OPTIMAL DISTRIBUTION OF CENTERS FOR RADIAL BASIS FUNCTION METHODS

ARMIN ISKE

Abstract. Both the approximation quality and the stability of radial basis function interpolation depend on the distribution of the center set. This paper considers the variation of centers for the purpose of improving the methods’ performance. We first show that for radial basis function interpolation it is desirable to work with uniformly distributed centers, before we focus on the characterization and construction of center sets which achieve to maximize their uniformity.

1. Introduction

Radial basis functions provide powerful grid-free methods for multivariate interpolation to scattered data. For the purpose of briefly explaining the key features of the interpolation scheme, let Ω ⊂ R^d be a non-empty, bounded, open domain and let D_X (f) = (f(x_1), . . . , f(x_N ))^T ∈ R^N be a given data vector containing values of an unknown function f : Ω → R sampled at a finite set X = {x_1, . . . , x_N } ⊂ Ω of pairwise distinct center points. For a fixed basis function ϕ : [0, ∞) → R, the interpolant s_{f,X} to f at X is an element from the linear space S_{ϕ,X} = span {ϕ(‖ · −x‖) : x ∈ X} + Π^d_m, satisfying D_X (s_{f,X} ) = D_X (f), where ‖ · ‖ is the Euclidean norm on R^d and Π^d_m stands for the linear space of all d-variate real-valued polynomials of degree less than m.

Classical examples for radial basis functions are given by Duchon’s thin plate splines [8], where ϕ(r) = r^2 log(r), Hardy’s multiquadrics [14], ϕ(r) = −(r^2 +c^2)^{1/2}, inverse Multiquadrics ϕ(r) = (r^2 +c^2)^{−1/2}, and Gaussians ϕ(r) = exp(−cr^2), c > 0. Recent developments have provided compactly supported radial basis functions [5, 31, 34].

As observed by Schaback [24], there is an intimate relation between the stability and the approximation behaviour of the interpolation method: Roughly speaking, there is no commonly used radial basis function which allows us to combine good convergence rates with small condition numbers of the arising collocation matrices. For the purpose of understanding this dilemma, which was in [24] referred to as uncertainty relation, note that for a fixed basis function ϕ both the interpolation method’s approximation quality and stability depend on the distribution of the point set X in the domain Ω:

Date: June 1, 2000.

1991 Mathematics Subject Classification. Primary 65D05, 65D15; Secondary 65Y20, 52C35. Key words and phrases. Radial basis functions, meshless methods, regular simplices. 1

In view of stability, due to lower bounds on the spectral norm of the collocation matrix as proven in [1, 2, 19, 20], one desires that the center set’s separation distance q_X = min_{x,y∈X} x≠y ‖x − y‖

is not too small. On the other hand, available bounds [16, 17, 35] on the error ‖f − s_{f,X} ‖_{L∞(Ω)}, with the domain Ω satisfying an interior cone condition, require keeping the fill distance

h_{X,Ω} = sup_{y∈Ω} min_{x∈X} ‖x − y‖

from X to Ω small.

However, it is obviously not possible to minimize h_{X,Ω} and to maximize q_X at the same time. Note that neither h_{X,Ω} nor q_X depends on the selected basis function ϕ. Nonetheless their values contribute, for all commonly used radial basis functions, significantly to the corresponding method’s success. Further details on the impact of the two quantities q_X , h_{X,Ω} on radial basis function interpolation shall be provided by the following Section 2. For a comprehensive review on radial basis functions and their applications we refer the reader to the survey papers [4, 9, 21, 25, 26].

Inspired by the aforementioned uncertainty relation, this paper is, apart from numerical experiments in [3], the first to consider the variation of the center points for the purpose of improving the performance of radial basis function interpolation. To this end, we shall focus on the construction and characterization of admissible (a precise definition shall follow in Section 4) finite point sets, X ⊂ Ω, which achieve, due to their geometry, to optimally balance h_{X,Ω} against q_X by maximizing their uniformity ρ_{X,Ω} = q_X /h_{X,Ω}. We shall say that such center sets are optimally distributed in the domain Ω.

Note that the results of this paper do also take direct impact on recent meshless Galerkin [32] and collocation methods [10, 12, 13] which are using radial basis functions for solving partial differential equations (see the papers [11, 30] for an up-to-date overview). In these applications, each center from the set X can be understood as a method parameter. The choice of the set X is therefore a nontrivial task. A successful method of this kind requires, for similar reasons as for interpolation, selecting a set X which achieves to balance between q_X and h_{X,Ω} by maximizing its uniformity ρ_{X,Ω}.

Much of the results of this paper naturally relies on concepts from discrete computational geometry. Section 3 introduces the notation and provides one key result which yields the bound ρ_{X,Ω} ≤ √ 2(d + 1)/d to be proven in Section 4. This bound leads us to necessary and sufficient conditions for optimally distributed sets. It turns out that such point sets can be constructed by using regular simplices.

