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Abstract

Let a,0 > 0 and let A and S be subsets of a finite abelian group G of densities o and
o independent of |G|, respectively. Without additional restrictions A need not contain a
3-term arithmetic progression whose common gap is in S. What is then the least integer
k > 2 for which there exists an 1 = 1(«, o) such that ||S||y () < n implies that A contains
a non-trivial 3-term arithmetic progression with a common gap in S7

For G = Z, (n sufficiently large and odd) we show that k = 3, while for G = F}} (p an
odd prime and n sufficiently large) we show that k = 2.

§1. INTRODUCTION

I. Given aset A C [N] with positive density (dense, hereafter), an additional set S C [N], and
an integer k > 2 we may enquire whether A contains a k-term arithmetic progression (kAP
hereafter) whose common difference lies in S (kSAP, hereafter). In the celebrated Szemerédi’s
theorem [18] we have S = [N]. In the far reaching generalisation of this theorem, namely the
polynomial Szemerédi’s theorem |[1| we allow a set S as follows.

THEOREM 1.1. (Polynomial Szemerédi’s theorem [1])
For every a > 0 there exists an Ny such that for all N > Ny the following holds.

Let A C [N] have density « and let Py,..., Py be polynomials with integer coefficients all
vanishing at zero. Then there exists a d # 0 such that A contains the (polynomial) configuration

z+ Pi(d),...,z+ Px(d).

IT. Pursuing a quantitative version of Theorem 1.1, Green [12] established the following.

THEOREM 1.2. (Green [12])
There ezists a constant ¢ such that any subset of [N] of density at least (loglog N)~¢ contains
the configuration {x,x + d3 + d3,x + 2d3 + 2d3} for some integers di and dg not both zero.

Currently, the sole non-ergodic proof in the direction of the polynomial Szemerédi theorem
is that of Green [12]. Notice that the set of allowed gaps S in Green’s result is dense in [N]
(see, e.g., [19, Corollary 4.15] and comments thereafter).

III. In view of Theorem 1.2, we focus on dense gap sets .S then; yet we decouple S from any
number theoretical definition. We consider the emergence of 3SAPs in a dense set A based
solely on the density and pseudorandomness level of S.



IV. Requiring only that S is dense is clearly insufficient!. Also insisting that S is a relatively
dense subset of a random set is insufficient?. If to consider the infinite setting as a guide to
which additional constraints should the set S satisfy, we see in this setting, already for the
case k = 2, that S N qZ # 0, for every q € 7Z, is necessary.

V. Pseudorandom steps. Imposing a certain level of pseudorandomness on the set S is
then natural. Conceptually, it is fairly obvious that if in addition to being dense S would also
be "sufficiently" pseudorandom then we expect® an abundance of 3SAPs to emerge in A. The
actual question here then is to quantify "sufficiently". We formulate this problem as follows.

PROBLEM 1.3. Let a,0 > 0 and let A and S be subsets of an abelian group G of densities
and o, respectively. What is the least integer k > 2 for which there exists an n = n(a, o) such
that ||S||x < n implies that A contains a non-trivial 3SAP?

Here, || - ||+ denotes the kth Gowers norm.

VI. Random steps. The emergence of 3SAPs for a random set S was considered in [5, 3]
and these results were improved recently in [6]. By these results we have the following. Let n
be sufficiently large and choose a dense set A C [1,n]. Next, draw uniformly at random a set
S C [1,n] of density > w(n)n~'/2, where w(n) — oo with n. Then, with high probability, A
contains 3SAP.

The results [, 3, (] are all proved using ergodic methods. It would be interesting to see
infinitary proofs of these results.

VII. Throughout our notation is that of [19], with the exception that the characteristic
function of a set X is denoted X(+).

§1.1 OUR RESULTS.

I. We consider Problem 1.3 for the groups Z,, and Fy (p odd prime). For the former, we show
that & = 3 (Theorem 1.6) and for the latter we show that k = 2 (Theorem 1.7).

II. Two point configurations (2SAPs). Prior to our main results, we address a simpler
problem. That is, given two sets A and S in Z,, let us now consider the emergence of 2SAPs
in A: two points z,y € A such that x —y € S. The following asserts that a weak pseudoran-
domness assumption is sufficient to ensure the emergence of 2SAPs in Z,, (unlike the situation
for 3SAPs in this group).

PROPOSITION 1.4. Let S C Z,, be symmetric*. Then, any set of density at least ||S||./||S|| L1,
contains a 25AP.

Here, [|S||,, denotes the linear bias of S given by

ISla = sup |S(&)| = sup |Esez, S(x)é(x)], (1.5)
€EZ,\D £€Z,\0

where S : Zn — C is the Fourier transform of S.

!Consider: A = (%N7 N]and S = (%N, %N]

2Take A to be the even numbers and S to be the intersection of the odd numbers with a dense random set.
3Not in the probabilistic sense.

A set X C Z,, is called symmetric if x € X <= z e X.



Put another way, for a symmetric set S that is pseudorandom in the weak sense of ||.S||, =
e(n)||S||r1, e(n) > 0, we have, by Proposition 1.4, that every subsets of Z,, of density > e(n)
contains a 2SAP.

III. 3SAPs in Z,. Let us now consider Problem 1.3 for sets A and S taken in Z,. Unlike the
situation for 2SAPs, here an assumption on ||.S||y, is insufficient; and k > 3 (k per Problem 1.3)
is required.

To see this, fix € < 1/10 and an irrational number 9. Consider the sets

A={z modn: |z <e}
and
S={d modn:|2d*Y| >1/2—¢},

where ||t|| = min{{t},1 — {t}} is the distance from ¢ € R to the closest integer and where {t}
denotes the fractional part of ¢.

The sets A and S, just defined, are both dense and highly pseudorandom in the sense
that |All, = o(|A]) and ||S|l. = o(|S]) (so that there U? norms are arbitrarily small) [11,
pp. 9 — 10].

Nevertheless, A contains no 3SAPs. Assume towards contradiction that (x,z + d, x + 2d)
is a 3SAP in A (i.e., d € S). Then

| = 2(z +d)*0|| = [|2(z + d)*3|| < 2[(z + d)*9] < 2.
Observe that
||2d219H = ||(302 —2(x + d)2 +(x+ 2d)2)19|] < 4e

contradicting the assumption that d € S and satisfying ||2d?9|| > 1/2 — e.
On the other hand we show that k£ < 3; in particular we prove the following.

THEOREM 1.6. Let a > 0 and o > 0 there exists an n > 0 and ng such that for every n > ng
the following holds.

Let A and S be subsets of Zy, of densities v and o, respectively, and such that ||S|[ys(z,) < n-
Then there exists a constant C such that A contains at least® C|S|n 3SAPs.

In our proof of Theorem 1.6 we may have
ng = expexp(a ) /oD(a).
where K and D(«) are defined in § 3.

IV. 3SAPs in Fj. Throughout, p is an odd prime. Unlike Z,, we show that for F}} an
assumption on ||S||y2 is sufficient. In particular, the following is our main result.

THEOREM 1.7. For every a > 0 and o > 0 there exist an n > 0 and an ng such that for
every integer n > ng the following holds.

Let A and S be subsets of F)) of densities o and o, respectively, such that ||S[l, < no.
Then, there exists a constant C' such that A contains at least C|S|p"™ 3SAPs.

