LOWER BOUNDS ON THE ARITHMETIC SELF-INTERSECTION
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ULF KUHN, JAN STEFFEN MULLER

ABSTRACT. We give an explicitly computable lower bound for the arithmetic self-intersection
number @* of the dualizing sheaf on a large class of arithmetic surfaces. If some technical
conditions are satisfied, then this lower bound is positive. In particular, these technical
conditions are always satisfied for minimal arithmetic surfaces with simple multiplicities and
at least one reducible fiber, but we have also used our techniques to obtain lower bounds for
some arithmetic surfaces with non-reduced fibers.

1. INTRODUCTION

Let K be a number field, let Ok denote the ring of integers of K. Let X/K denote a
smooth, projective, geometrically irreducible curve of genus g > 1, let 7 : X — Spec(Ok) be
a proper regular model of X and let @ = Wy denote the relative dualizing sheaf on X over
Spec(Of), equipped with the Arakelov metric. The arithmetic self-intersection @? is one of
the most fundamental objects in arithmetic intersection theory; see for instance [20] for a
discussion. In this note we show how to effectively compute lower bounds on @? in many
situations including, but not limited to, semistable X.

To each Q-divisor D € Divg(X) = Div(X) ®z Q of degree one we attach in Definiton
a hermitian line bundle £p. We show that the height hg( -) with respect to Lp is closely
related to the Néron-Tate height induced by the embedding jp of X into its Jacobian via
D. More precisely, we define a certain finite set 7'(X’) of closed points on X and prove the
following result in Section [l where we write Dy for the Zariski closure in X of an irreducible
divisor D € Div(X) and extend this to Divg(X) by linearity.

Theorem 1.1. Suppose that D € Divg(X) has degree one and supp(DX) NTX)=0. Then
ifE = Zj 1(Pj) is an irreducible divisor on X, where P; € X (K), and supp(Ex) NT(X) =
we have

hz(E ZhNT ip(P;)) > 0.

In particular, we have hz(P) = hNT(jD( )) for all P € X(K).

If X is semistable, then T'(X) is simply the set of singular points on the special fibers of X.
Note that in the proof of [23 Theorem 5.6], Zhang proves an analogue (with T'(X) = () of
Theorem in the language of his admissible intersection theory. Since we want to be able
to compute lower bound on @? for non-semistable X, we cannot use the admissible theory
and have to work with hermitian line bundles throughout.
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In order to use Theorem to derive a lower bound on @?, we follow Zhang’s approach
from [23]. The idea is to show that under certain conditions, we have £p~ > 0. If these

conditions are satisfied and (2g — 2)D is a canonical Q-divisor on X, then we can relate 52
to @? and use this inequality to obtain lower bounds on @?2.

As in Zhang’s theory (cf. [22, Theorem 6.5]), the crucial condition on Lp is relative semi-
positivity, where we call a hermitian line bundle relatively semipositive if its restriction to
every irreducible vertical divisor has nonnegative arithmetic degree (see Definition . The
proof of the following result is similiar to the proof of [22, Theorem 6.5], but rather more

complicated.
Proposition 1.2. If Lp is relatively semipositive and Dy NT(X) = 0, then we have 52 > 0.

In Section [2| we locally define certain vertical divisors Vp and Up attached to D; they are
the main ingredients in the construction of Lp, see Definition Moreover, we set

Bp = 1;90 2V + Up)? + 2(@. O(Up)).

Theorem 1.3. Let D € Divg(X) be a Q-divisor such that (29 —2)D is a canonical Q-divisor
on X and such that Dy satisfies Dy N T(X) = 0. If the hermitian line bundle Lp is relatively
semipositive, then we have

w? > Bp.

Note that a divisor D as in Theorem always exists. In order to derive a nontrivial
lower bound on @? from Theorem for a given X, we need to show that Lp is relatively
semipositive and that for some choice of D as in the statement of the theorem, we have
Bp > 0.

Theorem 1.4. If X is minimal and all special fibers of X are reduced, then the following are
satisfied for every divisor D € Divg(X) of degree one:

(i) Lp is relatively semipositive;
(ii) B := Bp does not depend on the choice of D;
(iii) B8 > 0, with equality if and only if all special fibers of X are irreducible.

The proof of Theorem essentially follows from a sequence of local lemmas proved in
Section We provide an explicit formula for S in Lemma making it very simple to
compute S for a given minimal model X with reduced fibers. As an immediate corollary we
recover the following result from [23], [I7] and [4].

Corollary 1.5. If X is semistable and minimal and has at least one reducible fiber, then

there is an effectively computable positive lower bound on @>.

In the semistable case lower bounds on @? can be derived by means of the admissible in-

tersection theory due to Zhang, cf. [23] Theorem 5.5]. This method requires the computation
of admissible Green’s functions on the reduction graphs of the special fibers of X and has
been employed by Abbes-Ullmo [1] to find lower bounds for certain modular curves (see also
Subsection , but such an approach does not work for non-semistable arithmetic surfaces.
The positivity of @? for non-semistable X’ with at least one reducible has been proven by Sun
in [19]. However, his result is often not suitable for explicit computations of such bounds in
practice, since it requires computing a global semistable model over an extension of K.
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We believe that for D as in Theoerem Bp is a lower bound on @? for all minimal
arithmetic surfaces, even those with non-reduced fibers. Indeed, if we are given a minimal X’
having components of multiplicity > 1, we can still check whether Theorem [I.3]is applicable.
As an example, we prove that the conditions of Theorem are satisfied for the minimal
regular model ]:;ﬁ“ of the Fermat curve of prime exponent p > 3 over the field of p-th
cyclotomic numbers and that the resulting lower bound is positive. This does not follow from
Theorem since the irreducible components of ]-";}ﬁn need not have multiplicity one.

Theorem 1.6. The arithmetic self-intersection @> of the relative dualizing sheaf on ]:;)mn
satisfies
w* > plogp + O(logp).

A more precise statement is provided in Theorem [6.6]

The paper is organized as follows: In Section [2] we define the divisors Vp and Up locally
and prove that they have certain properties with respect to the intersection multitplicity.
We then switch to a global perspective in Section [3] where we prove some general results on
hermitian line bundles. Section [4] contains the definition of £ and the proof of Theorem [1.1
The results of Sections and [4] are then used in Section 5] to prove Proposition [I.2] and
Theorems and At the end of that section, we also discuss a possible application of
our results to the effective Bogomolov conjecture. In Section [6] we first use Theorem to
prove an asymptotic lower bound for @? on minimal regular models of modular curves X1(N)
for certain N. Finally, we use Theorem to prove Theorem here we also compare the
resulting lower bound to the upper bound computed by Curilla and the first author in [§].