Finally, although for the sake of generality our discussion is mainly in arbitrary space dimension, the most constructive applications of this work are given for the special case d = 2. On the basis of our results, concrete examples for optimally distributed point sets in two dimensions are presented, mainly for the special case of the unit square, where Ω = [0, 1]^2 ⊂ R^2 . The remaining Section 5 of the paper is devoted to numerical examples where the utility of optimally distributed point sets for radial basis function interpolation is shown.

2. Radial Basis Function Interpolation

Given a vector D_X (f) ∈ R^N , X = {x_1, . . . , x_N }, of real function values, for computing a solution s_{f,X} ∈ S_{ϕ,X} of the interpolation problem D_X (s_{f,X} ) = D_X (f) the radial basis function interpolation scheme requires solving the linear system N∑ j=1 c_j ϕ(‖x_k − x_j ‖) + Q∑ ℓ=1 d_ℓp_ℓ(x_k) = f(x_k) 1 ≤ k ≤ N

under constraints

(2.1) N∑ j=1 c_j p_ℓ(x_j ) = 0 1 ≤ ℓ ≤ Q,

where the functions p_1, . . . , p_Q are assumed to be a basis of Π^d_m, i.e. Q = (_{m−1+d} d ) . Due to Micchelli [18], the collocation matrix ( A_{ϕ,X} P_X P^T_X 0 )

with A_{ϕ,X} = (ϕ(‖x_j − x_k‖))_{1≤j,k≤N} and P_X = (p_ℓ(x_k ))_{1≤k≤N;1≤ℓ≤Q} of the above system is guaranteed to be nonsingular provided that

p(x_k) = 0 1 ≤ k ≤ N =⇒ p ≡ 0 for all p ∈ Π^d_m

holds true and ϕ is conditionally positive definite of order m on R^d : Definition 2.1. A continuous function ϕ : [0, ∞) → R is said to be conditionally

positive definite of order m on R^d , ϕ ∈ cpd(m, d), iff the quadratic form

c^T A_{ϕ,X} c is strictly positive for all possible choices of sets X = {x_1, . . . , x_N } ⊂ R^d containing finitely many pairwise distinct centers and c = (c_1, . . . , c_N )^T ∈ R^N \ {0} satisfying (2.1).

For ϕ ∈ cpd(m, d), local error estimates for interpolation are dating back to [16, 17, 35]. For a fixed x ∈ Ω, available estimates possess the form (2.2) |f(x) − s_{f,X} (x)| ≤ CP_{ϕ,X} (x) where C is a positive constant that solely depends on the function f, and the power function P_{ϕ,X} (x) is pointwise given by the norm of the error functional at x. Throughout this paper, C denotes a generic positive constant. The power function is well-known to possess the representation

(2.3) P^2_{ϕ,X} (x) = ϕ(0) − 2u^T (x)R_{ϕ,X} (x) + u^T (x)A_{ϕ,X} u(x)

where the vector u(x) = (u_1(x), . . . , u_N (x))^T ∈ R^N contains the cardinal functions u_j : R^d → R, 1 ≤ j ≤ N, satisfying u_j (x_k ) = δ_{jk} , 1 ≤ j, k ≤ N, and R_{ϕ,X} (x) = (ϕ(‖x − x_1‖), . . . , ϕ(‖x − x_N ‖))^T . For a fixed x, these functions can pointwise be evaluated by solving the linear system

(2.4) ( A_{ϕ,X} P_X P^T_X 0 ) · ( u(x) v(x) ) = ( R_{ϕ,X} (x) S_m(x) )

where v(x) = (v_1(x), . . . , v_Q(x))^T , S_m(x) = (p_1(x), . . . , p_Q(x))^T ∈ R^Q . Further details can be found in [35]. For recording the numerical results in Section 5, frequent point-evaluations of the power function were required. For reasons of computational efficiency we prefer to work with an alternative representation of the power function as given by the following Theorem 2.2. Let ϕ ∈ cpd(m, d). The power function P_{ϕ,X} possesses the representation (2.5) P^2_{ϕ,X} (x) = ϕ(0) − u^T (x)R_{ϕ,X} (x) − v^T (x)S_m(x) for all x ∈ Ω. For the special case m = 0, the power function can be bounded by (2.6) 0 ≤ P^2_{ϕ,X} (x) ≤ ϕ(0) for all x ∈ Ω.

Proof. If we expand the above system (2.4) as A_{ϕ,X} u(x) + P_X v(x) = R_{ϕ,X} (x) P^T_X u(x) = S_m(x) we obtain u^T (x)A_{ϕ,X} u(x) = u^T (x)R_{ϕ,X} (x) − v^T (x)S_m(x) and thus by using (2.3) we find the validity of (2.5). Additionally, from (2.4), (2.5) we deduce yet another representation of the power function by

P^2_{ϕ,X} (x) = ϕ(0) − ( u(x) v(x) )_T · ( A_{ϕ,X} P_X P^T_X 0 ) · ( u(x) v(x) )

which gives us P^2_{ϕ,X} (x) = ϕ(0) − u^T (x)A_{ϕ,X} u(x) for the special case m = 0. But in this case, the matrix A_{ϕ,X} is positive definite which implies (2.6). □

Note that in the above error estimate (2.2) the function f is supposed to be an element of the native function space F_ϕ which is entirely determined by the properties of ϕ. We do not want to expand all the details on F_ϕ here but recommend Schaback’s survey [26] and his two recent papers [27, 28] instead.