Here, though possible, we do not quantify nyg.

®As for n sufficiently large |S|n > |A| this means that non-trivial 33APs are captured.



V. About the proofs. For the proof of our main result, Theorem 1.7, we employ the so

called arithmetic regularity lemma established by Green and Tao [15]; we apply it for the U3
norm in Fp.
Theorem 1.6 is a consequence of the inverse U? theorem [14], and the fact that for a dense

subset A C Z,,, the set
S3(A) ={d€Zyp :{x,x+d,x+2d} C A, v €A}, (1.8)

(consisting of elements d € Z,, which form a common difference of some 3-term arithmetic
progression in A) is essentially "almost periodic" (in a sense that will be made clear in § 3) as
shown recently by Candela [2].

VI. Organisation. In § 2 we prove Proposition 1.4; then in § 3 we prove Theorem 1.6; finally,
in § 4 we prove our main result, namely Theorem 1.7.

§2. 2SAPsS IN SUBSETS OF Z,

In this section we prove Proposition 1.4; this is a special case of the following. In this
section only it is more convenient to use the counting measure on Z, and the uniform measure
of Z,, when defining Fourier coefficients. That is, in this section only we write

IS]lu = sup [S(&)| = sup
£€Z,\0 £€7n

> S(@)é(x)

Q?GZn

, (2.1)

instead of (1.5).

PROPOSITION 2.2. Let A and S be subsets of Z,. If for every s € S the set A contains

no two points x and y such that v —y = s and contains no two points ¥’ and y' such that
x' —y' =571, then |A|/n < ||S]|./]S].

Proof. Given S C Z,, let Gg denote the undirected Cayley graph generated by S; that is
Gs = (V,E) where V = Z,, and E = {oy : 2,y € Zp, v —y € S}. A stable® set A C V
corresponds to a subset of Z,, satisfying the property that for every s € S there exist no two
points x,y € A with £ — y = s and there exist no two points 2’,y € A with z —y = s~ L.

Suffices now to provide an upper bound on a(Gg), the size of the largest stable set in Gg.
As Gg is |S|-regular, i.e., all vertices have degree |S|, we have that

- Amin

<
a(GS)/n o )\1 - >\min

(2.3)

by a result of Hoffman [16]; where here
‘S’:)\l > A2 2 Ay = Amin

are the eigenvalues of the adjacency matrix of Gg.

The adjacency matrix of Gg is circulant and so its eigenvalues are the Fourier coefficients
of S; see, e.g., [1] or [17, Chapter 11, exercise 8]. In particular, —Amin = |Amin| < ||S]l4; as a
result (2.3) becomes

—Amin ”SHU
<
O{(GS)/’I’L = /\1 — )\rnin < ‘S|

and the claim follows. [ |

SA set of vertices in a graph spanning no edges between its members is called stable.



§3. 3SAPsS IN SUBSETS OF Z,

In this section, we prove Theorem 1.6. Throughout this section A and S are subsets of
Zy, (n sufficiently large as we shall see) of densities a and o respectively, where the latter are
both independent of n. Also, throughout this section, S3 = S3(A) is the set defined in (1.8).

§3.1 PRELIMINARIES.

We require the inverse U theorem in the form [10, Theorem 3.2] and also a result of
Candela |2] detailing the structure of the set S3(A) (see (1.8) for a definition).

I. Quadratic averages. Let G and H be finite abelian group, let X C G, and let v: X — H.
The function + is called linear on X if it vanishes along any parallelogram contained in X,
that is to say, for any (z,2 + hy, o + ha,z + hy + ha) € X* we have that

v(x) = (@ + h1) = y(x + h2) + y(z + h1 + hg) = 0.

The function -y is called quadratic on X if it vanishes along all parallelepipeds contained in X;
that is for any

(z,2 +hy,x+ hy,x + hg,x + hi1 + ho, x4+ hy + h3, x + hy + ha,x + hy + hy + h3) € X3
we have that
v(x)—y(x+h1)—vy(x+h)—y(x+hs)+y(x+h1+he)+vy(x+hi+hs)+y(z+he+hs)—y(x+hi+he+hs) = 0.

Let B be a regular Bohr set” in Z, and let ¢ : B — T be quadratic on B. A quadratic
average of base (B, q) in Zy is a function @ : Z,, — C given by

Q) = Eyco—p e(qy(z)), (3.1)

where for each y, the mapping g, is a quadratic map on B given by g, (z) = q(x —y) +¢y(z—y)
such that for each y, the mapping ¢, : B — T is linear on B.

The complezity of a Bohr set B = B(K, p) with frequency set K and radius g is the pair
(|K|,0). A Bohr set B is said to have complexity at most (d, o) if there exists a set K of
cardinality at most d and a ¢’ > p such that B = B(K,¢'). The complezity of a quadratic
average is that of the Bohr set appearing in its base.

II. Throughout this section, Cy = 22*. The following is the so called inverse U3 theorem as
this appears in [10, Theorem 3.2].

THEOREM 3.2. (The inverse U3 theorem) Let f : Zy — C with || f|loc <1 and || f]ly3(z,,) > 6.
Then there exists a reqular Bohr set B of complexity at most ((2/6)°°, (6/2)°°) and a quadratic
map q : B — Zy such that |(f, Q)| > (6/2)°°/2 where Q is a quadratic average with base

(B,q)-

"We refer the reader to [19, Chapter 4] for the terminology and basic properties involving Bohr sets.



ITI. The structure of S3(A). By |2, Lemma 3|

1S5l ey < 02, (33)
where || - ||*U3(G) denotes the dual U norm given by
sy = s 19l (3.4)

91”9HU3(Z”)S1

with f,g: Zn — C and (f, 9) = Ezez, f(2)g().

Functions with bounded dual U3 norm admit a "simple" structure in the sense that these
can be expressed as a small sum of quadratic averages (see (3.6) for a rigours explanation).
This qualitative statement was made quantitative by Candela |2, Theorem 4| who specialised
the Gowers-Wolf decomposition theorem |10, Theorem 7.5 for functions with bounded dual
U3 norm.

By (3.3) and [2, Theorem 4| we have the following.

THEOREM 3.5. (The structure of S3)
Let >0 and 6 > 0; set
d = (22%2/5)%, 0 = (§/2a%/%) %,

and let £ € (0,2717d=468).
If AC Zy, n odd, is a subset of density o then:

k

S3(x) =) Ui()Qi(x) + g(x) (3.6)

i=1
such that the following holds.
1. For each i € [k], Q; is a quadratic average on G of complexity at most (d, &p/400d4%).
2. The functions U; : G — C satisfy the the following.

(a) Yk Uil < 4d, and
(b) for eachi € [k], Ui(x) = Wi(w)+Vi(x) such that | Vi 11y < 296€d and W72y <
4773/4617 where 7y is the density of a Bohr set of complexity at most

(K, ) = (2d + 296724 (4d)"?, 27108598 (44) ~24¢0q~0479).
3. k < 32(d/s)>.

4- gl < 34.

IV. For future reference, let us note here that by a result of Gowers |7, &|, if A C Z,, has
density a (independent of n), then there exists a constant L such that whenever n > n, then

|S3|/n > C(a), (3.7)

where
ne = expexp(a~t). (3.8)



§3.2 PROOF OF THEOREM 1.6.

