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Prerequisites

Reflection Theorems

Let ZFC* be any sufficiently large finite fragment of the ZFC-axioms. Then:

» Reflection #1. For any a there is a set model M such that « C M, M |= ZFC*
and | M| = max(Ry, |al).

(However: M is generally not transitive.)

» Reflection #2. For any a there is a set model M such that « C M, M = ZFC*
and M is transitive. \Z

(However: |M| may be very large.) M=V, ’)’*’“‘“L

» Reflection #3. For any transitive set a there is a set model M such that a C M,
M | ZFC*, M is transitive and | M| = max(Ry, |a|).




Godel's Constructible Universe L

Recall V= UV
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» A subset Y C X is definable over X if there is a formula ¢ and parameters
ai...a, € X such that

Y={yeX|XEplya...a)}

» Def(X)={Y C X | Y is definable over X}.
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> Lo:=0.
> Lot1 = Def(Ly).
> Ly = Lo (for X limit).
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L = AC (without assuming AC)
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L is absolute for transitive models.

More specifically, the function o — L,, is absolute for transitive models.
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The statement “Vz3Jda € Ord (z € L,)" is called the Axiom of Constructiblity, and
usually abbreviated by

V =L.
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If M is a transitive set model, then the height of M, denoted by o(M), is defined as
the least ordinal not in M (alternatively, o(M) := Ord N M).

Corollary 4

Ls = (V =L) for all limit 9.
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If M is any set model of ZF with height 9, then Ls C M.
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Corollary 6

If M is any set model of ZF +V = L with height §, then M = L.
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Condensation and GCH

Condensation Lemma

Suppose V = L. Any x C w is contained in L.

More generally, any x C & is contained in L,+.
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