In addition, we shall suppose that ϕ̂, the d-variate (generalized) Fourier transform of ϕ, has algebraic decay at infinity. More precise, for a specific number s_∞ > 0 it is required that (2.7) γ_1‖ω‖^{−d−s∞} ≤ ϕ̂(‖ω‖) ≤ γ_2‖ω‖^{−d−s∞} for ‖ω‖ → ∞ holds true for suitable constants γ_2 ≥ γ_1 > 0. Then, according to [29, 33] the power function can be bounded above in terms of the fill distance h_{X,Ω}, provided that the domain Ω satisfies an interior cone condition.

Definition 2.3. We say that Ω ⊂ R^d satisfies an interior cone condition, iff there exists an angle θ and a radius r > 0, such that for every x ∈ Ω there exists a unit vector ξ(x) satisfying C(x, ξ(x), θ, r) = { x + λy : y ∈ R^d , ‖y‖_2 = 1, y^T ξ(x) ≥ cos(θ), λ ∈ [0, r] } ⊂ Ω, i.e. the cone C(x, ξ(x), θ, r) is entirely contained in Ω.

For the rest of this paper, we shall assume that Ω ⊂ R^d satisfies an interior cone condition.

Theorem 2.4. Let ϕ ∈ cpd(m, d) satisfy (2.7), and let the domain Ω ⊂ R^d be bounded and open. Then there exist constants h_0, C, such that for all finite sets of centers X ⊂ Ω with h_{X,Ω} ≤ h_0 and all x ∈ Ω the power function can be bounded by P_{ϕ,X} (x) ≤ Ch^{s∞/2}_{X,Ω} yielding the error bound ‖f − s_{f,X} ‖_{L∞(Ω)} ≤ Ch^{s∞/2}_{X,Ω} for f ∈ F_ϕ. □ All of the requirements for ϕ which were mentioned so far in this text, in particular the decay condition (2.7), are for instance satisfied by the thin plate splines and Wendland’s compactly supported radial basis functions (cf. [29]). Local error estimates of a form similar to (2.2) are also available for both meshless Galerkin methods [32] and collocation methods [12].

As to the stability of the interpolation process, estimates on the condition number of the collocation matrix are due to [1, 2, 19, 20] dominated by the magnitude of q_X . We close this section by quoting a corresponding result to be found in [29] (see also [24, 26]).

Theorem 2.5. Let ϕ ∈ cpd(m, d) satisfy (2.7), and let λ^X_{min} denote the smallest nonvanishing eigenvalue of A_{ϕ,X} . Then, for all c ∈ R^N \ {0} satisfying (2.1), λ^X_{min} can be bounded by c^T A_{ϕ,X} c c^T c ≥ λ^X_{min} ≥ C · q^{s∞}_X where C solely depends on ϕ. □

3. Generalized Delaunay Triangulations and Regular Simplices

The discussion in the following Section 4 shall make use of standard tools from discrete computational geometry, such as Delaunay triangulations and their dual Voronoi diagrams. This section shall introduce the required notation, and it quotes one useful result concerning the optimality of regular simplices. For a comprehensive treatment of the subject see the textbook [22] and references therein.

For a fixed finite point set X ⊂ R^d , the decomposition

R^d = ⋃ x∈X V_X (x)

of the d-dimensional Euclidean space into Voronoi tiles

V_X (x) = { y ∈ R^d : ‖y − x‖ = min_{z∈X} ‖y − z‖ }

is referred to as the Voronoi diagram of X. Each Voronoi tile V_X (x) is a non-empty, closed and convex polytope containing all points in space that are at least as close to x as to any other point from X.

Two different Voronoi tiles V_X (x) and V_X (y) are either disjoint or they share a common face, in which case x and y are said to be Voronoi neighbours. For each x ∈ X, all of its closest points from X \ {x} are Voronoi neighbours of x . The vertices of the Voronoi tiles are called Voronoi vertices. There exist merely finitely many Voronoi vertices which we shall collect in the set V_X .

By connecting all possible Voronoi neighbours, we obtain a graph whose vertex set is X. This graph defines a simplicial decomposition D(X) of the convex hull conv(X) which is usually referred to as the Delaunay triangulation of X. Such a triangulation exists for every finite set X. The triangulation D(X) will be unique provided that the points from X are in general position, i.e. no d + 2 points from X are cospherical.

Due to a fundamental property of Delaunay triangulations, it is true for each simplex T ∈ D(X) that its circumsphere S_T contains no point from X in its interior. Moreover, the center c_T of S_T is a Voronoi vertex from V_X .

Note that the function d_X : R^d → R, which gives us by d_X (y) = min_{x∈X} ‖y − x‖, the distance from a single point y ∈ R^d to the set X has a local maximum at each Voronoi vertex [7]. In particular, the value d_X (c_T ) gives us the radius r_T of S_T . Moreover, for every simplex T which is self-centered, i.e. c_T is contained in the convex hull conv(V_T ) of its vertex set V_T , we obtain h_{VT ,T} = r_T .