We now prove Theorem 1.6. Throughout the proof we shall only use the fact that ~
(per Theorem 3.5) satisfies v > /Xl (K per Theorem 3.5), by [19, Lemma 4.20]. For future
reference, we note here that this lower bound is a function of § and & (per Theorem 3.5) and
we denote it by

B =p(8,€) = ol (3.9)

Proof of Theorem 1.6. Given A,S,«a, and o as in the premise of Theorem 1.6, we put
S3 = S3(A). For every n > n, (per (3.8)), we show that for every v > 0 there exists a choice
for n (per Theorem 1.6) such that

SN S5l IS]1Ss]| _

— )

(3.10)

n n n

and thus bound the deviation of |S N S3| from what one would expect it to be if S was truly
random. Theorem 1.6 is then clearly implied by (3.10).

In what follows then we prove (3.10). Given v, set:

v R R v 0?
T A O T T R TIa (3:11)
where d and p are as in Theorem 3.5. In addition, set 7 so that
43352 6 2
000 < ming L2007 S (3.12)

106 7 40044
where (3 is as in (3.9). In particular we have: 0 <n<e<d<land0<n<{<d <1
Set fs(z) = S(z) — |S|/n and note that

n n

'\Sﬂ&al _ IS g v sy )1

Then, Theorem 3.5, applied with A, «, d, and &, yields
k
[(fs * S3)(0)] < | Y Eyez, Uiy) Qi) fs(—y)| + [Eyez,, 9(y) fs(~y)|
i=1

k k
<> Eyer, Wi@)Qi) fs(—0) + 1D Byer, Vi)Qi(w) fs(—v)| + [Eyez, 9(v) fs(—v)
=1 =1
(3.13)

where Q;,U;, W;, Vi, g, and k are as in Theorem 3.5.

In what follows, we provide upper bound estimations for each of the terms appearing on the
right hand side of (3.13). The term involving g can be upper bounded by ||g[|z1(z,); indeed,
it is not hard to verify that since ||.S]|coc < 1 we have that

Eyez, 9()fs(=y)l < 2|9l z,)- (3.14)

Consider the term on the right hand side of (3.13) involving V;. As ||S|l < 1 and since
|Qillooc <1 for every i € [k], we have that for every i € [k]

[Eyez, Viy)Qi(y) fs (=)l < 2[VillLrz.,), (3.15)



so that

\ZEyezn Qi(y)fs(—y)| < 2klliel?k>}<||ViHL1(zn)- (3.16)

Consider the term on the right hand side of (3.13) involving W;. For each i, we have that
HVVZ'H*U?(Zn) < 4673/4d (by Theorem 3.5), where || - H?J?(Zn) denotes the dual U? norm given by

12z = sap [(f,9)]-
Q:HQHUQ(Zn)Sl

The following version of |2, Lemma 2| then provides a useful decomposition of W;.

LEMMA 3.17. Let f : Z, — C and let ( > 0. Then there exists a g : Zn, — C satisfying
If - 9HL2(Z,L) < ¢, [suppg| < (||f”*UQ(Zn)/C)4'

By Lemma 3.17, applied to W; with ( = ¢ (and € as in (3.11)), we have that W; = g; + h;
where ||h;||12(z,) < € and [supp gi| < L; where L; < (HWiHEQ(Zn)/g)‘l. Now, the term on the
right hand side of (3.13) involving W; satisfies

k k k
1> Eyez, Wi)Qi() fs(—)| <D | Byez, 9:(y) Qi) fs(—)+ D | Eyez, hi()Qi(y) fs(—y)l.
i=1 =1

i=1
(3.18)
By Cauchy-Schwarz and the fact that ||S]|c < 1 and ||Q;]|cc < 1 for each i € [k], we have that

ZlEyezn Qi(y)fs(—y)| < 2k£r61%€>]‘:||hi||L2(Zn)' (3.19)

In addition, we see that

!
> 1 EByez, 9i()Qiy) fs(—y)| < ZL | Eyez, Qi (y)fs(=y)l, (3.20)
=1

where @} is as follows. For a given y € Z,, we have that g;(y) = ryewy as this is a complex
number. The assumption |supp g;| < L; implies that |r,| < L; for every y € Z,,. Consequently,

we may write

k k
D | Eyez, gi()Qi() fs (=) <> | Byez, Lie™ Qi(y) fs(—y)|
=1 i=1

k
<Y LilEyez, € Qi(y) fs(—y)-
=1

For a quadratic average Q;, let gy () = ¢i(x — y) + ¢y.i(x — y) denote the quadratic form
defining Q; (see (3.1)). Put ¢y ;(2) = ¢y ;(2) + Uy; which remains linear. Let, now g ;(z) =
gi(z —y) + ¢, ;(r — y), and define Q; to be the quadratic average defined over g; ; (per (3.1)).

Coming back to (3.20), we seck to estimate | Eyez, @7 (y) fs(—y)|. We invoke Theorem 3.2
as follows. Put m(z) = f_g(x)/2; so that ||m||e < 1 (since ||f_s|loc < 2), and observe that
Imllvsz,) < [1SIlusz,)/2 < n/2. Then, by Theorem 3.2, we have that

|(ms, Q)| = | Eyez, Qi (y)ms(y)| < (n/4)/2, (3.21)



provided that

4\
i< <> 7 (3.22)
n
and that there exists a & € (0,2717d~46%) for which
1m0 §o
- < = 3.23
(4) ~ 400d44’ (3:23)

where d, £ and p are as in Theorem 3.5, and we recall that each @; is defined on a Bohr set of
complexity at most (d,£0/400d4%).

By our choice of n (see (3.12)) both of these conditions ((3.22) and (3.23)) are satisfied.
Then, (3.21) and the observation that || fs||ys(z,) = | f-sllus(z,) yield that

X 1m0
[Eyez, Qiw)fs(-u)l < (7) (3.24)
As a result, we now have that if (3.22) and (3.23) both hold then
k
S Eyen, 0@ fs (o) <k (1) max L (3.25)
P " - 4 i€[k]

Collecting all of the above estimations (i.e., (3.14), (3.16), (3.19), and (3.25)) we arrive at
(s SO < k(040 s Lo b il e+ 2o [Vl 1z, + 2y (3:20)
It is not hard not to verify that due to our choice of constants (see (3.11) and (3.12)) each of

the terms appearing on the right hand side of (3.26) is at most v/4.
This concludes our proof of Theorem 1.6. |

§4. 3SAPS IN SUBSETS OF F)

In this section, we prove our main result, that is Theorem 1.7. In § 4.1 and § 4.2 we prepare
for the proof of Theorem 1.7 presented in § 4.4

§4.1 A GENERALISED VON NEUMANN TYPE LEMMA.

The aim of this section is to prove Corollary 4.19 stated below.

I. Let G be a finite abelian group. For h € G and a function f: G — C, we write

A(f,h)(@) = f(@)F(@ + B). (4.1)
With this notation we have that
d d—1
1£1Za(y = Baea 1A ) Fass s (4.2)

whenever d > 2 [19, Chapter 11]|. Also, for S C G and any h € G, it is not hard to see that
IA(S, )llv2(c) < 1SNz (4.3)
In addition, let us record here for future reference the elegant quality
12y = Il (4.4

see e.g., [19, pg. 419].



