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T4UWVYX�Z\[�]_^a`cb�dP`aegfih�jFb�b�k�`ae�V.l\mon

(A, G)
monqp�msr&tup�mwvyxomop�m{z|nq}�~��(����m �N}Ynq��moz ��xo�a� �����g� �

(P, G′)
��p��2�imo�op���mo�&rP��m

F � l\mon@��monq}�mo�
α ∈ Aut(A, G) �i� r�p�p���nq��}��

T*X"Z
∀G, H ∈ G : G‖H ⇐⇒ α(G)‖α(H).

T4��Z
α∗ : P → P ; x 7→

{
α(x) �H� � x ∈ A

[α(G)] �H� � x = [G] ∈ F

n+�o}�9��}��Nz��N� ~���n+�oz|�g�����Np
(P, G′).

T4¡�Z
α∗

n+�o}���n�m.monqp���mo��}¢nR�£xom �o}Ynqz|z|}�m��1�N�H}q�amo}¥¤���p��6���Np
α ¦ ��n�m9§|�N�q��nqp�m4r�}¢n��Np¨n+�o}�© �

T$ªWZ � n�m@��xax�nq�R����p��
Aut(A, G) → Aut(P, G′); α 7→ α∗

n+�o}imonqp¬«y�o�a~P~�mop��®¯�Np��Nz��N��~���n+�oz|�P�
¦ nqp���m �N}Ynq��mo�9°	�Nz��Nz��N� ~���n+�oz|�P��© �

± mo��mon+� �³²$´aµ�¶ =⇒ ·H¸�¹ '�/+'*� G‖H
�"�"J

p ∈ α(G) ∩ α(H)
S\º»3��"�½¼¾=>),7�#

α−1(p) ∈ G ∩ H ¿3B)+!4=
G = H =⇒ α(G)‖α(H). · ⇐ À 3���! ¹gÁ 5252'*#(0&/+'*7>04Â"��J"'��\S

²¢Ã>µÅÄ '�7>'*� ²$´aµ /+!&#
α∗

-Å=>�"),J"'*Æ���/+'�0$#��"�"JK/+�NM&'*Og#4/,Q ¿ J�'��"�

[α(G)] = [α(H)] ⇐⇒ G‖H ⇐⇒ [G] = [H].

(α−1)∗
/+!$#�Ç��PQ>'�0&!4'IQ>=>�

α∗ ¿ 3�),!4=;/+!$#
α∗

D"/ÈM&'*Og#4/,Q�S
α∗

/+!$#ÊÉ<=>),)+/,�"'�3B#4/+=>� ¸�¹ '�/ K ∈ G
′
S

´ S_Ë�3B)+) ¸ K = F =⇒ α∗(F ) = F ∈ G
′
S

Ã S\Ë_3�)+) ¸ K = G ∪ {[G]}
52/,#

G ∈ G ¸ α∗(G ∪ {[G]}) = α(G) ∪ {[α(G)]} ∈ G
′
S\º93�!4!&'�)+D�'

7�/+),#�¼¾Â"0
(α∗)−1 = (α−1)∗

S
²YÌPµ Ë1Â"0

α′ ∈ Aut(P, G)
52/,#

α′

A = α
7>/,),#

α′(G∪{[G]}) = α(G)∪{[α(G)]} ² J"3»Í�'�0(3BJ"'�Î µ SË1Â"0Ê3�)+),'
H ∈ G

′
7>/+)R#ÏJ�3���'�0

α′

H = α∗

H
S�º»3�!Ê8�'*/+7�#

α′ = α∗
S

²¾Ðgµ Ç��NM&'*OP#(/,Q�/R# �B#|/,!&#|Og)+3�0 ² J�'��"� α∗

A = α µH¿EÑ =>52=>52=>04?��"/+'*'�/+7�'��"!&� ��3B¼q#I-�/+'£¼¾=>),7�# ¸ CE!;7>/+)R#
(α∗ ◦ β∗) A = α∗

A ◦ β∗

A ¿ -�'*7>'�� ²¢ÌPµ ¼¾=>),7�#
α∗ ◦ β∗ = (α ◦ β)∗

S
�

T4UWV,�FZ\Ò.d�ÓÔd�^cÕWfih�jiV ²�´cµ;Ä '�7�'�� ²�Ö S ´ S Ðgµ ON3��"�×563��
AutA

3�),!£Ø<�P#4'�047�04�"?"?�'ÙQ�=>�
Aut P3B��Ú\3B!4!4'*�\S

²¢Ã>µ.¹ '*/ (P, G)
?"0&=NM&'�OP#(/RQ>'¬CED�'��"'��"��J

F ∈ G
S@ËÂ"0

σ ∈ Aut(P, G)
56/R#

σ(F ) = F
/,!&#

σ PF
∈ Aut(PF , GF )

�"��J
(σ PF

)∗ = σ ² Q�7>)�S ²�Ö S ´ S ÌPµ4µ S
²YÌPµ Ç�5ÛË_3�),)

σ F = idF ¿ J\SÜ��S ∀x ∈ F : σ(x) = x ¿ /+!$# σ PF

'�/+��'	º</+)¥3N# 3B#4/+=>�\S
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Ç�� J"/,'�!&'�5 :<D"!4� ���"/,#&#�-�'*04J"'*���Å'�/+!&?"/+'*)+'ÙQ�=>�×:9��#(=>52=>04?��"/+!&56'*� /+� 3BA2�"'*�×�"�"J ?"0&=NM&'�OP#(/ G
Q�'�� É<=�=>04J"/,��3B#4'��"'*DF'*�"'�� D�'�!4� ��04/+'*DF'*�\S ��/+'*)�!&/+�"J J"/,'¬Ë_���"J�3�52'��P# 3B)+!(�N#(8�' ¿ J"/,'�'�/,�"'�7>'��"3��"'
�Å'�!4� ��04'�/,D"�"�"723�),)+'*0 :<��#(=�56=>0&?"�"/,!452'��2'��P#(��3B),#('*�\S�º»3�8���D�'��! �#(/,7>'��2-�/+0�'*/+�"'�"%'�043�)+),7>'�52'�/,�"'oG
0&�"�"72J"'�!���'*7>04/RÚ�!ÏJ�'�0�)+/,�"'�3�0&'��¬:9D�D"/+),J"�"�"7"S
¹ '�/+'*� (V, K)