The following theorem will provide one useful isoperimetric property of regular simplices. Recall that a simplex is said to be regular, iff all of its edge lengths are equal. Hence, for the special case d = 2, a regular simplex is an equilateral triangle. Theorem 3.1. Let T denote a nondegenerate d-dimensional simplex, V_T the set of its d + 1 vertices, and r_T the radius of its circumsphere S_T . Furthermore let

J_d = √ d 2(d + 1) . Then we have q_{VT} ≤ r_T /J_d where equality holds if and only if T is a regular simplex.

The above theorem is a well-known result from discrete computational geometry proven by Rankin [23] in the context of spherical codes (see also [7], Chapter 1, Section 2.6). The notation J_d for the reciprocal value of the uniformity ρ_{VΔd ,Δd} of a regular d-simplex Δ_d is dedicated to H. Jung [15] (cf. [6], Chapter 2, Section 11).

We remark one interesting aspect concerning the asymptotic behaviour of the numbers J_d: The sequence {J^{−1}_d }_{d≥1} is strictly monotonically decreasing and lim_{d→∞} J^{−1}_d = √ 2. This implies that the uniformity of the point sequence {V_{Δd} }_{d≥1} in Δ_d, Δ_d ⊂ R^d being a regular simplex of unit edge length, can uniformly be bounded below by ρ_{VΔd ,Δd} > √ 2 for all d ≥ 1.

In contrast, consider the corresponding sequence {V_{□d} }_{d≥1} of the unit cubes’ □_d = [0, 1]^d ⊂ R^d vertex set V_{□d} for which we also find q_{V□d} = 1, but h_{V□d ,□d} = √ d/2, which implies lim_{d→∞} ρ_{V□d ,□d} = 0. 4. Optimal Distribution of Centers

Let Ω ⊂ R^d be a compact domain satisfying an interior cone condition. Subject of the following considerations are finite point sets in Ω which are admissible in the following sense.

Definition 4.1. A finite point set X ⊂ Ω is said to be admissible, iff V_X ∩ Ω is non-empty. We shall collect all such sets in X_Ω.

In this section, we are aiming at the construction and characterization of point sets from X_Ω which are optimally distributed in Ω.

Definition 4.2. A point set X ∈ X_Ω is said to be optimally distributed in Ω, iff X maximizes the uniformity ρ_{X,Ω} among all point sets Y ∈ X_Ω by satisfying ρ_{X,Ω} = sup_{Y ∈XΩ} ρ_{Y,Ω}.

We collect all point sets, which are optimally distributed in Ω, in X^∗_Ω ⊂ X_Ω.

The following theorem gives us an upper bound on the uniformity of elements from X_Ω.

Theorem 4.3. Let X ∈ X_Ω. Then, the uniformity of X in Ω can be bounded above by ρ_{X,Ω} ≤ J^{−1}_d . Proof. Let D(X) be the Delaunay triangulation of the point set X. Then, the shortest distance between two distinct points from X is given by the length of the shortest edge in D(X), so that q_X = min_{T ∈D(X)} q_{VT} holds true. Moreover, we have (4.1) h_{X,Ω} = max_{y∈Ω} d_X (y) ≥ max_{v∈VX ∩Ω} d_X (v) = max_{T ∈D(X)} cT ∈Ω r_T . By using Theorem 3.1 we find

(4.2) ρ_{X,Ω} = q_X h_{X,Ω} ≤ min_{T ∈D(X)} q_{VT} max T ∈D(X)_{cT ∈Ω} r_T ≤ max T ∈D(X) cT ∈Ω q_{VT} r_T ≤ J^{−1}_d . □ In what follows we shall provide sufficient and necessary conditions for optimally distributed center sets. To this end, let us first notice the following simple Remark 4.4. Let X ∈ X_Ω be optimally distributed in Ω, such that ρ_{X,Ω} = J^{−1}_d . Moreover, let A ⊂ R^d satisfy X ⊂ A and h_{X,Ω} = h_{X,A}. Then, the set X is also optimally distributed in A, provided that V_X ∩ A is non-empty. Indeed, since the value of q_X is not affected we obtain ρ_{X,A} = J^{−1}_d .

The above observation naturally asks for the construction of maximal extensions of Ω, in which the set X ∈ X^∗_Ω is optimally distributed. This leads us to Theorem 4.5. Let X ∈ X_Ω be optimally distributed in Ω, such that ρ_{X,Ω} = J^{−1}_d . Furthermore, let h ≡ h_{X,Ω}, and let B = ⋃ x∈X B_h(x), where B_h(x) = { z ∈ R^d : ‖z − x‖ ≤ h } denotes the closed ball around x ∈ R^d with radius h > 0. Then, the following three statements are true.