II. Given S C G, we consider

|Ezeq.des f1(x) f2(w + d) f3(x + 2d)| = |Erca dgea f1(x) f2(x + d) f3(z + 2d)us(d)|,  (4.5)

where pg(z) = S(z) (Epeq S(z))™" = S(@)/ISl 1 (@), and seek to provide an upper bound
estimation in the case that S is dense and pseudorandom in the sense that ||S|[y2(¢) is small.
This estimation is presented in Corollary 4.19. In the next lemma we consider (4.5) without
the normalisation by [|S|L1()-

LEMMA 4.6. Let k > 3 be an integer, let F = {f1,..., fu} € C% be a collection of complex
valued functions over G, and let S C G. If ||flloo < 1 for each f € F\ {g} for some g € F,
then

1/2k—1
Evacq fi(@) -+ fu( + (k= D)DS@] < (I3 + IShllSIze) — Nollone) A7)

REMARKS.

1. For our needs, the case k = 3 is sufficient; nevertheless, treating an arbitrary k is not
much of a burden.

2. As in Theorem 1.7 the set S is dense, we can make do with the weaker bound

[Exgec fi(@) - frlz+ (k= 1)d)S(d)] < [lglly ) (4.8)

instead of (4.7). Nevertheless, we find (4.7) more insightful and since its proof does not
significantly prolong the argument we provide its proof. In Paragraph § 4.1.I111 below we
indicate what is to be altered in order to attain (4.8) with a slightly shorter argument.

3. Comparing (4.7) or (4.8) with the traditional generalised von Neumann theorem [19,
Lemma 11.4] we see that when S = G then one can replace U* in (4.8) with U*~!. In
the sequel this is precisely the reason why our approach of using the arithmetic regularity
lemma to prove Theorem 1.7 is applied for the U3 norm and not with the U? norm.

Proof of Lemma 4.6. The proof is by induction on k. We assume, without loss of generality,
that fo = g and show that

1/2k-1
Eraeq fil@) - fule + (k= D)S@] < (IS0 + 1SIllSlg) I falloxe): (49)

We begin by following the traditional argument for the generalised von Neumann theorem
for arithmetic progressions [19, Lemma 11.4]. By Cauchy-Schwarz, we may write

| Epgecfi(@) - fulz + (k —1)d)S(d) |?
< Hfl“%Z(G) Evei |Bace fo(z +d) - fr(z + (k — 1)d)S(d)]”
< Eseq |Eaec fo(z +d) - frlz + (k= 1)d)S(d)[*; (4.10)

For the right hand side of (4.10) we have

Evei | Egec folz +d) -« fr(a + (k — 1)d)S(d) |?

= Eocc (Bacg fo(z +d) - - (e + (k = Dd)S(d)) (Bace fo(x + d') - fr(e + (k — 1)d)S(d'))
= Epgaca folz+d) fo(z+d) - fr(z+ (k= 1)d) fi(z + (k — 1)d")S(d)S(d).

10



Setting y = x + d and h = d’' — d in the last expression yields

= Eynaec fo(y) faly +h) - frly + (k = 2)d) fuly + (k = Dh + (k — 2)d)S(d)S(d + h)

= Eynaca A2, 0)(Y) - Alfe, (k = D)) (y + (k = 2)d)A(S, h)(d)

< Eneg [Eyaec A(f2, h)(y) -+ Afr, (k = D)h)(y + (k = 2)d)A(S, h)(d)] . (4.11)
Combining (4.10) with (4.11) yields

| Exgecfi(@) - fiulz + (k—1)d)S(d) |?
< Eynacc Alf2,h)(y) - A(fi, (k = Dh)(y + (k — 2)d)A(S, h)(d). (4.12)
The induction base. At this point we depart from the traditional argument for the gener-
alised von Neumann theorem for arithmetic progressions [19, Lemma 11.4]. To establish the

induction base, we now consider (4.12) for k = 3. By Fourier inversion, the right hand side of
(4.12) can be written as follows

Eyan (Z A@,\fz)(sl)a(y)) (Z A(f3,2h)(E2)éx(y +d>) (Z A@)(@)&(d))

&1eG &ed INe
=Encc Y. Alf2 h)(E)Afs2h)(E)A(S, 1) (E) Eyec &1 (1)éa(y) Bace 2(d)és(d)
51,5275366
= Encc Y Alfa. h)(€)A(f3,20) (—E)A(S, 1) (6), (4.13)
¢eq

where the last equality is due to orthogonality relations.
The absolute value of the summand in the sum appearing on the right hand side of (4.13)

so that

is at most ||A(f2, h)A(f3,2h)A(S, h)”el(@)3

| Ex e fola +d) fa(w +24)S(d) [* < Bnee |A(f2, WA(f, 2NAS ) |pg  (414)

so that by Holder’s inequality we arrive at
< Enec 1802 1)l | A5 21) | a ) |ACS, Bl o -
Then, by (4.4) and the Parseval equality:
= Enea A2, D)oz |A(f35 20) |2y A (S, ) | 2y
By (4.3), [[A(fs,2h) lv2(c) < 1 fsllv2(q); and as || f3]lc < 1 then [|f3][yr2() < 1 so that:

< Enea 1A(f2, M) lo2 @) 1ACS; W) || 2 - (4.15)

At this point we note that as S is a boolean function so is A(S,h); then for any fixed
hedG
#{(r,x+h) e S}
N )
ie., [JA(S, h)H%Q(G) is simply the density of configurations of the form (x,z + h) in the set® S.
Now, as

Esea S(2)S(@ + h) = [SO) £ 111122 = 15121 % I181ul1ST 11,

8 At this point it is insightful to think of S as a truly random set in which case we expect || A(S, h)||2L2(G) ~
ISIZs-
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(where we again use the fact that S is boolean), we arrive at

) 1/2
1A, )26y = (151316 £ IS HullSloe)

in particular, (4.15) now reads

1/2
| Exgec fo(z +d) f3(z +2d)S(d) |* < (HSH%I(G) + HSHUHSHLl(G)) Enea |A(f2: ) o2 ()
Observe now that

(Ence |1Af2, M) 2@ )* = ((Enea 1A, W) lo2(ey )* )
< (Enec 1A(f2 D)7 )’

(4.2)
< Enca 1A W2y = 1205560 (4.16)

where both inequalities are due to Cauchy-Schwarz. Consequently,

1/4
| Bvdea fola+d) fo(o +20)8(d) | < (18121 6) + ISIlSIzie) I falloae)
yielding (4.9) for k = 3 as required.

The induction step. Suppose then that k£ > 3 and that (4.7) holds for k¥ — 1. From (4.12)
we have that

| Evaecfi(@) - fu(z + (k = 1)d)S(d) [
< Enea | Bygec A(f2, h)(Y) - - Alfr, (k= Dh)(y + (k = 2)d)A(S, h)(d) | . (4.17)

The function A(S, h) is boolean. Moreover, ||A(f;, (i — 1)h)||c < 1 since || fil]|co < 1 for each
i € [3, k]. Consequently, the inner expectation in (4.17) is

9 1/2]972
< (18133 + ISHlSIzey) A2 Pl

by the induction hypothesis. Observe now that

2kt k—1 (4.2) k
(EhEG’HA(fZah)HU’“*l(G)) < Ehea 1A Ty = If2lFks (4.18)

where the first inequality follows by k& — 1 applications of Cauchy-Schwarz. Assertion (4.9)
now follows. |

ITI. Regarding (4.8). Now that we have seen a proof for (4.7), let us revisit the weaker (4.8).
To prove the latter with a slightly shorter argument, consider the induction basis of the
argument above; in particular, consider (4.14) which we recall here:

| Evacc fo(x +d) fa(x +24)S(d) [* < Bre | A2 ) A5 2 AS, D) )

Now, apply Holder’s inequality as to attain

—_— — e~

< Encr | 80211 gy 1A 20) o | ATS D) g

12



(compare the application of Holder’s inequality here and that used in the proof above). Then
by (4.4) and Parseval’s equality

= Enca |Af2, P)lo2() 1A (S35 20) | L2 (e |ACS, W)z (-

As S is boolean, then [|A(S, h)|[y2(q) < Sl < 1, and as || f3]|c < 1, by assumption, then
IA(f3,2R)||2(c) < 1; consequently we get

< Enea l1A(f2; M) lo2()-

From here continue as in the argument above (with the necessary modifications to the induction
step).