���"J
(V ′, K ′)

"%'�OP#(=>0&0(����56'6Â"DF'*0.É� >04?�'�0&�
K

D�8*-�S
K ′

���"J
σ̂ : K → K ′'*/+�"'#��/ M&'�OP#(/,=>�\S�CE/+��'	:<D"D"/+),J"�"�"7

σ : V → V ′
�"'*/%$�# �amoz|nq��nqp�m4r�� 56/R#»± m����+monq}¢n+�a�Nz��N� ~���n+�oz|�P�

σ̂ ¿ -Å'��"��¼¾Â"0Ê3�)+),'
v, w ∈ V

�"�"J
λ ∈ K

7�/+),# ¸
σ(v + w) = σ(v) + σ(w)

�"��J
σ(vλ) = σ(v)σ̂(λ).

º</+'&��'�8*'�/,� �"�g�"�"7'�Å'�7>),'�/,# n+�a�Nz��N� ~���n+�oz|�g� /+!$#�7>'�0&'�� �P#4¼¾'*0&#(/,7�#�-�'*7>'��
T4UWV,¡FZ �Wr��q� �£m �

v ∈ V
��nYx�})(<z|nq}

σ(v) 6= 0
(»�Pr�p�p n+�o}

σ̂
monqp §+*N� ~�mo�on+�a�Nz��N� ~���n+�oz|�P�,(<��mo�

�����(� �
σ

monqp���mo��}YnR��xom �o}Ynqz|z|} n+�o} �
± mo��mon+� � ËÂ"0

α, β ∈ K
DF'*04'*� �"�"'

σ
(
v(α + β)

) ���"J
σ(vαβ)

M&'*-Å'�/,)+!Ê3���¼18*-Å'�/ Ä '�/,!4'���SFº</+'
CE/,�"J"'���#(/+7�O�'�/R#�/+!$#�O�)+3�0�S

�Ò.d�Ó dg^cÕWfihij�V Ç�� �"�"!&'�0&'��u:9�P-�'*�"J"�"��7>'�� /,!&#
σ

52'�/+!$#|D"/ M&'�OP#(/RQFS1:9),!4=½/+!$#
σ̂

'�/+� J"��04� �
σ¼¾'*!&#47>'�),'�7�#4'�0ÊÉ� >0&?F'*04/,!4=>52=>04?��"/+!&5.�"!�S Ñ ����Æ�7;7>/+)R#ÏJ�3�0&Â"DF'*04�"/,��3��"!

K = K ′
�"�"J

σ̂ ∈ Aut K
S

T4UWV ª\Z\Ò.d�-Yb/.0-Yd�1¾d_V ²$´aµ Ç�5 Ë�3B)+)
K = K ′

/+!&#�M&'�J"'9)+/+��'�3�0&'<:<D"D"/+),J"�"�"7
σ : V → V ′

!4'*56/,)+/,�"'�3�0
52/,#

σ̂ = id
S

²¢Ã>µÏ¹ '*/ α : K → K ′
'�/,��É� >0&?F'*04/+!&=>52=>04?"��/+!45³�"!y�"�"J

n ∈ N ¿ J"3��"�¬/+!$#
Γα : Kn → K ′n; (x1, . . . , xn)T 7→ (α(x1), . . . , α(xn))T

'*/+�"' ² D"/ÈM&'*Og#4/,Q�' µ !4'*56/,)+/,�"'�3�0&'»:9D�D"/+),J"�"�"7|52/,#2�Å'�7>),'�/,#4/+!&=>56=�04?"�"/,!45.��!
α
S

ØÊ5 '�/+��'93��"3�)+=>7�'Ê:<D"D"/,)+J"�"��7
V → V ′

¼¾Â"0 DF'*)+/+'*D"/+7�'
K

G@D"8*-�S
K ′

G3"%'*Og#4=>0404���"52'<8*�£J"'oÆ��"/+'HG
0&'�� ¿ 5³Â"!4!&'��4��3�!4'*��¼¾Â"0

V
�"�"J

V ′
7>'*-����")R#Ê-Å'�0&J"'���S

²YÌPµ :9),)+7>'*56'*/+�"'*0 ¸�¹ '�/"-�/,'�J"'*0
α : K → K ′

'�/,�2É� >0&?F'*04/+!&=>52=>04?"��/+!45³�"!@�"�"J
M ∈ GL(n, K ′) ¿J"3��"�¨/,!&#

Kn → K ′n; x 7→ MΓα(x)
'*/+�"' ² D�/ÈM&'�OP#4/,Q>' µ !&'�52/+)+/,�"'�3B04'�:9D"D�/+)+J��"�"7256/R#
�Å'�7>),'�/,#$G

/,!4=>52=>0&?"�"/+!&5.�"!
α
S ²�¹ =¬ON3��"�¯5�3B��3�)+),'.D"/ÈM&'*OP#(/,Q�'��¯!4'*56/,)+/+��'�3�0&'��¨:<D"D"/+),J"�"�"7�'��

