. 67 we see that the
quantities L and go(m) in [Brl] are given by L = L,, — ¢,,(1)log(167%) and qo(m) =
—2pm(1). Moreover, the Weyl vector py in [Bri] is equal to (2.45)) above.

In order to get a Green function with a “good” arithmetic normalization, which is
compatible with our normalization of the Petersson metric, we have to renormalize as
follows.

Definition 2.13. We define the normalized Green function for the divisor 7'(m) by

Gm(z1,29) = = (P21, 22) — L) -

DN | —

According to (2.44) and section 3.3 of [Brl], we have

m(1
Gm(21722) =_Z 2( ) 10g(167r2y1y2)

— log ‘e(pwzl + Py 22) H (1 —e(vzy +V'z)) | +o0(z1,29).  (2.46)
veol
(v,W)>0
N(v)=—m/D

Here W is a Weyl chamber of discriminant m and py the corresponding Weyl vector.
Moreover, o(z1, 22) is a 'k oo-invariant function on H?, which defines a smooth function
in the neighborhood V,,,/p of oo and vanishes at oo. This describes the singularities of
Gum(z1, 29) near the cusp oo. Analogous expansions hold at the other cusps.

We now want to consider G,,(z1, 22) as a singular function on X (T"). For this purpose

we also write T'(m) for the closure of T'(m) C '\ H? in the Baily Borel compactification
X(I).

Remark 2.14. The function

U2, 22) = e(pwz1 + py22) H (1—e(vz + V'z))
veo~l
(v,W)>0
N(v)=—m/D

is a local Borcherds product at the cusp oo in the sense of [BrFr|. There exists a positive
integer n such that npy € 07! (by one can take n = tr(gp)). Then Woo(zy, 29)"
defines a holomorphic function in a small neighborhood of oo, whose divisor equals the
restriction of nT(m). Equivalently we may view it as a [k o-invariant function on H?,
whose divisor on V,,/p is equal to nT'(m). In particular, this shows that T'(m) is a Q-
Cartier divisor near the cusps. This fact allows us to define the pull back 7*T'(m) as a
Q-Cartier divisor on X (T").

Remark 2.15. Observe that 7°7'(m) may contain components of the exceptional divisor Dr.
This is actually always the case if T'(m) is isotropic. If X (I'x) is the Hirzebruch desingu-
larization of X (I'k), then 7*7(m) is equal to the divisor T, considered by Hirzebruch and
Zagier in [HZ].
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Proposition 2.16. IfI' < T'x is a subgroup of finite index, then
g(m) = (—2007* G, 7 G) (2.47)

defines a pre-log-log Green object for the Q-divisor #*(T'(m)) on )?(F)

Proof. Let n be a positive integer such that nT'(m) is a Cartier divisor. We define a metric
on the line bundle O(7*(nT'(n))) on X (I') by giving the canonical section Lo(x* (nT(m))) the
norm

Lo T || = exp(—nm”Gr).
By [Brl], Section 3.3 and formula (38), this metric is smooth outside Dr. We now show
that it is a pre-log singular hermitian metric in the sense of Definition [1.22]

We have to consider the growth of this metric locally near points a € Dr. Here we only
carry out the case that a lies above the cusp co. The other cusps are treated analogously,
and the easier case that a lies above an elliptic fixed point is left to the reader.

So let a € 7*(c0), and U C X(I') be a small open neighborhood of a such that
7(U) € Vo with C > m/D, as in the discussion preceding Lemma In view of
Remark [2.14] the function 7*(W¥5?)™ has precisely the divisor 7*(nT'(m)) on U. Thus
s = Lo (mrm))) /T (o)™ is a trivializing section for O(7*(nT'(m))) on U. By means of
(2.46) we find that

©m(1)
2

log ||s|| = n 7" (log(y1y2)) + smooth function.

In the proof of Proposition we already saw that 7*(log(y1y2)) is a pre-log-log form on
U. Hence the assertion follows from Lemma [1.23] ]

Notation 2.17. To lighten the notation we will frequently drop the 7* from the notation.
We write

a(m) = (W, G) = (=200G,,, Grn) (2.48)
and also T'(m) instead of 7*T'(m).

Remark 2.18. The Chern form w,, is computed and studied in [Brl] Theorem 7. It turns
out that

Wm = 27rzg0m(1)w + f(éozl, 5622) le A dig + f<€0227 6621) dZQ N dél. (249)

Here f(z1,22) is a certain Hilbert cusp form of weight 2 for 'k, essentially the Doi-
Naganuma lift of the m-th Poincaré series in Sy (D, xp). Green functions like G, are
investigated in the context of the Weil representation in [BrFul, and in the context of the
theory of spherical functions on real Lie groups in [OT].

3 Star products on Hilbert modular surfaces

Here we compute star products on Hilbert modular surfaces related to Hirzebruch-Zagier
divisors. Throughout let I' < I'x be a subgroup of finite index.
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3.1 Star products for Hirzebruch-Zagier divisors

In general the product of a mixed growth form as G, and a pre-log-log form as w? need not
be integrable. Therefore the following lemma, which will be crucial for Theorem [3.3| below,
is special for Hilbert modular surfaces. It seems to be related to the Koecher principle.

Lemma 3.1. The Green function Gp,(z1, 29) is in L'(X(T),w?).

Proof. By possibly replacing I' by a torsion free subgroup of finite index, we may assume
that T'\H? is regular. Since X (T') is compact, it suffices to show that G, is locally integrable
in a neighborhood of any point of X (I'). Outside the exceptional divisor Dr this easily
follows from the fact that G,, has only logarithmic singularities along T(m) on I'\HZ.
Hence we only have to show local integrability at Dr. For simplicity, here we only treat
the points above the cusp oo, for the other cusps one can argue analogously.

So let a € 7 (00) be a point above co. Assuming the notation of the discussion preceding
Lemma [2.1], it suffices to prove that

/Wf«%nﬂw% (3.1)
E(5)2

converges for some ¢ > 0. N

By possibly replacing X (I") by a desingularization of X (I") with respect to T'(m) we
may assume that 7*(c0), 77 (m), and 7*(0c0) Un*T'(m) are divisors with normal crossings
supported on the coordinate axes of E2. By virtue of we have

7(Gn) < ~ £ log(yua) — logl (95|

on E(§)%. According to Remark the function 7*(¥2°) is holomorphic on E? with divisor
7T (m). Consequently, if we introduce polar coordinates

qj =1 (0<7r; <1,0< p; <2m)
on E?, we obtain by means of ([2.16)):
7 (Gy) < log(rirs). (3.2)

We now estimate 7*(w?). As H(qy,q2) is bounded near (0,0), it follows from (2.15)
that there is a small 6 > 0 such that

|1 logry + pig log 7a| - |y log 71 + gy log 72
< 7 (y1y2) < |1 logry + polog re| - |1y log 1 + 15 log o

on E(9). In view of Lemma the complex Jacobi matrix of 7 at (qi, ¢2) is given by

L (m/a p2/q
J = J(H
(7Ta q1, Q2) o (M’l/Q1 ,UIQ/QQ + ( , 41, (J2)7
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where J(H, q1, o) is smooth.

If py and pe are both totally positive, we may infer that J(m, q1,q2) < Tllm. Conse-
quently, on E(§)? we have
% 2 % 1 dIldyl dl’gdyg
m™w) =7"| — 5 5
82y Y2
dridredpyd
< r1dradprdps (3.3)

rira(pn log Ty + pig log o) (1 log 71 + iy log 79)?
Combining the above estimates (3.2)) and (3.3)), we see that

/ |log(r17r9)| drydrad py d pe
r1re(py logmy + pio log )2 (p) log ry + phlogrs)?

/ 7 (G| 7 (?) <
E(5)2

E(6)?

In order to prove the convergence of the latter integral, it suffices to show that

5 6
|logry|dr drs
Yaw - 5 (3.4)
) ) rira(pn log ry + po logre)? (1) logry + ph log rs)

converges. If 0 < ¢ < 1, then the inequality between geometric and arithmetic mean
implies that A" B~ < (A + B)? uniformly for A, B > 0. Taking into account that
and ps are totally positive, we derive that

J

S s
6) {// |logri|drydry :/ dr / dry
0 0 0

rira|log ri|2+2¢] log ro|?—2¢ ri|logr |12 | ro|logry|?>—2"
0

Since the latter integrals are clearly finite for 0 < € < 1/2, we obtain the assertion.

If u1 and py are not both totally positive, then without any restriction we may assume
that gy > 0 and pp = 0. Then (logr1)* < 7*(y192) < (logr1)* and J(7, q1,q2) < ;-, and
the convergence of is immediate. ]

Lemma 3.2. Let T'(my), T(ms), T(mg3) be Hirzebruch-Zagier divisors, and k € X(I") be
a cusp or an elliptic fired point. If Kk is a cusp, then assume in addition that T'(mg) is
anisotropic. If B.(k) denotes an e-neighborhood of 7* (k) C X (I'), then

lil% / G, (21, 22) d° Gy (21, 22) A Winy = 0, (3.5)
9(B:(r))

li_r}% Gy (21, 22) d° Gy (21, 22) A winy = 0. (3.6)
9(B:(k))

Proof. We only prove the assertion in the case that x is a cusp, leaving the easier other
case to the reader.
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By possibly interchanging X (I') with an embedded desingularization of T'(m;) in X (T")
we may assume that 7*(oco0), 7*7T(my), and 7*(c0) U 7*T(my) are divisors with normal
crossings. Since X (I') is compact, it suffices to show that and hold locally. We
only do this for the cusp oo, at the other cusps one can argue analogously. Let a € 7*(o0) be
a point on the exceptional divisor over co, and let U C X (T") be a small open neighborhood
of a such that (7*T'(mz)) N U = (). After a biholomorphic change of coordinates we may
assume that U = E2, a = (0,0), and 7*T(my) = div(¢¥¢)) on U. We assume the notation
of the proof of Lemma [3.1]

Without loss of generality it suffices to show that for some 1 > ¢ > 0:

lir% / [T (Goy ) AT Gy ) A T (Winy )| = 0, (3.7)
E(6) xOE(e)

lim / 17 Gy ) 4 7 (G ) A 7 ()| = 0. (3.8)
E(5) % OE()

We use the local expansions of G,,, and G,,, at the cusp oo given in (2.46). On E? we have

O, (1)

7*(og(y1y2)) — log |¢¥¢3| + smooth function,

1
T (Gmy) = _gom;( )7T* (log(y1y2)) + smooth function.

Here we have used the fact that T'(my) is anisotropic, which implies that U5® = 1. Fur-
thermore, by means of (2.49)) we find

T (W) = 2T0@m, (1)7" (w) + smooth differential form.

We now estimate the quantities occurring in the above boundary integrals in polar
coordinates. We recall from (2.16)) that

7" (log(y1y2)) = log (—ﬁgl(éha Q2)) + log (—%gz(fhv Q2)) )

where

91(q1, @2) = pa log |1 |* + polog |ga|* — 4SS Hy (1, ¢a),
92(q1,q2) = pilog |q|* + phlog |qa]? — 47 Ha(qy, qa)-

There is a small 1 > § > 0 such that
plogry + pologry < gi(q1, g2) < pilogry + pologrs,
for j = 1,2, on E(6?). Tt follows that

(G ) < logry + log s,
7(Gony) < log | log 1| + log | log 73]



36 Jan H. Bruinier, Jose I. Burgos Gil, and Ulf Kiihn

Moreover,

d°m*(Gp,) <11 dpr +12d pe +dry +dre + d° 7 (log(yry2)),

d“g I d g,
g1 g2

prdpr + podps +dry +dr
|p1 logry + po log s '

<ridpy +rodps+dry +dry +

‘<7’1d,01+7“2dp2+d7’1+d’l“2+

Here “<” is understood component-wise in the present coordinates. In the same way we
get

A7 (Gmy) <dpr +dpe+dry +dre + d° 7 (log(yry2)),
prdpy + podps +dry +dr

<dp1+dp2—|—d7“1—|—d7’2—i—
|,u1 IOgT1+M210gT2|

Finally, we find

7 (w) = — dd* 7" (log(y1y2))
d gy d° d g5 d° 47 dd* SH 47 dd¢ SH.
:91291+ 92292+ 1+ 2
91 g3 [ g2
= (Nld,% + /~L2d§ +ridpr+radpg)(prdpr 4 padpy +dry +drs)
(1 logry + pologrs)?
(rldpl +7’2dp2 +d7”1 +d7”2)2
|1 log r1 + pg log o .
We now estimate the integrals in (3.7)) and (3.8]). We only consider the case that both,
1 and po, are non-zero, leaving the easier case that one of them vanishes to the reader.