To summarise the difference between the proofs for (4.7) and (4.8), we see that for the
former we allow the nature of S to take part in the estimate by considering the count of
some two point configurations in it. For the latter, we ignore S by taking the trivial bound
IS, W)l < 1

IV. As mentioned above, we are in fact interested in an upper bound for (4.5). The following

corollary of Lemma 4.6 provides such an upper bound.

COROLLARY 4.19. Let k > 3 be an integer, S C G a subset, and let F = {f1,..., fx} C C%
be a collection of complex valued functions over G. Suppose that || f|leco < 1 for each f € F\{g}
for some g € F. Then,

k—1
)1/2

[Eveqaea f1(z) - fe(@ + (k= 1)d)pus(d)| < (”SH%l(G) + 1SNl SllLr () lallor e IS171 g

(4.20)

V. As mentioned in the remarks made after the statement of Lemma 4.6, for our needs the
weaker bound

Esec.aec fi(z) - fule + (k= D)d)us(@)] < gllure) ISz (4.21)

shall suffice.

VI. For pseudorandom sets S in the sense that [|S||,, is dominated by ||S|[11 () we have that
||SH%1(G) dominates ||S|[.[|S||z1(q) so that (4.20) for k = 3 becomes

|Erec.dec fi(z) fo(z + d) f3(z + 2d) ps(d)| < |’9”Uk(c)||5||211(/é)-

This type of bound is too weak to handle sets S of density o(1).

§4.2 THE ARITHMETIC REGULARITY LEMMA FOR U2 IN Fy.

The aim of this section is to state Theorem 4.25; the so called arithmetic regularity lemma
for the U2 norm for functions over ;. The general version of this decomposition theorem was
established by Green and Tao in [15]. For us, the version of [13] is sufficient and we state it
here. Some preparation is required.
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I. Factors. Let fi,..., fr € C'». A g-algebra of [y with each of its atoms of the form

{xeFy: filw) = 21,..., fr(z) = 2},

where (z1,...,2;) € C, is called a factor of Fj. A factor of F} each of whose atoms has
the form {z € F) : (riz,... ,r,?a:) = a} where 71,...,7,a € Flg is called a linear factor of
complexity k, and we say that this linear factor is generated by the values r1,...,r; € Fy.

We use the members of ]F’; in order to represent the various atoms of such a linear factor by
mapping a member x € F} to the vector (riz,...,rfz) e IF";.

DEFINITION 4.22. [Quadratic factor]

Let r1,...,7ra, € Fy and let My, ..., Mg, be symmetric n X n matrices over Fy. Let By be
the linear factor generated by r1,...,7q,, and let By be the factor generated’ by the quadratic
forms Mz, . .. ,:cTMd2x and the linear forms T;P:c, . ,Tglx, The pair (B1,B2) is called a

quadratic factor of complexity (dy,ds).

Let (B1,Bz) be as in Definition 4.22. The atoms of B are indexed using the elements of
IFgl as described above. In a similar way, the atoms of By are indexed using the elements of
IFgl X IF'Z% that is, we map an x € F)) to the pair

(D(x), ®(z)) = ((riz, ... ,rglaj), (zTMyz, ..., 2" My,2)) € Fgl X ]FgQ.

We identify an atom of a quadratic factor with its index. Given a pair (a,b) € Fgl X FgQ
that indexes an atom of Bz and an element x € Fy, we write x € (a, b) to denote that x belongs
to the atom whose index is (a,b), i.e., that (I'(x), ®(x)) = (a, b) holds.

IT. For a o-algebra B of ) and = € [}, we write B(x) to denote the atom of B containing .
Then, given f € C» we write

E (f|B) (v) = Epa f = |B(1)| S fw) (4.23)

y€EB(z)

to denote the average of f over the atom of B containing x. The function E (f|B) : G — C is
called the conditional expectation of f with respect to B.

We say that g € C'7 is measurable with respect to B if it is constant on each atom of B.
By definition, the conditional expectation E(g|B) of any function g € C*7 is measurable with
respect to B.

III. Let AC IF;‘. Let us record here for future reference the fact that

E(A|B) € ]0,1] (4.24)
since E(14|B)(x) = |AN B(x)|/|B(z)].
IV. We write rk M to denote the rank of a matrix M. A quadratic factor of complexity

(d1, ds) satisfying
rk ()\1M1 —+ -+ )\dgMdg) >r

for any A1,..., g, € Fp, not all zero, where My, ..., My, are the symmetric matrices involved
in its generation, is said to have rank at least r.

9The atoms of B> have the form
T T T T
{zeFy:raz=ci,...,rgx =cqgandz Mix =z,...,¢ Mg,z = z4,},

where (71,...,74,) € Fi* and (z1,...,z4,) € Fi2.
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V. We are ready to state the regularity lemma that we shall be using. This can be found
in [13, Proposition 3.12] and also in [9, Theorem 3.5].

THEOREM 4.25. (The arithmetic regularity lemma for U in F7)

For every real 6 > 0 and every two growth functions wyx,wuni : Ry — Ry (which may be

independent of 0) there exists an ng such that for every integer n > ng the following holds.
For every function f : ¥} — [=1,1] there exists a constant do, a quadratic factor (Bi, B2),

and a decomposition f = fstr + funi + fneg satisfying the following terms.

1. The complezity of (B1,Bz) is at most (dy,ds) where dy,ds < dp;
2. the rank of (B1,B2) is at least wy(dy + d2);

3. and
fstr = E(f[B2), ||fnegHL2(]Fg) <9, and ||funi||U3(Fg) < 1/wuni(dr + dz).

§4.3 COUNTING 3SAPS ALONG ATOMS OF QUADRATIC FACTORS.

I. The aim of this section is to establish Lemma 4.31. The purpose of this lemma is to count
3SAPs along a function of the form of fs, (see Theorem 4.25) that we shall obtain after
regularising the set A in the proof of Theorem 1.7 (see § 4.4).

IT. As fy, is constant on the atoms of the quadratic factor (over which it is defined) this task of
counting reduces to considering three atoms (a9, 5©), (¢, b(1), and (a?, b?) of a quadratic
factor and counting triplets of the form {z,z + d,z + 2d} satisfying d € S, = € (a(?,b0),
z4de (aV,b1), and z + 2d € (a®,b?).

III. For reasons arising in the proof of Theorem 1.7 we shall need to consider quadruplets of
atoms instead of triplets of atoms. For further discussion on this issue see Paragraph § 4.4. IX.