Kn → K ′nD�'�!&� �"04'*/+D�'��\Î µ
²¾Ðgµ ËÂ"0

µ ∈ K \ {0}
/,!&#

%µ : Kn → Kn; (x1, . . . , xn)T 7→ (x1µ, . . . , xnµ)T
!4'*56/,)+/,�"'�3�056/R#

%̂µ(λ) = µ−1λµ
S�Ç�!&#

K
OB=>565³��# 3B#4/,Q ¿ J"3��"��/+!&#

%µ

��3N#(Â"0&)+/+� �¬),/+�"'�3�0�S
T4UWV,UFZ l\mon

(V, K)
monqp�5�m �N}��N�H�&r���z �

T*X"Z � n�m�®¯mop���m
ΓL(V, K)

r��q�+mo�	x�n ��m �N}¢nq��mop��amoz|nq��nqp�m4r�� mop£��xax�nq�R����p���mop
V → V

x�nq�R��mo}ymonqp�m
«y�H�c~P~�m �i� rPxomon���nq��}

σ̂−1 = σ̂−1 �
Ã76



T4��Z¯� � � σ, τ ∈ ΓL(V, K)
��nq��}

σ̂ ◦ τ = σ̂ ◦ τ̂ �%�	� � � ̂ : ΓL(V, K) → AutK; σ 7→ σ̂
n+�o}

monqp «y�H�c~P~�mop����Nz��Nz��N� ~���n+�oz|�P�»z|nq}E§|mo�Hp
GL(V, K) �

± mo��mon+� �³²$´aµ :<!4!4=�8�/¥3N#(/,Q�/R# �B#6/+!$#�Og)¥3B0 ¿ J�3�!£�"'*��#(043�)+'ÙCE)+'�52'��P#�/+!&#
id

S
σ−1

'���/,!&#(/,'�0$# ² J"3 σD�/ÈM&'�OP#4/,Q£/,!&# µ �"�"J�/+!&#�!&'�52/+),/+�"'�3�0Å-Å'�7>'*�

σ−1(σ(v) + σ(w)) = σ−1σ(v + w) = v + w = σ−1σ(v) + σ−1σ(w)

���"J
σ−1(σ(v)σ̂(λ)) = σ−1(σ(vλ)) = vλ = σ−1σ(v) · σ̂−1σ̂(λ).

²¢Ã>µ σ ◦ τ(vλ) = σ(τ(v)τ̂ (λ)) = σ(τ(v)) · σ̂(τ̂(λ)) ¿ 3�),!4= σ̂ ◦ τ = σ̂ ◦ τ̂
S

�

T4UWV��FZ\Ò.d�ÓÔd�^cÕWfih�jiV ´ SÊÇ�5 Ë_3�)+)
K ∈ {Zp, Q, R}

7>/+)R#
Aut K = {id} ¿ 3�)+!&=

ΓL(V, K) =
GL(V, K)

S>Ç��;J"'*�2Ë@��)+),'��
K = C

=�J"'*0
K = GF(pn), n > 1,

7�/+),#�M&'�J�=�� �
Aut K 6= {id}

S

Ã S ¹ '�/ σ : Kn → K ′n
!4'*56/,)+/,�"'�3�0 ¿ J�3��"��/,!&#

σ ◦Γ−1

bσ K ′
G )+/,�"'�3�0*S ¹ =.¼¾=>)+7�'�0&#Å563���J"/+'
��'�52'�0�G

Og�"��76/,5 =>D"/,7>'�� ��'*/+!&?"/+'*) ²¢ÌPµ S
T4UWV��_Z l\mon

(V, K)
monqp 5�m �N}��N�H�&r���z ��p��

(A, G) := AG(V, K) � � � ��r��q�+m
σ ∈ ΓL(V, K)��p��

a ∈ V
�onqp��

σ : A → A
��p��

τa : A → A ; x 7→ x + a
�9��}��Nz��N� ~���n+�oz�mop¨���Np

(A, G) �
± mo��mon+� � τa ∈ Aut(A, G)

/,!&#�Og)¥3B0 ² τ−1
a = τ−a µ S ¹ '*/+'*� b, c ∈ V, c 6= 0

S_º»3��"��7>/+)R#

σ(b + cK) = σ(b) + σ(cK) = σ(b) + σ(c)σ̂(K) = σ(b) + σ(c)K ∈ G.

º93�!<7�/+),#y3��"� �¬¼¾Â"0
σ−1 ¿ 3�),!4=;/+!$#

σ
'�/,�"'�É<=�)+)+/,�"'�3N#(/+=��\S

�

º93�!��W'*56563.7>/+)R#y/,�"!4D�'�!&=>�"J"'*04'�¼¾Â"0�3BA2�"'IÉ<=�=>04J�/+��3B#4'��"'*DF'*�"'��
AG(2, K).Ç�5 Ë�3B)+)

V = Kn
!4� ��04'�/,D�#25�3B�

ΓL(n, K) = ΓL(V, K)
S	�Ù3�� Æ��"J"'o#63�)+!&=

ΓL(2, K)
3�),!