We would like to thank Ariyan Javanpeykar and David Holmes for a careful reading of the
manuscript and many helpful suggestions. We also thank Zubeyir Cinkir for helpful advice
on the proof of Lemma and Christian Curilla for drawing Figure

2. INTERSECTION PROPERTIES OF CERTAIN VERTICAL DIVISORS

Let O be a strictly Henselian discrete valuation ring with field of fractions K. Let Aj
be the special fiber of a proper regular model X' /O of a smooth projective geometrically
irreducible curve X/K of genus g > 1. In this section we define certain vertical divisors
Vp,Up with support in the special fiber X attached to Q-divisors D € Divg(X) and study
their properties.

Suppose that, as a divisor on X, the special fiber X; is given by Xy = >, ; b;I';, where
{T'y,...,T'}} is the set of irreducible components of X5 and the b; are positive integers. We
fix a canonical divisor K on X, and set

ai = (I';. K)

for i € {1,...,r}, where (. ) is the rational-valued intersection multiplicity on X'. Note that
by the adjunction formula [I3, Theorem 9.1.37], we have

a; = =T + 2pa(Ty) — 2,
where po(I';) is the arithmetic genus of I';. Given a nonzero Q-divisor D € Divg(X), we
denote the Zariski closure of D in X by Dy.

Proposition 2.1. For every D € Divg(X) there exists a vertical Q-divisor Vp € Divg(X),
which is unique up to addition of rational multiples of X5, such that

_ deg(D)
(DX—I-VD.Fl)— 29_2(1

)



4 ULF KUHN, JAN STEFFEN MULLER

foralli e {1,...,r}. Moreover, the assignment

D — Vp mod X

E <<d2€g(D2) K- DX> E>

g—
defines a linear map on Z'(Xs)g = Z'(Xs) ®z Q. By the non-degeneracy of the inter-
section pairing on Z!(X;s)g modulo the entire fiber, this map is representable by a cycle
Vp € Z'(Xs)g. As this assignment is also a linear map in D, the two claims follow immedi-
ately. O

s linear in D.

Proof. The assignment

Proposition 2.1] implies that we can extend any Q-divisor D on X to a Q-divisor on X
which satisfies the adjunction formula up to a factor deg(D). We can define a local pairing
on coprime divisors Ey, Es € Divg(X) by

(1) [E1, Es) = (E1x + Ve, . B2 x + V).

Corollary 2.2. The pairing [Ey, Es] extends the local Néron pairing (see [12, §IIL.5]) to
divisors of arbitrary degree.

To our knowledge, the pairing [-, -] is the first extension of the local Néron pairing to divisors
of arbitrary degree that is not based on the reduction graph as in [5] or [23].

Corollary 2.3. Suppose that D; € Divg(X) satisfies (Dyx.1;) = 6y for all i € {1,...,7}.
Then there exists a vertical divisor Vi := Vp, such that
(2) (Vi.Ti) = a; — o,
where a = 29%2%.

Several applications will rely explicit formulas for the V;. We define a matrix M = (m;); ;
as minus the intersection matrix of Xj:

mi,j = —(bll“l . bij)

Let M = (n;j);; denote the Moore-Penrose pseudoinverse of M, cf. [7, §3]. For fixed
le{l,...,r} we define a vector

a=(c,. . an) = =Mty

where
— t = b.a — 5.
wl_(wllv"'vwlr) , Wiy = ]aj_ 17
here 9;; is the Kronecker delta.

Proposition 2.4. Ifl € {1,...,r}, then a divisor V| satisfying exists. Moreover, we have

T
Vi=> bl
=1

Proof. It follows from [2, Corollary 9.1.10] that a Q-divisor D; satisfying (D;x.I;) = di
exists for all ¢ € {1,...,7} . The formula for V] is an immediate consequence of the relations

MM*™M =M and MTMM*™ =M™,
U
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Definition 2.5. If D € Divg(X) has degree d > 0, then we define a vertical Q-divisor Up on
X associated to D as follows: For all i € {1,...,r} we set

1
=5 (Vb= (Vb = dVi))’

and define
Up = pils
i=1

Our main motivation for this definition is the following formula for the intersection of Up
with horizontal divisors. It will play a crucial part in the proof of Theorem If D has
degree 0, then we write

(3) Sy (D) :=Vp
in accordance with the classical literature (see for instance [12, Theorem III1.3.6]).

Proposition 2.6. Let D € Divg(X) have degree d > 0 and let E = »>%_,(P;) be a nontrivial
effective divisor on X, where P; € X(K). Then we have

d(Ex .Up) = eV) — Y ®x(dP; — D)*.
j=1

Moreover, the association D — Up is linear in D.

Proof. For every j € {1,...,e} there is an index i; € {1,...,r} such that the section corre-
sponding to Pj intersects I';; and does not intersect any other component. Therefore
e e e
(4) Dy(dPj— D) =Y (dQVif —2d(V;, . Vp) + V,%) = —d> p, + VR
j=1 j=1 j=1

The first assertion follows from and

e

(EX . UD) = Z(Pj’X . UD) = Z,YD’Z'J"
j=1

Jj=1
The second assertion is trivial. O

We are now ready to define a local version of what will be our lower bound on @?.

Definition 2.7. If D € Divg(X) is a divisor of degree 1, we define
_ l1—g 2
5D = T (QVD + UD) +2(K:UD)
Ezample 2.8. Suppose that the special fiber of X' consists of two irreducible components I'y

and I'y of multiplicity 1 and identical arithmetic genus p, which intersect transversally in
s > 1 points. Let D = %Dl + %Dg. Then it is easy to see that we can take Vp = 0 and
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This leads to

1 3
UD1 = — 4—81“1 + ZSFQ —UD2 and
1 1
Up=—T T
D=yt =+ 1s 2

A simple computation reveals

1
Bp = %(3 + 2pq — 2)-

In order to show that (a global version of) 8p indeed provides a non-trivial lower bound for
@2 in many situations, we first need to prove some further intersection-theoretic properties of
Up. To this end, we define a metrized graph Gy as follows: The vertex set of Gy is given by
{T'1,...,T'+}. There are no self-loops or multiple edges; two vertices I'; and I'; are connected
by an edge if and only if m;; # 0, in which case the length of the edge is —1/m;;. We also
need some facts about the matrix M and its pseudoinverse M ™.