We require some preparation.

IV. Throughout, w = ¢2™/P. The following is the well-known estimate for Gauss sums over
Fy (cf., [9, Lemma 3.2] or [13, Lemma 3.1]).

LEMMA 4.26. (Gauss sums over )
Let M be a symmetric n X n matriz over Fy, of rank r and let b € F}). Then,

T Mz+bTx < p—r/2.

Exeﬁ?g w

V. The size of an atom of a quadratic factor of Fj can be estimated as follows; see [9,
Corollary 3.9] or [13, Lemma 4.2].

LEMMA 4.27. (Size of an atom)
We have
|{:U SRS (a,b)}|
pn
whenever (a,b) € Fgl X IF;? is an atom of a quadratic factor of rank at least r and complexity
at most (dy,ds).

= p(i+dz) 4 gy=r/2 (4.28)
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VI. Viable quadruples of atoms. Let S C Fy, and let (B1, B2) be a quadratic factor of )
of complexity at most (di,ds). a 4AP {z,z + d,z + 2d, z + 3d} with d € S satisfies

€ (a?,00), z+de (aW,0), 2 +2d € (a?,02),z + 3d € (¥, b5)
(and (a®,b®)) are atoms of (B, By)) if and only if
(@®,a®,a@ a®)) is a 3T(S)AP in Fé, (4.29)
where I' is as in § 4.2, and I'(S) is the image of S under I'. In addition,
b© — 3p() 4 3p2) — pB) = 0. (4.30)

The necessity of (4.29) and (4.30) is trivial and can be seen by simply considering the
expressions {I'(z),['(x +d),I'(z +2d),I'(x + 3d)} and {®(x), ®(x + d), P(z + 2d), P(x + 3d)}.
The sufficiency can be seen through the proof of Lemma 4.31 below (shall indicate this);
alternatively, one may consult [13, Lemma 4.3].

A quadruple of atoms ((a(?,5©), (a®, 1), (a@,b(2), (a®), b3)) satisfying (4.29) and (4.30)
is called wviable.

VII. Counting. We arrive at the main lemma of this section. Here, given a viable quadruple
of atoms ((a®,b©), (a™,b(1), (a®,b?), (a®,bB)) we count 3APs with gap in S along the
first three atoms within the quadruple.

LEMMA 4.31. (Counting 3SAPs along quadratic factors)

(
Let S C Ty, let (B1,B2) be a quadratic factor of Fy of rank at least v and complezity at most
(di,ds), and let ((a©,b©), (@D, b(1), (a®,b?), (a®,bB)) be viable. Then,
| {(z,d) €F2 x S: 2+ jd € (P, b)), 0<j <2} | = (4.32)

p 2080 e (8|18 gy, + 407772) ] 27151,

Proof. Put 4 '
X ={(z,d) e F x S:x+jd € (aV,b)),0 < j < 2};

so that | X'| denotes the number of 3SAPs spanned by the triplet ((a(?),5(0)), (¢, b(1), (a?)5(2))).
We express | X| as follows. By orthogonality relations of the characters of Fdl, a pair
(z,d) € F; x S belongs to the set
{(z,d) e F2 x S :T(z + jd) = a?,0 < j < 2}
provided that
—3d1 H Z wp,T(F z4jd)—a@)) _ -1
MGIF

(sufficiency of (4.29) for 3SAPs is now given through the exponent of the summands). Simi-
larly, by orthogonality relations of the characters of }FZQ, a pair (z,d) € F) x S belongs to the
set

{(z,d) €F2 x §: &(x + jd) = b, 0 < j < 2}
provided that

—3d2 H Z AT (@(atjd) —b@)y _ 1;

J=0 \eFy2
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(if this term would have been written for 4APs then the sufficiency of (4.30) would be seen
through the exponent of the summands).
Then

n 1
z€lFp,desS j=0 |i= EJ)E]FP = IAE”EFp

Rearranging the above sum we arrive at

_3dy — T T T T T
’X‘ =p 3d1—3ds Z Z w® Pz+d' Re+d' Ld+u'z+v'd h’ (4.33)
xE]F;;,dESH(_J’) )‘Ej)

where the inner sum ranges over u(j),/\éj) eF,for0<j<2 1<i<d;, 1</ <dy, and

7
where

d

=3 (1 + i+ 4l i
7,d:11

o= (i +247) 1
% 4 )

= Z“z(]a(j +ZZ)‘Z(]
7=0 i=1 7=0 i=1

Note that each of the matrices P, R, and L is the sum of symmetric matrices. Also, as (B, B2)
has rank at least r, then each of these matrices that is not identically zero has rank at least r.
Note that

IS 72" 1X] =

HSHzll(Fn)p—&h —3da Z E:v,delﬁ'g S(d)wa?TPm-I—dTRLE-I—dTLd-i-uT:E-I—UTd—h’ (4‘34)
P

#EJ)7)\(1)

and let us focus now on the expectations appearing as summands on the right hand side
of (4.34). In particular, let E(P =0, L = 0) denote the term

T T T T T
Ex,dGIF" S(d)wx Px+d' Re+d* Ld+u- z4+v-d—h

with P and L set to zero. In a similar manner, let us introduce the terms E(P # 0,L = 0),
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E(P=0,L#0), E(P+#0,L#0). We may rewrite (4.34) as

||5H211(]F$)p_2n|X| = (4.35)
ISItggyp > Y E(P=0,L=0)
D AW
P=L=0
1Sl Y E(P#£0,L=0)
1D A
P+£0,L=0
1Sl dgyp*@ 7%= Y BE(P=0,L#0)
MONN
P=0,L#0
ISy p 3BT N E(P#0,L #0)
Li(FmP )
§D A0
P+#0,L+£0

1. The term E(P = 0,L = 0). Let us write E(P = 0,L = 0,R = 0) and E(P = 0,L =
0, R # 0) to denote the term E(P = 0,L = 0) with R set to zero or otherwise, respec-
tively. Recall that

E(P=0,L=0)=Egery S(d)w" Eyepy w? Foteieh, (4.36)

By orthogonality,

T

E(P=0,L=0,R=0)=Eger; S(d)w’ " Eypepy w" *"
vanishes unless u = 0. For u = 0, we have

E(P=0,L=0,R=0)= 8w (4.37)

Next, if R # 0, then the inner expectation of (4.36) vanishes unless Rd + u = 0. This
occurs to at most a p~"-fraction of the values of d since R has rank at least r. As a
result,

[B(P=0,L#0.R#0)| <p" [Eacry S(d)w"*
=p"I5(v)|
<p~'IS(0)]
=" IIS ey (4.38)

2. The term E(P # 0,L = 0). In this case, we have

|[E(P #0,L =0)| = |Ezery W Prtutoth Eaery S(d)w® Bitv'd

_ ’S\(Rl’ + ’l)) Emng mePeruT;pfh)
< [5(0)]
< P_T/2HS||L1(1F;;), (4.39)

T T,._
ExEFZ W% Pzx+u'x h‘

where the last inequality is due to Lemma 4.26.
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3. The term E(P =0,L # 0).

|E(P=0,L+0)| = ‘Edng S(d) AT, g R

The inner expectation in the above expression vanishes unless Rd+u = 0 (in which case
it is equal to one). Since R has rank at least r, we have that Rd + u = 0 for at most a
p~"-fraction of the values of d. This then yields

[E(P=0,L#0)| <p~" |Egers S(d)wt i+

< p 1Sl En)- (4.40)

4. The E(P #0,L # 0).

|E(P #0,L #0)| = ‘Edng S(d)w® Ldtvtd Ezern waPx—i-dTRm—i-uTz—h‘

S<d)wdTLd+de

2T Pz+dT Re+uTz—h
< Eaern ‘Exng w

< p—r/2 Edng S(d)wdTLd—H)Td

Spr/2|!5||L1(1F;;)7 (4.41)
where the second inequality is due to Lemma 4.26.