(a) Ω is a subset of B, i.e. Ω ⊂ B;

(b) X is optimally distributed in B with ρ_{X,B} = J^{−1}_d ;

(c) X is optimally distributed in any intermediate subset A, Ω ⊂ A ⊂ B, with ρ_{X,A} = J^{−1}_d .

Proof. Obviously, the inclusion Ω ⊂ B holds true. Indeed, for every single y ∈ Ω we find d_X (y) ≤ h which implies y ∈ B_h(x) for a specific x ∈ X, and thus y ∈ B. Therefore, statement (a) is true.

As to (c), observe that h_{X,Ω} = h_{X,A} for Ω ⊂ A ⊂ B. According to the above Remark 4.4, we find that X is optimally distributed in A with ρ_{X,A} = J^{−1}_d . Since (b) is a special case of (c), this completes our proof. □ Before we shall turn to the construction of optimally distributed center sets we provide the following necessary condition.

Theorem 4.6. Let X ∈ X_Ω be optimally distributed in Ω, such that ρ_{X,Ω} = J^{−1}_d . Then, every simplex T ∈ D(X) whose circumcircle’s center c_T lies in Ω is regular. Proof. From (4.1) we conclude h_{X,Ω} ≥ r_T , and therefore, like in (4.2), we obtain ρ_{X,Ω} ≤ q_{VT} /r_T ≤ J^{−1}_d . But then, ρ_{X,Ω} = J^{−1}_d particularly implies q_{VT} /r_T = J^{−1}_d . According to Theorem 3.1, the simplex T is then regular. □ The above result suggests to use regular simplices for the construction of optimally distributed point sets. We further discuss this by providing the following Theorem 4.7. Let X be a finite point set, such that every simplex of its Delaunay triangulation D(X) is regular. Then, the set X is optimally distributed in its convex hull conv(X).

Proof. Without loss of generality let the edge lengths of the simplices be normalized, such that q_T = 1 holds for every T ∈ D(X). Under this assumption and by using h_{VT ,T} = J_d for every T ∈ D(X) we find for Ω = conv(X) the identity

h_{X,Ω} = max_{y∈Ω} d_X (y) = max_{T ∈D(X)} max_{y∈T} d_X (y) = max_{T ∈D(X)} h_{VT ,T} = J_d which, in combination with Theorem 4.3, completes our proof. □ The following theorem shows that the construction of optimally distributed point sets by using regular simplices does not necessarily require the involvement of Delaunay triangulations.

Theorem 4.8. Let {T_j }^m_{j=1} be a finite set of regular simplices of equal size, and let X = m⋃ j=1 V_{Tj} denote its vertices. If (4.3) h_{X,Tj} = h_{VTj ,Tj} for 1 ≤ j ≤ m holds, then the point set X is optimally distributed in Ω = m⋃ j=1 T_j . Proof. Without loss of generality, we assume that q_{VTj} = 1 for all 1 ≤ j ≤ m. This implies h_{VTj ,Tj} = J_d for 1 ≤ j ≤ m and therefore by using (4.3) we obtain

h_{X,Ω} = max_{y∈Ω} d_X (y) = max_{1≤j≤m} max_{y∈Tj} d_X (y) = max_{1≤j≤m} h_{VTj ,Tj} = J_d.

□ For the special case of two dimensions, Figure 1 displays one possible example for a set of equilateral triangles, whose vertices are optimally distributed in the triangles’ union Ω.

Figure 1. A set of equilateral triangles, whose vertices are optimally distributed in the triangles’ union Ω.

Finally, let us turn to concrete examples for optimally distributed point sets in two dimensions. In the following discussion, we restrict ourselves to the unit square, i.e. Ω = [0, 1]^2 ⊂ R^2 . For the construction of optimally distributed point sets in [0, 1]^2 we shall use the hexagonal lattice

H_2 = {jv_1 + kv_2 : j, k ∈ Z} ⊂ R^2 .

This particular infinite point set is generated by

v_1 = (1, 0) and v_2 = (1/2, √ 3/2). Moreover, every triangle of its (infinite) Delaunay triangulation D(H_2) is equilateral (and thus a regular 2-simplex). We find q_{H2} = 1 for its separation distance, h_{H2,R}2 = J_2 = 1/ √ 3 for its fill distance to R^2 , and thus ρ_{H2,R}2 = √ 3. Lemma 4.9. Let n ≥ 1, k_n = ⌊^{2n√}_3 ⌋, h_n =^{√3}_{2n} , and v_n = (0, y_n), where y_n = (1 − k_n · h_n)/2. Moreover, let

X_n = (v_n + 1/n · H_2) ∩ [0, 1]^2.

Then, the following three statements on X_n are true.

(a) X_n is optimally distributed in the strip

S_n = {(x, y) : 0 ≤ x ≤ 1; y_n ≤ y ≤ 1 − y_n} ⊂ [0, 1]^2; (b) q_{Xn} = 1/n, h_{Xn,Sn} = 1/( √ 3n), and ρ_{Xn,Sn} = √ 3; (c) The size of X_n is

#X_n = { (m + 1)(n + 1) + mn if k_n = 2m is even (m + 1)(2n + 1) if k_n = 2m + 1 is odd.