Lemma 2.9. The following properties are satisfied:

(i) Both M and M are symmetric and positive semidefinite.
(1) We have Y% _ymg; =37 ni =0 forallie{l,...,r}.
(i1i) We have 377 nijmjx = —L 4 6y forall ik € {1,...,r}.
(iv) We have nj; — Zj’k Nij Nk Ml = % forallie{1,...,r}.
(v) M is the discrete Laplacian matriz associated to Gy .

Proof. These properties are proved in [7]. O

Remark 2.10. Note that when X is minimal and semistable, Gy need not coincide with the
reduction graph R(X) associated to X in [5] and [23]. For instance, suppose that X is given
by two curves I'; and T’y intersecting transversally in n points. In this case, R(X) is the
banana graph with n edges of length 1, whereas Gy is the complete graph with two vertices
which are connected by a single edge of length 1/n.

From now on, we suppose that D € Divg(X) has degree one. For i € {1,...,7} we set

UZ(D) == (bll“l . DX) and
bia;

i(D) = bia; —vi(D) = - —
w() baZ U() 29_2

UZ(D)

Lemma 2.11. Leti e {1,...,7}.
(a) We have

r

2

(UD . Fi) = - anjmij + QUZ‘(D) - ;
Jj=1

(b) If the special fiber of X is reduced, then

1s independent of D and nonnegative.
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Proof. Assertion (a) is an easy computation using Lemma

=Y aj(wy — 2wi(D))my;

=1 j=1
T T
=— Z Z cj(20(D) = aj — dy5) | ™y
=1 \j=1

r r
- Z Z Z (2nkja§ﬁvj(D) - nkja;ca;' - nkja;cfslj — 2ny;0,v5(D)
=1 j=1 k=1

+nkj6kla/< + nkjéklélj) my;

= _Z”mmw “‘QZZT”JUJ Jmui

lljl

1
= — Z ;M5 + 2 Z Uj(D) <51J — 7“)
j=1 j=1

d 2
= — anjmij + 2U1(D) — ;
j=1

Now we turn to assertion (b) of the lemma and compute, using (a) and the adjunction formula:
(5) (K.T3) +2(Dx .T3) — (Up .T5) = myi + 2pa(Ts) — 2 + Z njjmij +

We deduce the first part of (b) and furthermore:

2
(6) anjmzj = Z(n]‘j + i — 2n45)mij — : 4o
J
Note that by [7, Lemma 4.1] we have

where r(I';,T';) is the effective resistance between the nodes I'; and I'; if we consider the
metrized graph Gy as a resistive electric circuit, where the resistance along an edge e is given
by the length ¢(e).

Hence, using and @, it suffices to show

(7) mi; + Z T(FZ‘, I‘j)mij >0
J
in order to prove assertion (b). But we can rewrite the left hand side of as
> mi(r(Ts,T5) = 1)
J7#i

because of Lemma . A component I'; can only contribute a negative summand to this
sum if m;; # 0, which means that the nodes on Gy corresponding to I'; and I'; are connected
by an edge e of length /(e) = —m%j < 1. But in this case the effective resistance r(I';,I';) is
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bounded from above by ¢(e). Hence all terms in the sum are nonnegative, proving and
thus the lemma. 0

If Xs is reduced, then we can give a formula for the intersection of Up with a canonical
divisor. This result will be important in order to show that for reduced X, our lower bound
Bp does not depend on D and that Sp is nonnegative if X is also minimal.

Lemma 2.12. Suppose that the special fiber of X is reduced. Then we have
(Up.K)=-> Via.
i=1

If, furthermore, X is minimal, then (Up .K) is nonnegative.

Proof. Since D + Up is linear in D by Proposition [2.6] we may assume that we have D = D
for some I € {1,...,r}, that is, (D.I';) = d;; for all j € {1,...,7}.
By definition of Up, we have

(Up.K) == Viai+2) (Vi-Wa,
i=1 =1

so we have to show that
I8

(8) > (Vi Via; =0.

i=1
Note that

(Vi V)= a; (Vi.Ty) = ajwy,
j=1 j=1

so that, using ¢f = M w!, we find

r

Z(V} Wa; = — (29 — 2)wiM+ Z asw;.
i=1

i=1
Therefore the proof of follows from the fact that for each j € {1,...,7} we have

T T
/ / / !/
E Wija; = a; E a; —a; =0,
i=1 i=1

since Y ;_ja;, = 1.

If X is minimal, then the adjunction formula implies that
ai=(K.T;) = —T7 + 2p,(T;) —2 > 0.
for all 4, which completes the proof of the lemma. O

The following result can be deduced immediately from Lemma

Corollary 2.13. Suppose that X is minimal with reduced special fiber. Then Bp is nonneg-
ative.

It is natural to ask whether 8p depends on D. We will now show that this is not the case
when X has reduced special fiber; furthermore, we will provide a rather explicit formula for

Bp.
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Lemma 2.14. If X has reduced special fiber, then B = Bp is independent of D. More
precisely, we have the following formula for B:

B = MT (M) + ZZnunHmw 2(991) Zr:ainii - - Zzazaﬂlw

r
9 =1 j=1 =1 'Lljl

Proof. The proof is essentially a straightforward, but tedious computation using the properties
of M and M listed in Lemma so we do not present all details. Suppose that X has
reduced special fiber.

We first give an expression for (K .Up). By Lemmam we have

(K.Up) = Z Via;.

A simple computation shows that for a fixed i € {17 ...,r} we have
Vi2 =2 Z a;nij — N — Z a}aznjk;
J ak

using Lemma and ), a; = 1, this implies

(9) (IC . UD) 29 — 2 Z ;N5 — Z a;a nij

Now we rewrite (Up + 2Vp)2. From the definition of Vp we get

(10) Vg =2 Z (I;Uj(D)nij — Z a;a;nij — Zvi(D)vj(D)nij.
i,j i,J .3

Next we compute, using Lemma and omitting details:

(Vp.Up) = Z (2(Vp . V;) — V) wi(D)

= Za;a%vi( )Nk — QZ%U@ D)nji, + ZZUZ D)n;;

1,5,k 1,5,k
+ ) didjahnge — 22@ asng; + Za i — Zvi(D)nii
1,5,k i

i

(11) :2Zvi —f—Za Mg — QZa j ( nij—Zvi(D)nii.
,J

The computation of U% more complicated than the previous one, so we only provide a rough
sketch:

U3 =— 4Z(VD.%)(VD.V)m” +4Z Vp . Vi)Vimi; — ZVQVQm”

).7 ).7

=4 Z vZ(D)nUnMJnﬂc — Z N mg; — 4 E vi(D)v(D)ngjnigmg
i:jzk 7] ,] k}l

(12) =4 Z vi(D)nigngemg, — Z ngingmg; — 4 Z vi(D)vj(D)ngj.

