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Bordisms



Bordisms (often called cobordisms)

Imagine you have two d-dimensional compact manifolds.
Can I find a (d+1)-dimensional one that connects them?

M N ∂X = M ⊔ −N

X

The deformation classes that cannot be connected are generators of:

bordism group    Ωd

Generalized homology theory (leads to equivalence relation)



Triviality
The trivial class is the empty manifold

<latexit sha1_base64="WxaGc8BCYMM737DgGHn928SaBRA=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseiF48V7Ie0oWy2k3bpbhJ2J0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFBE0UaCETqKBqUBCOxjfzvz2E2gj4ugBJwn4ig0jEQrO0EqPPVAJTgxgv1xxq+4cdJV4OamQHI1++as3iHmqIEIumTFdz03Qz5hGwSVMS73UQML4mA2ha2nEFBg/mx88pWdWGdAw1rYipHP190TGlDETFdhOxXBklr2Z+J/XTTG89jMRJSlCxBeLwlRSjOnsezoQGjjKiSWMa2FvpXzENONoMyrZELzll1dJ66Lq1aq1+8tK/SaPo0hOyCk5Jx65InVyRxqkSThR5Jm8kjdHOy/Ou/OxaC04+cwx+QPn8wc8b5C2</latexit>

;
<latexit sha1_base64="Gj7O3sYcKp3Xpzoxk9zTkl0XEj4=">AAAB+3icbVDLSgNBEJz1GeMrxqOXwSB4Crsi0WPQixchgnlAEsLspDcZMrO7zvSKS8ivePGgiFd/xJt/4yTZgyYWNBRV3XR3+bEUBl3321lZXVvf2Mxt5bd3dvf2CwfFhokSzaHOIxnpls8MSBFCHQVKaMUamPIlNP3R9dRvPoI2IgrvMY2hq9ggFIHgDK3UKxRvaccIBQ+0AyrG1AD2CiW37M5Al4mXkRLJUOsVvjr9iCcKQuSSGdP23Bi7Y6ZRcAmTfCcxEDM+YgNoWxoyBaY7nt0+oSdW6dMg0rZCpDP198SYKWNS5dtOxXBoFr2p+J/XTjC47I5FGCcIIZ8vChJJMaLTIGhfaOAoU0sY18LeSvmQacbRxpW3IXiLLy+TxlnZq5Qrd+el6lUWR44ckWNySjxyQarkhtRInXDyRJ7JK3lzJs6L8+58zFtXnGzmkPyB8/kDwPSUSQ==</latexit>

M ' ;
if M is a boundary of a (d+1)-dimensional manifold

<latexit sha1_base64="yGsCT5/b3b1Gx/VmM3mZv0MeWyA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF0GEBMwDkiXMTnqTMbOzy8ysEJaAdy8eFPHqJ3nzb5w8DppY0FBUddPdFSSCa+O6305uZXVtfSO/Wdja3tndK+4fNHScKoZ1FotYtQKqUXCJdcONwFaikEaBwGYwvJ74zUdUmsfy3owS9CPalzzkjBor1e66xZJbdqcgy8SbkxLMUe0Wvzq9mKURSsME1brtuYnxM6oMZwLHhU6qMaFsSPvYtlTSCLWfTQ8dkxOr9EgYK1vSkKn6eyKjkdajKLCdETUDvehNxP+8dmrCKz/jMkkNSjZbFKaCmJhMviY9rpAZMbKEMsXtrYQNqKLM2GwKNgRv8eVl0jgrexfl89p5qXL7NIsjD0dwDKfgwSVU4AaqUAcGCM/wCm/Og/PivDsfs9acM4/wEP7A+fwB0LCNYw==</latexit>

M

<latexit sha1_base64="CRFx75PSuI4o+7b1jzJZZJ0eWCw=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXARrBJwHxAcoS9zVyyZm/v2N0TwhGwt7FQxNafZOe/cfNRaOKDgcd7M8zMCxLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91iMqzWN5b8YJ+hEdSB5yRo2V6u1eseSW3RnIKvEWpAQL1HrFr24/ZmmE0jBBte54bmL8jCrDmcBJoZtqTCgb0QF2LJU0Qu1ns0Mn5MwqfRLGypY0ZKb+nshopPU4CmxnRM1QL3tT8T+vk5rw2s+4TFKDks0XhakgJibTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/K3mW5Uq+UqndP8zjycAKncA4eXEEVbqEGDWCA8Ayv8OY8OC/Ou/Mxb805iwiP4Q+czx/hXI1u</latexit>

X

<latexit sha1_base64="1nsWD2V9mjBCQz2kOZaNxyF1UPQ=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRmR6kYounEjVLAPaMeSSTNtaCYZkoxShv6HGxeKuPVf3Pk3ZtpZaOuBC4dz7k3uPUHMmTau++0sLa+srq0XNoqbW9s7u6W9/aaWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLrO/NYjVZpJcW/GMfUjPBAsZAQbKz3cokvUjbEyDHPU7pXKbsWdAi0SLydlyFHvlb66fUmSiApDONa647mx8dPsPcLppNhNNI0xGeEB7VgqcES1n063nqBjq/RRKJUtYdBU/T2R4kjrcRTYzgiboZ73MvE/r5OY8MJPmYgTQwWZfRQmHBmJsghQnylKDB9bgolidldEhlhhYmxQRRuCN3/yImmeVrxqpXp3Vq5d5XEU4BCO4AQ8OIca3EAdGkBAwTO8wpvz5Lw4787HrHXJyWcO4A+czx8SqJGc</latexit>

M = @X



A lot of additional data
Requirements on manifolds (+ compatibility: bulk and boundary):

• Smooth (“low-energy” approximation)

• Orientation: 

• Spin:

• Additional gauge theory:

• Mixing:

<latexit sha1_base64="Dzjbjhb7UFzldaCQ4ARTKu+2qv0=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0Wom5IUqYIIRTddVrAPbGKYTKft0MkkzEyUErp146+4caGIW//AnX/jpM1CWw9cOJxzL/fe40eMSmVZ30ZuaXlldS2/XtjY3NreMXf3WjKMBSZNHLJQdHwkCaOcNBVVjHQiQVDgM9L2R1ep374nQtKQ36hxRNwADTjtU4yUljwTPng2vIAWdCiH9bsKLHXOnQCpoe8ntxOvcuyZRatsTQEXiZ2RIsjQ8MwvpxfiOCBcYYak7NpWpNwECUUxI5OCE0sSITxCA9LVlKOASDeZfjKBR1rpwX4odHEFp+rviQQFUo4DX3emR8p5LxX/87qx6p+5CeVRrAjHs0X9mEEVwjQW2KOCYMXGmiAsqL4V4iESCCsdXkGHYM+/vEhalbJdLVevT4q1yyyOPDgAh6AEbHAKaqAOGqAJMHgEz+AVvBlPxovxbnzMWnNGNrMP/sD4/AFkWpem</latexit>

w1 = 0 2 H
2(X;Z2)

<latexit sha1_base64="+IB+RkugUgYpDbK9zUsyLPHh3Ac=">AAACAnicbVDJSgNBEO1xjXEb9SReGoMQL2FGJHoMevGWiGaBJIaeTiVp0rPQXSOGIXjxV7x4UMSrX+HNv7GzHDTxQcHjvSqq6nmRFBod59taWFxaXllNraXXNza3tu2d3YoOY8WhzEMZqprHNEgRQBkFSqhFCpjvSah6/cuRX70HpUUY3OIggqbPuoHoCM7QSC17v1H0octa7bukgfCAyU1xOKTZCI9bdsbJOWPQeeJOSYZMUWrZX412yGMfAuSSaV13nQibCVMouIRhuhFriBjvsy7UDQ2YD7qZjF8Y0iOjtGknVKYCpGP190TCfK0Hvmc6fYY9PeuNxP+8eoyd82YigihGCPhkUSeWFEM6yoO2hQKOcmAI40qYWynvMcU4mtTSJgR39uV5UjnJuflc/vo0U7iYxpEiB+SQZIlLzkiBXJESKRNOHskzeSVv1pP1Yr1bH5PWBWs6s0f+wPr8AeVBlx4=</latexit>

⌦SO

d (pt)
<latexit sha1_base64="fMpWCs2qr0JBDHWB+/yhgIh5Cu4=">AAACBHicbVA9SwNBEN3zM8avU0ubxSDEJtyJRMugjZ2KJgq5GPY2k7i4t3fszonhuMLGv2JjoYitP8LOf+Pmo1Djg4HHezPMzAsTKQx63pczNT0zOzdfWCguLi2vrLpr6w0Tp5pDnccy1lchMyCFgjoKlHCVaGBRKOEyvD0a+Jd3oI2I1QX2E2hFrKdEV3CGVmq7m8FJBD3W7lxnAcI9ZueJUHlOywnutN2SV/GGoJPEH5MSGeO07X4GnZinESjkkhnT9L0EWxnTKLiEvBikBhLGb1kPmpYqFoFpZcMncrptlQ7txtqWQjpUf05kLDKmH4W2M2J4Y/56A/E/r5li96CVCZWkCIqPFnVTSTGmg0RoR2jgKPuWMK6FvZXyG6YZR5tb0Ybg/315kjR2K361Uj3bK9UOx3EUyCbZImXik31SI8fklNQJJw/kibyQV+fReXbenPdR65Qzntkgv+B8fAO9WJgq</latexit>

⌦Spin
d (pt)

<latexit sha1_base64="wLm3GmrVV7i3dOvIZ/r1bga0zoU=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyURqS5LXejOCvYBTQyTybQdOpOEmYkYQv0VNy4UceuHuPNvnLZZaOuBC4dz7uXee/yYUaks69sorKyurW8UN0tb2zu7e+b+QUdGicCkjSMWiZ6PJGE0JG1FFSO9WBDEfUa6/vhy6ncfiJA0Cu9UGhOXo2FIBxQjpSXPLDs3nAyRF9xnziOdwGrz6sQzK1bNmgEuEzsnFZCj5ZlfThDhhJNQYYak7NtWrNwMCUUxI5OSk0gSIzxGQ9LXNEScSDebHT+Bx1oJ4CASukIFZ+rviQxxKVPu606O1EguelPxP6+fqMGFm9EwThQJ8XzRIGFQRXCaBAyoIFixVBOEBdW3QjxCAmGl8yrpEOzFl5dJ57Rm12v127NKo5nHUQSH4AhUgQ3OQQNcgxZoAwxS8AxewZvxZLwY78bHvLVg5DNl8AfG5w+Af5QJ</latexit>

⌦⇠
d(BG)

<latexit sha1_base64="wbGNFMxrcPpeOWlMXijMHCW/AWo=">AAACCXicbVDLSsNAFJ3UV62vqks3g0Wom5IEqYIIRTddVrAPbGOYTCft0MkkzEyUErp146+4caGIW//AnX/jpM1CWw9cOJxzL/fe40WMSmWa30ZuaXlldS2/XtjY3NreKe7utWQYC0yaOGSh6HhIEkY5aSqqGOlEgqDAY6Ttja5Sv31PhKQhv1HjiDgBGnDqU4yUltwifHBteAFN2KMc1u9sWO6c9wKkhp6X3E5c+9gtlsyKOQVcJFZGSiBDwy1+9fohjgPCFWZIyq5lRspJkFAUMzIp9GJJIoRHaEC6mnIUEOkk008m8EgrfeiHQhdXcKr+nkhQIOU48HRneqSc91LxP68bK//MSSiPYkU4ni3yYwZVCNNYYJ8KghUba4KwoPpWiIdIIKx0eAUdgjX/8iJp2RWrWqlen5Rql1kceXAADkEZWOAU1EAdNEATYPAInsEreDOejBfj3fiYteaMbGYf/IHx+QNl+5en</latexit>

w2 = 0 2 H
2(X;Z2)