ØÊ�P#('�0&7>04��?"?F'I/+�
Aut AG(2, K)

S
:<�"� �K¼¾Â�0Ï?"04=NM&'*OP#(/,Q�'³CED�'��"'*�Ù7>/,),#�'�/+�������")+/,� �"'�0 ¹ 3N#(8�S
T4UWV�
FZ l\mon

K
monqpK§+*N� ~�mo����p��

(P, G) = PG(2, K) �
T*X"Z¯� � �Ê��m4��m �

σ ∈ ΓL(3, K)
n+�o}

σ : P → P ; aK 7→ σ(a)K
monqp¯�9��}��Nz��N��~���n+�oz|�P�;���Np

(P, G)
(���n�m����Np

σ
/+��J"�"8�/,'�0$#('�É<=�)+)+/,�"'�3N#(/+=�� �

T4��Z � n�m���xax�nq�R����p��
ΓL(3, K) → Aut(P, G); σ 7→ σ

n+�o}%monqp�°I�Nz��Nz��N� ~���n+�oz|�g�Êx ¤ ��� � ◦ z|nq}
§|mo�Hp

%K := {%λ ; λ ∈ K∗}
( ����xomon

%λ(x) = xλ �
Ì��



± mo��mon+� �³²$´aµ σ
/+!$#Ï-�=��")+J"'oÆ��"/,'�0&# ¸ aK = bK ⇐⇒ ∃λ ∈ K \ {0} : a = bλ

�"�"J
σ(aK) = σ(a)K = σ(bλ)K = σ(b)σ̂(λ)K = σ(b)K = σ(bK).

σ
/+!$#�D"/ÈM&'*Og#4/,Q ¸ σ−1

/+!&#ÊØÊ56OB'��"043�D"D"/,)+J"���"7|Q>=>�
σ
S

¹ '�/+'*� a, b ∈ K3
),/+�"'�3�0|�"��3�D������"7>/,7Ô���"J

λ, µ ∈ K
S º»3B�"� !&/+�"J 3��"� �

σ(a), σ(b)
)+/+��'�3�0

����3�D"���B�"7>/+7 ¿ �"�"J�'�!�7>/,),#
σ(aλ + bµ) = σ(aλ) + σ(bµ) = σ(a)σ̂(λ) + σ(b)σ̂(µ) ∈ σ(a)K + σ(b)K ∈ G,

J�SÜ�\S
σ(aK + bK) ⊆ σ(a)K + σ(b)K

S�º»3�!4!&'�),DF'�7>/,),#y¼¾Â"0
σ −1 ¿ J�3��"'*0Ï¼¾=>)+7�#

σ(aK + bK) =
σ(a)K + σ(b)K ∈ G

�"��J
σ

/+!&#�'*/+�"'IÉÊ=>)+),/+�"'�3B#(/,=>�\S
²¢Ã>µyÑ =�56=>52=>0&?"�"/+'<Q>=>�

σ 7→ σ ¸ ËÂ"0
σ, τ ∈ ΓL(3, K)

7>/,),#
(τ ◦ σ)(aK) = τ(σ(a)K) = (τ ◦ σ)(a)K = τ ◦ σ(aK) =⇒ τ ◦ σ = τ ◦ σ.

¹ '�/ �����
σ ∈ Kern ¿ J\S4�\S

∀a ∈ K3 : σ(aK) = σ(a)K = aK
S1º93��"� ' ��/,!&#4/+'�0$#�¼¾Â"0³3B)+)+'

a ∈ K3
'�/+�

λa ∈ K
52/,#

σ(a) = aλa

S_����8�'�/,7>'��¬/,!&#
∀b ∈ K3 : λb = λa

S
¹ '�/+'*�K8*�"����� ��!&#

a, b ∈ K3
),/+�"'�3�0y�"��3BD"�����"7�/+7"S�º93��"��7>/+)R#

aλa+b + bλa+b = (a + b)λa+b = σ(a + b) = σ(a) + σ(b) = aλa + bλb

���"JK'*/+��É<=�'*Æ"8�/+'*�P#('��PQ�'�047�)+'�/,� �Ù),/+'*¼¾'*0&#
λa = λa+b = λb.����)+/+��'�3�0Å3�D"���B�"7>/+7�'��

a, b
-y�B�")+'

c ∈ K3
52/,#

b, c
),/+�"'�3�0Å����3�D"���B�"7>/+7 ¿ J"3��"��!4/,�"J�3���� �

a, c),/+�"'�3�0y�"�"3�D"������7>/+7"S��<�"��!4� �"),/+' $�#�5�3B�K3B�"!�J"'�5 Q�=>04/,7>'����13�0(3�7�0(3�?"��'��
λb = λc = λa

S
Ç���!47>'*!(3�5³#�/,!&#�!&=>52/,#

λa

�"�"3�D"������7>/+7�Q�=>�
a ¿ '*#�-�3

λ := λa.
º»3B!�8�'�/,7�#

∀a ∈ K3 : σ(a) =
aλ = %λ(a) ¿ 3�)+!&= σ = %λ

�"��J
Kern ⊆ %K

S�º</+'I3��"J"'*04'�Ç��"Og)+��!4/+=���/,!&#Ï#404/,Q�/+3�)�S
�

Ä /,0E¼¾=>045.��)+/+'*04'*�<M&'*#(8o#�J�/+'ÊË��"�"J�3�52'��P#(3�)+!4�B#(8*' ¿ J"/,'�/+�27>'*-�/,!4!4'*5 ¹ /+���6J"/,'ÊØ<52O�'���04�"�"7�'���J�'�0
D�'�/,J"'��K=>D"/,7>'�� ¹ �B#48�'I!4/,�"J\S_º9/,'#�Å'*-Å'�/+!&'	-Å'�0&J"'��¨!&?��B#4'�0Ê/+�K3�)+),7>'�52'�/,�"'�0&'�5 ���"!(3�5252'��"��3B�"7
7�'*¼¾Â"�"0$#�S
T4UWV��FZ\[ifih��ik�ÓÔd�h�`ak 1Yb�k�`ae
	��i^6k� h�d����Ed�h�d�h%V|l\mon�mop