Now, assertions (4.35) through (4.41) yield

”S||£11(Fg)p_2n|X| = (4.42)
—1 —3d;—3d I
||SHL1(]F;L)p e Z |S(0>‘

MEJ))\EJ)
P=L=R=0
u=v=0
-1 —3d1—3d
+ HSHLI(F;)I) S5 Z 15|«
Mz(j)vAE”
P=L=R=0
u=0,v7#0
+ p—3d1—3d2 Z p—'r‘
“Ej)v)\éj)
P=L=0,R#£0
+ p73d1 —3d2 Z pfr‘/2
ugj))\gj)
P+#0,L=0
+ p—3d1—3d2 Z p—7"
uﬁj),/\éj)
P=0,L£0
£ p—3d1—3d2 Z p—r/2.
ng)’)\éj)
P#0,L£0

()

Observe now that the total number of choices for p;”’ and )\gj ) (for i,7,¢ ranging in their

respective ranges) is pidit3dz, Consequently, (4.42) assumes the form
I8 ey 271X = (4.43)
p =3l D) A p— = R=0,u=v=0}

= (IS 1lISI7 gy, + 4977%)
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To prove (4.32) and thus conclude the proof of this lemma, it remains to estimate the size
of the set {MZ(]),)\(J) :P=L=R=0,u=v=0} We begin by estimating the number of
viable vectors ,u(og, pM . and p®. Here, the viable vectors are those that yield u = 0 and
v = 0 and thus must satisfy

) +2u =0,
(2)

i +u + P =0,

for every 1 < i < d; (where the equations are over F,). For the first equation, there are p

1)

options to choose ;" ” and each determines a unique M§2) that together yield a solution over

[F,, for the first equation. With ugl) and ,u? determined by the first equation, the value of

ugo) that would yield a solution to the second equation is unique. Thus, in total there are p®

options to choose the vectors p(¥, u(M, and p® as to have v = v = 0.
We proceed to the estimation of the number of viable vectors A A1) and A2 that would
yield P = L = R = 0. Here, the vectors must satisfy

AD g A® L AB — g

for every 0 < i < dy (where the equations are over F,). The second and third equations show
that here only the choice A0 = A1) = X2 = 0 is valid.

We have then that \{,ugj),)\éj) :P=L=R=0,u=uv=0} = ph, so that (4.32) now
follows and this completes the proof of the lemma. |

§4.4 PROOF OF THEOREM 1.7.

I. Given A, S, a, and ¢ as in Theorem 1.7 we give a lower bound on
\ Everp des A(z)A(z + d)A(z + 2d)|;
in particular we show that

By ery A@) Az + ) A(w +2d)us(d)] 2 a/2°, (4.44)

where ug(z) = S(x)Hstll(Fg)'

II. Constants. Given a and o set

5= g‘);, Wani = 0 L. (4.45)
Next, set wy so that for any two positive integers s and t,
P2 < p 238 sy (4.46)
is satisfied; which in particular means that
pwn(sH)/2 < p*2(8+t)/2 (4.47)

Apply Theorem 4.25 with ¢, wyy, and wyy,; in order to obtain a quadratic factor (By, B2)
of ]Fg with complexity (dy,ds) and rank r > wy(dy + da) together with a decomposition
A = fstr + funi + fneg satisfying the conditions specified in Theorem 4.25. In addition, set

n=p 42 (4.48)
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ITI. Consider the left hand side of (4.44). Replace the occurrences of A in (4.44) with fer +
funi + fneg One after the other as to attain (4.49) below. This is done as follows. First write

A(x)A(z + d)A(z + 2d) =fsr () A(x + d) A(x + 2d)
+ funi(z)A(x + d)A(x + 2d)
+ freg () A(x + d)A(z + 2d).
The terms not containing fs, are left as is; continue replacing the occurrences of A with its
decomposition only in the term involving fs,; eventually one arrives at (4.49).
| Ee gerp A(z)A(z + d) Az + 2d) s (d)| = (4.49)
\ ]Ex,deJF;; fstr (@) fste (2 + d) forr (x + 2d) s (d)|
| By emy frog(@) Az + d)A(z + 2d) s (d)|
+ | Eg dery funi(2)A(z + d) Az + 2d) s (d)]
+] Eg aery fotr (@) freg(x + d) A(z + 2d) s (d)|
+ ’Ez,dng Jstr (@) funi(x + d)A(x + 2d) ps(d)|
+ |E:c,deIFg Jste (%) fotr (@ + ) freg(z + 2d) s (d)|
+ |Ex,deIFg Jete(2) fstr (2 + d) funi (2 + 2d) ps(d)|
The reason we replace the occurrences of A in this manner instead of replacing each occurrence
of A in (4.44) and then cross multiply is due to the fact that our generalised von Neumann

theorem (i.e., Corollary 4.19) requires that at most one function may have its infinity norm
not bounded by one.

The fact that ||A|lcc < 1 and || fstr]|oo < 1 (see (4.24)) has the following two consequences.

The first of which is that each of the three terms above involving fun; is at most

||funi||U3(IF;;) HS”Z}(F;L) < wu_nli”SHle(]Fg)v (450)

by (4.21).

The second consequence is that each of the three terms above involving fres is upper
bounded by

e 1S by < 2oy 1817 ey < 01187 (451)

To see this, consider, for example, the term [Ey aern fueg() fstr(z + d) A2 + 2d) ps(d)| which
is equivalent to one of the terms above by change of variable. We may write

|E$,d€F;}fneg($)fstr(x + d)A(l‘ + Qd):U'S(d”
= 1181153 | Bty fuc(2) fue( + d) Al + 20) ()
< HS”le(Fg) EmGF;} |fneg(x)” [EdelF;DL fstr(x + d)A(5U + Qd)S(d)"

Observe that |fsr(z + d)A(z + 2d)S(d)| < 1 for any z,d € F}; consequently, the function
E(z) = Egerp four(z + d)A(z + 2d)S(d) satisfies [[E||oo < 1. This then yields that

‘ Ez,dng fneg (m)fstr (37 + d)A(x + Qd)MS(dN

< ||S||211(]FE)EJCGF;} |fneg($)| = HSHEll(Fg)anegHLl(]Fg);

so that (4.51) follows.
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From (4.49), (4.50), and (4.51) it follows that

| Eaerp A(@)A(z + d)A(z + 2d)ps(d))|
> | Em,dEF{; fstr(x)fstr(l' + d)fstr(l' + 2d)S(d)|||S||211(Fg) (452)
= 3(0+ wii) 18124 ey

IV. We focus on the expectation seen on the right hand side of (4.52). To that end, let us
write Fyr(a,b) to denote the (single) value that fs, assumes on the atom (a,b) € ]Fg1 X FgQ.
Then,