(e.g. Spin   requires                             )c <latexit sha1_base64="ay/VKTO+TfAG5z6uRC2sPlh+XQk=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJWkSHUjFN24rGAf0IYwmUzaoZMHMzdqCXXjr7hxoYhb/8Kdf+O0zUJbD1w4nHMv997jJYIrsKxvo7C0vLK6VlwvbWxube+Yu3stFaeSsiaNRSw7HlFM8Ig1gYNgnUQyEnqCtb3h1cRv3zGpeBzdwihhTkj6EQ84JaAl1zy4d6v4AlPXxj1gD5DhMPbxGFdds2xVrCnwIrFzUkY5Gq751fNjmoYsAiqIUl3bSsDJiAROBRuXeqliCaFD0mddTSMSMuVk0w/G+FgrPg5iqSsCPFV/T2QkVGoUerozJDBQ895E/M/rphCcOxmPkhRYRGeLglRgiPEkDuxzySiIkSaESq5vxXRAJKGgQyvpEOz5lxdJq1qxa5XazWm5fpnHUUSH6AidIBudoTq6Rg3URBQ9omf0it6MJ+PFeDc+Zq0FI5/ZR39gfP4At6qVKQ==</latexit>

w2 = c1 mod 2

<latexit sha1_base64="5t7+Bt2Zm2oaa0cdi94Uf7ZQ440=">AAACBnicbVA9SwNBEN3z2/gVtRRhMQhaGO5EomXQQjsVjRFyMextJsmSvb1jd04MRyob/4qNhSK2/gY7/42b5Aq/Hgw83pthZl4QS2HQdT+dsfGJyanpmdnc3PzC4lJ+eeXKRInmUOGRjPR1wAxIoaCCAiVcxxpYGEioBt2jgV+9BW1EpC6xF0M9ZG0lWoIztFIjv+6fhtBmN6mPcIfpRSxUf+e432jSrRi3G/mCW3SHoH+Jl5ECyXDWyH/4zYgnISjkkhlT89wY6ynTKLiEfs5PDMSMd1kbapYqFoKpp8M3+nTTKk3airQthXSofp9IWWhMLwxsZ8iwY357A/E/r5Zg66CeChUnCIqPFrUSSTGig0xoU2jgKHuWMK6FvZXyDtOMo00uZ0Pwfr/8l1ztFr1SsXS+VygfZnHMkDWyQbaIR/ZJmZyQM1IhnNyTR/JMXpwH58l5dd5GrWNONrNKfsB5/wLMfpiy</latexit>

⌦Spin�G
d (pt)



Does the structure matter?
Yes!

<latexit sha1_base64="adbpy9huU5tNMd63aCmW1J4PXO8=">AAAB+3icbVDLSgMxFL3js9bXWJdugkVwVWaKVDdCURcuK9oHtNOSSTNtaCYzJBmxlP6KGxeKuPVH3Pk3ZtpZaOuBC4dz7k3uPX7MmdKO822trK6tb2zmtvLbO7t7+/ZBoaGiRBJaJxGPZMvHinImaF0zzWkrlhSHPqdNf3Sd+s1HKhWLxIMex9QL8UCwgBGsjdSzC/ddF12iToylZpijm265ZxedkjMDWiZuRoqQodazvzr9iCQhFZpwrFTbdWLtTdIXCafTfCdRNMZkhAe0bajAIVXeZLb7FJ0YpY+CSJoSGs3U3xMTHCo1Dn3TGWI9VIteKv7ntRMdXHgTJuJEU0HmHwUJRzpCaRCozyQlmo8NwUQysysiQywx0SauvAnBXTx5mTTKJbdSqtydFatXWRw5OIJjOAUXzqEKt1CDOhB4gmd4hTdrar1Y79bHvHXFymYO4Q+szx/Pq5MG</latexit>

S1 = @D2

in
<latexit sha1_base64="T4nwiz+Zy3WB52lG5RuQCgLBHSc=">AAACAXicbVDJSgNBEO1xjXEb9SJ4GQxCvIQZkegx6MVbIpoFMjH0dCpJk56F7hoxDOPFX/HiQRGv/oU3/8bOctDEBwWP96qoqudFgiu07W9jYXFpeWU1s5Zd39jc2jZ3dmsqjCWDKgtFKBseVSB4AFXkKKARSaC+J6DuDS5Hfv0epOJhcIvDCFo+7QW8yxlFLbXNfbfsQ4+2nbvERXjA5KacpvkIj9tmzi7YY1jzxJmSHJmi0ja/3E7IYh8CZIIq1XTsCFsJlciZgDTrxgoiyga0B01NA+qDaiXjD1LrSCsdqxtKXQFaY/X3REJ9pYa+pzt9in01643E/7xmjN3zVsKDKEYI2GRRNxYWhtYoDqvDJTAUQ00ok1zfarE+lZShDi2rQ3BmX54ntZOCUywUr09zpYtpHBlyQA5JnjjkjJTIFamQKmHkkTyTV/JmPBkvxrvxMWldMKYze+QPjM8fNnuWwQ==</latexit>

⌦SO

1
(pt)

<latexit sha1_base64="+eHo+bw9wj3+QPJJe/x8/QHDYps=">AAACAnicbVDLSgMxFM34rPU16krcBIvgqsyIVJdFNy4r2Ad0hpJJM21oMglJRilDceOvuHGhiFu/wp1/Y6adhbYeuHA4517uvSeSjGrjed/O0vLK6tp6aaO8ubW9s+vu7be0SBUmTSyYUJ0IacJoQpqGGkY6UhHEI0ba0eg699v3RGkqkjszliTkaJDQmGJkrNRzDwOpKQwUHQwNUko8wEBymIs9t+JVvSngIvELUgEFGj33K+gLnHKSGMyQ1l3fkybMkDIUMzIpB6kmEuERGpCupQniRIfZ9IUJPLFKH8ZC2UoMnKq/JzLEtR7zyHZyZIZ63svF/7xuauLLMKOJTA1J8GxRnDJoBMzzgH2qCDZsbAnCitpbIR4ihbCxqZVtCP78y4ukdVb1a9Xa7XmlflXEUQJH4BicAh9cgDq4AQ3QBBg8gmfwCt6cJ+fFeXc+Zq1LTjFzAP7A+fwBE++XPg==</latexit>

 ! ± 

-

+

in
<latexit sha1_base64="0nbEyLHh3upgBnpnvCyggBfX444=">AAACBHicbVA9SwNBEN3zM8avU0ubxSDEJtyJRMugjZ2KJgq5GPY2k7i4t3fszonhuMLGv2JjoYitP8LOf+Pmo1Djg4HHezPMzAsTKQx63pczNT0zOzdfWCguLi2vrLpr6w0Tp5pDnccy1lchMyCFgjoKlHCVaGBRKOEyvD0a+Jd3oI2I1QX2E2hFrKdEV3CGVmq7m8FJBD3W9q+zAOEes/NEqDyn5QR32m7Jq3hD0Enij0mJjHHadj+DTszTCBRyyYxp+l6CrYxpFFxCXgxSAwnjt6wHTUsVi8C0suETOd22Sod2Y21LIR2qPycyFhnTj0LbGTG8MX+9gfif10yxe9DKhEpSBMVHi7qppBjTQSK0IzRwlH1LGNfC3kr5DdOMo82taEPw/748SRq7Fb9aqZ7tlWqH4zgKZJNskTLxyT6pkWNySuqEkwfyRF7Iq/PoPDtvzvuodcoZz2yQX3A+vgFsQ5f3</latexit>

⌦Spin
1 (pt)

<latexit sha1_base64="5HYVcg+AbDKnP6yHxNdlfLGa+8U=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEClKSItVl0U2XFe0D2zRMppN26GQSZiZCCQV/xY0LRdz6He78GydtFtp6YOBwzr3cM8eLGJXKsr6N3Mrq2vpGfrOwtb2zu2fuH7RkGAtMmjhkoeh4SBJGOWkqqhjpRIKgwGOk7Y1vUr/9SISkIb9Xk4g4ARpy6lOMlJZc86jet0t3ffu8FyA18rzkYepWzlyzaJWtGeAysTNSBBkarvnVG4Q4DghXmCEpu7YVKSdBQlHMyLTQiyWJEB6jIelqylFApJPM4k/hqVYG0A+FflzBmfp7I0GBlJPA05NpSLnopeJ/XjdW/pWTUB7FinA8P+THDKoQpl3AARUEKzbRBGFBdVaIR0ggrHRjBV2CvfjlZdKqlO1quXp7UaxdZ3XkwTE4ASVgg0tQA3XQAE2AQQKewSt4M56MF+Pd+JiP5oxs5xD8gfH5A0IhlGs=</latexit>

H
1(S1

,Z2)choice of spin structure



Does the gauge group matter?
Yes!

in

in

choice of discrete gauge bundle

<latexit sha1_base64="0LPg/LvHLQmwuwxIUDdcHe/qKBE=">AAAB+3icbVDLSsNAFL2pr1pftS7dDBbBVUlEqsuiG5cV7AObECbTSTt0MgkzE7GE/IobF4q49Ufc+TdO2yy09cDA4Zx7uWdOkHCmtG1/W6W19Y3NrfJ2ZWd3b/+geljrqjiVhHZIzGPZD7CinAna0Uxz2k8kxVHAaS+Y3Mz83iOVisXiXk8T6kV4JFjICNZG8qu1EXKZQG6E9TgIsofcn/jVut2w50CrxClIHQq0/eqXO4xJGlGhCcdKDRw70V6GpWaE07zipoommEzwiA4MFTiiysvm2XN0apQhCmNpntBorv7eyHCk1DQKzOQso1r2ZuJ/3iDV4ZWXMZGkmgqyOBSmHOkYzYpAQyYp0XxqCCaSmayIjLHERJu6KqYEZ/nLq6R73nCajebdRb11XdRRhmM4gTNw4BJacAtt6ACBJ3iGV3izcuvFerc+FqMlq9g5gj+wPn8AkaOUKg==</latexit>

g 2 Zk

<latexit sha1_base64="1U9UFEKRZAFs4Cp1S8xYxwT+i6o=">AAACDXicbVC7TsNAEDzzDOFloKQ5EZCgiWyEAmUUGroEQQARB+t82YRTzg/drRGR5R+g4VdoKECIlp6Ov+ESUvAaaaXRzK52d4JECo2O82FNTE5Nz8wW5orzC4tLy/bK6pmOU8WhyWMZq4uAaZAigiYKlHCRKGBhIOE86B8O/fMbUFrE0SkOEmiHrBeJruAMjeTbm149hB67yjyEW8xO6nnuu3S75oUMr4Mgu8z9/o5vl5yyMwL9S9wxKZExGr797nVinoYQIZdM65brJNjOmELBJeRFL9WQMN5nPWgZGrEQdDsbfZPTLaN0aDdWpiKkI/X7RMZCrQdhYDqHR+rf3lD8z2ul2D1oZyJKUoSIfy3qppJiTIfR0I5QwFEODGFcCXMr5ddMMY4mwKIJwf398l9ytlt2K+XK8V6pWhvHUSDrZINsE5fskyo5Ig3SJJzckQfyRJ6te+vRerFev1onrPHMGvkB6+0TJLCbnQ==</latexit>

⌦SO

1
(BZk)

<latexit sha1_base64="qrJEjavuS10PAPB2mcMXys1Fgqo=">AAACD3icbVA9SwNBEN2LXzF+RS1tFoOiTbgTiZZBG8sI5gNzIextJsmSvb1jd04MR/6BjX/FxkIRW1s7/42bj0KjDwYe780wMy+IpTDoul9OZmFxaXklu5pbW9/Y3Mpv79RMlGgOVR7JSDcCZkAKBVUUKKERa2BhIKEeDC7Hfv0OtBGRusFhDK2Q9ZToCs7QSu38YY/6QlE/ZNgPgvR21B5Q3ySBAaQ+wj2m1dGRd9zOF9yiOwH9S7wZKZAZKu38p9+JeBKCQi6ZMU3PjbGVMo2CSxjl/MRAzPiA9aBpqWIhmFY6+WdED6zSod1I21JIJ+rPiZSFxgzDwHaO7zbz3lj8z2sm2D1vpULFCYLi00XdRFKM6Dgc2hEaOMqhJYxrYW+lvM8042gjzNkQvPmX/5LaSdErFUvXp4XyxSyOLNkj++SIeOSMlMkVqZAq4eSBPJEX8uo8Os/Om/M+bc04s5ld8gvOxzcXt5wU</latexit>

g 2 Zk ⇢ U(1)