K
��p��

K ′
§+*N� ~�mo� (%��p��2�amon

T ′ := T (AG(2, K ′))
��n�m����&r�p��o�Rr�}¢n��Np��4���H�a~P~�m»���Np

AG(2, K ′) � � � �@��m4��m�§|�N�q��nqp�m4r�}¢n��Np
ϕ : AG(2, K) → AG(2, K ′)

m��>n+�o}Yn�mo�o}���mop�r�� monqp
τ ∈ T ′

��p��Ô��mop�r�� monqp�m¬�amoz|nq��nqp�m4r��(m
± n ��m �N}¢n��Np

σ : K2 → K ′2
z|nq}

ϕ = τ ◦ σ �
T4UWVYX���ZW[�fih���k�Ó d�hF`�k 1¢b*k�`ae�	��i^ .1^c]���dgÕ�` -��Fd
���Ed�hid�h%V|l\mon�mop

K
��p��

K ′
§+*N� ~�mo� �� �I��mo

��mo� §|�N�q��nqp�m4r�}Yn��Np
ϕ : PG(2, K) → PG(2, K ′)

m��>n+�o}¢n�mo�H} monqp�m �amoz|nq��nqp�m4r��(m ± n ��m �N}Yn��Np
σ : K3 → K ′3

z|nq}
ϕ = σ̄ �

T4UWVYX_X�ZWÒ.d�Ó dg^cÕWfihij�V ´ SÊº9/,'Å:<�"!4!43�7>'Å/+� ²¢Ö S ´ �>µ DF'*!(3�7�# ¿ J�3�!4!1J"/+' :9D�D"/+),J"�"�"7 3��"! ²�Ö S Ý S Ã>µ!&�"0¾M&'*OP#(/,Q£/+!&#�S
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Ã S ²¢Ö S�� µ �"�"J ²�Ö S Ý>µ 8*'�/+7�'�� ¿ J�3B!4!iÉ<=�=>04J�/+��3B#4'��P#(043��"!$¼¾=>04563B#(/,=>�"'*�»J"/+' Í�'�=�56'o#(04/,'@�"/,� �g#1����J"'�0&�\S
º<'�0�)+'o#(8*#4' ¹ � �"04/R#4#�/,5 ��'o-�'*/+! ²¢Ì S ´cÃ>µ /,!&#�J�3B56/R#Ï7>'�8*'�/,7�#�S

Ì S<CE/,�"'I-�/,� �P#(/+7�'	Ë�=>),7>'�0&�"�"763��"!ÊJ"'��ÙË��"�"J�3�52'��P#(3�)+!4�B#(8*'��Ù/,!&#ÊJ"/,'��13B#4!(3�� �"' ¿ J�3B!4!�Q>'�0&!4� �"/,'oG
J�'��"'�OB=�=>0&J"/+�"3B#(/,!4/+'*04'*�"J"'»É� >04?�'�0ÅQ>=>�¬3BA2�"'*�¬D"8*-�S"?�04=NM&'*Og#4/,Q�'���CEDF'*�"'��¬8���'�/+�"3��"J"'*0Ï/+!4=NG
52=>0&?"�¬!4/+��J\S
�E04��7>��3��P#%3B�"!47>'*J"04Â�� Og# ¸ º9'�0%ÉÊ=�=>0&J"/+�"3B#('*�"O7 >0&?F'*0@'�/,�"'�0@3BA2�"'��;D"8o-�SP?"04=NM&'*OP#(/,Q�'��2CEDF'*�"'��
/,!&#�D"/,!�3��"� ��Ç�!4=>52=>0&?"�"/+'�'*/+�"J�'���#4/+7;DF'*!&#4/+525³#�S

Ä /,0�D�'*#40(3�� �P#('*�	M&'*#48*#ÏJ"'*��Ë�=>0&#4!4'o#(8����"7>!4!43B#(8 ²¢Ö S ´aµ ¼¾Â�0�J"'*�¬Ë�3B)+)
AG(2, K)

56/R# ?"04=NM&'*OP#(/,Q�'�5
:<D"!4� ��)+�"!&!

PG(2, K)
56/R#9'*/+�"'*5 É� >04?�'�0

K
S����

σ ∈ ΓL(2, K)
' ��/+!&#4/+'*0&#»�"3�� � ² Ö S���S Ã>µ '*/+�

M ∈ GL(2, K)
52/,#

σ

(
x1

x2

)
= M ·

(
σ̂(x1)
σ̂(x2)

)
=

(
m11σ̂(x1) + m12σ̂(x2)
m21σ̂(x1) + m22σ̂(x2)

)
.

¹ '�/ ι : A → P ;

(
x1

x2

)
7→




1
x1

x2


 K

J�/+'¬ON3��"=>�"/,!4� �"'ÙCE/+�gDF'o#4#4�"�"7 3B�"! ²YÌ S ´>´cµ S ¹ '*/Ï¼¾'�04��'�0

a ∈ K2
S_º»3B�"�K7�/+),# ¸

(τa ◦ σ)∗(ι(x)) = ι(τa ◦ σ(x)) =




1
a1 + m11σ̂(x1) + m12σ̂(x2)
a2 + m21σ̂(x1) + m22σ̂(x2)


 K

=




1 0 0
a1 m11 m12

a2 m21 m22







1
σ̂(x1)
σ̂(x2)


 K =




1 0 0
a1

a2

�

 Γbσ ι(x).