Only the dryd p; dps component of the integrand gives a non-zero contribution. After a
calculation, we find that in (3.7]) this component is bounded by

dridpidps T+ T2
r1|logry +logra|?  |logry + log s

d’l"l dp1 dpg

In (3.8) it is bounded by the same quantity times log |logri| + log|logs|. In both cases
this implies that the integrals are O(1/4/]log(e)|) as e — 0. O

Theorem 3.3. Let T'(my), T(ms), and T (mg) be Hirzebruch-Zagier divisors, such that all
possible intersections on X (I') among them are proper, and such that T'(my) is anisotropic.
Then

e | am) = aloma) s glom)

X()
1

_ [ G oy 5 [ s gl (3.9)

271
I'\H2 T(my)

(2mi)?

Here T(m,) denotes the strict transform of the divisor T(my) on X ().
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Proof. Let D; be the sum of the connected components of Dr, which have non empty
intersection with 7'(m;) on X(I'). To ease notation we put gos = g(ms) * g(ms). Since
T'(mg) and T'(m3) may intersect at elliptic fixed points, in general, they will not intersect
properly on X (T'). Therefore, go3 = (—200gs3, g2.3) is a weak pre-log-log Green object for
the zero cycle T'(my) - T'(m3) with support T'(msg) N T (m3), which has empty intersection

with D;. Thus the assumptions of Theorem are satisfied. Consequently,

(271)2 /g(ml)*gz,z

X(r)
1i ! / G, N —200 2 / ANd¢G G, A d°
= l1m m - e m1 — Um
e—0 | (271)2 ! 923 7 9 923 ! ! 923
X(I)\B:(Dr) 8(B=(D1))
4! /
o 92.3-
T(m1)\(T(m1)ND1)

Since —2869273 = Wy A Wiy and wp, A Wy, < w?, we obtain by Lemma for the first
integral in question

lim ( / Gy A —28892,3) = / Gy Wing A Wiy« (3.10)
=0 NJX()\B:(Dr) I'\H?

We now show that the integrals along the boundary vanish in the limit. Recall that by
(1.6) a representative of go 3 is given by the pair

(wm N Wiy, O3, Gmy + Winy — 200 (0273Gm2) . Gm3);
here 0,, := 07(my)1(ms) and o,, form a partition of unity as in (1.5). Because T'(mgy) N
T'(m3) N E; = () for all irreducible components E; of Dy, we may choose o, , so that
o Gm3wm2, if T(mg) N Ej 7£ (Z),
F23laBom)) = GryWmng, if T(mg) N E; = 0.

In particular, by our assumption on 7'(my), if E; lies above a cusp, then the second case
applies. Because wy,, < w for j = 2,3, we find by Lemma :

e—0
9(B:(D1))

lim / 923 N chml — Gml A dcgz’g =0. (311)

Finally, since T'(my)" = T(mq) \ (T'(m1) N Dy), we observe that

1 1
i / 923 = o / g(ma) * g(ms).

T(m1)\(T(m1)ND1) T(ma)’
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Notice that in the above star product the components of the desingularization of the di-
visor T'(m;) do not contribute. In other words this star product is independent of the choice
we made in the desingularization and only depends on the Baily-Borel compactification
X(T).

Remark 3.4. The formula for the star product in the above theorem agrees with the formula
by Gillet and Soulé for the star product of Green currents when formally applied to the
Baily-Borel compactification X (I') which is a singular space.

Remark 3.5. Since T'(m) and g(m) are invariant under the full Hilbert modular group I'k,
we clearly have

/ g(m1) x g(mg) x g(mz) = [['k : T / g(m) * g(mz) * g(ms).

X(r) X(Tx)

3.2 Integrals of Green functions

The purpose of this section is to compute the first integral in in the case that w,,, =
Wmy = 2miw. Recall our normalization of the invariant Kéahler form w. In addition
we put
~ ldrdy 1 daadye
w0 P g
We consider the quadratic space V' and the lattices L = L(Ok), L' = L'(Ok) defined
at the beginning of Section We put W = (9 '). The Hilbert modular group I'x acts
on L' by 7.A = yAy'" for v € Tk. For every A = (%) € L' the graph {(W Az, 2); 2 € H}
defines a divisor in H? given by the equation az1zs + vz + /25 + b = 0. The stabilizer
Ik 4 of A under the action of I can be viewed as an arithmetic subgroup of SLy(R) with
finite covolume (see [Zal] §1, [Ge] Chapter V.1). By reduction theory, the subset

L ={Ael’; detA=m/D}

of elements with norm m/D decomposes into finitely many I'kx-orbits. The divisor T'(m)
on I'g\H? is given by

™

T(m) = U  Tra\H (3.12)
AET e\ L, /{£1}
Here {£1} acts on L! by scalar multiplication.
We may rewrite ®,,(21, 29, $) using this splitting. For A= () € L' we define

|21 — W Az|? laz1 2o + vzy + V2 + b?
d =1 =1 . 3.13
Az, 2) * 23(21) (W Azy) * 2y1yom/ D (3:13)

If v € 'k, we have
dya(z1,20) = da(v 21,7 22).

This follows from the fact that % is a point-pair invariant, i.e., only depends on the

hyperbolic distance of z; and z,. Consequently,

Opl21,22,5) = Y Quoa(dazi2) = Y. Y Qua(dalyzi7'z)).  (3.14)

AGL,/m AEFK\L.Im ’YGFK,A\FK
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Proposition 3.6. The integral

/r - |<I>m(zl,z2,s)|w2
K

converges for all s € C with R(s) > 1

Proof. According to (3.14]) we have the formal identity

/\d)m(zl,zQ,s)MZ: > / > Qe (da(yz1,7'2)) |w

I \H2 AETK\Ly p A2 7€k, a\TK

= > / Qa1 (da(z1, 22)) | w?

AEFK\Lm F A\H2

—2 > [ [leadea)ine G0

A€l \Ly, z22€l g A\H z1€H

By a standard Fubini type lemma on integrals over Poincaré series (see for instance [Fr3]
AIL7), the integral on the left hand side converges (and equals the right hand side), if the
latter integral on the right hand side converges. Thus it suffices to prove that

| @itz (3.16)

22€l kg A\H z1€H

converges. We notice that the inner integral actually does not depend on z; and A. Usin

the fact that % is a point-pair invariant and the invariance of 7;, we find that (3.16

is equal to
21 — i
/ / (s—1 (1 + 53237 )| e

ZQEF}QA\H z1€H

This integral is obviously bounded by
VOI(FKPA\H) / ‘Qs—l (1 + |Z1 - Z|2/2y1)‘ m-
z1€H

That the latter integral is finite for (s) > 1 is a well know fact. See for instance [La]
Chapter 14 §3. ]

Lemma 3.7. Let h : H — C be a bounded eigenfunction of the hyperbolic Laplacian Ay
with eigenvalue A. Then for s € C with R(s) > 1 we have

/Qs : (1+ leyzj‘ )h(zl)nl - &h(@).
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Proof. This statement is well known. It can be proved using the Green formula. (See for
instance [Iw] Chapter 1.9. Notice the different normalization there.) O

Theorem 3.8. Let f : ' \H? — C be a bounded eigenfunction of the Laplacian A, (or
Ay ) with eigenvalue X. Then for s € C with R(s) > 1 we have

/@m(zl,ZQ,s)f(zl,ZQ)w2: G- /le,ZQ

I \H2

Proof. Since ®,,(z1, 22, s) is invariant under (z1, z3) — (29, 21), we may assume that f is
an eigenfunction of A; with eigenvalue \.

First, we notice that the integral I on the left hand side converges by Proposition
Similarly as in the proof of Proposition we rewrite it as follows:

= [ Y Y G @bna ) fam)

T \H2 AEFK\Lfm ’YEFKA\FK

|Zl — WA22|2
2 ) / / Qo (” 2%(21)S(WA2’2)) fa ) e

AET I\ U e 4\ 21 €H

Here the inner integral can be computed by means of Lemma We obtain

2
[=——"7— WA
s(s—1)— Z / WAz, z2)m,
AETK\L {1}, e \1
= S _ 1 / f 21, 22
T(m
This concludes the proof of the theorem. [

Corollary 3.9. i) If s € C with R(s) > 1, then

2
/ ®,,(21, 29, 8) wW? = ST vol(T'(m)).
I \H2
it) The volume of T'(m) with respect to the invariant volume form dﬁ;ﬁ on H equals
1 1
vol(T'(m)) = §§K(—1)g0m(1) = ﬂam(—l). (3.17)

iii) We have

/ Glz1, 22) w? = — vol(T(m)) (2

T i \H2

+1+ 10g(D)> . (3.18)
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Proof. If we use Theorem [3.8 with f =1, we get

/@m(zl,zz,sw: ! /w: 2 ol(T(m))

s(s—1) s(s—1)
Pi\H2 T(m)
_ 2vol(fm)) VO;(T(lm)) —2vol(T'(m)) + O(s — 1).

By (2.19) we have in addition

[ 2 - Lanea)

T i \H2

Since D,,(21,22) = lim,_ 4 <(I>m(zl, 29,8) — stmf(ll)) is regular and integrable at s = 1, we

derive the second claim by comparing residues in the latter two equalities. The third claim
follows from Definition and (2.42) by comparing the constant terms. O

Notice that our normalization of vol T'(m) equals —1/2 times the normalization of [HZ]
and [Ge] Chapter V.5. In particular, here the volume of 7'(1) = I'(1)\H is 1/12.

3.3 Star products on isotropic Hirzebruch-Zagier divisors

For the rest of this section we assume that p is a prime which is split in Og or p = 1. Let
p be a prime ideal of O above p. There is a fractional ideal ¢ and a totally positive A € K
such that p = Ac?. We fix a matrix M € (' <.') N SLy(K).

It is well-known that the isotropic Hirzebruch-Zagier divisor T'(p) C T'x \ H? is irre-
ducible (cf. [Ge] Chapter V.1 and [HZ]). It may have points of self intersection, and its
normalization is isomorphic to the non-compact modular curve Yy(p) = T'o(p) \ H. The
normalization of the closure of T'(p) in X (I'k) is isomorphic to the compact modular curve
Xo(p), the standard compactification of Yy(p). For basic facts on integral models of Xy (p),
the line bundle of modular forms on it, and the normalization of the corresponding Peters-
son metric, we refer to [Kii2].

We now describe how T'(p) can be parametrized, later, in Proposition , we will
give a modular description of this map. On the Hilbert modular surface X (I'(Ox @ p))
the Hirzebruch-Zagier divisor T,(p) is simply given by the diagonal. More precisely, the
assignment 7 — (7, 7) induces a morphism of degree 1

Xo(p) — X(I'(Ox ), (3.19)
whose image is T,(p). In fact, the vector (_p/o VB / f) € L'(p) has determinant p?/D.