<latexit sha1_base64="62+01t+aTJp5BqODDmwxjxr1fn0=">AAAB/nicbVDLSsNAFL2pr1pfUXHlJliEClISkeqy6KbLivaBbRom02k7dDIJMxOhhIK/4saFIm79Dnf+jZM2C60eGDiccy/3zPEjRqWy7S8jt7S8srqWXy9sbG5t75i7e00ZxgKTBg5ZKNo+koRRThqKKkbakSAo8Blp+ePr1G89ECFpyO/UJCJugIacDihGSkueeVDrOaXbnnPaDZAa+X5yP/XGJ55ZtMv2DNZf4mSkCBnqnvnZ7Yc4DghXmCEpO44dKTdBQlHMyLTQjSWJEB6jIeloylFApJvM4k+tY630rUEo9OPKmqk/NxIUSDkJfD2ZhpSLXir+53ViNbh0E8qjWBGO54cGMbNUaKVdWH0qCFZsognCguqsFh4hgbDSjRV0Cc7il/+S5lnZqZQrN+fF6lVWRx4O4QhK4MAFVKEGdWgAhgSe4AVejUfj2Xgz3uejOSPb2YdfMD6+AZi+lKQ=</latexit>

H
1(S1

,Zk)

F
<latexit sha1_base64="4zj8WChph3trk1cLqbSP/JqCCsE=">AAACDXicbVC5TgMxEPVyhnAFKGksAlLSRLsIBcooNHQJghxSEiKvM0mseA/Zs4hotT9Aw6/QUIAQLT0df4NzFFxPGun5vRl55rmhFBpt+9NaWFxaXllNraXXNza3tjM7u3UdRIpDjQcyUE2XaZDChxoKlNAMFTDPldBwR+cTv3ELSovAv8ZxCB2PDXzRF5yhkbqZw3bFgwG7idsIdxhfVZKk69Bcmc7etSTn5PPdTNYu2FPQv8SZkyyZo9rNfLR7AY888JFLpnXLsUPsxEyh4BKSdDvSEDI+YgNoGeozD3Qnnl6T0COj9Gg/UKZ8pFP1+0TMPK3Hnms6PYZD/dubiP95rQj7Z51Y+GGE4PPZR/1IUgzoJBraEwo4yrEhjCthdqV8yBTjaAJMmxCc3yf/JfXjglMsFC9PsqXyPI4U2ScHJEccckpK5IJUSY1wck8eyTN5sR6sJ+vVepu1LljzmT3yA9b7F9yrmsc=</latexit>

⌦SO

1
(BU(1))



And both matter at the same time
U(1) gauge field via classifying maps into:

<latexit sha1_base64="Ycrgs5zSQ2wwcNmkePLDj3Rywc4=">AAACEnicbVA9SwNBEN3zM8avqKXNYhBiE+5E1FK0sYxgEiEXw95mzizZ2zt358Rw3G+w8a/YWChia2Xnv3HzUWj0wcDjvRlm5gWJFAZd98uZmZ2bX1gsLBWXV1bX1ksbmw0Tp5pDnccy1lcBMyCFgjoKlHCVaGBRIKEZ9M+GfvMOtBGxusRBAu2I3SgRCs7QSp3S3in1Ee4xq+cVb4/6RkRwS/2IYS8IsrNafp35QoU4yDulslt1R6B/iTchZTJBrVP69LsxTyNQyCUzpuW5CbYzplFwCXnRTw0kjPfZDbQsVSwC085GL+V01ypdGsbalkI6Un9OZCwyZhAFtnN4q5n2huJ/XivF8LidCZWkCIqPF4WppBjTYT60KzRwlANLGNfC3kp5j2nG0aZYtCF40y//JY39qndYPbw4KJ+cTuIokG2yQyrEI0fkhJyTGqkTTh7IE3khr86j8+y8Oe/j1hlnMrNFfsH5+AazzJ2O</latexit>

BU(1) ' CP1

<latexit sha1_base64="wrYq0YIITAJXF5UkIeiAlC1cbUk="></latexit>

H
n
�
BU(1);Z

�
= Z[x] , x 2 H

2
�
BU(1);Z

�

Topological class specified by first Chern class:
<latexit sha1_base64="lF7v2S26L1KNTgW10ZcPuDZhNOM=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUmKVJdFQVxWsA9oQphMJ+3QmUmYmQglBNz4K25cKOLWn3Dn3zhts9DWAxcO59zLvfeECaNKO863VVpZXVvfKG9WtrZ3dvfs/YOOilOJSRvHLJa9ECnCqCBtTTUjvUQSxENGuuH4eup3H4hUNBb3epIQn6OhoBHFSBspsI9w4EJPUQ69SCKcuXlWh15Cc3gT2FWn5swAl4lbkCoo0ArsL28Q45QToTFDSvVdJ9F+hqSmmJG84qWKJAiP0ZD0DRWIE+Vnsx9yeGqUAYxiaUpoOFN/T2SIKzXhoenkSI/UojcV//P6qY4u/YyKJNVE4PmiKGVQx3AaCBxQSbBmE0MQltTcCvEImSy0ia1iQnAXX14mnXrNbdQad+fV5lURRxkcgxNwBlxwAZrgFrRAG2DwCJ7BK3iznqwX6936mLeWrGLmEPyB9fkDKeSWmA==</latexit>

c1 ⇠ 1

2⇡
F

but on Spin manifolds: 
<latexit sha1_base64="spOJr8W1LL5IGql/rUhcFfxI3SU=">AAACF3icbZDLSgMxFIYz9VbrrerSTbAIroaZItWNUHTjsoK9QFuGTJppQ5OZITmjlqFv4cZXceNCEbe6821Mp0W09UDgy/+fQ3J+PxZcg+N8Wbml5ZXVtfx6YWNza3unuLvX0FGiKKvTSESq5RPNBA9ZHTgI1ooVI9IXrOkPLyd+85YpzaPwBkYx60rSD3nAKQEjeUWbei7u0CTGGQC7hxTLqIfHuIzP8Y97502ujlcsObaTFV4EdwYlNKuaV/zs9CKaSBYCFUTrtuvE0E2JAk4FGxc6iWYxoUPSZ22DIZFMd9NsrzE+MkoPB5EyJwScqb8nUiK1HknfdEoCAz3vTcT/vHYCwVk35WGcAAvp9KEgERgiPAkJ97hiFMTIAKGKm79iOiCKUDBRFkwI7vzKi9Ao227FrlyflKoXszjy6AAdomPkolNURVeohuqIogf0hF7Qq/VoPVtv1vu0NWfNZvbRn7I+vgGChpxg</latexit>

c1 [ c1 mod 2 = c1 [ w2 = 0

<latexit sha1_base64="6156DSEBnPS8ZPGwEwNLTRvJxyU=">AAACCXicbZDLSgMxFIbPeK31NurSTbAIrsqMSHVZdOOygr1AW4ZMmmlDMxeSM0IZunXjq7hxoYhb38Cdb2PaDl5afwh8/OecJOf3Eyk0Os6ntbS8srq2Xtgobm5t7+zae/sNHaeK8TqLZaxaPtVciojXUaDkrURxGvqSN/3h1aTevONKizi6xVHCuyHtRyIQjKKxPJswzyUdliY/0OnFqL89zy45ZWcqsghuDiXIVfPsD3MBS0MeIZNU67brJNjNqELBJB8XO6nmCWVD2udtgxENue5m003G5Ng4PRLEypwIydT9PZHRUOtR6JvOkOJAz9cm5n+1dorBRTcTUZIij9jsoSCVBGMyiYX0hOIM5cgAZUqYvxI2oIoyNOEVTQju/MqL0Dgtu5Vy5easVL3M4yjAIRzBCbhwDlW4hhrUgcE9PMIzvFgP1pP1ar3NWpesfOYA/sh6/wLfE5iR</latexit>

c1 [ c1 [ · · · [ c1

(false on oriented)



How does one compute?
Spectral sequences I: Atiyah-Hirzebruch (for generalized cohom)

[Atiyah, Hirzebruch ’61]

<latexit sha1_base64="QvIq7Xof/F4hPG19i3dr9NhZ7qw=">AAACC3icbVDLSgMxFM3UV62vUZduQovgqsyIVJelgrisYB/QGUomzXRCM8mQZJQydO/GX3HjQhG3/oA7/8a0nUVtPXDh5Jx7yb0nSBhV2nF+rMLa+sbmVnG7tLO7t39gHx61lUglJi0smJDdACnCKCctTTUj3UQSFAeMdILR9dTvPBCpqOD3epwQP0ZDTkOKkTZS3y7fQC8SYiTpMNJISvEIu9BbeDVg3644VWcGuErcnFRAjmbf/vYGAqcx4RozpFTPdRLtZ0hqihmZlLxUkQThERqSnqEcxUT52eyWCTw1ygCGQpriGs7UxYkMxUqN48B0xkhHatmbiv95vVSHV35GeZJqwvH8ozBlUAs4DQYOqCRYs7EhCEtqdoU4QhJhbeIrmRDc5ZNXSfu86taqtbuLSr2Rx1EEJ6AMzoALLkEd3IImaAEMnsALeAPv1rP1an1Yn/PWgpXPHIM/sL5+ATFwmoU=</latexit>

F ,! X ! B(Serre) fibration: (for us mainly               )
<latexit sha1_base64="/1i69FSE577nMKVVta+UGc6+iTw=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRC9CUBCPEcwDkiXMTnqTIbMPZ3qDYcl3ePGgiFc/xpt/4yTZgyYWNBRV3XR3ebEUGm3728qtrK6tb+Q3C1vbO7t7xf2Dho4SxaHOIxmplsc0SBFCHQVKaMUKWOBJaHrDm6nfHIHSIgofcByDG7B+KHzBGRrJvaVXtIPwhGmMk26xZJftGegycTJSIhlq3eJXpxfxJIAQuWRatx07RjdlCgWXMCl0Eg0x40PWh7ahIQtAu+ns6Ak9MUqP+pEyFSKdqb8nUhZoPQ480xkwHOhFbyr+57UT9C/dVIRxghDy+SI/kRQjOk2A9oQCjnJsCONKmFspHzDFOJqcCiYEZ/HlZdI4KzuVcuX+vFS9zuLIkyNyTE6JQy5IldyRGqkTTh7JM3klb9bIerHerY95a87KZg7JH1ifPzonkcc=</latexit>

F = pt
<latexit sha1_base64="2HYycfYnymUNzWaKb9HMmbMHGbE="></latexit>

E
2
p,q = Hp

�
B,⌦Spin

q (F )
�
�! E

1
p,q ) ⌦Spin

p+q (X)

<latexit sha1_base64="DAxKFztydPhG8mG3TVqawcBkZSc="></latexit>

Z 0 Z 0 Z
0 0 0 0 0
Z2 0 Z2 0 Z2

Z2 0 Z2 0 Z2

Z 0 Z 0 Z

<latexit sha1_base64="4efro9651Yrg8LCLAIbO38biKyI=">AAACGHicbZC7SgNBFIZn4y3GW9TSZjAIsYm7ItEyxMZORaNCNobZyUkyZHZ2mTkrhmUfw8ZXsbFQxNbOt3FyKbz9MPDznXM4c/4glsKg6346uZnZufmF/GJhaXllda24vnFlokRzaPBIRvomYAakUNBAgRJuYg0sDCRcB4PjUf36DrQRkbrEYQytkPWU6ArO0KJ2cc8/DaHHblMf4R7Ti1ioLGsPqB+IXrlOJ7SRlb3dMdptF0tuxR2L/jXe1JTIVGft4offiXgSgkIumTFNz42xlTKNgkvICn5iIGZ8wHrQtFaxEEwrHR+W0R1LOrQbafsU0jH9PpGy0JhhGNjOkGHf/K6N4H+1ZoLdo1YqVJwgKD5Z1E0kxYiOUqIdoYGjHFrDuBb2r5T3mWYcbZYFG4L3++S/5mq/4lUr1fODUq0+jSNPtsg2KROPHJIaOSFnpEE4eSBP5IW8Oo/Os/PmvE9ac850ZpP8kPPxBeIAn6M=</latexit>