º93��"'�0Ê/+!$#
(τa ◦ σ)∗

J"�"04� �



1 0 0
a1

a2

�

 Γbσ

7�'�7>'*DF'*�\S

T4UWVYX��FZ � � �	monqp�mop�§+*N� ~�mo�
K

�amon@��n�m���nqp�m4r��(m ± n ��m �N}Yn��Np
σ : K2 → K2

(Åxom �a� ���Hn�m�xomopÙ�����(� �
��n�m³®�r�}Y�Hn �

M ∈ GL(2, K)
(y��p��½m �.�amon

a ∈ K2 �E� r�p�p �Enq�&�
(τa ◦ σ)∗

�����(� �Ô��n�m³®½r�}Y�on �



1 0 0
a1

a2 �


 nqp�����¤�n�mo�o} � �

�&��	��
	!������������	
��������	���	
� d��h0-q` -¾]Fh%V ¹ '*/ σ

'�/,�³:9��#(=>52=>04?��"/+!&5.�"!WJ"'*03BA2�"'*�.D"8o-�SN?�04=NM&'*Og#4/,Q�'��|CED�'��"'
(P, G)

SNC%/,�"'
Í�'�043�J"'

L
�"'*/%$�# �9� �P�am Q�=>�

σ ¿ -�'*�"�
∀x ∈ L : σ(x) = x ¿ J�S4�\S L

/,!&#E'*/+�"'�Ë/ ��?"�"�"OP#(7�'�0(3BJ"'�S

ÌPÃ



º<��3�)�J"3�8�� ¸ z ∈ P
�"'*/%$�#  mop�}¢�H��z Q�=>�

σ ¿ -Å'����.¼¾Â"0@3�),)+'
G ∈ G

52/,#
z ∈ G

7�/+),# ¸ σ(G) = G
S

º93�!</,56?�)+/+8*/+'*0&# ��3B#4Â"04),/+� �
σ(z) = z

S
T4UWVYX�¡FZ l\mon

(P, G)
monqp�my~��(����m �N}Ynq��m»vyxomop�m���p��

σ ∈ Aut(P, G) �i� r�p�p¬��nq��}��
T*X"Z��2mop�p

σ
monqp�m<�9� �P�am

L
xom �onq}+¤�} (��Pr�p�pK��r�}

σ
monqp  mop�}Y�H��z z �

T4��Z��2mop�p
σ

monqp  mop�}Y�H��z z
xom �onq}+¤�})(��Pr�p�pK��r�}

σ
monqp�m<�9� �P�am

L �
± mo��mon+� �³²$´aµ9´ S�Ë_3�)+) ¸ ∃z ∈ P \ L : σ(z) = z.

º»3��"��7>/+)R#y¼¾Â"0�3�),)+'
G ∈ G

52/,#
z ∈ G ¸

σ(G ∩ L) = G ∩ L
3�),!4=

G = z, G ∩ L =⇒ σ(G) = σ(z), σ(G ∩ L) = z, G ∩ L = G

���"J
z

/+!&#�'*/+�K��'��P#404�"5�S
Ã S�Ë_3�),) ¸ ∀z ∈ P \ L : σ(z) 6= z

S�Í�'*0(3�J"'*�¨J"'*0�Ë�=>045
a, σ(a)

56/R#
a ∈ P \ L

-Å'�0&J"'���J�3����
Q�=>�

σ
¼¾'�!$#<7�'�)¥3B!4!4'*� ¸�¹ '*/ z = L ∩ a, σ(a)

S�º»3B�"�

σ(a, σ(a)) = σ(a, z) = σ(a), σ(z) = σ(a), z = a, σ(a).

¹ '�/9�g�"�
G = b, z

'*/+�"'�-�'*/,#('*04'¨Í�'*0(3�J"'ÙJ"�"04� �
z
SÅËÂ"0

y = a, σ(a) ∩ b, σ(b)
7>/,),#2J�3��"�

σ(y) = y.
:9)+!&=K5³�"!4!I7>'�)R#('*�

y ∈ L
�"�"J

y = z
S�CE!�¼¾=>),7�#

G = b, z = b, σ(b)
�"�"JÔ!4=>52/,#

σ(G) = G
S_º»3B�"'�0�/+!$#

z
'*/+�K��'��P#(0&�"5�S

²¢Ã>µ /+!$#�J"��3�)W8*� ²�´cµ S �

� d��h0-q` -¾]Fh%V CE/+��'KÉÊ=>)+),/+�"'�3B#(/,=>�
σ

J�'�02?"04=NM&'*OP#(/,Q�'�� C%D�'���'
P

�"'�/ $�#  mop�}¢�&r�� �P�N�q��nqp�m4r�}Yn��Np ¿-Å'����Ù!4/,'�'�/+�K��'*�g#404�"5
z

�"�"J�J�3�52/,#�3B�"� �K'*/+�"'�:Ï� ��!4'
L

DF'*!4/,#48*#�S
σ

�"'�/ $�# °I�Nz��N�+�4��n�m ¿ -Å'����
z 6∈ L ¿ ���"J vÅ�Rr�}Yn��Np ¿ -Å'����

z ∈ L
S

T4UWVYXPª\Z l\mon
σ  mop�}¢�&r�� �P�N�q��nqp�m4r�}Yn��Np ��mo�2~�� ����m �N}Ynq��mop×vÏxomop�m

(P, G)
z|nq}  mop�}Y�H��z z

��p��
�9� �P�am

L �� r�p�p���nq��}��
T*X"Z � ���(� �Kmonqp��yrPr��

(p, σ(p))
z|nq}

p ∈ P \ (L∪{z})
n+�o}

σ
monqp���mo��}¢nR�2xom �o}Ynqz|z|} � «<mop�r���mo���

� � � x ∈ P \ (L ∪ {z})
��nq��}

σ(x) = x, z ∩ p, x ∩ L, σ(p) ¦ � r��q� � x 6∈ p, z
© �� � � x ∈ p, z

���N���+m.monqp�mopK°9nq� � ��~���p��N} q 6∈ p, z
��z

σ(x)
�En�m.��xomop¬¤����P�Np��o}Y�o��n�mo�(mop �

T4��Z��	����nq�Nr��+mop�}E�onqp��
² Ç µ σ = id �
² Ç4Ç µ v%�9��nYx�}�monqp�mopK�En �*~���p��N}

p ∈ P \ (L ∪ {z}) �
² Ç&Ç4Ç µ v%�9��nYx�}�monqp�m»�En �c��mo�4rP��m

G 6= L
z|nq}

z 6∈ G �
Ì>Ì



± mo��mon+� �³²$´aµ σ(x) ∈ σ(x, z) = x, z ¿ J�3 z ∈ x, z
S ¹ '�/ r := p, x ∩ L

S_º93��"�

σ(r) = r
�"��J

σ(x) ∈ σ(x, p) = σ(r, p) = σ(r), σ(p) = r, σ(p),
¼Y3B)+)+!