Since Ty(p) is irreducible, the image of the diagonal in X (I'(Ok @ p)) is T,(p). Moreover,
it is easily checked that the stabilizer in T'(Ox @ p) of the diagonal in H? is equal to
LCo(p). The cusp oo (respectively 0) of Xq(p) is mapped to the cusp oo (respectively 0) of
X([T(Ok @ p)).
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Proposition 3.10. The map H — H?, 7+— M~ (}9)(7,7), induces a morphism
p: Xolp) — X(T'k), (3.20)

which is generically one-to-one and whose image equals T'(p). The cusp oo (respectively 0)
of Xo(p) is mapped to the cusp ¢ (respectively ¢™*) of X (Tk).

Proof. The map ¢ is given by the commutative diagram

Xo(p) —= X([T'(Ox ©p)) ,

Ny

X(Tk)

where the horizontal arrow is given by ([3.20) and the vertical arrow (which is an isomor-
phism) by (2.5). The properties of the latter two maps imply the assertion. ]

It is easily seen that the pull-back of the Kahler form w equals 2%.

For the next proposition we recall that the Fricke involution W, on the space of modular
forms of weight & for [y(p) is defined by f(2) — (f | W, )(2) = p*/?27* f(—=1/pz). Moreover,
we define the Petersson slash operator for Hilbert modular forms in weight k& by

(F [ 1) (21, 22) = N(det(7))"2(cz1 + d) (2o + &) *F(y21,7'20),
for 7 = (24) € GL (K).
Proposition 3.11. i) If I is a Hilbert modular form of weight k for I, then its pull-back

(" F)(r) = (F [« M (%)) (r.7)

is a modular form of weight 2k for the group T'o(p).
it) If F is in addition holomorphic and has the Fourier expansions

Fla M7 (39) = Y aye(va +v'z),

vepo—l

Fle MTH (9 = Y bre(va +Vz),

vep'o—l

at the cusps ¢ and ¢, respectively, then the Fourier expansions of *F at oo and 0 are given
by

gp*F:Z Z a, e(nt), (3.21)

n=0 yecpo~!

tr(v)=n

(@ F) [ Wy =>_ > bye(nr). (3.22)
n=0 pep'dp=1

tr(v)=n



Borcherds products and arithmetic intersection theory 43

iii) For the Petersson metric we have:

" (log || F'llpet) = log ([lo" F'l[pet) (3.23)
O

Remark 3.12. The above proposition implies in particular that Hilbert modular forms with
rational Fourier coefficients are mapped to modular forms for I'g(p) with rational Fourier
coefficients. This shows that ¢ is actually defined over Q (cf. Proposition .

We now compute certain star products of pull-backs of Hilbert modular forms via .

Theorem 3.13. Let F, G be Hilbert modular forms of weight k with rational Fourier
coefficients. Assume that all possible intersections on X(I'x) of T'(p), div(F), div(G) are
proper, and that F does not vanish at the cusps ¢ and ¢=* of T'x. Then

21
Xo(p)

— (2K vol(T(p)) (

L / o a(F) * "3(G)

2/5:11)) + %) — (div(¢™F), div(¢*G)) . ) s (3.24)

Here (div(¢*F), div(¢*G)) y, ) .an denotes the intersection number at the finite places on
the minimal regular model Xo(p) of Xo(p) of the divisors associated with the sections of the
line bundle of modular forms corresponding to p*F and ¢*G (cf. [Ki2]).

Proof. Because of (3.23)), ¢*g(F) = g(¢*F). Thus, on Xy(p), we have
P a(F) + ¢ g(G) = 8¢ F) x 8(¢"G).

By assumption ¢*F, ¢*G are modular forms for I'y(p) of weight 2k with rational Fourier
expansions, and ¢*F' does not vanish at the cusps. They determine sections of the line
bundle of modular forms of weight 2k on Xy(p). Notice that on Xy(p) we have div(¢p*F)N
div(p*G) = (). By the compatibility with the arithmetic intersection product of [Kii2] the
left hand side of equals the generalized arithmetic intersection number (p*F, *G)
at the infinite place given in Lemma 3.9 of [Kii2]. Hence we have

1
— O g(F) * 0 g(G) = (¢ F, 0" G) oo

21
Xo(p)

Now the claim follows from Corollary 6.2 of [Kii2], i.e.,

(2k)*(p+1) (%é(—l) + C’(—l)) = (div(¢"F), div(¢*G)) 3 () n T (9 F. 907G s,

using the identity vol T'(p) = vol Xo(p) = —=((—=1)[I'(1) : To(p)] = (p+ 1)/12. O
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3.4 Star products on Hilbert modular surfaces

We combine the results of the previous sections to compute star products on Hilbert
modular surfaces.

Theorem 3.14. Let p be a prime which is split in O or p =1, and let F', G be Hilbert
modular forms of weight k with rational Fourier coefficients. Assume that all possible
intersections on X (I'k) of T'(p), div(F), div(G) are proper, and that F' does not vanish at
any cusp of U'x. Then
1
F G
vecll ECREGRO
X(Tk)
Ge(=1) | =)
= —k2vol(T(p (2 +2
A SRy

log(p) — (div(gO*F), diV(SO*G))Xo(p),ﬁn‘

(

+3+mgp0

1
— K2 vol(T(p) 2
vol( (p))p+1

Proof. The logarithm of the Petersson norm of a Hilbert modular form satisfies along Dr
the same bounds as the Green functions G,,. Hence we may calculate the star product in
question by means of the formula of Theorem [3.3}

@;@2(/ g(p) * g(F) * 8(G)

X(T'k)
1
I \H? T(p)’

By Corollary (iii) and (2.33)) the first integral is given by

L'(=1,xp) , p—1

k? /“(; 2 = —k?vol(T (2 ’ 1 1 +1log(D) ).

/ pW vol(T'(p)) LPLM»+p+1ogm+ + log(D)
T i \H2

Here we have used that yp(p) = 1. For the remaining integral we use the morphism ¢

defined by ([3.20) to infer

L / a(F) 9(G)

271
T(p)
1

= 277 0 a(F) x ¢*9(Q)
i

Xo(p)

= K vol(T(p)) (44&(:11)) i 2) — (div(e" F). div(9°G)) )

where the last equality was derived by means of Theorem [3.13] Adding the above expres-
sions, the claim follows by the identity (x(s) = ((s)L(s, xp)- O
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4 Borcherds products on Hilbert modular surfaces

It was shown in section 4 of [Brl] that for certain integral linear combinations of the
G (21, 22) all Fourier coefficients, whose index v € ™! has negative norm, vanish. Such
a linear combination is then the logarithm of the Petersson metric of a Hilbert modular
form, which has a Borcherds product expansion. We now explain this in more detail.

4.1 Basic properties of Borcherds products

Recall our assumption that D be a prime. Let k be an integer. We denote by Ax(D, xp)
the space of weakly holomorphic modular forms of weight k£ with character yp for the group
Io(D). These are holomorphic functions f : H — C, which satisfy the transformation law

F(Mr) = xp(d)(cT + d)* f(7)

for all M = (2%) € Ty(D), and are meromorphic at the cusps of I'o(D). If f =
Y onezc(n)g™ € Ai(D, xp), then the Fourier polynomial

> en)g"

n<0

is called the principal part of f. Here ¢ = €™ as usual. We write M (D, xp) (respectively
Sk(D, xp)) for the subspace of holomorphic modular forms (respectively cusp forms).

For e € {£1} we let AL(D, XD) be the subspace of all f = 3" _, c(n)q" in Ax(D, xp),
for which ¢(n) = 0if xp(n) = —e (cf. [BB]). A classical Lemma due to Hecke implies that

Finally, we define the spaces M{(D, xp) and Sg(D, xp) analogously.
Here we mainly consider My (D, xp) and A (D, x D). The Eisenstein series

_1+ZBD )" =1+ 1XD Zan (4.2)

is a special element of M, (D, xp). Note that by (3.17)
4
Cr(—1)
The space M, (D,xp) is the orthogonal sum of CE and the subspace of cusp forms

S;(Dv XD)
The existence of weakly holomorphic modular forms in Al (D, xp) with prescribed
principal part is dictated by S5 (D, xp). Before making this more precise, it is convenient

to introduce the following notation. If 3}~ _, c(n)q" € C{q} is a formal Laurent series, we
put

Bp(n) = =2¢n(1) = —

vol(T'(n)). (4.3)

.+ J2¢(n), ifn=0 (mod D),
eln) = {c(n), ifn0 (mod D). (4.4)

We now recall a theorem from [BB], which is a reformulation of Theorem 3.1 in [Bo2]:
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Theorem 4.1. There exists a weakly holomorphic modular form f € A (D,xp) with
prescribed principal part ), _,c(n)q" (where c(n) = 0 if xp(n) = —1), if and only if

> &n)b(—n) =0 (4.5)

n<0

for every cusp form g =3, _,b(m)q™ in Sy (D, xp). Then the constant term c(0) of f is
given by the coefficients of the Eisenstein series E:

:__ZC )Bp(— Zc )vol(T'(—n)).

i

Using orthogonality relations for the non-degenerate bilinear pairing between Fourier
polynomials in C[g™!] and formal power series in C[[¢]] given by

{Z c(n)g", Y | b(m)qm} =Y &n)b(—n),

n<0 m>0 n<0
one can deduce:

Corollary 4.2. A formal power series ), -,b(n)q" € Cl[q]] (where b(n) = 0 if xp(n) =
—1) is a modular form in My (D, xp), if and only if

> &n)b(—n) =0

n<0

for every =3 c(n)g" in A (D, xp). .

By Borcherds’ theory [Bol| there is a lift from weakly holomorphic modular forms in
A (D, xp) to Hilbert modular forms for the group 'y, whose divisors are linear com-
binations of Hirzebruch-Zagier divisors. Since this result is vital for us, we state it in
detail.

Theorem 4.3. (See [Boll] Theorem 13.3, [Brl] Theorem 5, [BB] Theorem 9.) Let f =
Yonezc(n)g" € AJ(D,xp) and assume that é(n) € Z for all n < 0. Then there is a
meromorphic function F(z1, 29) on H? with the following properties:

i) F'is a meromorphic modular form for T with some multiplier system of finite order.
The weight of F is equal to the constant coefficient ¢(0) of f. It can also be computed using
Theorem [4.1].

it) The divisor of F' is determined by the principal part of f. It equals

Z ¢n)T(—

n<0
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iii) Let W C H? be a Weyl chamber attached to f, i.e., a connected component of

H — ) S(-n);
n<0
c(n)#0
and define the “Weyl vector” pw € K for W by
€0 ~
= ) 4.
=S > (49

n<0 AER(W,—n)

The function F' has the Borcherds product expansion

F(Zlu 22) = e(szl + p{/sz) H (]_ _ e(V,Zl + V122>>5(D1/1/) .

veo~!
(v, WW)>0

The product converges normally for all (z1, z2) with y1y2 > | min{n; c(n) # 0}|/D outside
the set of poles.
iv) The Petersson metric of F is given by

—log || Fllper = > &(n)G_p(z1, 22). (4.7)

n<0

v) We have

/ log | F(21, 22) et

I \H2
= 3" &(n) vol(T(—n)) (225:11 ;(;’)) _ 22:2&3 14 log(D)> |

Proof of Theorem[{.3 The statements (i), (ii), and (iii) are proved in [BB] using Theorem
13.3 of [Boll]. Therefore we only have to verify (iv) and (v).