Z‘?j?k ’j ’.]
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Type € B
I 0 0
II(a) a a—1
I1I(a) %a ia— &
IV(a, b) +1b a+tb— 3
V(a,b) 6<a +) 6a+0) 5 — 5
Vi(a.b.0) |+ h+c) d+bo+d -5
2 2 2 2 2 2
VII(a, b, c) %(a tbto+35 ab+a:§+bc slatb+o)+g ab+ac£)cc+bc abha c+gl()a;f2£ﬂg)c? Hethe

TABLE 1.

The invariants € and 3 in genus 2

Combining , and , we find
(UD+2VD)2 =4 Z a;nii—z nimjjmij—él Z a;a;nij +4 Z vi(D)nijnkkmjk—él Z Ul(D)n”
i i.j i.j i.jk i
Part of Lemma, implies
ATr(MT
(Up + 2VD = 42@ Mg — Zn“nﬂmw 42@ ajnij — Q,

r

(13)

which does not depend on D. The result now follows from @ and . O

Ezxample 2.15. Keeping the notation of Example Lemma [2.14] immediately implies that
ﬁ =

Remark 2.16. Note that the first two terms in the formula for § given in Lemma [2.14] only
depend on M, so they only depend on the combinatorial configuration of X;. The last two
terms, however, do depend on the arithmetic genera of the irreducible components; more
precisely, we have

2(99_1) i MG — 29 2 Z Qg | N5 — Z a;Nij
=1

Therefore, if X is semistable and minimal, then 8 can be viewed as an invariant of the
polarized metrized graph (R(X),q) associated to X5, where the polarization q assigns to
each component its arithmetic genus, see [0}, §4].

Remark 2.17. Tt seems worthwile to relate 5 to other invariants of (R(X), q), such as Zhang’s
invariants € (called r in [23]), ¢ and A. See [6] for definitions of and some relations between
these invariants. If X is hyperelliptic, then it would also be interesting to compare § to the
invariant x studied, for instance, in [I1]. Because of its potential relevance for an effective
version of the Bogomolov conjecture for curves over number fields (see Remark , it is
especially interesting to compare 8 to €. We have computed S for all semistable reduction
types of genus 2 curves. Table [I| contains the values of 5 and the values of €, computed by
de Jong, cf. [10, §2]. We find that in genus 2, we always have 3 < ¢.

(5+2pa - 2)

E g a;ajng; =

’L].]].
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3. SEMIPOSITIVE HERMITIAN LINE BUNDLES

Let K be a number field with ring of integers O and let X be a regular arithmetic surface
over Ok whose generic fiber X = X is a smooth projective geometrically irreducible curve
of genus g > 1. In this section we prove several general lemmas about certain hermitian line
bundles on X. All of these will be used in the proof of Proposition [I.2] Several results of this
section are quite similar to results from [22]. We start with a number of definitions.

Definition 3.1. Let £ be a hermitian line bundle on X. If F is an irreducible effective divisor
on X with Zariski closure &, then the height of E with respect to L is defined by
(£.0(£))
[K : Q|deg(Ek)’
where the metric on O(€) is admissible in the Arakelov-theoretic sense and (-.-) is the arith-

metic intersection pairing on X, see for instance [I8]. We extend this to arbitrary effective
divisors on X by linearity.

hz(&) =

Definition 3.2. We say that a hermitian line bundle £ is relatively semipositive if it has
nonnegative intersection with all irreducible vertical components of X. If £ has nonnegative
(resp. positive) intersection with all irreducible horizontal divisors on X, then we call £
horizontally semipositive (resp. horizontally positive).

Definition 3.3. Let £ be a hermitian line bundle on X. We call a nonzero section s of C
effective (resp. strictly effective) if ||s||sup < 1 (resp. ||s|lsup < 1). We say that L is ample if

L is ample and H° (X, £Z") has a basis consisting of strictly effective sections for n >> 0. If
this holds for n = 1, then we call £ very ample.

Lemma 3.4. Let £ be a hermitian line bundle on X. For any hermitian line bundle M on
X and a,b € N we set

M&b = M@)a & Z®b.

If ’ < 0, then there exists no ample hermitian line bundle M on X with the following
property: For all a,b € N such that ﬂib > 0, we also have

(14) (L. Mqyy) > 0.

Proof. This proof is somewhat similar to the first part of the proof of [22, Theorem 6.3].

Suppose that L’ < 0 and that M is a hermitian line bundle on X satisfying .
Since M is ample, it has positive arithmetic self-intersection by [22] Theorem 1.3]. There-
fore, if p(t) denotes the polynomial

p(t) =L+ 2(L. M)t + M#2,

then there is a positive real number ¢y satisfying p(t9) = 0 and p(t) > 0 for every t > ty.
Let a,b € N such that a/b > tyo. Then we find

M, = bp(a/b) > 0.

By , we know that
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In particular, our assumption that L’ <o0 implies
(15) (L. M) >0,
and also, since a/b can be arbitrary close to to,
(16) L'+ (L. M)ty > 0.
Now we can derive a contradiction as in the proof of [22 Theorem 6.3]. Namely, combining
p(to) = 0 and implies
(L. M)to+ Mt < 0.
But using M >0 and , we see that this is impossible. O

The following result provides us with a method to show that two hermitian line bundles
on X have nonnegative intersection.

Lemma 3.5. Let £ and M be hermitian line bundles on X. If M has an_effective global
section s such that hz(div(s)"") > 0 and L is relatively semipositive, then (L. M) > 0.

Proof. According to [3, §3.2.2], we have

(O(div(s)*) . Z)
(K : Q]

Since div(s)¥*" is effective, the claim follows. O

(L. M) = + hx(div(s)r) / 10g ||3llsup €1(Z).