⌦Spin
k

�
BU(1)

�

<latexit sha1_base64="24aT5s+Y9+7zCrpsptBLdJYYEis="></latexit>

k bordism group
0 Z
1 Z2

2 Z2 � Z
3 0
4 Z� Z



How does one compute?
Spectral sequences II: Adams (homotopy of spectra at primes)

[Adams ’58]

Each generalized (co)homology associated to a spectrum, e.g.
<latexit sha1_base64="RjrE15CIj3LwEdoNBL8KEezEkzo=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL16EiOYByRJmJ5NkyOzsOtMbDEu+w4sHRbz6Md78GyePgyYWNBRV3XR3BbEUBl3328msrK6tb2Q3c1vbO7t7+f2DmokSzXiVRTLSjYAaLoXiVRQoeSPWnIaB5PVgcD3x60OujYjUA45i7oe0p0RXMIpW8m9JC/kTpvexUON2vuAW3SnIMvHmpABzVNr5r1YnYknIFTJJjWl6box+SjUKJvk410oMjykb0B5vWqpoyI2fTo8ekxOrdEg30rYUkqn6eyKloTGjMLCdIcW+WfQm4n9eM8HupZ8KFSfIFZst6iaSYEQmCZCO0JyhHFlCmRb2VsL6VFOGNqecDcFbfHmZ1M6KXqlYujsvlK/mcWThCI7hFDy4gDLcQAWqwOARnuEV3pyh8+K8Ox+z1owznzmEP3A+fwDQOZIn</latexit>

MSpin
<latexit sha1_base64="NAu+uqqEn8KEaH7oGx2Dy/+Tn50="></latexit>

E
s,t
2 = Exts,tA

� eH•(MSpin ^X;Z);Z2

�
) ⇡

st
t�s(MSpin ^X)^2 ' e⌦Spin

t�s (X)^2

<latexit sha1_base64="HFty0nMiNlmzHufuGonKDGfhy7w="></latexit>

eH•�
BU(1);Z2

�

<latexit sha1_base64="a9MgA1w1pGnaUmpPvu0i4mZQtwc=">AAAB8nicbVBNTwIxEO3iF+IX6tFLIzHxRHaJQY9ELx4xykeyrKRbCjR027WdNZINP8OLB43x6q/x5r+xwB4UfMkkL+/NZGZeGAtuwHW/ndzK6tr6Rn6zsLW9s7tX3D9oGpVoyhpUCaXbITFMcMkawEGwdqwZiULBWuHoauq3Hpk2XMk7GMcsiMhA8j6nBKzkd4A9QXr7MLmvdIslt+zOgJeJl5ESylDvFr86PUWTiEmgghjje24MQUo0cCrYpNBJDIsJHZEB8y2VJGImSGcnT/CJVXq4r7QtCXim/p5ISWTMOAptZ0RgaBa9qfif5yfQvwhSLuMEmKTzRf1EYFB4+j/ucc0oiLElhGpub8V0SDShYFMq2BC8xZeXSbNS9qrl6s1ZqXaZxZFHR+gYnSIPnaMaukZ11EAUKfSMXtGbA86L8+58zFtzTjZziP7A+fwBcguRYA==</latexit>

Sq2

<latexit sha1_base64="FSgS/iUgP1I09jTBbW1iQD1A1S0=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgxbAbJHoRgl48RjAPSJYwO5lNhszOLjO9Qgj5CC8eFPHq93jzb5wke9DEgoaiqpvuriCRwqDrfju5tfWNza38dmFnd2//oHh41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjO5mfuuJayNi9YjjhPsRHSgRCkbRSi28MOSGVHrFklt25yCrxMtICTLUe8Wvbj9macQVMkmN6Xhugv6EahRM8mmhmxqeUDaiA96xVNGIG38yP3dKzqzSJ2GsbSkkc/X3xIRGxoyjwHZGFIdm2ZuJ/3mdFMNrfyJUkiJXbLEoTCXBmMx+J32hOUM5toQyLeythA2ppgxtQgUbgrf88ippVspetVx9uCzVbrM48nACp3AOHlxBDe6hDg1gMIJneIU3J3FenHfnY9Gac7KZY/gD5/MHw3mOjg==</latexit>

t� s = 2
<latexit sha1_base64="TIgeKAXxeAvNpUjuAytBe6HUzWc=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgxbArIXoRgl48RjAPSJYwO5lNhszOLjO9Qgj5CC8eFPHq93jzb5wke9DEgoaiqpvuriCRwqDrfju5tfWNza38dmFnd2//oHh41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjO5mfuuJayNi9YjjhPsRHSgRCkbRSi28MOSGVHrFklt25yCrxMtICTLUe8Wvbj9macQVMkmN6Xhugv6EahRM8mmhmxqeUDaiA96xVNGIG38yP3dKzqzSJ2GsbSkkc/X3xIRGxoyjwHZGFIdm2ZuJ/3mdFMNrfyJUkiJXbLEoTCXBmMx+J32hOUM5toQyLeythA2ppgxtQgUbgrf88ippXpa9arn6UCnVbrM48nACp3AOHlxBDe6hDg1gMIJneIU3J3FenHfnY9Gac7KZY/gD5/MHxoGOkA==</latexit>

t� s = 4

Adams chart
<latexit sha1_base64="b8d198muGceCYGFvm1OGRPJFSi4="></latexit>

⌦Spin
2

�
BU(1)

�
� Z

<latexit sha1_base64="JDbY294ksImTBjheJC8eEuI8RNM="></latexit>

⌦Spin
4

�
BU(1)

�
� Z

<latexit sha1_base64="qLUzyVBhXalw6Wbjg0wwTCrvHAI="></latexit>

⌦Spin
6

�
BU(1)

�
� Z� Z



Bordisms in Quantum Gravity



Quantum Gravity

Gravity: dynamics of spacetime
(not so interesting from bordism perspective;
continuous deformation provides bordism)

Quantum Gravity: changes of topology of spacetime
(Way more interesting from bordism perspective)

(Here we work in Euclidean signature)

Bordisms capture some topological features
of the low-energy limit of quantum gravity



Bordisms in Quantum Gravity

Anomalies

breaking of symmetries via
quantum gravity effects

inconsistency for gauge
symmetries

Global symmetries

definition of conserved charges
 associated to symmetries

absent in quantum gravity
theories



Bordisms and anomalies



Anomalies
• Couple symmetry to background connection

• Move in configuration space

• Calculate partition function

<latexit sha1_base64="WJyndAPDo6VgRQ1CoEU0xDgI0ew=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1DJiI9gkYD4gOcLeZi5Zs7d37O4J4QjY21goYutPsvPfuPkoNPHBwOO9GWbmBYng2rjut5NbWV1b38hvFra2d3b3ivsHDR2nimGdxSJWrYBqFFxi3XAjsJUopFEgsBkMbyZ+8xGV5rG8N6ME/Yj2JQ85o8ZKtetuseSW3SnIMvHmpARzVLvFr04vZmmE0jBBtW57bmL8jCrDmcBxoZNqTCgb0j62LZU0Qu1n00PH5MQqPRLGypY0ZKr+nshopPUoCmxnRM1AL3oT8T+vnZrwys+4TFKDks0WhakgJiaTr0mPK2RGjCyhTHF7K2EDqigzNpuCDcFbfHmZNM7K3kX5vHZeqtw9zeLIwxEcwyl4cAkVuIUq1IEBwjO8wpvz4Lw4787HrDXnzCM8hD9wPn8AvoCNVw==</latexit>

A
<latexit sha1_base64="Aykonptpykx6C+bejkkcoK8Opu8=">AAAB+nicbZBLSwMxFIUz9VXra6pLN8EiuCozIuqyxY3gpoJ9QDuWTJqZhmYyQ3LHUsaCf8SNC0Xc+kvc+W9MHwttPRD4OOeG3Bw/EVyD43xbuZXVtfWN/GZha3tnd88u7jd0nCrK6jQWsWr5RDPBJasDB8FaiWIk8gVr+oOrSd58YErzWN7BKGFeRELJA04JGKtrF6u4o3jYB6JUPMTV+7Brl5yyMxVeBncOJTRXrWt/dXoxTSMmgQqiddt1EvAyooBTwcaFTqpZQuiAhKxtUJKIaS+brj7Gx8bp4SBW5kjAU/f3jYxEWo8i30xGBPp6MZuY/2XtFIJLL+MySYFJOnsoSAWGGE96wD2uGAUxMkCo4mZXTPtEEQqmrYIpwV388jI0Tsvuefns9qxUuXma1ZFHh+gInSAXXaAKukY1VEcUDdEzekVv1qP1Yr1bH7PRnDWv8AD9kfX5A67blBM=</latexit>

A ! Ag
<latexit sha1_base64="EA8aEfzqcvlceUWFWft/S7i3IDA=">AAAB+3icbZBLSwMxFIXv1Fetr7Eu3QSL4KrMSFGXFTeCmwr2ge1YMmmmDc1kxiQjlqHgL3HjQhG3/hF3/hszbRfaeiDwcc4NuTl+zJnSjvNt5ZaWV1bX8uuFjc2t7R17t9hQUSIJrZOIR7LlY0U5E7Sumea0FUuKQ5/Tpj+8yPLmA5WKReJGj2LqhbgvWMAI1sbq2sVb1D73UEfQe5ThXd/r2iWn7EyEFsGdQQlmqnXtr04vIklIhSYcK9V2nVh7KZaaEU7HhU6iaIzJEPdp26DAIVVeOtl9jA6N00NBJM0RGk3c3zdSHCo1Cn0zGWI9UPNZZv6XtRMdnHkpE3GiqSDTh4KEIx2hrAjUY5ISzUcGMJHM7IrIAEtMtKmrYEpw57+8CI3jsntSrlxXStWrp2kdediHAzgCF06hCpdQgzoQeIRneIU3a2y9WO/Wx3Q0Z80q3IM/sj5/ANzsk3w=</latexit>

Z[A] 6= Z[Ag]

Perturbative anomalies
[Adler ’69, Bell, Jackiw ’69]

• Small variations (contractible paths): perturbative anomalies

• Symmetry needs to be continuous

A

Ag

A
Ag

<latexit sha1_base64="VeyBdlWUD2n4JwRoh/hVrXCB9UM=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURqV6EqhePFewHpmmZbLft0s0m7G6EEgpe/CtePCji1T/hzX/jts1Bqw8GHu/NMDMviDlT2nG+rNzC4tLySn61sLa+sbllb+/UVZRIQmsk4pFsBqAoZ4LWNNOcNmNJIQw4bQTDq4nfuKdSsUjc6lFM/RD6gvUYAW2kjr135120+z4+x7SdMtwCHg9gjI3qd+yiU3KmwH+Jm5EiylDt2J+tbkSSkApNOCjluU6s/RSkZoTTcaGVKBoDGUKfeoYKCKny0+kPY3xolC7uRdKU0Hiq/pxIIVRqFAamMwQ9UPPeRPzP8xLdO/NTJuJEU0Fmi3oJxzrCk0Bwl0lKNB8ZAkQycysmA5BAtImtYEJw51/+S+rHJbdcKt+cFCuXWRx5tI8O0BFy0SmqoGtURTVE0AN6Qi/o1Xq0nq03633WmrOymV30C9bHN9yFlmg=</latexit>

Z[Ag] = ei↵Z[A]



Geometrize

• Large variations (non-contractible paths): global anomalies

• Spans a (d+1)-dimensional manifold

gluing the ends: mapping tori [Witten ’82]

A → Ag

(A, M) (Ag, M)



Dai-Freed anomaly
[Dai, Freed ’94], [Witten ’15], [Yonekura ’16], see also [Montero, Garcia-Etxebarria ’18] for a great review