By Theorem 4.1 the existence of f € Af (D, xp) implies that condition is fulfilled
for all cusp forms g € S5 (D, xp). Using Poincaré series it is easily checked that
actually holds for all g € So(D, xp). Thus, by Theorem 5 of [Brl] the right hand side
of is equal to the logarithm of the Petersson metric of a Hilbert modular form F’
with the same divisor as F'. Hence the quotient F’/F' is a Hilbert modular form without
any zeros and poles on H? and thereby constant. This shows that holds up to an
additive constant. By comparing the constant terms in the Fourier expansions of both

sides one finds that this constant equals 0. Here the Fourier expansion of the right hand
side is given by ([2.46)). This proves (iv). The last assertion follows from (iv) and (3.18) in

Corollary [3.9 O

Notice that in [Brl] the assertions (i) and (ii) are deduced from (iv). However, there
a slightly different product expansion is obtained, which involves Fourier coefficients of
weakly holomorphic Poincaré series of weight 2. Similarly as in [Br2] Chapter 1, these
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could be related to the coefficients of weakly holomorphic modular forms of weight 0.
In that way a more direct proof of the above theorem could be given. Another direct
proof could be obtained by completely arguing as in [Br2]. There the Green functions
®,, (21, 29, ) are constructed as regularized theta lifts of non-holomorphic Hejhal-Poincaré
series of weight 0. Here, for brevity, we have preferred to argue as above. Observe that (v)
also follows from [Ku5].

Definition 4.4. Hilbert modular forms that arise as lifts via Theorem are called
Borcherds products. A holomorphic Borcherds product is called integral, if it has triv-
ial multiplier system and integral coprime Fourier coefficients. A meromorphic Borcherds
product is called integral, if it is the quotient of two holomorphic integral Borcherds prod-
ucts.

Proposition 4.5. For any Borcherds product F' there exists a positive integer N such that
FN s integral.

Proof. Let f = Y, ,c(n)q" € A{(D,xp) as in Theorem be the pre-image of F
under the Borcherds lift. It is explained in [BB| that the condition é(n) € Z for n < 0
automatically implies that all coefficients ¢(n) of f are rational with bounded denominators.

Thus, if F'is holomorphic, the Borcherds product expansion of F' implies that a suitable
power of F' has integral coprime Fourier coefficients. Since the multiplier system of F' has
finite order, we obtain the assertion in that case.

It remains to show that any meromorphic Borcherds product is the quotient of two
holomorphic Borcherds products. In view of Theorem (i) it suffices to show that there
exist two weakly holomorphic modular forms f; = >, - ¢;(n)¢" € Aj (D, xp) such that
¢j(n) € Zso for all n < 0 (where j =1,2) and f = f1 — fo. Then F' is the quotient of the
Borcherds lifts of f; and f,. We will now construct such forms explicitly.

Let
2

+ _ 5 n

E12(7') =1+ m ;TL Un(—ll)q

be the normalized Eisenstein series in ML(D, xp). It follows from the functional equation
and the Euler product expansion of L(s, xp) that L(—11, xp) > 0. Moreover, o,,(—11) > 0
if xp(n) # —1, and 0,(—11) = 0 if xp(n) = —1. Let A = ¢[[,~,(1 — ¢")** be the Delta
function, E; the normalized Eisenstein series of weight 4 for SLy(Z), and j = E3/A the
j-function. The partition theoretic interpretation of 1/A shows that all Fourier coefficients
of 1/A and j with index > —1 are positive integers. Consequently, if ¢ is a positve integer,
then

o) = S EIDTI € AF(D.xo),

and the Fourier coefficients b(n) of ¢ satisfy:
b(n) =0, if n < —Dec,
b(n) =0, if n > —Dc and xp(n) = —1,
b(n) > 0, if n > —Dc and xp(n) # —1.
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Thus, if we chose ¢ large enough, then there is a positive integer ¢’ such that f; := f + g
and fy := /g are elements of AJ (D, xp) with the required properties. ]

Remark 4.6. According to a result of Hecke the dimension of M) (D, xp) is given by
[%]. In particular, Sy (D, xp) = {0} for the primes D = 5,13,17. In this case for
any Hirzebruch-Zagier divisor 7'(m) there exists a Borcherds product of weight ¢,,(1) with

divisor T'(m). For explicit examples and calculations we refer to [BB]J.

4.2 Density of Borcherds products

Definition 4.7. Intersection points z € I'x\H? of Hirzebruch-Zagier divisors are called
special points (see |Ge|] Chapter V.6).

Particular examples of special points are the elliptic fixed points (if D > 5).

Theorem 4.8. If S C T'x\H? is a finite set of special points, then there exist infinitely
many meromorphic Borcherds products of non-zero weight, whose divisors are disjoint from
S and are given by linear combinations of isotropic Hirzebruch-Zagier divisors T (p) with
p prime and coprime to D.

Here and in the following, by “infinitely many Borcherds products” we understand
infinitely many Borcherds products whose divisors have pairwise proper intersection.

To prove this theorem, it is convenient to view SLy(Ok) as an orthogonal group. We
briefly recall some facts on the identification of (SLo(R) x SLy(R))/{£(1, 1)} with the group
SO°(2,2)/{+£1} (for more details see [Ge] Chapter V.4 and [Bo2] Example 5.5).

We consider the quadratic space V' and the lattices L = L(Ok), L' = L'(Ok) defined
at the beginning of Section The upper half plane H? can be identified with the
Grassmannian

Gr(L)={vC L®zR; dim(v)=2, ¢|, <0}

of 2-dimensional negative definite subspaces of L ®z R. The action of SLy(Of) on H?
corresponds to the linear action of O(L) on Gr(L). In terms of Gr(L) the Hirzebruch-
Zagier divisor T'(m) is given by

U A

AeL!
q(\)=m/D
where A means the orthogonal complement of A in Gr(L).

For v € Gr(L) we denote by L, the lattice L’ N vt with the integral quadratic form
¢ = D-q|L,. If g € O(L), then the quadratic modules (L,, ¢,) and (L, ¢4, ) are equivalent.
Therefore the equivalence classes of these quadratic forms can be viewed as invariants of
the points of I'\H?. The following lemma is well known.

Lemma 4.9. Let z € U \H?, and assume that z corresponds to v € Gr(L). Then z €
T(m), if and only if the quadratic form q, on L, represents m. O

It is easily checked that L, has rank 2, if and only if v corresponds to a special point
z € H2. In this case (L,,q,) is a positive definite integral binary quadratic form. If we
write A, for its discriminant, then A, < 0 and A, = 0,1 (mod 4).
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Lemma 4.10. If S C T'x\H? is a finite set of special points, then there are infinitely many
primes p coprime to D such that T(p) is non-empty, isotropic, and T'(p) NS = 0.

Proof. Let Qq, ..., Q, be the positive definite integral binary quadratic forms corresponding
to the special points in S. In view of the above discussion it suffices to show that there
exist infinitely many primes p, which are not represented by @q,...,Q,, and such that
xp(p) = 1.

Let A; be the discriminant of ¢);. Then A; < 0 and A; = 0,1 (mod 4). Let n be a
non-zero integer coprime to A;. It is well known that R(A;,n), the total representation
number of n by positive definite integral binary quadratic forms of discriminant A;, is
given by

R(A;,n) = xa,(d)
dn
(see [Za2] §8). Hence, if R(A;,n) = 0 for n coprime to A;, then @); does not represent n.
In particular, any prime p with xa,(p) = —1 is not represented by Q;.
Thus it suffices to show that there are infinitely many primes p with

XAj(p):_l (jzl,...,’f’),
Xp(p) = 1.

Since the A; are negative and D is positive, this is clearly true. In fact, even a positive
proportion of primes has these properties. O

For the rest of this section we temporarily abbreviate M := M) (D, xp) and S :=
S5 (D, xp). We denote the dual C-vector spaces by MV and SV, respectively. For any
positive integer r, the functional

a: M —C, [=Y bn)g" a.(f):=b(r)

is a special element of M"Y, and MV is generated by the family (a,),.cny as a vector space
over C. We denote by M)/ the Z-submodule of MY generated by the a, (r € N). The fact
that M has a basis of modular forms with integral coefficients implies that the rank of M/
equals the dimension of M, and that M) ®; C = M. We write

MY =SV, ara,
for the natural map given by the restriction of a functional.

Lemma 4.11. Let I be an infinite set of positive integers m with xp(m) # —1, and let
AV be the Z-submodule of My generated by the a,, with m € I. Then there is a non-zero
a € AY with the property that a =0 in SV.

Proof. We consider the image AV of AY in SV. It is a free Z-module of rank d < dim S.
There exist ny,...,ng € I such that a,,,...,a,, are linearly independent in AY. Then for
any m € [ there is a linear relation

d

ro(m)am + r1(m)ay, + -+ rqg(m)a,, =0 (4.8)
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in AV with integral coefficients r;(m) and ro(m) # 0.
If the corresponding linear combination

ro(m)Bp(m) +r1(m)Bp(ny) + - -+ + rq(m)Bp(ng) (4.9)

of the coefficients of the Eisenstein series E does not vanish, then a = ro(m)a,+ri(m)a,, +
-+ rq(m)ay, is a non-zero element of AY with the claimed property, and we are done.

We now assume that the linear combination (4.9)) vanishes for all m € I and derive
a contradiction. If the vector r(m) = (r1(m),...,rqs(m)) is equal to 0 for some m, then
the vanishing of implies that 79(m) = 0, contradicting our assumption on the r;(m).
Therefore we may further assume that r(m) # 0 for all m € I.

Equation and the vanishing of imply

Bp(m) (ri(m)an, + -+ rq(m)a,,) = (ri(m)Bp(ni) + - -+ 4+ ra(m)Bp(ng))am  (4.10)

for all m € I. We write ||r|| for the Euclidean norm of a vector r = (rq,...,r4) € C? and
also denote by || - || a norm on SV, say the operator norm. Since ay,,...,a,, are linearly
independent, there exists an € > 0 such that

d

718y + - - -+ radn, || = €]l
for all » € C?. Moreover, there exists a C' > 0 such that
1 Bp(n1) + - - -+ raBp(na)| < Cllr]|
for all € C¢. If we insert these estimates into the norm of (4.10)), we obtain
elBp(m)| - [lr(m)[| < Cllr(m)] - llaml|-
Since [|r(m)]| # 0, we find that
[Bp(m)| < Cfe-|amll,

for all m € I.

By ({.2), for any 6 > 0 the coefficients Bp(m) with xp(m) # 1 satisfy |Bp(m)| >
C'm'=% as m — oo for some positive constant C’. But the Deligne bound for the growth
of the coefficients of cusp forms in S implies that ||a@,,| = Os(m!'/?*?), contradicting the
above inequality. ]

Proof of Theorem[/.8 Let I be the infinite set of primes coprime to D that we get by
Lemma [4.10, According to Lemma there exists a non-zero integral finite linear com-

bination
a= Zé(p)ap € My
pel

with @ = 0in SV. But then Theorem[4.1]implies that there is a weakly holomorphic modular
form f € Aj(D,xp) with principal part > per €(p)q~? and non-zero constant coefficient
c(0) = —% > per €(p)Bp(p). If we apply Theorem 4.3 to this f, we get a Borcherds product
with the claimed properties.

We may remove the primes p with ¢(p) # 0 from the set I and repeat the above con-
struction to get another Borcherds product. By induction we get infinitely many Borcherds

products with the claimed properties. [
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Theorem 4.12. Let C' € Div(X(I'k)) be a linear combination of Hirzebruch-Zagier divi-
sors. Then there exist infinitely many meromorphic integral Borcherds products Fy and F
of non-zero weights such that

i) all possible intersections of div(Fy), div(Fy), and C' are proper,
ii) Fo(k) =1 at all cusps k of X(I'k),

iii) div(FY) is a linear combination of isotropic Hirzebruch-Zagier divisors of prime dis-
criminant p coprime to D (thus xp(p) = 1).