x 6∈ p, z
S

º<'�0��Ê'*!&#Ê/+!$#�O�)+3�0�S
²¢Ã>µ�² Ç&Ç µ =⇒ ² Ç µo¸ ÉÊ=>�"!&#404�"/,'�0&'

σ(x)
-�/,'	/,� ²$´cµ 3��"!

z
�"�"J

p = σ(p)
SFº93��"�K¼¾=�)+7�#

∀x ∈ P :
σ(x) = x

�"�"J
σ = id

S
¶H² Ç&Ç4Ç µ =⇒ ² Ç µ · /+!&#�J���3�)\J�3B8��\S_º9'*0���'�!$#Ê/+!&#�Og)+3�0�S

�

T4UWVYX�UFZWÒ.d�Ó dg^cÕWfihij�V ´ S�Ç�!$#
σ

'*/+�"'<��'*�g#40(3�),O�=>),)+/,�"'�3B#4/+=>�³56/R#%:Ï� �"!4'
L ¿ J�3��"�2/+!$#

σ PL

'�/,�"'
º</+)¥3N# 3B#4/+=>�\S

Ã S<º93�!�:90&7>�"52'��P#�8���5 Ã S�Ë_3�)+)iON3��"��3��"� ��/,�¨J"'�0»3BA2�"'��¯CEDF'*�"'
PL

52/,#
σ PL

¼¾=>045³�")+/,'�0&#
-Å'�0&J"'���S

σ PL

/+!$#�J�3��"��'�/,�"' �1043��"!&)¥3B#4/+=>��52/,#���/+� �P#4�"�"7
z
S

Ì S9��'*�P#(04��5 �"�"J¯:Ï� �"!4'6'�/+��'�0	��'��P#(043�)+OB=>)+),/+�"'�3B#(/,=>�
6= id

!4/,�"J�'�/+��J"'���#4/+7�DF'*!&#4/+525³#�SFÇ��"!4D�'oG
!&=>�"J"'*04'I/+!$#

id
J"/+'�'*/+�"8*/+7>'�ÉÊ=>)+),/+�"'�3B#(/,=>� ¿ J"/+'�8*�"7>),'�/+� � Ñ =>56=�)+=>7>/,'9�"��JÙCE)¥3N#(/+=��£/+!$#�S

Ð S<º</+' ��'*7>04/RÚ�' ¶ ��'��P#(0&�"5 · �"��J ¶ :Ï� �"!4' · -��"04J�'��Ô3��"� �¯/+5 ���"!(3�5252'��"��3B�"7�56/R#»J"'*5 ?"0&=BG
M&'*OP#(/,Q�'��;: ��/,=>5{Q�=>�6º9'�!43�7>�"'*! '*0&-����"�P#�S��13B#4!(��� �"),/+� �|D�'�!$#('��P# '�/,�"'����"!43�5256'*�"��3��"7�SPÍ�/+),#
�"��56),/+� � ² �%º µ ¼¾Â"0y¼¾'*!&#('*!Ê��'��P#(0&�"5

z
�"�"J�¼¾'�!$#('�:Ï� �"!&'

L,
!&=|'���/+!$#(/,'�04'*� ¶ 563 ��/+563�)�Q�/+'*)+' ·��'*�P#(0(3B)+O�=�)+)+/,�"'�3N#(/+=��"'��656/R#Ï'�D�'���J"/+'*!4'*5 ��'��P#(0&�"5Û�"�"J�J"/,'�!4'*0�:Ï� �"!4'BS

��� 	
�3��� ����	
� d��h0-q` -¾]Fh%V :<��#(=>52=>0&?"�"/+!&56'*�{3BA2�"'�0ÔCEDF'*�"'��{-�'*04J"'*� 3��"� � �Etup�nq} ��}�mop 7>'*��3��"�P#�S ¹ '*/
(A, G)

'*/+�"'I3BA2�"'ICED�'��"'�52/,#Ï?"0&=NM&'�OP#4/,Q>'*5Û:9D"!&� �")+��!4!
(P, G′)

�"�"JKË�'�0&�"7>'�043�J"'
F

S
α ∈ Aut A

��'�/%$B# � nq�Rr�} r�}Yn��Np ¿ -�'*�"�
α∗

'*/+�"'Ù��'��P#(043�)+OB=>)+),/+�"'�3B#(/,=>� 52/,#;:Ï� ��!4'
F

/+!$#�S%º9/,'
º</+)¥3N# 3B#4/+=>�½�"'*/%$�# l_}Y�(m � �N��p�� ¿ -Å'����

α∗
'*/+�"' Ñ =�56=>),=>7>/,'³/+!$# ² 3�),!4=�'�/+� ��'��P#404�"5 /+�

A
�"3B# µH¿���"J ���&r�p��o�Rr�}¢n��Np ¿ -Å'��"�

α∗
'*/+�"'�CE)+3B#(/,=>��/+!$# ² 3�),!4= α 6= id =⇒ ∀x ∈ A : α(x) 6= x µ S

α ∈ Aut A
�"'�/ $�# �»� �P�amop�r&tup�nq} ��} ¿ -�'*�"�

α
'�/,�"';:Ï� �"!4'