In the above definition of k_n, the symbol ⌊x⌋, x ∈ R, denotes the unique integer m satisfying m ≤ x < m + 1.

Proof. Note that (b) implies (a) provided that X_n ⊂ S_n holds true. Indeed, since J^{−1}_2 = √ 3, this would be a simple conclusion from Theorem 4.3.

Therefore, we first discuss the inclusion X_n ⊂ S_n. To this end, observe that for every point (x, y) ∈ X_n we obtain the representation

(4.4) y = y_n + h_n · k, 0 ≤ k ≤ k_n

for its second component with some integer k, whose range is limited as indicated above by the requirement 0 ≤ y ≤ 1. Therefore, X_n is contained in the strip S_n = [0, 1] × [y_n, y_n + h_n · k_n].

Next, we prove (b). Obviously, q_{Xn} = 1/n holds true. In order to show h_{Xn,Sn} = 1/( √ 3n), let D(X_n) denote the Delaunay triangulation of X_n (cf. Figure 2). Observe that each triangle T ∈ D(X_n) is either congruent to the equilateral triangle T_e with vertex set V_{Te} = {(0, y_n), (1/n, y_n), (1/(2n), y_n + h_n)}, or it is congruent to the boundary triangle T_b whose vertex set is given by

V_{Tb} = {(0, y_n), (0, y_n + 2h_n), (1/(2n), y_n + h_n)}.

In either case, we obtain h_{VT ,T} = h_{VTe ,Te} = h_{VTb ,Tb} = 1/( √ 3n), and therefore

(4.5) h_{Xn,conv(Xn)} = max_{T ∈D(Xn)} h_{VT ,T} = 1/( √ 3n). Now note that S_n = conv(X_n), whenever k_n is even in which case the set X_n comprises the two points (0, 1 − y_n), (1, 1 − y_n). If k_n is odd, then we obtain the inclusion conv(X_n) ⊂ S_n, with the difference set S_n \ conv(X_n) containing two boundary triangles, T_l and T_r, whose vertex sets are given by

V_{Tl} = {(0, 1 − y_n), (1/(2n), 1 − y_n), (0, 1 − y_n − h_n)} V_{Tr} = {(1, 1 − y_n), (1 − 1/(2n), 1 − y_n), (1, 1 − y_n − h_n)},

cf. Figure 2. In this case, since h_{VTl ,Tl} = h_{VTr ,Tr} = 1/( √ 3n) we obtain, like in (4.5), h_{Xn,Sn} = 1/( √ 3n). This together with q_{Xn} = 1/n implies ρ_{Xn,Sn} = √ 3 in either case as stated in (b).

Finally, let us turn to the remaining statement (c). To this end, recall the representation (4.4) for (x, y) ∈ X_n. Let us for the moment fix k in (4.4). If k is even, we see that X_n comprises n+1 points of the form (ℓ/n, y_n+h_n·k), 0 ≤ ℓ ≤ n. If k is odd, X_n comprises n points of the form ((1+2ℓ)/(2n), y_n +h_n ·k), 0 ≤ ℓ ≤ n−1. Altogether, we obtain

#X_n = ∑ 0≤k≤kn k even

(n + 1) + ∑ 0≤k≤kn k odd n,

which implies (c). □

Theorem 4.10. For n ≥ 1, let X_n be as in Lemma 4.9. Then, the set X_n is optimally distributed in the unit square [0, 1]^2 with ρ_{Xn,[0,1]}2 = √ 3 if and only if

(4.6) 2n √ 3 − ⌊ 2n √ 3 ⌋ ≤ 2 3 . Proof. Due to Lemma 4.9, the set X_n is optimally distributed in S_n ⊂ [0, 1]^2. According to Theorem 4.5, X_n is also optimally distributed in [0, 1]^2, if and only if

(4.7) max_{y∈[0,1]2\Sn} d_{Xn} (y) ≤ h_{Xn,Sn} = 1/( √ 3n) holds true. Note that the maximum in (4.7) is attained at the n boundary points

((1 + 2ℓ)/(2n), 0), 0 ≤ ℓ ≤ n − 1,

and, depending on the parity of k_n, also at either the n points ((1 + 2ℓ)/(2n), 1), 0 ≤ ℓ ≤ n − 1, or the n + 1 points (ℓ/n, 1), 0 ≤ ℓ ≤ n.

For x^∗ = (1/(2n), 0) we obtain

d_{Xn} (x^∗) = ‖x^∗ − v_n‖ = √ y^2_n + 1/(4n^2).

In combination with (4.7), this leads us to the requirement

y_n ≤ 1/(2 √ 3n). Recalling the definition of y_n, we see that this is equivalent to (4.6). □

We remark that, e.g., all of the numbers n = 1, 2, 3, 4, 7, 8, 9, 10 satisfy (4.6), whereas for n = 5, 6 this inequality does not hold. Therefore, the point set X_5 displayed in Figure 2 is not optimally distributed in the unit square (although it is optimally distributed in S_5).