Proof. Since there are infinitely many anisotropic Hirzebruch-Zagier divisors, Theorem
and Lemma imply that there are infinitely many Borcherds products F5 of non-zero
weight, whose divisor consists of anisotropic Hirzebruch-Zagier divisors, and such that C'
and div(F}) intersect properly. Choose such an F,. Since F, has anisotropic divisor, the
Weyl vectors in the Borcherds product expansion of F at the different cusps of X (I'k)
equal 0. Consequently F5 is holomorphic at all cusps with value 1.

Let S C T'x\H? be the finite set of intersection points div(Fy) N C. By Theorem
there exist infinitely many Borcherds products Fj of non-zero weight such that div(F}) is
disjoint to S and such that properties (i) and (iii) are fulfilled.

By possibly replacing F», F; by sufficiently large powers, we may assume that these are
integral Borcherds products. [

In the rest of this section we essentially show that the subspace of Pic(X(I'x)) ®z Q
spanned by all Hirzebruch-Zagier divisors, is already generated by the T'(p) with prime
index p and xp(p) = 1.

Proposition 4.13. Let I be a set of primes containing almost all primes p with xp(p) = 1.
Then the functionals a, with p € I generate a Z-submodule of finite index in My .

Proof. Since M has a basis of modular forms with integral coefficients it suffices to show
that the a, with p € I generate M" as a C-vector space. In view of Lemma it suffices
to show that the a, generate SV. Therefore the assertion is a consequence of the following
Lemma [£.141 O

Lemma 4.14. Let I be as in Proposition[{.13. If f € S is a cusp form which is annihilated
by all a, with p € I, then f = 0.

Proof. Since S has a basis of modular forms with rational Fourier coefficients we may
assume, without loss of generality, that the Fourier coefficients of f are algebraic. By the
hypothesis, and because f € S = S (D, xp), we have a,(f) = 0 for almost all primes p.
The assertion follows from the properties of the ¢-adic Galois representations associated
to a basis of normalized newforms of S using the main lemma of [OS] (by a similar argument
as on p. 461). Notice that S does not contain any eigenforms with complex multiplication,
since D is a prime = 1 (mod 4). O
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Theorem 4.15. Let T(m) be any Hirzebruch-Zagier divisor. Then there ezist infinitely
many meromorphic integral Borcherds products F' of non-zero weight such that

div(F) = &m)T(m) + > &p)T(p)
>?Dp(;i)riel

with suitable integral coefficients ¢(p) and ¢(m) # 0.

Proof. Let I be the set of all primes p with xp(p) = 1. By Proposition there exists a
non-zero finite linear combination

a = ¢é(m)a, + Zé(p)ap € M,

pel

with integral coefficients such that é(m) # 0 and a = 0 € SY. Therefore, in view of
Theoremthere exists a weakly holomorphic modular form f € Af (D, xp) with principal
part

c(m)g ™+ clp)g?

pel

and non-vanishing constant term ¢(0). The Borcherds lift of f is a Borcherds product with
divisor of the required type. By taking a sufficiently large power, we may assume that it
is integral.

We may now remove the primes p occurring with ¢(p) # 0 in the above sum from the
set I and repeat the argument. Inductively we find infinitely many Borcherds products of
the required type. O

Remark 4.16. Let T'(m) be any Hirzebruch-Zagier divisor. Then there also exist infinitely
many meromorphic integral Borcherds products F' of weight 0 such that the same conclu-

sion as in Theorem holds.

5 Arithmetic theory of Hilbert modular surfaces

Throughout this section we keep the assumptions of the previous sections. In particular
D is a prime congruent 1 modulo 4 and K = Q(v D).

5.1 Moduli spaces of abelian schemes with real multiplication

Suppose that A — S is an abelian scheme. Then there exists a dual abelian scheme
AV — S and a natural isomorphism A = (AY)Y. If ¢ : A — B is a homomorphism
of abelian schemes, then there is a dual morphism ¢ : BY — AY. A homomorphism
u € Hom(A, AY) is called symmetric, if g equals the composition A = (AY)Y LAV,
In this case we write u = p¥. We denote by Hom(A, AY)®™ the space of symmetric
homomorphisms.
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An abelian scheme A of relative dimension 2 together with a ring homomorphism
t: O — End(A)

will be called an abelian surface with multiplication by Ok and denoted by the pair (A, ¢).
Via a — ()" we obtain real multiplication on the dual abelian surface. If a C O is an
ideal, we write Ala] for the a-torsion on A.

Suppose from now on that (A,¢) is an abelian surface with multiplication by Og. An
element p € Hom(A, AY) is called Og-linear if ue(a) = ¢(a)¥p for all @ € Ok. We denote
by

P(A) = Homo, (A, AY)¥™ (5.1)

the space of symmetric Ok-linear homomorphisms and write P(A)" for the Ok-linear
symmetric polarizations.

Let [ be a fractional ideal of K and [t be the subset of totally positive elements. An
[-polarization on (A, ) is a homomorphism of Og-modules

Yl — P(A)
that takes [T to P(A)T. We say that ¢ satisfies the Deligne-Pappas condition (DP), if
V: AQp, | — AY, r@ N — (A (x) (DP)

is an isomorphism.

The Deligne-Pappas condition is over schemes of characteristic prime to D equiva-
lent to the Rapoport condition (R) that Qh /s be a locally free Og®70O-module. Moreover,
in characteristic 0 it holds automatically (see e.g. [Gol, p. 99).

Let N be a positive integer. Suppose that S is scheme over Spec Z[1/N]. A full level-N
structure on an abelian surface A over S with real multiplication by O is an Og-linear
isomorphism

(Ox/NOk)%: — A[N]

between the constant group scheme defined by (O /NOg)? and the N-torsion on A.

With the formulation of the next theorem that summarizes some properties of the
moduli spaces of abelian surfaces needed below, we follow [Pal, p. 47 Theorem 2.1.2 and
Remark 2.1.3; see also [Ch], [Ral], [Go], in particular Theorem 2.17 on p. 57, Lemma 5.5
on p. 99. Furthermore, we fix a primitive N-th root of unity (y.

Theorem 5.1. The moduli problem “Abelian surfaces over S with real multiplication by
Ok and I-polarization with (DP) and full level-N structure” is represented by a regular
algebraic stack H'(N), which is flat and of relative dimension two over SpecZ[(x,1/N].
It is smooth over SpecZ[(n,1/ND] and the fiber of H'(N) above D is smooth outside a
closed subset of codimension 2. Moreover, if N > 3, then H(N) is a scheme. H
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It is well known that T'(Ox @ a)\H? can be identified with H® ' (1)(C). The isomor-
phism can be described as follows. (See e. g. [Go|] Chapter I1.2 for a detailed discussion.)
To z = (21, 29) € H? we associate the lattice

_ T £ az + 3 . _
A, =Ogz+a ' = (0O al)(l):{(a’@—kﬁ’)e@’ ozE(’)K,ﬁeal}.
If v = (29) € GLy(K) with totally positive determinant, then

A = Czid (Ox ) (‘C’ Z) (i) (5.2)

In particular, if v € I'(Ox ®a), then A, = ﬁAZ. For any r € ad~! we define a hermitian
form on C? by

H, .(u,v) = P T,u2v2’ (u,v € C?).
Y1 Y2

For az + 3,7z +d € A, C C? we have

E..(az+ B,v2+40) =SQH,.(a+ Bz,7+ z) = tr (r(ad — (7)) € Z.

The hermitian form H, . is positive definite (and therefore defines a polarization), if and
only if r € (ad~1)*.

We see that A, = K ®g C/A, is an abelian surface. On A, we have a natural Og-
multiplication ¢ : Ok < End(A4,), where v € Ok acts via ¢(v) = (4 %) on C?. We write
A, for the Og-linear homomorphism in P(A,) given by = — H, ,(z,-). The assignment
r +— A, defines an Og-linear isomorphism ¢ : ad~! — P(A.), which maps the totally
positive elements to polarizations.

Observe that the conditions which involve [ in fact only depend on the ideal class. To
lighten notation, we will frequently omit the superscript [ whenever [ 22 97! and e. g. simply
write H(N) for H'(N). By abuse of notation, we denote the (coarse) moduli scheme
associated with H(NN) by H(N).

For the following results we refer to [Ch] and [Ral.

Theorem 5.2. There is a toroidal compactification hy : H(N) — SpecZ[Cy,1/N] of
H(N) that is smooth at infinity, and such that forgetting the level induces a morphism

mn : H(N) — H(1) which is a Galois cover. The complement H(N) \ H(N) is a relative
divisor with normal crossings. O

We also refer to [Ch] and [Ra] for the fact that one can choose a compatible system of

toroidal compactifications for which we have morphisms 7y : H(M) — H(N) whenever
NI|M.

Theorem 5.3 (¢g-expansion principle). There is a positive integer ng (depending on K
and N ) such that in all weights k divisible by ng there exists a line bundle My(T'x(N)) on
ﬁ(N), whose global sections correspond to holomorphic Hilbert modular forms of weight k
for T (N) with Fourier coefficients in Z[(x,1/N]. O
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We call M (T'k(N)) the line bundle of Hilbert modular forms. It is given by the k-th
power of the Hodge bundle, i.e., the pull-back along the zero section of the determinant of
the relative cotangent bundle of the universal family over H(N).

According to Proposition any integral Borcherds product of weight & (divisible by
no) defines a rational section of My, (T'x(N)).

Theorem 5.4. The minimal compactification of the (coarse) moduli scheme H(N) is given
by

ﬂ(N):Proj< b =B (ﬁ(N),Mk(FK(N))>>. (5.3)

k>0, nolk

The scheme H(N) is normal, projective, and flat over Spec Z[Cy, 1/N] (see [CH], p. 549).
Furthermore, for N =1 its fibers over SpecZ are irreducible (see [DePd|], p. 65). O

For any embedding o € Hom(Q((y),C) the complex variety H(N),(C) is isomorphic
to X(I'x(N)), see e.g. [Ral, p. 331.

Proposition 5.5. For any m the divisor T(m) C X(I'x) = H(C) is defined over Q.

Proof. This fact is well known see e.g. [HLRI [Ge] for related formulations. We sketch a
different proof using the theory of Borcherds products.

Let p be a prime which is split in Of. According tho Proposition [3.10f T'(p) is the
image of the morphism ¢ defined in (3.20). By Proposition the pullback via ¢ of a
Hilbert modular with rational Fourier coefficients is a modular form for I'g(p) with rational
coefficients. Thus the ideal of holomorphic Hilbert modular forms vanishing along T'(p)
in the graded ring of holomorphic Hilbert modular forms is generated by Hilbert modular
forms with rational coefficients. Since X (I'k) is equal to Proj @, H°(H, My (T'k))(C), we
obtain the claim for T'(p). (See also Proposition below.)

If T'(m) is any Hirzebruch-Zagier divisor, then by Theorem there exists an integral
Borcherds product whose divisor is a linear combination of T'(m) and divisors T'(p) with
prime index p as above. Now the claim follows by linearity. ]

Definition 5.6. We define the Hirzebruch-Zagier divisor Ty(m) on the generic fiber
H(N)q(y) as the pullback of T(m) on Hg. Moreover, we define the Hirzebruch-Zagier
divisor 7y (m) on H(N) as the Zariski closure of Ty (m).

If N =1, we frequently write 7 (m) for 7;(m). Observe that Ty(m) = 757 (m).