Suppose we want to show that a hermitian line bundle £ on X satisfies ’ > 0. By
Lemma it suffices to find some ample hermitian line bundle M on X such that under the

assumption L < 0 we have (Z.Ma,b) > 0 whenever Wﬁ,b > 0.
If £ is horizontally semipositive, then we can take any ample M and any effective section

s of ﬂ?}; (which exists for n > 0 by [22] Theorem 2.1], see [22), §8]) and apply Lemma
However, in the proof of Proposition [I.2] we will apply Lemma to a hermitian line bundle
L = Lp which is not in general horizontally semipositive, but only satisfies hz-(E) > 0 if the
Zariski closure Ey avoids a certain finite set of points, so we have to be more careful with

our choice of s. . o
Lemma below tells us that, under the hypothesis £~ < 0, we can find M such that for
n > 0 there are many effective sections of M, ; whenever ﬂi,b > 0. Intuitively, it should

be possible to find an effective section s avoiding a finite set of points if M,; has enough
effective sections. Lemma [3.7] makes this intuition precise.

Lemma 3.6. Suppose L is a relatively semipositive hermitian line bundle on X such that
deg(L) > 0 and L’ < 0. Then there exists an ample hermitian line bundle M on X such that
for all a,b € N satisfying

M, = (Mo r™) >0,

the lattice H° (X,Mgf) has a basis consisting of strictly effective global sections for some
n =n(a,b) > 0.
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Proof. Let M be an ample hermitian line bundle on X. We will scale M by o € Q> such
that the lemma holds for M(«). By [22, Theorem 1.5], it suffices to show that M, (a)? > 0
implies that M, () is horizontally positive, since relative semipositivity is automatic.

Let po(t) denote the polynomial

Pa(t) = L2 +2 (L. M(a)) t + M(a)?.
As in the proof of Lemma there is some positive real number tg = tg(«) such that
Pa(to) = 0 and p,(t) > 0 for all ¢ > t.
Now let mg = —infp hz(D) and ma = infp hy7(D), where we take the infima over all
irreducible divisors D on X. If my > 0, then we can take o = 0, so we may assume that

mye < 0.
Let D be some irreducible divisor on X. We will construct a such that

(17) hﬂa,b(a) (D) =0

whenever a/b > to(a), which will prove the lemma.
Because of

Wi, () (D) = aligg o) (D) + bhz(D)
> amam + ac — by,

3 a a my
we need a nonnegative a such that § > to(a) = § > - T

me

, S0 o must satisfy

>
to(a) T a+mupm
Hence is easily seen to follow from
18)  (a+mum)r(a) > me (mz +2a deg(M)) + (a4 mum) (M. L) + adeg(L))

where

rle) = \fa deg(£) + 20 deg(M) (V. 2) ~ £°) + (V. 22 - 74"

Note that r(«) is real since p, always has real roots. Hence the left hand side of is always
nonnegative. If the right hand side is negative for some «, then holds and we are done,
so we may assume that the right hand side is also nonnegative.

We find that holds if and only if w(a) > 0, where w is a cubic polynomial in «,
obtained by subtracting the square of the right hand side of from the square of the left
hand side. The leading coefficient of w is

—2deg(M)(L” + 2m deg(L))
which is positive by our assumptions on £. Hence holds for o > 0. O

Lemma 3.7. Let M be an ample hermitian line bundle on X and let P, ..., P, be closed
points on X. Then for some n > 0 there exists a strictly effective global section s of M&™
such that s(P;) #0 fori=1,...,r.

Proof. Without loss of generality we assume that M is very ample. Since M is very ample
as a hermitian line bundle, the lattice H°(X, M) is spanned by strictly effective sections
S1,---58m. Moreover, since M is also very ample in the geometric setting, it is globally
generated, i.e., for each point P; there exists at least one section s; such that s;(P;) # 0.
Let {s1,...,sr} be a minimal set of such sections. Then for every even n the global section
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s =" s of M®" satisfies s'(P;) # 0 for all i = 1,...,r. But now for some even n > 0

j=1
the global section s = Z?Zl sy also satisfies the condition

15 llsup < fmax [[s;]" < 1.

4. HEIGHTS AND INTERSECTIONS

We keep the notation of the previous section. If F' is a finite extension of K, then we let
op =pryomp : X' = X, where np : X' — X x Op denotes the minimal desingularization.
For the definition of semistable arithmetic surfaces we refer to [I4]; in particular, we do not
require a semistable arithmetic surface to be minimal.

Lemma 4.1. (Liu, [T14]) There exists a finite extension Fy/K such that X' is semistable for
every finite extension F/Fy.

Definition 4.2. Let Fy/K be as in Lemma We denote the smooth locus of X0 by xfo
and we denote the exceptional locus of ¢r, by Exc(¢g,). With this notation we define

T(X) = ¢r, (X\ XL U Exc(er,)) -
Remark 4.3. If X is semistable, then we have T'(X) = X' \ Xgm.

Lemma 4.4. Every irreducible divisor E on X such that supp(Ex) NT(X) = 0 satisfies
©pEx = Exr for every finite extension F/Fy.

Proof. Let E be an irreducible divisor on X whose closure Fy does not contain an element
of T'(X) in its support and let F'/K be a finite extension containing Fj. Note that if p*Ey #
Eyr, then there is an irreducible component I' C Exc(¢r) such that ¢ (I') € supp(Ex).
But this means that either I' C Exc(¢p, ), implying that ¢ (I') € T'(X), or I is contracted
to a point by the desingularization morphism Xr — Xg, x Op. In this case I' maps to a
singular point of X, x O, whence pr(I') € T'(X). O

Let hnyt denote the Néron-Tate height on the Jacobian J of X with respect to the sym-
metrized theta divisor © + [—1]*©. For each divisor D € Divg(X) of degree one, let
jp : X — J be the embedding which maps a point @) € X to the class of @ — D.

Definition 4.5. Let D € Divg(X) have degree one. For every non-archimedean place v of K
we define D, = D x K}*, where K} is the maximal unramified extension of the completion
of K at v and we fix the proper regular model X x O)" of X over the ring Op" of integers of
K}'". With these choices, we define vertical divisors

Vp=> Vp,

and
Up=) Up,

on &, where both sums are over all non-archimedean places of K. Moreover, we define a
hermitian line bundle Lp on X by

Lp=w®0O(2Dx)® OUp) '@ O(—aXy),
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where a = O(Dxy)? — O(Vp)? € R. Here O(Dy)? is the self-intersection of O(Dy), equipped
with the Arakelov metric, and O(—aXx) = (Ox, | - |€?). Finally, we set

Bp=>_Bb,.