• Topology changes along path       ‘quantum gravity’ flavor

• Forms (d+1)-dimensional manifold with given structure

• Detected by evaluation of (d+1)-dimensional anomaly theory

A → Ag



Anomaly field theory
e.g. [Freed, Teleman ’14]

There is a (d+1)-dimensional invertible field theory      such that:
<latexit sha1_base64="b5c2aR84COVDXE21p0toK95ec9A=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuKG8FNBfuAzlAyadqGZjJDckcoQ8GvcONCEbf+jDv/xkzbhbYeuHA4515ycsJECoOu++0UVlbX1jeKm6Wt7Z3dvfL+QdPEqWa8wWIZ63ZIDZdC8QYKlLydaE6jUPJWOLrJ/dYj10bE6gHHCQ8iOlCiLxhFK/l+RHHIqMyuJ6RbrrhVdwqyTLw5qcAc9W75y+/FLI24QiapMR3PTTDIqEbBJJ+U/NTwhLIRHfCOpYpG3ATZNPOEnFilR/qxtqOQTNXfFxmNjBlHod3MM5pFLxf/8zop9q+CTKgkRa7Y7KF+KgnGJC+A9ITmDOXYEsq0sFkJG1JNGdqaSrYEb/HLy6R5VvUuquf355Xa3dOsjiIcwTGcggeXUINbqEMDGCTwDK/w5qTOi/PufMxWC868wkP4A+fzB/XYkhM=</latexit>

A

<latexit sha1_base64="yGsCT5/b3b1Gx/VmM3mZv0MeWyA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF0GEBMwDkiXMTnqTMbOzy8ysEJaAdy8eFPHqJ3nzb5w8DppY0FBUddPdFSSCa+O6305uZXVtfSO/Wdja3tndK+4fNHScKoZ1FotYtQKqUXCJdcONwFaikEaBwGYwvJ74zUdUmsfy3owS9CPalzzkjBor1e66xZJbdqcgy8SbkxLMUe0Wvzq9mKURSsME1brtuYnxM6oMZwLHhU6qMaFsSPvYtlTSCLWfTQ8dkxOr9EgYK1vSkKn6eyKjkdajKLCdETUDvehNxP+8dmrCKz/jMkkNSjZbFKaCmJhMviY9rpAZMbKEMsXtrYQNqKLM2GwKNgRv8eVl0jgrexfl89p5qXL7NIsjD0dwDKfgwSVU4AaqUAcGCM/wCm/Og/PivDsfs9acM4/wEP7A+fwB0LCNYw==</latexit>

M

<latexit sha1_base64="CRFx75PSuI4o+7b1jzJZZJ0eWCw=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXARrBJwHxAcoS9zVyyZm/v2N0TwhGwt7FQxNafZOe/cfNRaOKDgcd7M8zMCxLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91iMqzWN5b8YJ+hEdSB5yRo2V6u1eseSW3RnIKvEWpAQL1HrFr24/ZmmE0jBBte54bmL8jCrDmcBJoZtqTCgb0QF2LJU0Qu1ns0Mn5MwqfRLGypY0ZKb+nshopPU4CmxnRM1QL3tT8T+vk5rw2s+4TFKDks0XhakgJibTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/K3mW5Uq+UqndP8zjycAKncA4eXEEVbqEGDWCA8Ayv8OY8OC/Ou/Mxb805iwiP4Q+czx/hXI1u</latexit>

X

Boundary theory determines structure:
• Spin structure

• Gauge fields

• …

No Dai-Freed anomalies Independent of extension

<latexit sha1_base64="Ug2No/VIGKal6/wXkh3L/AA7pRU="></latexit>

Z[M ]

|Z[M ]| = e2⇡iA[X] , @X = M

one-dimensional Hilbert space:
only phase



Anomaly field theory

<latexit sha1_base64="yGsCT5/b3b1Gx/VmM3mZv0MeWyA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF0GEBMwDkiXMTnqTMbOzy8ysEJaAdy8eFPHqJ3nzb5w8DppY0FBUddPdFSSCa+O6305uZXVtfSO/Wdja3tndK+4fNHScKoZ1FotYtQKqUXCJdcONwFaikEaBwGYwvJ74zUdUmsfy3owS9CPalzzkjBor1e66xZJbdqcgy8SbkxLMUe0Wvzq9mKURSsME1brtuYnxM6oMZwLHhU6qMaFsSPvYtlTSCLWfTQ8dkxOr9EgYK1vSkKn6eyKjkdajKLCdETUDvehNxP+8dmrCKz/jMkkNSjZbFKaCmJhMviY9rpAZMbKEMsXtrYQNqKLM2GwKNgRv8eVl0jgrexfl89p5qXL7NIsjD0dwDKfgwSVU4AaqUAcGCM/wCm/Og/PivDsfs9acM4/wEP7A+fwB0LCNYw==</latexit>

M

<latexit sha1_base64="CRFx75PSuI4o+7b1jzJZZJ0eWCw=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXARrBJwHxAcoS9zVyyZm/v2N0TwhGwt7FQxNafZOe/cfNRaOKDgcd7M8zMCxLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91iMqzWN5b8YJ+hEdSB5yRo2V6u1eseSW3RnIKvEWpAQL1HrFr24/ZmmE0jBBte54bmL8jCrDmcBJoZtqTCgb0QF2LJU0Qu1ns0Mn5MwqfRLGypY0ZKb+nshopPU4CmxnRM1QL3tT8T+vk5rw2s+4TFKDks0XhakgJibTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/K3mW5Uq+UqndP8zjycAKncA4eXEEVbqEGDWCA8Ayv8OY8OC/Ou/Mxb805iwiP4Q+czx/hXI1u</latexit>

X

for all closed manifolds       with wanted physical structure

classified by bordism groups

<latexit sha1_base64="Z0Sutsg0cxuaJ0OVOgQ8hO8Wnzg=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBC8GHYlqMeAF0GEiOYByRJmJ73JkNnZZWZWCEvAH/DiQRGvfpE3/8bJ46CJBQ1FVTfdXUEiuDau++0sLa+srq3nNvKbW9s7u4W9/bqOU8WwxmIRq2ZANQousWa4EdhMFNIoENgIBldjv/GISvNYPphhgn5Ee5KHnFFjpftTctspFN2SOwFZJN6MFGGGaqfw1e7GLI1QGiao1i3PTYyfUWU4EzjKt1ONCWUD2sOWpZJGqP1scuqIHFulS8JY2ZKGTNTfExmNtB5Gge2MqOnreW8s/ue1UhNe+hmXSWpQsumiMBXExGT8N+lyhcyIoSWUKW5vJaxPFWXGppO3IXjzLy+S+lnJOy+V78rFys3TNI4cHMIRnIAHF1CBa6hCDRj04Ble4c0Rzovz7nxMW5ecWYQH8AfO5w+Pt43E</latexit>

�M

<latexit sha1_base64="h8N5Vi0MOn7HZ9tAEhNOOUEOGR4=">AAACCXicbVBNS8NAEJ34WetX1KOXxSJ6KolI9SJUvXisYD+gDWWz3bRLN5uwuxFK6NWLf8WLB0W8+g+8+W/ctDnY1gcDj/dmmJnnx5wp7Tg/1tLyyuraemGjuLm1vbNr7+03VJRIQusk4pFs+VhRzgSta6Y5bcWS4tDntOkPbzO/+UilYpF40KOYeiHuCxYwgrWRujbqhFgPCObp9bjd8tDVrHDide2SU3YmQIvEzUkJctS69nenF5EkpEITjpVqu06svRRLzQin42InUTTGZIj7tG2owCFVXjr5ZIyOjdJDQSRNCY0m6t+JFIdKjULfdGZnqnkvE//z2okOLr2UiTjRVJDpoiDhSEcoiwX1mKRE85EhmEhmbkVkgCUm2oRXNCG48y8vksZZ2a2UK/fnpepNHkcBDuEITsGFC6jCHdSgDgSe4AXe4N16tl6tD+tz2rpk5TMHMAPr6xeEiZmY</latexit>

A[X] = A[X 0]

<latexit sha1_base64="Ofh59D6aIXLs8wdJaWBxFe9syOA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbRi2W3SPVY9OKxgv2AdinZNNuGJtklyQpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyV3md56o0iySj2YaU1/gkWQhI9hk0iXqng/KFbfqzoFWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X46v3WGzqwyRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDGT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPCUbgrf88ipp16pevVp/uKo0bvM4inACp3ABHlxDA+6hCS0gMIZneIU3RzgvzrvzsWgtOPnMMfyB8/kD2PuNeQ==</latexit>

�X 0

<latexit sha1_base64="ANme6Ou21rl6JYYtHFK6hlLwJIY=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFclaRIdSNU3bisYB+SxDKZTtqhk0mYmQglZOfGX3HjQhG3/oI7/8ZJm4W2HrhwOOde7r3HjxmVyrK+jYXFpeWV1dJaeX1jc2vb3NltyygRmLRwxCLR9ZEkjHLSUlQx0o0FQaHPSMcfXeV+54EISSN+q8Yx8UI04DSgGCkt9cwDcp/WoBtTSKEbIjXEiKUXmXPnZfAc2j2zYlWtCeA8sQtSAQWaPfPL7Uc4CQlXmCEpHduKlZcioShmJCu7iSQxwiM0II6mHIVEeunkjwweaaUPg0jo4gpO1N8TKQqlHIe+7sxPlbNeLv7nOYkKzryU8jhRhOPpoiBhUEUwDwX2qSBYsbEmCAuqb4V4iATCSkdX1iHYsy/Pk3atater9ZuTSuOyiKME9sEhOAY2OAUNcA2aoAUweATP4BW8GU/Gi/FufExbF4xiZg/8gfH5A8Qal/s=</latexit>

e2⇡iA[Y ] = 1
<latexit sha1_base64="v6xj/JJiL0Awf0au9+omAX/20SE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALrPjOg=</latexit>

Y



Bordisms and anomaly
more precisely there is a short exact sequence: (Anderson dual)

<latexit sha1_base64="YIBcCtzZN6Wy4Z35EGvlS3MEIOI="></latexit>

0 �! Ext
�
⌦

Spin
d+1 (BG);Z

�
�!

�
IZ⌦

Spin
�d+2

(BG) �! Hom
�
⌦

Spin
d+2 (BG);Z

�
�! 0

Morally:

•                           classifies perturbative anomalies

•                           classifies non-perturbative anomalies

<latexit sha1_base64="7Uzp4tMep43WZyk2Hty4LrBhDEQ=">AAACIHicbVDLSgMxFM34tr6qLt0Ei9AilBkRdSm60J2KVgudWjLpbRuayQzJHbEM8ylu/BU3LhTRnX6N6WOh1gOBwznncnNPEEth0HU/nYnJqemZ2bn53MLi0vJKfnXt2kSJ5lDhkYx0NWAGpFBQQYESqrEGFgYSboLucd+/uQNtRKSusBdDPWRtJVqCM7RSI7/vI9xjehVpk1E/EO0i9c9CaLPbdOhcxkJlWSNtbnsZLR6dlAapUiNfcMvuAHSceCNSICOcN/IffjPiSQgKuWTG1Dw3xnrKNAouIcv5iYGY8S5rQ81SxUIw9XRwYEa3rNKkrUjbp5AO1J8TKQuN6YWBTYYMO+av1xf/82oJtg7qqVBxgqD4cFErkRQj2m+LNoUGjrJnCeNa2L9S3mGacbSd5mwJ3t+Tx8n1TtnbK+9d7BYOj0Z1zJENskmKxCP75JCcknNSIZw8kCfyQl6dR+fZeXPeh9EJZzSzTn7B+foG8cWiyQ==</latexit>