Proposition 5.7. Let F' be an integral Borcherds product of weight k, and write divy(F')
for the divisor on H(N) of the corresponding global section of My(Tx(N)). Then divy(F)
is equal to the Zariski closure of the induced divisor on the generic fiber. In particular, if
div(F)(C) =3, a(m)T(m) on X (I'x), then we have on H(N):

divy(F) =) a(m) Ty(m).

m
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Proof. Without loss of generality we may assume that F'is holomorphic. It suffices to show
that divy(F') is a horizontal divisor. Since F' is a modular form for the full group 'k, the
divisor divy(F) is the pull-back of a divisor on H. Because H is geometrically irreducible
at all primes (see [DePal), the vertical part of divy(F') can only contain multiples of full
fibers of ﬁ(N ). But the Borcherds product expansion implies that the Fourier coefficients
of F' are coprime. Therefore, by the g-expansion principle [Chl, divy(F') does not contain a
full fiber of H(N) above SpecZ[¢y,1/N]. This concludes the proof of the proposition. [

5.2 Modular morphisms

We extend the morphism ¢ : Yy(p) — g \H? of Section to integral models by giving
a modular interpretation. We basically follow the descriptions in |Go] and [Lan] (see also
[KR] for related results). Moreover, we extend it to compactifications by means of the
g-expansion principle.

For the rest of this section we assume that p is a prime which is split in Ok or p = 1.
Let p be a prime ideal of O above p. There is a fractional ideal ¢ and a totally positive
A € K such that p = Ac2. We may assume that N()) is a power of p (for instance if we
take ¢ = p'2", where h is the class number of K). We fix a matrix M € (<" <) NSLy(K).

The following two lemmas were communicated to us by T. Wedhorn.

Lemma 5.8. Let A/S and B/S be abelian surfaces with Ok -multiplication, such that P(A)
and P(B) are locally constant sheaves of projective Ok -modules of rank 1.

i) Let m : A — B be an Og-linear isogeny whose degree is invertible on S and denote
by 7 : P(B) — P(A), g — w'gn the canonical map. Then the index of 7*P(B) in P(A)
is equal to the degree of .

ii) Let a be an ideal of Ok, and let m : A — B := A/A[a] be the canonical projection.
Then a*P(A) C w*P(B). If the norm of a is invertible on S, we have equality.

Proof. 1) We write ( ), for () ®z Z,. It suffices to show that the length of the cokernel of

7« P(B), — P(A), is equal to the p-adic valuation of deg(r) for any prime number p

which divides the degree of 7. We have a commutative diagram

P(A), = (Noyaz, To(A))

ﬂ;l lTp(ﬂ')*

P(B),— (Adez, T(B))

where T),(A) and T,(B) denote the Tate modules corresponding to A and B, and for an
alternating form of Ok ® Z,-modules [ : /\?QK®ZPTP(A) — Ok ® Z, we put T,(6)*(5) =
B o N T,(&) (see e.g. [Vo] (1.3.4)). Since

vp(deg(m)) = length(Coker(T},(7))) = length(Coker(7),(m)*)) = length(Coker())

we obtain the first claim.
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ii) Let C' be any abelian scheme over S with Og-multiplication. We first claim that
aHomp, (A,C) C Home, (B,C)r. Let z € a and o € Homp, (A4, C). We have to show
that za annihilates A[a], but this is obvious as « is Ok-linear.

Next we claim that a Home, (C, AY) C 7¥ Home, (C, BY). Note that if we dualize the
canonical projection m : A — B, 7" is the canonical projection BY — BY/B"[a]. This
follows from the fact that the dual of the multiplication with an element x € Ok on any
abelian scheme A with Og-multiplication is just the multiplication with z on AY. Hence,
the second claim follows from the first one by dualizing.

Altogether, these two claims imply that a® Home, (A4, AY) C 7* Home, (B, BY) and
hence a*P(A) C m*P(B).

It follows that a®?P(A) C 7*P(B) C P(A) and as P(A) is a locally constant sheaf of
projective Og-modules of rank 1, this is also true for P(B). Moreover, the degree of 7 is
N(a)?. Hence the assertion follows from (i). O

Remark 5.9. The hypothesis in (i) that deg(nw) is invertible on S is in fact superfluous:
As P(A) and P(B) are locally constant, we can assume that S = Spec(k) where k is an
algebraically closed field. If [ = char(k) divides the degree of 7 one uses the Dieudonné
module instead of the Tate module and works with P(A) ®z W (k) where W (k) is the Witt
ring of k. Otherwise the reasoning is the same. In the same way we actually always have
equality in (ii).

Lemma 5.10. Let S be a scheme over Z[1/p] and A/S an abelian surface with O -
multiplication, such that P(A) is a locally constant sheaf of projective Ok -modules of rank
1. Let 0 C H C Alp] be an Og-invariant locally free subgroup scheme and write w: A —

A/H for the canonical projection. Then the image of the canonical map n* : P(A/H) —
P(A) is equal to pP(A).

Proof. 1f we briefly write B = A/H, we have a commutative diagram

S

A/A[p]

where pr denotes the natural projection. The morphism & exists, because H C A[p]. The
condition 0 C H C Alp] implies that both 7 and £ have degree > 1. Since the degree of
pr is equal to p?, we have deg(w) = deg(£) = p. In view of Lemma the above diagram
induces the following inclusions for the polarization modules:

p*P(A) = pr* P(A/Alp]) C 7" P(B) & P(A).
Therefore 7*P(B) = pP(A). O

Let [ be a fractional ideal of K and E/S an elliptic curve over a scheme S. We consider
the abelian surface

E@u 2 ExgE (5.4)
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with the canonical Og-action, the isomorphism being obtained by chosing a Z-basis to [.
Then the natural Ok-action on [ is given by a ring homomorphism O < Ms(Z), u — R,,.
The corresponding Ok-action on E X g E is given by the inclusion My(Z) C End(F xg E).
One easily checks that for any u € Ok the conjugate acts by Ry = R:f = (¢ ) Ru (% 5)-

Lemma 5.11. The dual of the abelian surface with O -multiplication E ®z [ is given by
E ®z (I0)~Y. Moreover, P(E @z 1) = [7207!, the isomorphism preserves the positivity, and
the Deligne-Pappas condition (DP) holds.

Proof. 1f we choose a Z-basis to [, the natural Og-action on [ is given by a ring homomor-
phism Ok < My(Z), z — R,. The dual of [ with respect to the trace form on K is equal
to ([0)~!, and the dual Ok-action with respect to the dual basis is given by = +— RL.

On the other hand we may identify (E xg E)Y canonically with E x g E. This identifies
the dual RY of a morphism R € My(Z) C End(E xg F) with R'. This yields the first
assertion.

We obtain an Og-linear monomorphism [7207! — P(E ®z [) by the assignment z +—
(e®! — e®xl). One can check that totally positive elements are mapped to polarizations.
The natural composite morphism

(E@z1) ®o, (M) — (E®z1) Qo P(E®z1) — (E®z1)"
is an isomorphism. Now the assertion follows from [Vo] Proposition 3.3. O

Proposition 5.12. There ezists a morphism from the moduli stack Yo(p) over Sch /Z[1/p]
of elliptic curves together with a cyclic subgroup of order p to the moduli stack 'H over
Sch /Z[1/p] of abelian schemes with O -multiplication and Og-polarization. Moreover,
the associated morphism Yo(p)(C) — H(C) is induced by the morphism of Section
H—H? 70— M1(39)(r,7).

Proof. Let S be a scheme over Z[1/p|, E an elliptic curve over S, and C be a finite locally
free subgroup scheme of E/; whose geometric fibers are cyclic groups of order p. We consider
A=FE®zcasin . The subgroup C ®z ¢ C A of order p? is invariant under the action
of Ok. It is also invariant under the isomorphism o = (9 ') € SLy(Z) C End(4).

The p-torsion A[p] C A, is a subgroup of order p?, which is also invariant under the
action of Ok, but A[p|” = A[p’]. Consequently H = (C' ®z ¢) N Ap] is a subgroup of A of
order p, which is Og-invariant. The fact that the orders of C' ®z ¢ and Ap| are invertible
on the base implies that they are both étale over S. Hence H is also étale over .S. We have
an exact sequence of abelian schemes with Og-multiplication

00— H—A—B—0.

Since H satisfies the conditions of [AnGo|, Corollary 3.2, the abelian scheme B satisfies
(DP) for P(B), which is equal to pc™?0~! = 9! by Lemma and Lemma [5.11] The
assignment (F,C) — B is functorial and defines a morphism Yy(p) — H.

We now trace this morphism on the complex points. Recall that points on I'g(p)\H
correspond to isomorphism classes of elliptic curves over C together with a subgroup of
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order p via the assignment 7 +—= (E,,C;) := (C/A,,(1/p)), where A, = Z7 + Z, and
(1/p) denotes the subgroup of E, generated by the point 1/p+ A.. The abelian surface A
is defined by the lattice A, = ¢(7,7) 4 ¢. The lattice for the quotient A/(C; ® ¢) is given
by ¢(7,7) + }Dc C C? and that for A/Alp] by ¢p~!(7,7) + cp~!. Therefore the lattice for B
is equal to Ag = ¢(7,7) + c¢p~!. On the other hand, the abelian surface corresponding to
the point M~1(39)z € I'x\H? is given by the lattice A, = Ox M~ (}9) 2z + Ok. If we
write M = (%), and use (5.2), we see that

rO 1 1 )\ O z
As = —cz+a (OK OK) M <O 1> <1)

- 0o (5)

__ A -1
= _Cz+a(cz+cp ).

Therefore Ag = A,y and the associated morphism Yy(p)(C) — H(C) is induced by
T MT(EY) (7). O

Remark 5.13. i) If we consider A = F ®z Ok in the above construction instead of A =
FE ®7 ¢, we obtain a moduli description of the morphism of .

ii) If we simply consider F +— A = E ®7 Ok (and do not take a quotient), we obtain a
moduli description of the diagonal embedding SLo(Z)\H — ' (see [Go] Chapter 2.5).

By abuse of notation, we denote the coarse moduli scheme associated with Vy(p) by
Yo(p), too. In the following proposition we extend the morphism of moduli schemes
Yo(p) — H given by Proposition to the minimal compactifications. Recall that the
minimal compactification Xy(p) of Vo(p) can be described analogously to as

Xo(p)IPr0j< D HO(Xo(p),Mk(Fo(P)))) (5.5)

k>0, n1|k

Here n, is a suitable positive integer (depending on p), and (for & divisible by n;) My (Io(p))
denotes the line bundle of modular forms on Xy(p).

Moreover, by the g-expansion principle on modular curves, the global sections of the
bundle My (Ty(p)) correspond to modular forms of weight k for I'g(p) with Fourier coeffi-
cients in Z.

Proposition 5.14. There exists a unique proper morphism @ : Xo(p) — H of schemes
over Z[1/p| such that the diagram

Xo(p) R

——X

Vo(p) —~ K
commutes. Here ¢ denotes the morphism given by Proposition [5.13 Moreover, ¢ maps the
cusps of Xo(p) to cusps of H. The image of ¢ is the Zariski closure of the Hirzebruch-Zagier
divisor T'(p) on the generic fiber Hg.
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Proof. We have to prove the existence of . The uniqueness follows from the separatedness
of H.

We may assume that the integer n; of is equal to 2ng. The morphism ¢ induces
an isomorphism of line bundles on Y,(p):

" (Mi(Tx)) — Mar(To(p) [yn()- (5.6)

This can be seen by considering ¢ on the universal objects over the moduli stacks Vo (p)
and ‘H and using the definition of the line bundles of modular forms in terms of relative
cotangent bundles. The isomorphism induces a morphism on the sections over any
open subset U C H:

¢ Mi(P))(U) — Ma(To(p)(¢7'U), s s0.

Consequently, ¢ gives rise to a graded morphism of graded rings

S= @ HMT) = D HO), Ma(To(r).

k>0, nolk k>0, nolk

The induced morphism over C is (up to a scalar power of p factor) given by mapping a
Hilbert modular form F' of weight k to the modular form ¢*(F') of weight 2k for the group
[o(p) as in Proposition (which a priori might have singularities at the cusps of I'g(p)).