Unless otherwise stated, all metrics will be Arakelov metrics (so that the Arakelov adjunc-
tion formula holds, cf. [I2, §IV.5]), except for vertical line bundles, which are equipped with
the trivial metric.

Now we prove Theorem |1.1] stating that the height with respect to Lp is closely related
to the Néron-Tate height on the Jacobian of X.

Proof of Theorem[I.1l Let E be an irreducible divisor on X such that supp(Ex)NT(X) = 0.
Let Fj be as in Lemma and let F'/K be a finite extension containing Fy such that F has
pointwise F-rational support. Let e = deg(E) and E = >°°_,(P;), where P; € X(F). By
Lemma [£.4] we have

(19) (p}EX = EXF and (p}DX = DXF.
Hence we get, using [12, Theorem I11.4.5],
(20) Or(E —eD) = ¢op(Px(E —eD)),

where, if Z € Divg(X) has degree 0, ®x(Z) € Divg(X) is a vertical divisor such that
Zx + ®x(Z) has trivial intersection multiplicity with all vertical divisors on X. In our
notation, we have ®x(2) = ®xyxon(Zy) = >, Vz,, see (3). Expanding the left hand side
of , we find

Oyr(E—eD) =Y ®yr(P;— D)

j=1
and Proposition implies that
(21) (O(Ex).O(Up)) = eO(Vp)® = O (®r (P — D))*.
j=1

This allows us to compare hg to hxt. We will use the Hodge Index Theorem on arithmetic

surfaces due to Faltings and Hriljac (see for instance [12], §IIL.5]) which implies that if P €
J(K), then we have

(22) hnt(P)[K : Q] = — (0(Zx) © O(®x(2)) . O(Zx)) = ~O(Zx)* + O(Px(2))?

for every divisor Z of degree zero on X such that Z represents P.
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Setting @’ = —O(Dy)?, we get
e

Z i (o (P : Q= 3 (<O (Pyar — Dar)” + O (0 (P, = D))?)
. 2

—Z( (Pxr )’ +2(O(P; xr) . @(DXF))+0(<I>XF(1%—D))2)_ea,
j=1

e

— Z ((@(Pj,xp) Wyr @ O2Dyr)) + O (P yr(Pj — D)>2) Cod

= (O(Eyr).Tyr ® O(2Dyr)) Z (®4r(Pj — D))? — ed
(O(Ex) @@ O(2Dx)) — (O(Ex) . O(Up)) — ed’ + eO(Vp)?
(O(Ex).Lp)

= e[K : Qlhz(E).

Here the first equality holds by , the third equality holds because of the Arakelov adjunc-
tion formula (see [I2 §IV.5]) and the fifth equality holds because of (19), and because,
by assumption, E,: does not intersect any vertical divisors contracted by ¢r.

The first assertion of the proposition is now immediate since the Néron-Tate height only

takes nonnegative values. The second assertion follows if we put E = (P), where P €
X (K). O

Remark 4.6. If X is a smooth projective geometrically irreducible curve defined over an
archimedean local field and Ej, Fy € Div(X) have disjoint support, then we set [Eq, Ea] =
(E1, E2)q, where the latter denotes the admissible pairing on X, see [23] §4.5].

Now suppose that X is defined over a number field K. We can use and Corollary
to define a pairing on divisors F, Fo on X with disjoint support as

[E1, Eo] = Z[El,va Es v,
v
where F;, = E; X K, for archimedean v and the sum is over all places of K. This global
pairing has the following properties, which may be of independent interest:
(i) [+, ] is bilinear and symmetric.
(i) [E4,div(f)] = 0 for any f € K(X)*. Hence [-,-] induces a well-defined pairing on
divisor classes.
(iii) If deg(Ey) = deg(E2) = 0, then we have [E1, Eo] = —(F1, E2)nT, where the latter is
the Néron-Tate height pairing.
(iv) If By and E; are canonical divisors on X, then we have [E;, Es] = w?.

5. PROOFs OF PROPOSITION [I.2], THEOREM [I.3] AND THEOREM [I.4]

We finally get to our original problem, namely the derivation of lower bounds on w?. We
first prove Proposition If M is a hermitian line bundle on X and a, b are positive integers,
then we set

Moy =M™ @ L™
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We want to use Lemma to prove Proposition so we need to show that under the
hypothesis 52 < 0 there is some hermitian line bundle M on X with positive self-intersection
such that ﬂib > 0 implies (G.Mmb) > 0.

Proposition 5.1. Suppose that 52 < 0 and that Dy N T(X) = 0. Then there exists an
ample hermitian line bundle M on X such that for any positive integers a,b the following
condition is satisfied: If Mib > 0, then there exists a positive integer n(a,b) such that
ﬂfzg(a’b) has an effective section s satisfying hE(div(s)hor) > 0.

Proof. 1t follows from Lemma that there is an ample hermitian line bundle M on X such
that Mz,b > 0 implies that HO ( X, M?Z) has a basis consisting of strictly effective sections

for n large enough. By [22, Theorem 1.3], M, is ample.

Lemmaimplies that there is a multiple n(a, b) of n and an effective section s of ﬂfﬂ?j(“”’)

such that div(s)"" does not intersect the finite set T'(X) C X. Using Theoremwe conclude
hz—(div(s)"") > 0. O

Now we can complete the proof of Proposition [1.2

Proof of Proposition[1.2 Suppose that 52 < 0. Let M be as in Proposition and let a,b

be positive integers such that ﬂib > 0. It follows from Lemma and Proposition that
we have

(2o May ") =0
and thus
(E-ﬂa,b) > 0.
But by Lemma [3.4] this leads to a contradiction. O

Next we prove Theorem It follows from [5, Lemma A.1] that there exists a Q-divisor
D € Divg(X) such that Dy NT(X) = () and such that (2g — 2)D is a canonical Q-divisor on
X. Moreover, it is shown in [§] that

(23) K = (29 —2)(Dx + Vp) € Divg(¥X)
is a canonical Q-divisor on X'. By the latter we mean a Q-divisor such that O(K) = w.

Proof of Theorem[1.3 From we get Dy = 29%21C — Vp. We can use this to rewrite £p
(cf. Definition as
Lp= A ® O(—2Vp — Up) — 4ga,
where
|

a=0(Dx)* - 0O(Vp)? = 12~ g 1@-00D).