The optimally distributed points sets X_2, X_3, X_4 ∈ X^∗_{[0,1]2} are displayed in the first column of Figure 3.

Figure 2. The point set X_5 ⊂ [0, 1]^2, and its Delaunay triangulation.

5. Numerical Results

The purpose of this section is to illustrate the utility of optimally distributed points sets for radial basis function methods. To this end, we considered studying the behaviour of radial basis function interpolation on three different sequences of subsets from X_{[0,1]}2 : • {X_n}_n; • {Y_n}_n, where Y_n ⊂ [0, 1]^2 is a perturbation of X_n with max_{y∈Yn} d_{Xn} (y) ≤ 0.2q_{Xn} ;

• {Z_n}_n, where Z_n ⊂ [0, 1]^2 is a perturbation of X_n with max_{y∈Yn} d_{Xn} (y) ≤ 0.4q_{Xn} .

Figure 3 shows the point sets Y_2, Y_3, Y_4 (second column) and Z_2, Z_3, Z_4 (third column). Moreover the three graphs of the corresponding fill distances h_{Xn,[0,1]}2 , h_{Yn,[0,1]}2 , h_{Zn,[0,1]}2 , and separation distances q_{Xn} , q_{Yn} , q_{Zn} , 2 ≤ n ≤ 4, are displayed in Figure 4.

For the four radial basis functions which were mentioned in the introduction, using the parameter c = 0.2 for multiquadrics, c = 0.4 for inverse Multiquadrics, and c = 8.0 for Gaussians, and all of the subsets X_n, Y_n, Z_n, 2 ≤ n ≤ 4, we have approximated the power function’s Čebyšev-norm ‖P_{ϕ,X} ‖_{L∞(Ω)}, and we computed the spectral condition number κ_2(A_{ϕ,X} ) = ‖A_{ϕ,X} ‖_2 · ‖A^{−1}_{ϕ,X} ‖_2 of the corresponding collocation matrices. The Figures 5,6 reflect our results, particularly the impact of the fill distance h_{X,Ω} on ‖P_{ϕ,X} ‖_{L∞(Ω)}, and of the separation distance q_X on κ_2(A_{ϕ,X} ). Note that in the numerical examples, for all 2 ≤ n ≤ 4, the optimally distributed set X_n ∈ X^∗_{[0,1]2} , is superior over the comparable two sets Y_n, Z_n ∈ X_{[0,1]}2 in terms of both its better approximation behaviour and its smaller spectral condition number:

κ_2(A_{ϕ,Xn} ) ≤ min (κ_2(A_{ϕ,Yn} ), κ_2(A_{ϕ,Zn} )) , 2 ≤ n ≤ 4, ‖P_{ϕ,Xn} ‖_{L∞(Ω)} ≤ min ( ‖P_{ϕ,Yn} ‖_{L∞(Ω)}, ‖P_{ϕ,Zn} ‖_{L∞(Ω)} ) , 2 ≤ n ≤ 4. References

1. K. Ball, Eigenvalues of Euclidean distance matrices, J. Approx. Theory 68 (1992), 74-82. 2. K. Ball, N. Sivakumar, and J. D. Ward, On the sensitivity of radial basis interpolation to minimal distance separation, J. Approx. Theory 8 (1992), 401-426.

3. A. Beyer, Optimale Centerverteilung bei Interpolation mit radialen Basisfunktionen, Master’s thesis, Universität Göttingen, 1994.

4. M. D. Buhmann, New developments in the theory of radial basis function interpolation, in Multivariate Approximation: From CAGD to Wavelets, K. Jetter and F.I. Utreras (eds.), World Scientific, Singapore, 1993, 35-75.

5. M. D. Buhmann, Radial Functions on Compact Support, Proceedings of the Edinburgh Mathematical Society, 41 (1998), 33-46.

6. Y. D. Burago and V. A. Zalgaller, Geometric Inequalities, Springer, Berlin, 1988. 7. J. H. Conway and N. J. A. Sloane, Sphere Packings, Lattices and Groups, Springer, New York, 1993.

8. J. Duchon, Splines minimizing rotation-invariant semi-norms in Sobolev spaces, in: Constructive Theory of Functions of Several Variables, W. Schempp and K. Zeller (eds.), Springer, Berlin, 1977, pp. 85–100.

9. N. Dyn, Interpolation and Approximation by Radial and Related Functions, in Approximation Theory VI, Vol. 1, C. K. Chui, L. L. Schumaker, J. D. Ward (eds.), Academic Press, 1989, 211-234.

10. G. E. Fasshauer, Solving partial differential equations by collocation with radial basis functions, in: Surface Fitting and Multiresolution Methods, A. Le Mehaute , C. Rabut and L. L. Schumaker (eds.), Vanderbilt University Press, Nashville, 1996, pp. 131–138.

11. G. E. Fasshauer, Solving differential equations with radial basis functions: multilevel methods and smoothing, Advances in Computational Mathematics 11 (1999), 139-159.

12. C. Franke and R. Schaback, Convergence Orders of Meshless Collocation Methods using Radial Basis Functions, Advances in Computational Mathematics 8 (1998), no. 4, 381-399.