‘ Ez,dngfstr(fU)fstr(fU + d)fstr(x + 2d)5(d)’

>p2 Y A0,1,2)Fap (a9, 0©) Fyp (), b)) Fe (@, b)) (4.53)
(a(w,b(i))

0<i<3
viable

here the sum ranges over viable quadruples of atoms (a(i), b(i)) € ]Fg1 X IFg2 and where
A0,1,2) = |{(z,d) € F2 x S 1z +id € (a™,b(")),0 < i < 2}

is the number of 3SAPs spanned by the first three atoms in the viable quadruple (a(®, b(i)) €
Fdt x Fd2 0 < i< 3, so that

A0,1,2) = [p725 7% & (SIS ey + 40772) | 5718,

by Lemma 4.31.
As Fye(a,b) € [0,1] for every atom (a,b) € IE‘gl X IFg27 by (4.24), the right hand side of
(4.53) is

> o [p 23 _ HSHuHSH;}(F;) +ap /2 )] x

z Fstr(a(o)a b(o))Fstr(a(l)a b(l))Fstr(a(Z)a b(2))Fstr(a(3)a b(3))>
(a(i>,b(i))

0<i<3
viable

which is

> o [p 2732 (g4 dp7/?) ] x

Z Fur (a9, 0O Fyr (a6 Fygr (@, 53)) Fyr (), 53)).
(a(i>,b(i))

0<i<3
viable

Note now that n + 4p~"/2 < p=2dh=3d2 /9 by (4.46) and (4.48). Consequently, we have

’Ex,dGFgfstr(SU)fstr(J; + d)fstr($ + Qd)S(d)| >

(op~2d1=3d2 /9) Z Fur (a9 0O Fyi (a6 Fyr (0@, 5P)) (0, 53)).

(a<i),b<i))
0<:<3
viable

(4.54)

22



V. Let now H = (r1,...,7rq,) < [, be the subgroup generated by all of the linear forms
defining the atoms of Bi; and let H+ = {z € F}! : {Tz = 0 V/ € H} be the orthogonal
complement of H. Then H+ < ). Next, as |H||H*| = p"™ and |H| < p?, we have that

|HY| > prh, (4.55)

We claim that
SN H is nonempty. (4.56)

To see this suffices to show that

E.ery S(x)Hl(x)‘ > 0.

Indeed, by Fourier inversion and orthogonality relations of the characters of ) we have that

Every S(@)H*(2)] = | 3 S©OH (=)
g€y
=SOHTO Sl Y [HN©).

¢eFpn

Recall now that

— [H*| 1yl
i) = o fEUT=A
0, otherwise;

so that deF/p\n ’f[j(f)‘ = 1. Then

ExEFgS( HL ‘_

nOW as “Z—:' >p~% and n < p~%, by (4.48), the assertion (4.56) follows.

VI. We return to (4.54). We have that 0 € I'(S), by (4.56), so that for every a € Iﬁ‘gl the
quadruple (a, a,a,a) forms a 4I'(S)AP in IFgl. Consequently,

Z Fy:(a () b ))Fstr(a(l);b(l))Fstr(a(2)7b(2)>Fstr(a(3)7b(3))
(a® b))

0§i§3
viable
> Z Z Fstr(a b( )) str(a b( )) str(a b( )) str(a b( ))
acFjt b)) eFy?
0<4<3

b(0) —36(1) 4 36(2) _p(3) =0

Z Z Z str a, b Str(a b/))

a€Fil zeF 2 Z;b'emp
—3b=x
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Next, we apply Cauchy-Schwarz twice to obtain

2
> pd2 b) Fyr(a,b')
Zp str a, stri@,
a€FH \ zeF2 b er?
b —3b=x
2

Zp—d1—d2 Z Z Z str a, b Str(a b)

a€FP zeF2 Z;blelI)Fp
—3b=x

Rewriting the sums we attian:

= p_dl_dQ Z Z Z Fstr(a> b)Fstr(CL, T + 3b)

a€F 2eFo2 beFy?

_ pdi—d Z Z Far(a,b) Z Fy:(a, z + 3b)

a€Fyl beFy? zEF 2

For a fixed b € ]F;‘f2 the term x 4 3b ranges over the entire group ]Fg2 as x ranges over ]ng SO
we may write

2
=p =% [ NN Fula,0) Y Rulay)
a€FIL belFy2 YERy?
9y 2

= p_dl_d2 Z Z Fstr<a7 b)
€F2

acFi \b

Applying Cauchy-Schwarz once more yields

2\ 2

>phE pm i YT N Fae(a,b)

a€FY beFi?

=p 2= N N Fulab) | - (4.57)

a€Fyl belF g2

VII. By (4.54) and (4.57) we now have

4
’E:L’,dEIF;} fstr(x)fstr(x + d)fstr(gC + 2d)5(d)‘ > (Up_4d1_4d2/2> Z Fstr(aa b)
(a,b)EFIL 2
4
= (0/2) (Em,b)eFZl e Pl b)) . (4.58)
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Lemma 4.27 implies that
B, pyext e Four(ab) = a (1 + p2d1+2d2—7"/2) (4.59)
(see, e.g., [13, Equation (4.13)]). This together with (4.58) implies that
| Ex ety for(@) fur( 4 ) fue( + 2)S(d)] > Boa (1 p2i+2/2)"
By (4.47), p?h+2d2=7/2 < 1 /9: 50 we get
| Eaderp four(2) for(z + d) forr(z + 2d)S(d)| > 27700, (4.60)

VIII. We are in a position to conclude our proof. By (4.52) and (4.60), we have

| B gery A@) A + DA+ 2d)ps( )] > 118742 P00t =36 +wih) IS ey

(425 27%at — 60715

This concludes our proof of Theorem 1.7. |

IX. One now sees that viable quadruples of atoms were useful in order to reach (4.57)
where we see that the density of fi, appears; over this density we have a lower bound of the
form (4.59).

Is the use of viable quadruples "necessary" in our approach? Could an alternative approach
be that we ignore quadratic nature of the quadratic factors and then count 3SAPs in the
counting Lemma 4.31 only on the linear atoms along a coarser approximation of A than fst,
namely fsr(a) = EbeFZQ fstr(a,b) = E(A|B1)(a) and a € ]F;‘f1 ?

Our answer is No. The "weakness"!" of our generalised von Neumann theorem (i.e.,

Lemma 4.6) is that it forces us to apply the arithmetic regularity lemma of the U3 norm
and to control the pseudorandom part of the decomposition the regularity lemma requires the
structured approximation to have a quadratic nature (unless one comes up with a new proof
of the regularity lemma).

Thus, in this approach one is forced to confront the term

| Bz acrp fotr (@) forr (@ + d) forr(z + 2d) S(d)].

For the "alternative" approach to work within the framework here, we would now have to
prove that

| Ex,dng fstr(x)fstr(l‘ + d)fstr(x + 2d)5(d)| > | Ex,delﬁ'g ];Str(gf).]gstr(m + d)fstr (1' + Zd)S(d)|

Translating this to "atom language" one sees that this is entirely not clear due to the fact that
fstr and fstr are constant on different sets. In particular, given a quadratic atom (a, b) we may
have that fg(a,b) = 0 while fstr(a) > 0; put another way the distribution of A would have
to be taken into account and over this we have no assumptions.

10T fact, we do not see how to improve it.
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