Hence we have
— 9 1

Lo = (8" + (9 = )ORVD + Up)* = 29(@. O(Up))) .

Since GQ > 0 by Proposition Theorem follows. O
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Remark 5.2. We have developed the theory of L£p for rather general degree one divisors
D € Divg(X). The main reason why we choose to work with D as in Theorem is that
Dy has an obvious relation with w. But there are other promising choices for D; for instance,
we could take D = ﬁw, where W is the divisor of Weierstrass points on X. This was
suggested by Ariyan Javanpeykar. In fact, it is easy to see that the divisor V used in [9}
Lemma 5.1] to extend W to a divisor on X with good properties is a valid choice for Vyy .

Now we derive Theorem from Theorem [I.4]

Proof of Theorem[I.] Let D € Divg(X) have degree one. We know that 8 = Sp does not
depend on the choice of D because of Lemma In order to apply Theorem we first
need to show that Lp is relatively semipositive. Let I' be an irreducible component of a
special fiber of X. By definition of £p, we have

up to a positive rational constant, where K is a canonical divisor on X. Hence relative
semipositivity of £p follows from part (b) of Lemma

Since we know that the assumptions of Theorem [1.3]| are satisfied, it suffices to show that
(K.Up) > 0. But this is an immediate consequence of Lemma O

Remark 5.3. One of the main original motivations to look at lower bounds for @? was a
conjecture of Bogomolov. Building on earlier work of Zhang [23], the conjecture was finally
proved by Ullmo [21], who proved the positivity of the admissible self-intersection w? of w for
curves over number fields. For curves over function fields of characteristic 0, the conjecture
was reduced by Zhang [24] to a conjecture about invariants of polarized metrized graphed
and the latter was proved by Cinkir [6]. However, Cinkir actually proved an effective version
of the Bogomolov conjecture.

Such an effective version can also be conjectured over number fields, but in this situation it
has not been proved yet (it would follow from a proof of the arithmetic standard conjectures of
Gillet-Soulé, see [24, §1.4]). Using [23], it suffices to find an effectively computable nontrivial
lower bound for w?. If X is semistable and minimal, then we have

w2 = Wg - ZE;U(X)’
v

where £,(X) > 0 is Zhang’s admissible constant associated to X x K, (see Remark
and the sum is over all non-archimedean places of K. Hence it suffices to find an effectively
computable lower bound b for @? such that Y. ,(X) < b. Therefore our work provides a
possible approach to the effective Bogomolov Conjecture, but unfortunately we already have

B <>, e for g =2 by Remark

6. APPLICATIONS

Now we apply our results to compute lower bounds on the self-intersection of the relative
dualizing sheaf for certain families of curves.

6.1. Modular curves. Let N = N'QR be a squarefree integer such that Q, R > 4 and
ged(Q, R) = 1. Consider the modular curve X;(N) over the cyclotomic field Q[(x] and its
minimal regular model X = X (N)/Z[(n]. Then X has semistable and reduced fibers. More
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precisely, the special fibers &, are smooth if p { N. If p | N with residue characteristic p, then
the special fiber X}, consists of two isomorphic curves intersecting in

Sp —
24
p q|N/p

points, all of which are rational over the residue field at p, see [I5, Proposition 7.3], The
arithmetic genera of these components are given by

1
@ ==(gn —sp+ 1),

2
where
gN_1+—cp NH1+ —fZ<p ©(N/d)
pIN d|N

is the genus of X;(N).
We can use Example to compute an asymptotic lower bound for @? quite easily:

Proposition 6.1. The arithmetic self-intersection @* of the relative dualizing sheaf on X (N)
satisfies

1
@ > Sp(N)log N +o(1),

Proof. Let np = log#k(p). Then we have > n, = ¢(N/p)log(p) and hence, by Exam-
ple

p= Z 5p+2qla_2)

pIN
_ Ty _
=2 (gn — 1)

pIN

=Y

pIN plp
N +1
:12(9N—1)H (P( 2)_1 p_llogp
pIN P pIN b
= LoV log N +o(1),
: 24(gn—1)
since [ Moy = 1+0(1). O

Remark 6.2. In [I5, Theorem 7.7], Mayer obtains the asymptotic formula

= 3gn log(N) + o(gn log(N)).

Our lower bound is much smaller than this asymptotic value.
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6.2. Fermat curves of prime exponent. In Section [5] we derived a nontrivial lower bound
Bp on w? for minimal arithmetic surfaces with simple multiplicities. In the present subsection
we compute lower bounds on @? in a situation where Theorem is not applicable, namely
for minimal regular models of Fermat curves of prime exponent. Along the way, we construct
Up and show that Lp is relatively semipositive, where D = (S;) for a certain rational point
Sz such that (2¢g — 2)D is a canonical Q-divisor on X.

We start with a brief review of the notation from [§]. Let p > 3 be a prime number, let

F,: XP4+YP =2P
denote the Fermat curve with exponent p over K = Q((,), where ¢, is a primitive p-th root of

unity. Let .7-";,“1“ denote the minimal regular model of F}, over Z[(,] as computed by McCallum

cf. [T6]. We denote the components of the only non-reduced special fiber of ]:;ﬁn by L;,i € I,
where

I = {.CI}, Y, z, 01, 011,1, ceey Osz, a9, a271, ey 0427p, ey Oy ar,17 Ce ,ar,p, ﬁl, ey Bs}
and 2r + s = p — 3, see [§]. In Figure 1] the configuration of the only reducible special fiber
(occuring at the unique prime above p) of a certain non-minimal model F, of F}, is shown.
It has the property that contracting the unique exceptional component L on F, yields fzﬂnm.
For every component L;, we also list the pair (m;, L?), where m; is the multiplicity of L; in
Fp. All components have genus 0 and the only component with self-intersection number -1 is
L. See [106, 8] for further details.

LX LY LZ Lal N LOl

1, -2) (1, -2)

r LBIL/BS

(1, -2) (1, —2)

1,5

L L,

1, -2) (1, -2) (p, —1)

(1, —p) (2, —p) (1, —p)

FIGURE 1. The configuration of the only reducible spe-
cial fiber of F),.

Note that L,, has multiplicity two for all 7. Therefore Theorem does not apply in
general and we have to show relative semipositivity of £p and nontriviality of the bound
from Theorem directly for a suitable Q-divisor D. Since there is only one place of bad
reduction, we will omit it from the notation for the sake of simplicity.