We first show that ¢*(F) € HO (Xo(p), Max(To(p))) for any F € H(H, My(Tx)). This
implies that ¢* factors into a graded homomorphism of graded rings

P H(H Mu(Tr)) = @ HO (%(p), Mo (To(p)))

nolk nolk

and the homomorphism induced by the inclusion Yy(p) — Xo(p).

Over the complex points this follows by looking at the Fourier expansions. By Proposi-
tion [3.11] (ii) we see that ¢*(F) € H? (X(p)(C), Max(To(p))). Moreover, Hilbert modular
forms with integral Fourier coefficients are mapped to modular forms for I'g(p) with coef-
ficients in Z[1/p]. But, since taking g-expansions commutes with base change, and since
the algebraic g-expansions over C equal the holomorphic g-expansions, the same map on
g-expansions defines the desired homomorphism @* over Z[1/p].

By [Hal], Ex. 11.2.14, * induces a morphism

U -2 Proj S = H,

defined on some open subset U C Proj @D, H® (Xo(p), Mar(To(p))). By construction U
contains Yy(p). We now prove that U = Xy(p). It suffices to show that there is an F' € S,
such that ¢*(F') does not vanish on the cusps 0 and oo as sections over Z[1/p]. By the
g-expansion principle it suffices to show that there is a holomorphic Hilbert modular F' of
positive weight with integral Fourier coefficients such that the constant coefficient of ¢*(F')
at 0o (respectively 0) is a unit in Z[1/p]. Since the constant coefficient of ¢*(F') at oo is
up to a power of p equal to the constant coefficient of F' at ¢ (respectively the constant
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coefficient of ¢*(F') at 0 is up to a power of p equal to the constant coefficient of F' at ¢71), it
suffices to show that there is a holomorphic Hilbert modular form F' of positive weight with
integral Fourier coefficients whose constant coefficient at ¢ (respectively ¢7!) is a unit in
Z[1/p]. But the existence of such an F follows from [Ch|, Proposition 4.5. (Alternatively we
could use an integral Borcherds product whose divisor consists of anisotropic Hirzebruch-
Zagier divisors.)

The properness of ¢ follows from [Hal, Corollary 11.4.8(e). By Proposition we
know that the Hirzebruch-Zagier divisor T'(p) on the generic fiber Hg is equal to the image
of ¢ ® Q. Since @ is proper, it follows that the Zariski closure of T'(p) is contained in the
image of @. The assertion follows from the irreducibility of Xy(p). ]

Remark 5.15. The above argument in particular shows that for a Hilbert modular form F
of weight k& with rational coefficients the pullback to Xy(p) of the corresponding section of
M (T'k) over Z[1/p] is equal to the section of Mok(Ig(p)) over Z[1/p] corresponding to
the pullback ¢*(F) over C.

Proposition 5.16. Let F', G be Hilbert modular forms for I'x with rational coefficients
whose divisors intersect T(p) properly on X(Uk). Let divy(F), divy(G) be the divisors
on H(N) of the rational sections of My(Px(N)) associated with F and G. Moreover, let
S = SpecZ[(n,1/Np|] and g : Xo(p) — S be given by the structure morphism. Then we
have in CH'(S):

(hn)«(Tn(p) - divy(F) - divy(G)) = deg(my) - g (div(g*F) - div(¢*G)).

Proof. In the following we consider all schemes as schemes over S. We use the diagram
u Ay (5.7)
g

%

7(p) Xo(p)

H(N)

We may view F and G as sections of the line bundle of modular forms on ﬁ(N ), 7:2,
and H. Throughout the proof, we temporarily denote the corresponding Cartier divisors,
by divy(F'), divi(F'), and div(F), respectively (and analogously for G). So divy(F) =
mn divi(F) and divy(F) = v* div(F). We may use intersection theory for the intersection
of a Cartier divisor and a cycle as described in [Fu] Chapters 1, 2 on the normal schemes
H and H as intermediate steps (see loc. cit. Chapter 20.1).

By means of the projection formula we obtain in CH2(ﬁ):

(73 ) (Tn (p) - divn (F)) = (mn) (78T (p) - 7y diva (F))
= (mn)«mn T (p) - divy (F)
= deg(my) - 7 (p) - divy(F).
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For the latter equality we have used that 7y is a flat morphism. Therefore we have in
CH?(H):
(WN)*(TN(P) ~divy (F) - diVN(G>) = (7N )« ( Ty divi(F) - Ty diVl(G))
= ()« ( T divi(F)) - divy (G)
=deg(mn) - 7 (p) - divy(F) - divy(G). (5.8)

7

NT(p)-
NT(p)-

Proposition implies that u.(7 (p)) = @«(Xo(p)). Thus, by the projection formula we
get in CH?(H) the equality

uy (7 (p) - divi(F) - divi(G)) = u.(T (p)) - div(F) - div(G)
= @«(Xo(p)) - div(F) - div(G).
Since ¢ is proper, again using the projection formula, we find
P(Xo(p)) - div(F) = @, (Xo(p) - ¢" div(F)),
which implies in CH?(H) the equality

P(Xo(p)) - div(F) - div(G) = ¢.(Xo(p) - ¢" div(F)) - div(G)
= @*(Xo(p)' ‘*diV(F)‘ _*diV(G))

Since g, = h, o @,, we find in CHl(S):
houe (T (p) - divy(F) - divi(G)) = g. (¢" div(F) - ¢" div(G)) .
Combining this with (5.8) and Remark |5.15 we obtain the assertion. O

6 Arithmetic intersection theory on Hilbert modular
varieties

Since there exists no arithmetic intersection theory for the stack H( ), we will work with
the tower of schemes {H(N)}n=3 as a substitute for H(1). We define the arithmetic Chow
ring of the Hilbert modular variety without level structure to be the inverse limit of the
arithmetic Chow rings associated to this tower. In this way we obtain R-valued arithmetic
intersection numbers, even so for every level N we only need to calculate the arithmetic
intersection numbers up to contributions from the finite places dividing N.

We keep our assumption that K be a real quadratic field with prime discriminant D.
Moreover, let N be an integer > 3. Throughout this section we mainly work over the
arithmetic ring Z[(y,1/N]. We put Sy = Spec Z[(x, 1/N] and

RN_R/< Y Q- log( )>

p|N
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Consequently, we have an arithmetic degree map
— 1
deg : CH (SN) — RN-

We consider a toroidal compactification hy : ﬁ(N ) — Sy of the Hilbert modular variety
H(N) for the principal congruence subgroup I'x(N) as in Theorem [5.2] It is an arithmetic
variety of dimension 2 over Z[(x, 1/N] (see [BKKI], Definition 4.3). If ¥ = Hom(Q({x), C)
denotes the set of all embeddings from Q((y) into C, then the associated analytic space is

H(N)w = H(N)s(C) = [ H(V)(C).
ocED
Analogously we let Do = ], c5 (ﬁ(N) \ H(N))U(C). By construction Dy, is a normal
crossing divisor on ﬁ(N )oo Which is stable under F,. We write Dy, for the Deligne algebra
with pre-log-log forms along D,,. These data give rise to arithmetic Chow groups with
pre-log-log forms denoted by éﬁ*(ﬁ(]\f )s Dpre).
We write

dy = [Q(Cn) : QJ[Ck : T (N)] (6.1)

for the total degree of the morphism H(N) — H of schemes over Z[1/N].

From Proposition we deduce that the line bundle of modular forms of weight k
on H(N) equipped with the Petersson metric is a pre-log singular hermitian line bundle,
which we denote by My (T (N)). Its first arithmetic Chern class defines a class

& (Mu(Tk(N))) € CH (H(N), Dye)

that one may represent by (div(F),gn(F)), where F is a Hilbert modular form of weight
k with Fourier coefficients in Q((y) and gn(F) = (2mik - w, —log ||[F7[[),ex. The first
arithmetic Chern class ¢; (M, (I'x(N))) is linear in the weight k.

6.1 Arithmetic Hirzebruch-Zagier divisors

If we consider G,,(21,22) as a Green function on I'x(N)\H?, it immediately follows from
Proposition that

gN(m) = ( — 285Gm(21, 22), Gm(Zl, Z2>)UEE

is a Green object for the divisor Ty (1) on H(N ). We obtain the following arithmetic
Hirzebruch-Zagier divisors:

Tn(m) = (Tn(m), gn(m)) € CH (H(N), Dyve). (6.2)

Moreover, we define for k£ sufficiently divisible:

&M a) = — 5 @ (Mu(T (V) € CH'(F(N), Dy
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Theorem 6.1. The subspace of 61\{1( H(N), Dyre)g spanned by the Tn(m) has dimension

dime M,F (D, xp) = [D“g} It is already generated by {’TN( ); p € I}, where I is any set
consisting of all but finitely many primes which split in Ok.

Proof. We choose for 7; ~(—n) the representatives given in (6.2)). That the subspace of

CAHl(ﬁ(N),Dpre)@ spanned by the ’]A'N(m) has dimension < dim¢ M, (D, xp) follows by
Theorem arguing as in Lemma 4.4 of [Bo2]. Here one also needs Proposition and
its analytical counterpart Theorem (iv).

On the other hand the dimension is > dimc My (D, xp) because of Theorem 9 of [Br1],
which says that any rational function on X (I ) whose divisor is supported on Hirzebruch-
Zagier divisors is a Borcherds product.

Let I be a set of primes as above and T'(m) any Hirzebruch-Zagier divisor. According to
Remark [4.16], there exists an integral Borcherds product of Weight 0, and thereby a rational
function on H(N), with divisor ¢(m) 1 C ) on X(FK) and ¢(m) # 0. We
may conclude by Proposition |5.7] E and Theorem - (iv) that

~ 1
Tn(m) = ———> " &p)In(p) € CH (H(N), Dpee)a
¢(m) o
This proves the theorem. ]

Theorem 6.2. The arithmetic generating series

Ay(r) =a(Myp) + ) Tn(m)g" (6.3)

m>0

is a modular form in M) (D, xp) with values in CH (H(N), Dpre)q, i-€., an element of
—~1 ~
My (D, xp) @ CH (H(N), Dyre)o-

Proof. By Theorem [6.1] and in view of Corollary [£.2]it suffices to show that for any weakly
holomorphic modular form f = 3" ¢(n)q" in AJ (D, xp) we have the relation

&(0) e (M)5) + > &(n)In(—n) =0 (6.4)

n<0

in él\{l(ﬁ(N), Dyre)g- Since Af (D, xp) has a basis of modular forms with rational coeffi-
cients, it suffices to check for those f with é(n) € Z for n < 0. Then, by Theorem [4.3]
there exists a Borcherds product I’ of weight ¢(0) and divisor » _,¢é(n)T(—n) on X (I'k).
We may assume that F' is an integral Borcherds product and therefore defines a section of
M) (T (N)). If we choose for Ty(—n) the representatives of (6.2)), we may conclude by
Proposition [5.7] and Theorem (iv) that

> en)Tn(—n) =Y &n)(Tv(—n),an(—n)) = (divy(F), an(F)).

n<0 n<0

By (L.12) the right hand side of the latter equality equals T (M) (I'x(N))). Using the
linearity of the arithmetic Chow groups we obtain ([6.4]), hence the assertion. ]
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6.2 Arithmetic intersection numbers and Faltings heights

~3 ~
Recall our convention that for an arithmetic cycle & € CH (H(N), Dpre)o We frequently
write « instead of deg((hy).q).

Lemma 6.3. If p is a prime which is split in Og or p = 1, then there is a vy, € Q such
that we have in Ry :

Tn(p) - & (My(T(N)))?