Tors
�
⌦Spin

d+1 (BG)
�

<latexit sha1_base64="fRb9oJoWsxDYUYoarQ9VPBg1PFc=">AAACIHicbVDLSgMxFM3Ud31VXboJFqFFKDMi6lIU1J2KVgudWjLpbQ1mMkNyRyzDfIobf8WNC0V0p19j+lio9UDgcM653NwTxFIYdN1PJzc2PjE5NT2Tn52bX1gsLC1fmijRHKo8kpGuBcyAFAqqKFBCLdbAwkDCVXB70POv7kAbEakL7MbQCFlHibbgDK3ULOz4CPeYHmqAjPqB6JSofxJCh12nA+c8FirLmmlrYzOjpf2jcj9VbhaKbsXtg44Sb0iKZIjTZuHDb0U8CUEhl8yYuufG2EiZRsElZHk/MRAzfss6ULdUsRBMI+0fmNF1q7RoO9L2KaR99edEykJjumFgkyHDG/PX64n/efUE27uNVKg4QVB8sKidSIoR7bVFW0IDR9m1hHEt7F8pv2GacbSd5m0J3t+TR8nlZsXbrmyfbRX39od1TJNVskZKxCM7ZI8ck1NSJZw8kCfyQl6dR+fZeXPeB9GcM5xZIb/gfH0Dst6ipA==</latexit>

Free
�
⌦Spin

d+2 (BG)
�

Example U(1) in 4d:
<latexit sha1_base64="x8LWSyV8L6Qb3LeBxOlse0jiwAo="></latexit>

⌦Spin
5

�
BU(1)

�
= 0 , ⌦Spin

6

�
BU(1)

�
= Z� Z

<latexit sha1_base64="9LRiqh+xNhnFVsBOUXCCDEF0EmM=">AAACDHicbVDLSgNBEJz1bXxFPXoZDIKHEHajRI+iIB5VzAOyMcxOOsmQ2dllplcMSz7Ai7/ixYMiXv0Ab/6Nk8dBjQUD1VXd9HQFsRQGXffLmZmdm19YXFrOrKyurW9kN7cqJko0hzKPZKRrATMghYIyCpRQizWwMJBQDXpnQ796B9qISN1gP4ZGyDpKtAVnaKVmNnd+e0D9fJ76oEzMONBzW1If4R5T1AN6fVu0XW7BHYFOE29CcmSCy2b2029FPAlBIZfMmLrnxthImUbBJQwyfmLA7uqxDtQtVSwE00hHxwzonlVatB1p+xTSkfpzImWhMf0wsJ0hw6756w3F/7x6gu3jRipUnCAoPl7UTiTFiA6ToS2hgaPsW8K4FvavlHeZZhxtfhkbgvf35GlSKRa8UqF0dZg7OZ3EsUR2yC7ZJx45IifkglySMuHkgTyRF/LqPDrPzpvzPm6dcSYz2+QXnI9vSbiZSQ==</latexit>

F 3 , F trR2



Anomalies: Strategy
• Determine structure     (from physical theory)

• Find the anomaly theory

• Determine bordism groups

• Find a set of generators for bordism group (highly non-trivial)

• Evaluate anomaly theory on the set of generators

<latexit sha1_base64="Vf1Azr0psEe8sNLkarqAone9LXI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrpvvskeqWyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn81OnZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OZI58V5dz7mrStOPnMEf+B8/gBfd43g</latexit>

⇠
<latexit sha1_base64="75q59Ir/CrJ8pZbnKm+P350/T4A=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WXVjcsK9gHToWTSTBuaSYbkjlCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTAQ34LrfTmltfWNzq7xd2dnd2z+oHh51jEo1ZW2qhNK9kBgmuGRt4CBYL9GMxKFg3XByl/vdJ6YNV/IRpgkLYjKSPOKUgJX8fkxgTInIbmaDas2tu3PgVeIVpIYKtAbVr/5Q0TRmEqggxviem0CQEQ2cCjar9FPDEkInZMR8SyWJmQmyeeQZPrPKEEdK2ycBz9XfGxmJjZnGoZ3MI5plLxf/8/wUousg4zJJgUm6+ChKBQaF8/vxkGtGQUwtIVRzmxXTMdGEgm2pYkvwlk9eJZ2LuteoNx4ua83boo4yOkGn6Bx56Ao10T1qoTaiSKFn9IreHHBenHfnYzFacoqdY/QHzucPc+CRYg==</latexit>

A
<latexit sha1_base64="1WJJ+gYzTmiKunW70DlU3FT61WQ=">AAACEnicbVDLSsNAFJ34rPUVdelmsAiKpSRFqsuiG3dWsA9oYphMpu3QySTMTMQS8g1u/BU3LhRx68qdf+O0zUJbD1w4nHMv997jx4xKZVnfxsLi0vLKamGtuL6xubVt7uy2ZJQITJo4YpHo+EgSRjlpKqoY6cSCoNBnpO0PL8d++54ISSN+q0YxcUPU57RHMVJa8sxj5zokfXSXOg8089LgxM6gUy7DWbmaeWbJqlgTwHli56QEcjQ888sJIpyEhCvMkJRd24qVmyKhKGYkKzqJJDHCQ9QnXU05Col008lLGTzUSgB7kdDFFZyovydSFEo5Cn3dGSI1kLPeWPzP6yaqd+6mlMeJIhxPF/USBlUEx/nAgAqCFRtpgrCg+laIB0ggrHSKRR2CPfvyPGlVK3atUrs5LdUv8jgKYB8cgCNggzNQB1egAZoAg0fwDF7Bm/FkvBjvxse0dcHIZ/bAHxifPxx0nSM=</latexit>

⌦⇠
d+1 ,⌦

⇠
d+2

<latexit sha1_base64="6CvgCQSG/yJ8y8DgA7WM9CY075M=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiQi1WXVjcsK9oFJKJPppB06mYSZiVBCVm78FTcuFHHrN7jzb5ykWWjrgQuHc+7l3nv8mFGpLOvbqCwtr6yuVddrG5tb2zvm7l5XRonApIMjFom+jyRhlJOOooqRfiwICn1Gev7kOvd7D0RIGvE7NY2JF6IRpwHFSGlpYB66IVJjjFh6mTl9D7qUw0Ly/fQ+G5h1q2EVgIvELkkdlGgPzC93GOEkJFxhhqR0bCtWXoqEopiRrOYmksQIT9CIOJpyFBLppcUbGTzWyhAGkdDFFSzU3xMpCqWchr7uzC+U814u/uc5iQouvJTyOFGE49miIGFQRTDPBA6pIFixqSYIC6pvhXiMBMJKJ1fTIdjzLy+S7mnDbjaat2f11lUZRxUcgCNwAmxwDlrgBrRBB2DwCJ7BK3gznowX4934mLVWjHJmH/yB8fkDFd6Y5g==</latexit>

A[X] 2 ZNo anomalies if:



Example: 4d U(1) theory
Fermions with arbitrary integer charges

<latexit sha1_base64="0TjWUESQI+d+SlMDop4dE68fkw8=">AAACGXicbZC7SgNBFIZn4y3GW9TSZjAISRN2xVsp2tgZ0aiQjWF2cpIMzs4uM2fFsOxr2PgqNhaKWGrl2zi5FGr8YeDnO+dw5vxBLIVB1/1yclPTM7Nz+fnCwuLS8kpxde3SRInmUOeRjPR1wAxIoaCOAiVcxxpYGEi4Cm6PB/WrO9BGROoC+zE0Q9ZVoiM4Q4taRdc/DaHLblIf4R7T81ioLGvtUj8Q3TI9oiNcz8peZcgqrWLJrbpD0UnjjU2JjFVrFT/8dsSTEBRyyYxpeG6MzZRpFFxCVvATAzHjt6wLDWsVC8E00+FlGd2ypE07kbZPIR3SnxMpC43ph4HtDBn2zN/aAP5XayTYOWimQsUJguKjRZ1EUozoICbaFho4yr41jGth/0p5j2nG0YZZsCF4f0+eNJfbVW+vune2Uzo8GseRJxtkk5SJR/bJITkhNVInnDyQJ/JCXp1H59l5c95HrTlnPLNOfsn5/Abt2Z+X</latexit>

⌦Spin
5

�
BU(1)

�
<latexit sha1_base64="hXeTiQlOamMICQsp4OkICKa1E3o=">AAACGXicbZC7SgNBFIZnvcZ4i1raDAYhNmFXJFqKNnZGNBfIxjA7OYmDs7PLzFkxLPsaNr6KjYUillr5Nk4uhRp/GPj5zjmcOX8QS2HQdb+cmdm5+YXF3FJ+eWV1bb2wsVk3UaI51HgkI90MmAEpFNRQoIRmrIGFgYRGcHs6rDfuQBsRqSscxNAOWV+JnuAMLeoUXP88hD67Tn2Ee0wvY6GyrFOhfiD6JXpCx7iWlby9EdvrFIpu2R2JThtvYopkomqn8OF3I56EoJBLZkzLc2Nsp0yj4BKyvJ8YiBm/ZX1oWatYCKadji7L6K4lXdqLtH0K6Yj+nEhZaMwgDGxnyPDG/K0N4X+1VoK9o3YqVJwgKD5e1EskxYgOY6JdoYGjHFjDuBb2r5TfMM042jDzNgTv78nTpr5f9irlysVB8fhkEkeObJMdUiIeOSTH5IxUSY1w8kCeyAt5dR6dZ+fNeR+3zjiTmS3yS87nN+93n5g=</latexit>

⌦Spin
6

�
BU(1)

�

Anomaly theory:
<latexit sha1_base64="Th/e2WDON/Iu7VICUPE6amB6UZk=">AAACE3icbVC7SgNBFJ31bXxFLW0GgyAWYVck2gjxgVgqGBWycZmd3OiQmd115q4Ylv0HG3/FxkIRWxs7/8ZJTKGJBwYO59zLnXPCRAqDrvvljIyOjU9MTk0XZmbn5heKi0vnJk41hxqPZawvQ2ZAighqKFDCZaKBqVDCRdg+6PoXd6CNiKMz7CTQUOw6Ei3BGVopKG74iuENZzLby+ku9U2qgiPqJ4r6gOwq8xHuMTvM8+A2KJbcstsDHSZen5RIHydB8dNvxjxVECGXzJi65ybYyJhGwSXkBT81kDDeZtdQtzRiCkwj62XK6ZpVmrQVa/sipD3190bGlDEdFdrJbgIz6HXF/7x6iq2dRiaiJEWI+M+hViopxrRbEG0KDRxlxxLGtbB/pfyGacbR1liwJXiDkYfJ+WbZq5Qrp1ul6n6/jimyQlbJOvHINqmSY3JCaoSTB/JEXsir8+g8O2/O+8/oiNPfWSZ/4Hx8A9fFni4=</latexit>

A =
X

F

±⌘Dq

Using the APS index theorem:
[Atiyah, Patodi, Singer ’75]

<latexit sha1_base64="1dBQ6AL1gRk9SAWy3soR5oHk6lc=">AAACFHicbVDLSgNBEJyNrxhfUY9eBoOQIIRdkegxKojHKOYB2bDMTibJkJnddaZXDEs+wou/4sWDIl49ePNvnDwOmljQUFR1093lR4JrsO1vK7WwuLS8kl7NrK1vbG5lt3dqOowVZVUailA1fKKZ4AGrAgfBGpFiRPqC1f3+xciv3zOleRjcwiBiLUm6Ae9wSsBIXvbQ5QFgV8fSu8RuJLHbI5CcDfM3BewCe4CE9ob5O0w9p+Blc3bRHgPPE2dKcmiKipf9ctshjSULgAqiddOxI2glRAGngg0zbqxZRGifdFnT0IBIplvJ+KkhPjBKG3dCZcqcOFZ/TyREaj2QvumUBHp61huJ/3nNGDqnrYQHUQwsoJNFnVhgCPEoIdzmilEQA0MIVdzcimmPKELB5JgxITizL8+T2lHRKRVL18e58vk0jjTaQ/sojxx0gsroClVQFVH0iJ7RK3qznqwX6936mLSmrOnMLvoD6/MHl9+dSA==</latexit>Z X

F

±Â(R)ch(qc1)