It is shown by Curilla and the first author in [§] that a canonical divisor on F), is given
by (29 —2)D, where D = S, for a certain K-rational point S, on F),, whose Zariski closure
Sy =8, Fumin in ]-';fli“ intersects only L,. In order to compute a lower bound on @? using the
results of the previous sections, we will find Up. This means that we first have to compute
the divisor V; for each i € I.

Lemma 6.3. We can take
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o Vi=1iLi ific {xy 25}
° Vai = %Lai + % :5:1 Laij’

1 1 1 1

Proof. Recall that the divisor V; must satisfy

(24) (Vi.Lj) = a — &
for all j € I, where a; = 29%2(*11]2' +2p,(Lj) — 2) and ;5 is the Kronecker delta function on
1. Since all components have genus zero and self-intersection 1 — p except for the components

Lq,;, which have genus zero and self-intersection —2, we get a; = 0 for the components
Ly,;; and a;- = % for all other components. Checking the validity of the Lemma reduces to

checking for each ¢ € I which is a simple computation that we leave to the reader. Note
that for V, this was essentially shown in [8, Proposition 8.3]. O

Corollary 6.4. A canonical Q-divisor on ]-';}‘in is given by (29 — 2)S, + %Lx and we have

1-— 1+ 5 14+p/2 <
Up = p2me+ pr Ly+ L.+ Ls | + pf/ 3 La,
=1

=1

2/24p/2 — 3~
+P/Z£/ZZL%

i=1 j=1
Proof. The first assertion follows immediately from , the fact that (2g—2).S, is a canonical

divisor on F}, and Lemma
For the second assertion, recall the definition of Up:

Up =Y (2(V;.Vy) = V?) L;

Next we compute

1 1
V2 = <L1> = (1 —p) forie {z,y,2 55}
p p
1 1 1
VioVe) = | -L;.—L; | = —= fori €{y,z, B,
( ) (p P ) P tv.2.6;}
1 1 1 1
Voo Vi) = (2L + —Lo, . ~Ly ) = —
( i ) <p z+2p iJ ) 2
1 1 1 1 1 1
Vi, Va) = [ —=Loi+ (5= o ) By = o= S Lo -~ La | = ——
(Vou; - Va) (p ’+<2 219) ot p?
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1 1 2 p 2 1 1
Va,)? —“La, + —La,. —(1 - - ==
( Oéz) (p [e7] + 2p 0‘1,7) p2( ) + p2 4p2 p2 2p
2
1 11 1
2
(VO‘U) = (LO‘Z + (2 - 2p> Qg 2 ZLOMK
k£
1 1 1\? 1 1 1\ p-1
=—(1—-p —(1—) - —((p-1 —(1—>+
pz( ) 2 P 2p2( ) P P p?
1
= @(2 —p—p°)
A simple computation proves the corollary. O

Lemma 6.5. The hermitian line bundle Lp is relatively semipositive.
Proof. Recalling Definition of Lp we see that we need to show
(25) CLi—I-Q(SI.Li) — (UD.Li) >0

for all i € I, where a; = 0 for i = a;; and a; = p — 3 for all other components.
As usual, we will distinguish between the different components L; to prove . Through-
out, we will use that s = p — 3 — 2r to eliminate s. We start with L, and find, using

Corollary that

p

1-— 1+ 1+p/2 2 r 3r
Up-Lo) = L= p)+ s+ 5 22

9_Z2_  _ hl
p? p? p

P 2p
which gives

ty +2(Sp. Ly) — (Up.Ly) > p—3> 0.
Let i € {y,z,3;}. Then we get

1—-p 1+0p

1+ 1+9p/2 2 r 3r
(Up.L;) = R Q-p)+s+1)—L 4, p/2 _ or

+ - _ - _ _ _
p2 2 2

and thus
ai+2(8x.Li)—(UD.Li) >p—3>0.

It remains to consider the components Lo, and Lg,;. The computations are similar to the
ones above, but tedious and hence are omitted. The upshot is that we get inequalities

1 5 T 3r _p
aaz—l—Q(SxLaz)—(UDLaz):p—3—§p+1+§+ﬁ+% Z 5—2>O
and
1 7
Aa;; +2(Se - Lay;) — (Up - Lay;) = 1+ % — ? > 0.
This shows that is satisfied for all components L;, which proves the lemma. ]

Theorem 6.6. Let p > 3 be a prime number and let @2 denote the arithmetic self-intersection
of the relative dualizing sheaf on F™.
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(i) We have
1
2
>
2 5o Do D
— 7 —25r%)p® + (=56 4 52r + 3172)p® 4 (156 — 3287 + 112r%)p
+144 — 24r + 60r2) logp

w (4 + 2r)p% — (32 + 107)p° + (10 + 197)p* + (124

(i) We have
62 - (4p6 _ 32p5 + 123p4+ 723p3 52p2 4 144)
- Ap3(p—1)(p - 2)
188

This lower bound is positive for all p > 7. Furthermore, if p =5, then we have @? > 195 log b

F I —2 ~ 37277
and if p =17, then we have W* > & log 7.

Proof. By Theorem and Lemma [6.5] we know that

log p.

& 2 fip = =202V + Up)? +2(@. O(U))

We compute the terms on the right hand side.
First note that

14+p 5
e Lo+ Ly+ L.+ ) L

J=1

2Vp+Up =

1+p/2ZLaz D /2+p/2— ZZL%

=1 j=1
Using this, it is not hard to verify that
2 pr T 7 1,25,
(2Vp +Up)* = —?—7+1—|— (4r—5) p2( i —5r—1)
1
(26) +—3(17—30r+11r2)+—4(12—2r+5r2).
p p

For the computation of (K. Up), where K is a canonical divisor on ™", we use the adjunction
formula. Namely, if ; denotes the multiplicity of L; in Up, then we have

(K.Up) Ze a;
el

and hence

(27) (’C~UD):(29—3)<1p_2p+(s+2)1;;p+r1;§/2>.

A combination of and proves (i) after a little algebra.
For (ii) we use (i) and 0 < r < $p— 3. To derive the lower bounds for p = 5,7, we use that
r=0ifp=5andr=2ifp="7. O

The proof of Theorem follows immediately from Theorem

Remark 6.7. The upper bound computed by Curilla and the first author in [§] is of order
O(gplogp), i.e. of order O(p?logp).
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