13. C. Franke and R. Schaback, Solving Partial Differential Equations by Collocation using Radial Basis Functions, Applied Mathematics and Computation 93 (1998), no. 1, 73–82.

14. R. L. Hardy, Multiquadric Equations of Topography and other irregular Surfaces, J. Geophys.

Res. 76 (1971), 1905-1915.

15. H. Jung, Über die kleinste Kugel, die eine räumliche Figur einschließt, J. Reine Angew. Math.

123 (1901), 241–257 (in German).

16. W. R. Madych and S. A. Nelson, Multivariate interpolation and conditionally positive definite functions, Approximation Theory and its Applications 4 (1988), 77-89.

17. W. R. Madych and S. A. Nelson, Multivariate interpolation and conditionally positive definite functions II, Math. Comp. 54 (1990), 211-230.

18. C. A. Micchelli, Interpolation of scattered data: distance matrices and conditionally positive definite functions, Constr. Approx. 2 (1986), 11–22.

19. F. J. Narcowich and J. D. Ward, Norms of inverses and conditions numbers for matrices associated with scattered data, J. Approx. Theory 64 (1991), 69-94.

20. F. J. Narcowich and J. D. Ward, Norm estimates for the inverses of a general class of scattereddata radial-function interpolation matrices, J. Approx. Theory 69 (1992), 84-109.

21. M. J. D. Powell, The theory of radial basis function approximation in 1990, in Advances in Numerical Analysis II: Wavelets, Subdivision, and Radial Basis Functions, W. A. Light (ed.), Clarendon Press, Oxford, 1992, 105-210.

22. F. P. Preparata and M. I. Shamos, Computational Geometry, Springer, New York, 1988. 23. R. A. Rankin, The closest packing of spherical caps in n dimensions, Proc. Glasgow Math.

Assoc. 2 (1955), 139–144.

24. R. Schaback, Error Estimates and Condition Numbers for Radial Basis Function Interpolation, Advances in Computational Mathematics 3 (1995), 251–264.

25. R. Schaback, Creating surfaces from scattered data using radial basis functions, in Mathematical Methods for Curves and Surfaces, M. Dæhlen, T. Lyche and L. L. Schumaker (eds.), Vanderbilt University Press, Nashville, 1995, 477-496.

26. R. Schaback, Multivariate interpolation and approximation by translates of a basis function, in: Approximation Theory VIII, C. K. Chui and L. L. Schumaker (eds.), World Scientific, Singapore, 1995, pp. 491–514.

27. R. Schaback, Native Hilbert Spaces for Radial Basis Functions I, Preprint, Universität Göttingen, 1999.

28. R. Schaback, Native Hilbert Spaces for Radial Basis Functions II, Preprint, Universität Göttingen, 1999.

29. R. Schaback and H. Wendland, Inverse and Saturation Theorems for Radial Basis Function Interpolation, Preprint, Universität Göttingen, 1998.

30. R. Schaback and H. Wendland, Using compactly supported radial basis functions to solve partial differential equations, in Boundary Element Technology XIII, C.S. Chen, C.A. Brebbia and D.W. Pepper (eds.), WitPress, Southampton, Boston, 1999, 311-324.

31. H. Wendland, Piecewise polynomial, positive definite and compactly supported radial functions of minimal degree, Advances in Computational Mathematics 4 (1995), 389-396.

32. H. Wendland, Meshless Galerkin methods using radial basis functions, Preprint, Universität Göttingen, 1997, to appear in Math. Comp.

33. H. Wendland, Optimal approximation orders in L_p for radial basis functions, Preprint, Universität Göttingen, 2000, to appear in East Journal on Approximations.

34. Z. Wu, Multivariate compactly supported positive definite radial functions, Advances in Computational Mathematics 4 (1995), 283-292.

35. Z. Wu and R. Schaback, Local error estimates for radial basis function interpolation of scattered data, IMA J. of Numerical Analysis 13 (1993), 13–27.

Zentrum Mathematik, Technische Universität München, Arcisstrasse 21, D-80290 München, Germany

E-mail address: iske@mathematik.tu-muenchen.de

Figure 3. The point sets X_2, X_3, X_4 ⊂ X^∗_{[0,1]2} , Y_2, Y_3, Y_4 ⊂ X_{[0,1]}2 and Z_2, Z_3, Z_4 ⊂ X_{[0,1]}2 .

Figure 4. The fill and separation distances of the point sets X_n (green), Y_n (blue), and Z_n (red).

Figure 5. The condition numbers of the matrices A_{ϕ,Xn} (green), A_{ϕ,Yn} (blue), and A_{ϕ,Zn} (red), 2 ≤ n ≤ 4, for different radial basis functions.

Figure 6. The power functions’ Čebyšev-norm ‖P_{ϕ,Xn} ‖_{L∞(Ω)} (green), ‖P_{ϕ,Yn} ‖_{L∞(Ω)} (blue), ‖P_{ϕ,Zn} ‖_{L∞(Ω)} (red), 2 ≤ n ≤ 4, for different radial basis functions.