Expansion leads to anomaly conditions:
<latexit sha1_base64="XbxLlzr1TcpnpisQRnTOzHKs/lA=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiQq1Y1QFMRlBfuAJobJdNIOnZnEmYlYQn/FjQtF3Poj7vwbp20W2nrgwuGce7n3njBhVGnH+bYKS8srq2vF9dLG5tb2jr1bbqk4lZg0ccxi2QmRIowK0tRUM9JJJEE8ZKQdDq8mfvuRSEVjcadHCfE56gsaUYy0kQK77KmUB9fQSzh8uD+BF9AJ7IpTdaaAi8TNSQXkaAT2l9eLccqJ0Jghpbquk2g/Q1JTzMi45KWKJAgPUZ90DRWIE+Vn09vH8NAoPRjF0pTQcKr+nsgQV2rEQ9PJkR6oeW8i/ud1Ux2d+xkVSaqJwLNFUcqgjuEkCNijkmDNRoYgLKm5FeIBkghrE1fJhODOv7xIWsdVt1at3Z5W6pd5HEWwDw7AEXDBGaiDG9AATYDBE3gGr+DNGlsv1rv1MWstWPnMHvgD6/MHqXiS6A==</latexit>X

F

±q3 = 0
<latexit sha1_base64="FManPzVjv7Us7ex4Y/atS4f3EJY=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEqhehKIjHCvYDmhA22027dDeJu5tCCf0nXjwo4tV/4s1/47bNQasPBh7vzTAzL0w5U9pxvqzSyura+kZ5s7K1vbO7Z+8ftFWSSUJbJOGJ7IZYUc5i2tJMc9pNJcUi5LQTjm5mfmdMpWJJ/KAnKfUFHsQsYgRrIwW27alMBLfISwV6RFfICeyqU3PmQH+JW5AqFGgG9qfXT0gmaKwJx0r1XCfVfo6lZoTTacXLFE0xGeEB7RkaY0GVn88vn6ITo/RRlEhTsUZz9edEjoVSExGaToH1UC17M/E/r5fp6NLPWZxmmsZksSjKONIJmsWA+kxSovnEEEwkM7ciMsQSE23CqpgQ3OWX/5L2Wc2t1+r359XGdRFHGY7gGE7BhQtowB00oQUExvAEL/Bq5daz9Wa9L1pLVjFzCL9gfXwDeD+SQw==</latexit>X

F

±q = 0

(generators here not so important)

<latexit sha1_base64="lmQfQhUSbV50vGG/AxTWKzVEzXk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh6MVjFfsBbSib7aRdutmE3Y1QQv+BFw+KePUfefPfuG1z0OqDgcd7M8zMCxLBtXHdL6ewsrq2vlHcLG1t7+zulfcPWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38z89iMqzWP5YCYJ+hEdSh5yRo2V7q/cfrniVt05yF/i5aQCORr98mdvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mlU3JilQEJY2VLGjJXf05kNNJ6EgW2M6JmpJe9mfif101NeOlnXCapQckWi8JUEBOT2dtkwBUyIyaWUKa4vZWwEVWUGRtOyYbgLb/8l7TOql6tWrs7r9Sv8ziKcATHcAoeXEAdbqEBTWAQwhO8wKszdp6dN+d90Vpw8plD+AXn4xv+QI0G</latexit>

= 0
<latexit sha1_base64="nawKc8eqi+UU2SIcC9Oe4cPvqdE=">AAACB3icbVBNS8NAEJ3Ur1q/oh4FWSyCp5KIVC9C0YvHCvYDm1A22027dLMJuxuhhN68+Fe8eFDEq3/Bm//GTdtDrT4YeLw3w8y8IOFMacf5tgpLyyura8X10sbm1vaOvbvXVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwvM791gOVisXiTo8S6ke4L1jICNZG6tqHl8iLsB4EQXY/Rl6c8FTNKV277FScCdBf4s5IGWaod+0vrxeTNKJCE46V6rhOov0MS80Ip+OSlyqaYDLEfdoxVOCIKj+b/DFGx0bpoTCWpoRGE3V+IsORUqMoMJ35hWrRy8X/vE6qwws/YyJJNRVkuihMOdIxykNBPSYp0XxkCCaSmVsRGWCJiTbRlUwI7uLLf0nztOJWK9Xbs3LtahZHEQ7gCE7AhXOowQ3UoQEEHuEZXuHNerJerHfrY9pasGYz+/AL1ucPwWiZRg==</latexit>

= Z� Z



Bordisms and global charges



Evidence for: No global symmetries
See e.g. [Banks, Dixon ’88; Banks, Seiberg ’11]

<latexit sha1_base64="cf7tkdfhSvSfVpOWlQIIRZXZhy0=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EomXARrBJwHxAcoS9zVyyZm/v2N0TwhGwt7FQxNafZOe/cfNRaOKDgcd7M8zMCxLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91iMqzWN5b8YJ+hEdSB5yRo2V6vVeseSW3RnIKvEWpAQL1HrFr24/ZmmE0jBBte54bmL8jCrDmcBJoZtqTCgb0QF2LJU0Qu1ns0Mn5MwqfRLGypY0ZKb+nshopPU4CmxnRM1QL3tT8T+vk5rw2s+4TFKDks0XhakgJibTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqVcqV+WqndP8zjycAKncA4eXEEVbqEGDWCA8Ayv8OY8OC/Ou/Mxb805iwiP4Q+czx/XZI1p</latexit>

Q

<latexit sha1_base64="cf7tkdfhSvSfVpOWlQIIRZXZhy0=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EomXARrBJwHxAcoS9zVyyZm/v2N0TwhGwt7FQxNafZOe/cfNRaOKDgcd7M8zMCxLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91iMqzWN5b8YJ+hEdSB5yRo2V6vVeseSW3RnIKvEWpAQL1HrFr24/ZmmE0jBBte54bmL8jCrDmcBJoZtqTCgb0QF2LJU0Qu1ns0Mn5MwqfRLGypY0ZKb+nshopPU4CmxnRM1QL3tT8T+vk5rw2s+4TFKDks0XhakgJibTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqVcqV+WqndP8zjycAKncA4eXEEVbqEGDWCA8Ayv8OY8OC/Ou/Mxb805iwiP4Q+czx/XZI1p</latexit>

Q

Remnants with arbitrary global
 charge (includes generalized

symmetry charges)

Violation of entropy bounds

Global charge labels different states but costs no energy



Evidence for: No global symmetries

Also leads to violation of
Holographic principle<latexit sha1_base64="cf7tkdfhSvSfVpOWlQIIRZXZhy0=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EomXARrBJwHxAcoS9zVyyZm/v2N0TwhGwt7FQxNafZOe/cfNRaOKDgcd7M8zMCxLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91iMqzWN5b8YJ+hEdSB5yRo2V6vVeseSW3RnIKvEWpAQL1HrFr24/ZmmE0jBBte54bmL8jCrDmcBJoZtqTCgb0QF2LJU0Qu1ns0Mn5MwqfRLGypY0ZKb+nshopPU4CmxnRM1QL3tT8T+vk5rw2s+4TFKDks0XhakgJibTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqVcqV+WqndP8zjycAKncA4eXEEVbqEGDWCA8Ayv8OY8OC/Ou/Mxb805iwiP4Q+czx/XZI1p</latexit>

Q
& violation in AdS/CFT

[Harlow, Shaghoulian ’20], 
[Bah, Chen, Maldacena ’22],… 

Violation typically at least  e−M2
Pl/Λ2

see also [Daus, Hebecker, Leonhardt, March-Russell ’20]
for connection with weak gravity conjecture

[Harlow, Ooguri ’18]

Remember: Global charge labels different states but costs no energy

Non-perturbative
in gravity



Global symmetries
How can one be sure that there are no global symmetries?
(no Lagrangian description, non-perturbative effects, …)

Global symmetries           Conserved charge

<latexit sha1_base64="cf7tkdfhSvSfVpOWlQIIRZXZhy0=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EomXARrBJwHxAcoS9zVyyZm/v2N0TwhGwt7FQxNafZOe/cfNRaOKDgcd7M8zMCxLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91iMqzWN5b8YJ+hEdSB5yRo2V6vVeseSW3RnIKvEWpAQL1HrFr24/ZmmE0jBBte54bmL8jCrDmcBJoZtqTCgb0QF2LJU0Qu1ns0Mn5MwqfRLGypY0ZKb+nshopPU4CmxnRM1QL3tT8T+vk5rw2s+4TFKDks0XhakgJibTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqVcqV+WqndP8zjycAKncA4eXEEVbqEGDWCA8Ayv8OY8OC/Ou/Mxb805iwiP4Q+czx/XZI1p</latexit>

Q
<latexit sha1_base64="cf7tkdfhSvSfVpOWlQIIRZXZhy0=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EomXARrBJwHxAcoS9zVyyZm/v2N0TwhGwt7FQxNafZOe/cfNRaOKDgcd7M8zMCxLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91iMqzWN5b8YJ+hEdSB5yRo2V6vVeseSW3RnIKvEWpAQL1HrFr24/ZmmE0jBBte54bmL8jCrDmcBJoZtqTCgb0QF2LJU0Qu1ns0Mn5MwqfRLGypY0ZKb+nshopPU4CmxnRM1QL3tT8T+vk5rw2s+4TFKDks0XhakgJibTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqVcqV+WqndP8zjycAKncA4eXEEVbqEGDWCA8Ayv8OY8OC/Ou/Mxb805iwiP4Q+czx/XZI1p</latexit>

Q



Global symmetries
Think of it as carried by compactification space (topologically)

<latexit sha1_base64="cf7tkdfhSvSfVpOWlQIIRZXZhy0=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EomXARrBJwHxAcoS9zVyyZm/v2N0TwhGwt7FQxNafZOe/cfNRaOKDgcd7M8zMCxLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91iMqzWN5b8YJ+hEdSB5yRo2V6vVeseSW3RnIKvEWpAQL1HrFr24/ZmmE0jBBte54bmL8jCrDmcBJoZtqTCgb0QF2LJU0Qu1ns0Mn5MwqfRLGypY0ZKb+nshopPU4CmxnRM1QL3tT8T+vk5rw2s+4TFKDks0XhakgJibTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqVcqV+WqndP8zjycAKncA4eXEEVbqEGDWCA8Ayv8OY8OC/Ou/Mxb805iwiP4Q+czx/XZI1p</latexit>

Q

at this stage no requirement to
solve the equations of motion

since the considered charges are
topological

<latexit sha1_base64="cf7tkdfhSvSfVpOWlQIIRZXZhy0=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EomXARrBJwHxAcoS9zVyyZm/v2N0TwhGwt7FQxNafZOe/cfNRaOKDgcd7M8zMCxLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91iMqzWN5b8YJ+hEdSB5yRo2V6vVeseSW3RnIKvEWpAQL1HrFr24/ZmmE0jBBte54bmL8jCrDmcBJoZtqTCgb0QF2LJU0Qu1ns0Mn5MwqfRLGypY0ZKb+nshopPU4CmxnRM1QL3tT8T+vk5rw2s+4TFKDks0XhakgJibTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqVcqV+WqndP8zjycAKncA4eXEEVbqEGDWCA8Ayv8OY8OC/Ou/Mxb805iwiP4Q+czx/XZI1p</latexit>

Q



Global symmetries
How can one be sure that there are no global symmetries?
(no Lagrangian description, non-perturbative effects, …)

One state guaranteed to have no charges:



Global symmetries
How can one be sure that there are no global symmetries?
(no Lagrangian description, non-perturbative effects, …)

One state guaranteed to have no charges:

∅



Global symmetries
If theory admits transition to nothing there are no global symmetries:

more mathematical: no non-trivial deformation classes captured by bordisms
<latexit sha1_base64="p525m5l/4RJAcfiCVhm5aBaGod4=">AAACE3icbVDLSgNBEJz1GeMr6tHLYBBEQtgViR4URAW9qWA0kI1hdrYTB2cfzvSKYdl/8OKvePGgiFcv3vwbJzEHTSxoKKq66e7yYik02vaXNTI6Nj4xmZvKT8/Mzs0XFhYvdJQoDlUeyUjVPKZBihCqKFBCLVbAAk/CpXdz0PUv70BpEYXn2ImhEbB2KFqCMzRSs7DungTQZs3Uz65SF+Ee07OjLKO71KZuqUTd24T51Kc79LBZKNpluwc6TJw+KZI+TpuFT9ePeBJAiFwyreuOHWMjZQoFl5Dl3URDzPgNa0Pd0JAFoBtp76eMrhrFp61ImQqR9tTfEykLtO4EnukMGF7rQa8r/ufVE2xtN1IRxglCyH8WtRJJMaLdgKgvFHCUHUMYV8LcSvk1U4yjiTFvQnAGXx4mFxtlp1KunG0W9/b7ceTIMlkha8QhW2SPHJNTUiWcPJAn8kJerUfr2Xqz3n9aR6z+zBL5A+vjGwCanE0=</latexit>