= —k2dy vol(T(p)) <2§§E:1;*_22%:;;

In the proof of the next theorem below we will show that v, = 0 when (p, N) = 1.

+ 3+ log(D)) + 7, log(p).

Proof._Throughout the proof all equalities which contain the image of the arithmetic degree
map deg are equalities in Ry .

Without loss of generality we may assume £ sufficiently large. In order to prove the
lemma we represent 7y (p) by (Zn(p), gn(p)). We also choose integral Borcherds products
F, G of non-zero weight k such that F(k) = 1 at all cusps x and such that all possible
intersections on X (I'i) of T'(p), div(F'), div(G) are proper. Such Borcherds products exist
by Theorem [4.12] We take the pairs (divy(F), gn(F)) and (divy(G), gn(G)) as represen-
tatives for ¢;(My(T'x(N))), where we have put gy(F) = (2mikw, —log || F7 (21, 22)||)ves
and gy (G) analogously. With our convention on arithmetic intersection numbers,; we have

In(p) - & (M, (T (N)))?

(2mi)?

/ an(p) * gn(F) * gx(G). (65)
H(N)oo

For the first summand of (6.5) we obtain by Proposition m

deg ()« (Tn (p) - divy (F) - divy(G)))
= deg(my) d/e\g (g*(div(w*F) : diV(QO*G))) =+ ’Y;/a log(p)

for some v, € Q.
Since F' and G are integral Borcherds products, they are invariant under Gal(C/Q).
Therefore, by means of Remark , we find for the second summand of (6.5])

| 950+ 05(F) < 05(6) = [Qw) : QT s TV [ o) a(F) + 9(C).

H(N)oo X(T'k)
The latter integral was calculated in Theorem [3.14}

s [ 8 a(F)a(G) =~k volrp) (285 4 2S Y

X(Tk)

+3 4 log(D))

2 p
—k Vol(T(p))p n

1 P
T log(p) — (div(p"F), div(¢"G)) 4, ) fn



Borcherds products and arithmetic intersection theory 67

Observe that in this formula the contribution of the finite primes is calculated with respect
to a regular model of Xy(p) over SpecZ. Since deg(nn) = [['k : 'k (N)], and because

deg (g. (div("F) - div(p"G))) = [QCn) = Q)(div(e" F), div(¢'G)) 4o 0y
we obtain the assertion. ]

Theorem 6.4. Let My(I'i(N)) be the line bundle of modular forms of weight k on ﬁ(N)
equipped with the Petersson metric as in Definition[2.4. Then in Ry we have the following
identities of arithmetic intersection numbers:
_ _ kz G(=1) | ¢(=1) 3 1
A T Tie(N)))* = 5d K log(D) ) - E(7).
() S TR(V))? = () (S5 4 ST 4 + Sow(D) ) - (1)
Here Ax(7) is the arithmetic generating series (6.3) and E(7) is the holomorphic Eisen-

stein series of weight 2 (4.2). In particular, for the arithmetic self intersection number of
M (T (N)) we have in Ry :

= k(=1) ¢ ’( 1) 1
Proof._Throughout the proof all equalities which contain the image of the arithmetic degree
map deg are equalities in Ry .
Let us start with proving . By definition we have

M(Ti(N))? =& (Mi(Tx(N)))? = deg ((hw). (@ (Mi(Tx(N)))?)) .

By the multi-linearity of the intersection product we may assume k to be sufficiently large.
In view of Theorem there exists a Borcherds product F' of positive weight k with
divisor div(F) = > a(p)T'(p), where a(p) # 0 only for primes p with xp(p) = 1. (Apply
Theorem with NV equal to any given prime py with xp(po) = 1.) We have shown in
the proof of Theorem that any such Borcherds product gives rise to a decomposition

(Mk FK Za TN

Hence, in view of Lemma (6.3, we obtain the equality
L (My(Tx(N)))?

= —k2dy Za(p) vol(T'(p)) (Q?;E:g + 22’((:11)) +3+ 1og(D)> + Z 7y log(p)
g a(pg#O

for some 7, € Q. There also exists a Borcherds product G with divisor div(G) =
>, 0(p)T(p) where b(p) # 0 only for primes p with xp(p) =1 and a(p) = 0. By means of
the well-definedness of the arithmetic intersection numbers we find

Z ¥y log(p Z Yplog(p) € Ry,

pprime pprime

a(p)#0 b(p)#0
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which by the unique factorization in Z in turn implies that all v, vanish. This shows that
the formula of Lemma actually holds with 7, = 0. Since F'is a Borcherds product of
weight k& we have the relation

SCk(— Dk = 3" alp) vol(T(p).
P
This concludes the proof of .

Now let T'(m) be any Hirzebruch Zagier divisor. In view of Theorem there exists a
Borcherds product F' whose divisor is equal to a(m)T'(m) +3_ a(p)T'(p), where a(m) # 0
and the a(p) are integral coefficients, and a(p) # 0 only for primes p with xp(p) = 1.
Therefore

- o <a<m<rK<N>>>3 = () -aM@K(N»)?)
Ty o BT e
= —k“dy vol(T(m)) <2§K(_1) +2C(—1) +3+1 g(D)> :
In the last equality we have used the relation a(m) vol(T'(m)) = @k—zp a(p) vol(T'(p)).
Hence the claim follows from (4.3)). [

Theorem 6.5. If T(m) is an anisotropic Hirzebruch-Zagier divisor, then the Faltings
height in Ry of its model Ty(m) € Zi;(H(N)) is given by

]

it o (T () = —(2R P vol(T ) (S0 + 5+ 12

Proof. By means of formula ((1.16)) the Faltings height equals

htﬂk(rK(N))(TN(m» (6.7)
= Tlm) @RV =3 s [ G A ea(MUTR(V))

H(N)o

The first term is computed in Theorem [6.4, The integral is, by functoriality of the inter-
section product, equal to dy times the quantity from (3.18)) of Corollary . ]

Remark 6.6. 1) Observe that in view of Lemma we may calculate formula for all
T(m). We may take this quantity as an ad hoc definition for the Faltings height of 7y (m)
with respect to My (T (N)). For example, if m is square free and xp(p) = 1 for all primes
p dividing m, then up to boundary components the normalization of Ty (m) is isomorphic
to some modular curve (see Remark . Although Ty (m) ¢ ZL(H(N)), we obtain in
RNZ

¢(-1) 1
RE

htﬂk(rK(N)) (Tv(m)) = —(2k)* vol(Ty (m))
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Up to the sum over primes dividing the level m this equals the arithmetic self intersection
number of the line bundle of modular forms on that modular curve as computed in [Kii2].
It would be interesting to obtain a geometric interpretation of the difference using the
change of moduli problems over Z extending Proposition [5.12] At the primes dividing m
the morphism of line bundles is not necessarily an isomorphism anymore.

ii) Recall that if T'(m) C X (I'k) is anisotropic, then its normalization is isomorphic
to some Shimura curve of discriminant m. For example, if m is square free with an even
number of prime factors, and yp(p) = —1 for all primes p dividing m, then T(m) is
anisotropic and our formula gives in Ry:

Wt me vy (v (M) = —(2k)? vol (T (m)) log(p) | . (6.8)

Related formulas have been obtained by Maillot and Roessler [MaRol] using completely
different techniques.

In recent work, Kudla, Rapoport, and Yang stated a conjecture for the arithmetic self
intersection number of the Hodge bundle on a Shimura curve (see [KRY]). In forthcoming
work [KuKii] it will be shown that (6.8), together with versions of Propositions and
for Shimura curves, can be used to obtain a proof of their conjecture.

6.3 R-valued arithmetic intersection theory

We now choose a family of toroidal compactifications ﬁ(N ), N > 3 provided with a system
of morphisms 7y n : H(M) — H(N) given for all N|M, such that mp;y o7y p = 7L N
Then we define the arithmetic Chow groups

CH (H, Dpre) = lim CH (H(N), D).

N>3

The group CH (7:2, D,re) has a commutative and associative product defined component-
wise.

An element z € C/I\-I*(ﬁ,Dpre) is a family (xy)n>3, with 2y € éﬁ*(ﬁ(N),Dpre), such
that, for all N|M, we have 73, yon = z)s. Therefore

~

T(m) = (?N(m)) e CH (H, Dye).

N2>3

Analogously we define the arithmetic characteristic class ¢;(My) of the line bundle of
modular forms and the generating series A(T).

Proposition 6.7. There exist a well-defined arithmetic degree map

— ~3 ~
deg : CH (H, Dpre) — R.
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— —~3 ~

Proof. The arithmetic degree maps deg : CH (H(NV), Dpe) — Ry induce an arithmetic
degree map

— —~ 3 ~ .

deg : CH (H, Dpre) — lim Ry,

N>3

given in each stage by a(%(x)N = #Eé\g(x]v). But now for any two integers N, M > 3
with (N, M) = 1, by the unique factorization in Z, the sequence

where the first map is the diagonal and the second is the difference, is exact. Thus we have

. . . ~
an isomorphism lim N3 Ry =R O]

—~ 3 ~
By abuse of notation, given an element © € CH (H, D), we denote also by x its image
deg(z) € R under the arithmetic degree map.
Then Theorem implies:

Theorem 6.8. We have the following identity of modular forms

-~

A(r) - & (M)? = %CK(—l) (G((_l) + C(=1) S log(D)) - E(7).

e(=1) (=1 2 2

Analogously, we can define a height pairing

(-1): CH (H, Dpe) ® lim Z4(H(N)) — R

N2>3

and the asociated Faltings height hty; (Z) = (€1(My)? | Z). The sequence 7 (m) =

(Zn(m))n=3 belongs to lim ___ Zy;(H(N)). Theorem [6.5 now implies:

N>3

Theorem 6.9. If T'(m) is an anisotropic Hirzebruch-Zagier divisor, then the Faltings
height of T (m) is given by

htygy, (7 (m)) = —(2k)? vol(T (m)) <<</<(—:11>) byt %Z/ZED |
U

Remark 6.10. Although it is more canonical to work with the whole tower {H(N)}y>3,
the proof of the above proposition, shows that it is already enough to pick up two integers
N, M > 3 with (N, M) = 1 and define arithmetic Chow groups CH (ﬁN,M,Dpre) as the
kernel of the morphism

* *
T™NM,N " TNM,M o~k o~

CH (H(N), Dypre) @ CH (H(M), Dyre) CH (H(NM), Dpre) -

Again this group GI\{*(ﬁN,M,Dpre)Q has a commutative and associative product defined
componentwise and an R-valued arithmetic degree map. Similarily we could define the
arithmetic Hirzebruch-Zagier divisors, the arithmetic first Chern class of the line bundles
of modular forms and the arithmetic generating series in this group.
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Remark 6.11. Finally, we remark that if there were an arlthmetlc Chow ring for the stack

H( ) satisfying the usual functorialities, then it would map to CH (H D) and the arith-
metic degrees, as well as the values of the height pairing would coincide.

One could also follow different strategies to obtain R-valued arithmetic intersection
numbers. First, we remark that the the proofs Theorems [6.§ and [6.9] would directly carry
over to other level structures. For instance, Pappas constructed regular models over Z of
Hilbert modular surfaces associated to congruence subgroups I'go(,A) C I'x [Pal. If there
exists a toroidal compactification over Z of HL¥(A) (compare loc. cit. p. 51), one can
work on that arithmetic variety and derive formulas as in Theorems B and C. Alterna-
tively one could try to work directly on the coarse moduli space. This requires arithmetic
Chow groups for singular arithmetic varieties of some kind (e.g. for arithmetic Baily-Borel
compactifications of Hilbert modular surfaces), equipped with arithmetic Chern class op-
erations for hermitian line bundles.
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