L
DF'*!4/R#(8*#�SWÇ��"!4D�'�!&=>�"J"'*04'6�"'�/ $�#

αl\� ��mo�H��p�� ¿ -�'*�"�
α∗

C%)+3B#(/,=>�¯56/R#.��'*�P#(04��5 3B��¼
F

/+!&# ² J�S4�\S α 6= id =⇒ ∀x ∈ A \ L :
x, α(x)‖L µ SCE/,�"'<:Ï� ��!4'��"3BA2�"/,#(�B#���'�/%$B# �@tup���~�n�m���mo����p�� ¿ -�'*�"�

α∗
'�/,�"' Ñ =>52=>)+=>7�/+'�52/,#Å��'*�P#(04��5 3���¼

F/,!&#��"��JK8*�"!(�B#48�),/+� �
α2 = id 6= α

7>/,),#�S
T4UWVYX �FZWÒ.d�Ó dg^cÕWfihij�V ²�´cµ º</+'6º9'*Æ���/,#(/,=>�¯'�/+��'�0	º9/+)+3B# 3B#4/+=>��3B�"!	:<��¼¾7P3�D�' �K/+!$#	���g�"/,QB3�),'��P#
8*�"0��"/+'*0Ï7>'�7�'�D�'��"'*�\S
²¢Ã>µ<Ä ���"0&'��"J�J"/,';º9'*Æ"�"/,#4/+=>�"'*�¨Q>=>� ¹ #404'�� Og�"��7K�"��J �i0(3B�"!4)+3B#(/,=>�½O�=>52?"),'�52'��P# ��0<!4/,�"J ¿ ' ��/ G!$#(/,'�04'*��J"�"0&� ��3��"!Ï:Ï� �"!&'���3NA6��/,# �N#('��

6= id ¿ J"/+'Ê-�'*J"'�0 ¹ � ��'�04���"7;�"=�� ��:ÊA2�"!4?"/,'�7>'*)+�"��7|!4/+��J ¸
Ì�Ð



²YÌPµ CE!67>/+D�#6'�/,�"' ��'�/,�"'¬-�'*/,#('*04'*0£:<A2�"/R# �B#4'�� ¿ J"/,' ² 7�'�0(3BJ"'¨3���� � /+� ¹ � ����)+D"Â"� ��'�04� µ '�/,�"'��
'*/+7>'*�"'����<3�52'��£��3BDF'*�\S"º»3B04!&#4'�),)+�"�"7³/+�£J"'*0ÏË�=>045

x 7→ Mx + t
56/R#�'*/+�"'*0�04'*7>�")+��04'*�

2× 2
G

�K3B#(0&/ �
M

�"�"J
t ∈ K2 ¸

vÅ���+mo�&r&t p�nq} ��} ¿ M
��3B#�8*-Å'�/WQ�'�04!&� �"/+'*DF'*�"'.CE/,7>'��P-Å'�0&#4'�S

l\� ����xo�a� ��mo�H��p�� ¿ x 7→ Mx
/,!&#I'�/,�"' ¹ � �"'�0&�"�"7K56/R#�:Ï� �"!4'

L ¿ t 6= 0,
���"J

tK 6 ‖L
SiCE!	7�/+D�#

O�'�/,�"'IË/ ��?"���"OP#('��"�"J�O�'*/+�"'	Ë/ ��7>'*0(3�J�'��\S
Ç��½J�'��Ù¼¾=>),7>'���J"'��½É�3�?�/,#('*)+��-�'*04J"'*�¨-�'*/,#('*04'+�Å'�/+!&?"/+'*)+'IDF'o#(043�� �P#('*# ¿ -�/+' ¹ ?"/,'�7>'*)+�"�"7�'�� ¿ º90&'oG
�g�"��7>'��K�"!&-�S
²¾Ðgµ Ë_3�)+),!

α∗
'�/,�"'	��'��P#(043�)+OB=>)+),/+�"'�3B#(/,=>�6/,!&# ¿ J�3��"��7>/,),# ¸ F

/+!$#�J"'�0&'��Ù:Ï� ��!4'I=�J"'*0
z ∈ F

S
Ç���J"'*0 �13B#Ê7>/,),#
T4UWVYX �_Z l\mon

α 6= id
monqp�m<�@t p�nq} ��}���mo�³r&tup�mopKvyxomop�m

(A, G) �i� r�p�p���nq��} �
T*X"Z � �o}

z ∈ A  mop�}Y�H��z (<�a�Ù��r�}
α

�Pmonqp�mop ��monq}�mo� mop �%n �*~���p��N}���p��|��m4��m��%n �c��mo�&rP��m|��m ��}
����� � �

z �
T4��Z � �o}

L ∈ G
�»� �P�am»���Np

α
(i�a�|��n�m���mopKr��q�+mÊ�%n �*~���p��N}�m�r�� � L �W� n�mÊ®Ômop���m���mo�Ê�En �c��mo�4rP��mop

¦ 6= L
©�x�nq�R��mopÔmonqp�m �yr��&r��q�+mo� �N�RrN� �am,(Ep ��z|��n�� �

[x, α(x)] �H� � x ∈ A \ L �
T4¡�Z

α
��r�}@� *a� �P�o}�mop��³monqp�m��»� �P�am���p��|� *a� �P�o}�mop��³monqp  mop�}¢�H��z (ÅrPxomo�»p�n�� ��}ÅxomonY��m �Ê¤������+mon�� � �

± mo��mon+� � � D��"�"7"S
�T4UWVYX 
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