⌦QG
d = 0 , d < D Swampland Cobordism Conjecture

[McNamara, Vafa ’19], also [Montero, Vafa ’20], [MD, Heckman ’20]

<latexit sha1_base64="cf7tkdfhSvSfVpOWlQIIRZXZhy0=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EomXARrBJwHxAcoS9zVyyZm/v2N0TwhGwt7FQxNafZOe/cfNRaOKDgcd7M8zMCxLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91iMqzWN5b8YJ+hEdSB5yRo2V6vVeseSW3RnIKvEWpAQL1HrFr24/ZmmE0jBBte54bmL8jCrDmcBJoZtqTCgb0QF2LJU0Qu1ns0Mn5MwqfRLGypY0ZKb+nshopPU4CmxnRM1QL3tT8T+vk5rw2s+4TFKDks0XhakgJibTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqVcqV+WqndP8zjycAKncA4eXEEVbqEGDWCA8Ayv8OY8OC/Ou/Mxb805iwiP4Q+czx/XZI1p</latexit>

Q boundary



Symmetry-breaking objects
backgrounds associated with new symmetry-breaking defects

<latexit sha1_base64="cf7tkdfhSvSfVpOWlQIIRZXZhy0=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EomXARrBJwHxAcoS9zVyyZm/v2N0TwhGwt7FQxNafZOe/cfNRaOKDgcd7M8zMCxLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91iMqzWN5b8YJ+hEdSB5yRo2V6vVeseSW3RnIKvEWpAQL1HrFr24/ZmmE0jBBte54bmL8jCrDmcBJoZtqTCgb0QF2LJU0Qu1ns0Mn5MwqfRLGypY0ZKb+nshopPU4CmxnRM1QL3tT8T+vk5rw2s+4TFKDks0XhakgJibTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqVcqV+WqndP8zjycAKncA4eXEEVbqEGDWCA8Ayv8OY8OC/Ou/Mxb805iwiP4Q+czx/XZI1p</latexit>

Q
<latexit sha1_base64="K3QTAUWYsgt0Omsq597eC0yf6+k=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBi2VXpHoseBG8tGA/oF1KNs22oUl2SbJCWQr+Ai8eFPHqH/LmvzHb7UFbHww83pthZl4Qc6aN6347hbX1jc2t4nZpZ3dv/6B8eNTWUaIIbZGIR6obYE05k7RlmOG0GyuKRcBpJ5jcZn7nkSrNIvlgpjH1BR5JFjKCTSY10YU3KFfcqjsHWiXeglRggcag/NUfRiQRVBrCsdY9z42Nn2JlGOF0VuonmsaYTPCI9iyVWFDtp/NbZ+jMKkMURsqWNGiu/p5IsdB6KgLbKbAZ62UvE//zeokJb/yUyTgxVJJ8UZhwZCKUPY6GTFFi+NQSTBSztyIyxgoTY+Mp2RC85ZdXSfuy6tWqteZVpX7/lMdRhBM4hXPw4BrqcAcNaAGBMTzDK7w5wnlx3p2PvLXgLCI8hj9wPn8ABoyOBQ==</latexit>

Q� 1

Can look singular at low-energies, but have finite mass (tension) 

<latexit sha1_base64="cf7tkdfhSvSfVpOWlQIIRZXZhy0=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EomXARrBJwHxAcoS9zVyyZm/v2N0TwhGwt7FQxNafZOe/cfNRaOKDgcd7M8zMCxLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91iMqzWN5b8YJ+hEdSB5yRo2V6vVeseSW3RnIKvEWpAQL1HrFr24/ZmmE0jBBte54bmL8jCrDmcBJoZtqTCgb0QF2LJU0Qu1ns0Mn5MwqfRLGypY0ZKb+nshopPU4CmxnRM1QL3tT8T+vk5rw2s+4TFKDks0XhakgJibTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/KXqVcqV+WqndP8zjycAKncA4eXEEVbqEGDWCA8Ayv8OY8OC/Ou/Mxb805iwiP4Q+czx/XZI1p</latexit>

Q



Global charges
Equivalently, the non-trivial deformation classes capture global charges

Example: U(1) gauge sector with fermions

<latexit sha1_base64="PL8gd2oKbCDEQBfpCi561/m6Wnk=">AAAB9XicbVDLSgMxFM34rPVVdekmWARXZUakuiwK4rKCfUBnLJn0ThuaScYko5Sh/+HGhSJu/Rd3/o1pOwttPRA4nHMv9+SECWfauO63s7S8srq2Xtgobm5t7+yW9vabWqaKQoNKLlU7JBo4E9AwzHBoJwpIHHJohcOrid96BKWZFHdmlEAQk75gEaPEWOnel0wYfI19AQ/Y7ZbKbsWdAi8SLydllKPeLX35PUnTGIShnGjd8dzEBBlRhlEO46KfakgIHZI+dCwVJAYdZNPUY3xslR6OpLLPhpiqvzcyEms9ikM7GRMz0PPeRPzP66QmuggyJpLUgKCzQ1HKsZF4UgHuMQXU8JElhCpms2I6IIpQY4sq2hK8+S8vkuZpxatWqrdn5dplXkcBHaIjdII8dI5q6AbVUQNRpNAzekVvzpPz4rw7H7PRJSffOUB/4Hz+ABj0kZ0=</latexit>I
F 6= 0

threaded by magnetic flux

∅ deformation classes of Spin manifolds 
with principal U(1) bundle

<latexit sha1_base64="YtOyEJmgR95R8NvCaZFCA7ARhgw="></latexit>

⌦Spin
2 (BU(1)) � Z 6= 0

<latexit sha1_base64="0FBiVhafos/MNs32M2wc+959sLY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqV6EoiAeK9gPaJeSzWbb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXpBwpo3rfjuFldW19Y3iZmlre2d3r7x/0NIyVYQ2ieRSdQKsKWeCNg0znHYSRXEccNoORjdTv/1ElWZSPJhxQv0YDwSLGMHGSq3wFl0ht1+uuFV3BrRMvJxUIEejX/7qhZKkMRWGcKx113MT42dYGUY4nZR6qaYJJiM8oF1LBY6p9rPZtRN0YpUQRVLZEgbN1N8TGY61HseB7YyxGepFbyr+53VTE136GRNJaqgg80VRypGRaPo6CpmixPCxJZgoZm9FZIgVJsYGVLIheIsvL5PWWdWrVWv355X6dR5HEY7gGE7Bgwuowx00oAkEHuEZXuHNkc6L8+58zFsLTj5zCH/gfP4A+HOOGA==</latexit>

dF = 0



What is the symmetry-breaking object?
Has the deformation class as boundary, can look singular in IR

This defect is a magnetic monopole; if dynamical it breaks symmetry

Similar conclusions for: axion strings, domain walls, …

predicted by quantum gravity to avoid global symmetries

<latexit sha1_base64="wuo6rsIck2n3Z99R5KgFDHcAtTU=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LgnisYD+kXUo2m21Dk+yaZIWy9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5QcKZNq777RRWVtfWN4qbpa3tnd298v5BS8epIrRJYh6rToA15UzSpmGG006iKBYBp+1gdD31209UaRbLezNOqC/wQLKIEWys9BDeoJ6kj8jtlytu1Z0BLRMvJxXI0eiXv3phTFJBpSEca9313MT4GVaGEU4npV6qaYLJCA9o11KJBdV+Njt4gk6sEqIoVrakQTP190SGhdZjEdhOgc1QL3pT8T+vm5ro0s+YTFJDJZkvilKOTIym36OQKUoMH1uCiWL2VkSGWGFibEYlG4K3+PIyaZ1VvVq1dndeqV/lcRThCI7hFDy4gDrcQgOaQEDAM7zCm6OcF+fd+Zi3Fpx85hD+wPn8AYj1j5k=</latexit>

dF 6= 0



Bordisms in Quantum Gravity: A test



More interesting example: IIBordia
Type IIB supergravity:
• properties of spacetime (tangential structure)

• S-duality: a gauged discrete strong-weak coupling duality
<latexit sha1_base64="zpfmeeeKIccp5hv9owKC60cJbCQ="></latexit>

⌦Spin-Mp(2,Z)
d (pt)

<latexit sha1_base64="frBBJ2KSiM6AqLLhmzQgsKcWj1Y="></latexit>

⌦Spin-GL+(2,Z)
d (pt)

<latexit sha1_base64="mMdfwdwuxcYsc3yEO9UYj8sMrfA=">AAACAHicbVDLSsNAFJ3UV62vqAsXboJFqCAlKUVdFtwIuqhoH9iEMplO2qGTBzM3YgkB8VfcuFDErZ/hzr9x0nahrQcuHM65l3vvcSPOJJjmt5ZbWFxaXsmvFtbWNza39O2dpgxjQWiDhDwUbRdLyllAG8CA03YkKPZdTlvu8DzzW/dUSBYGtzCKqOPjfsA8RjAoqavv2UAfILm5SkuVY9vHMHDd5C496upFs2yOYcwTa0qKaIp6V/+yeyGJfRoA4VjKjmVG4CRYACOcpgU7ljTCZIj7tKNogH0qnWT8QGocKqVneKFQFYAxVn9PJNiXcuS7qjM7Uc56mfif14nBO3MSFkQx0IBMFnkxNyA0sjSMHhOUAB8pgolg6laDDLDABFRmBRWCNfvyPGlWytZJuXpdLdYuHydx5NE+OkAlZKFTVEMXqI4aiKAUPaNX9KY9aS/au/Yxac1p0wh30R9onz9JCJam</latexit>

SL(2,Z)
<latexit sha1_base64="tsWBH+/Bin1S0L+5R1mSGo1ulys=">AAACAHicbVDLSsNAFJ3UV62vqAsXboJFqCAlKUVdFlwo6KKCfWATymQ6aYdOHszciCUExF9x40IRt36GO//GSduFth64cDjnXu69x404k2Ca31puYXFpeSW/Wlhb39jc0rd3mjKMBaENEvJQtF0sKWcBbQADTtuRoNh3OW25w/PMb91TIVkY3MIooo6P+wHzGMGgpK6+ZwN9gOTiOi1Vjm0fw8B1k7v0qKsXzbI5hjFPrCkpoinqXf3L7oUk9mkAhGMpO5YZgZNgAYxwmhbsWNIIkyHu046iAfapdJLxA6lxqJSe4YVCVQDGWP09kWBfypHvqs7sRDnrZeJ/XicG78xJWBDFQAMyWeTF3IDQyNIwekxQAnykCCaCqVsNMsACE1CZFVQI1uzL86RZKVsn5epNtVi7epzEkUf76ACVkIVOUQ1dojpqIIJS9Ixe0Zv2pL1o79rHpDWnTSPcRX+gff4ANhiWmg==</latexit>

GL(2,Z)

<latexit sha1_base64="pzEJwOrRwlvqaV5N3vr/VUGU51E=">AAACAHicbVDLSgNBEJyNrxhfqx48eBkMQgQJuyGox4AXQYQI5oHZJcxOJsmQ2QczvWJYFsRf8eJBEa9+hjf/xtkkB40WNBRV3XR3eZHgCizry8gtLC4tr+RXC2vrG5tb5vZOU4WxpKxBQxHKtkcUEzxgDeAgWDuSjPieYC1vdJ75rTsmFQ+DGxhHzPXJIOB9TgloqWvuOcDuIbmK0lLl2PEJDD0vuU2PumbRKlsT4L/EnpEimqHeNT+dXkhjnwVABVGqY1sRuAmRwKlgacGJFYsIHZEB62gaEJ8pN5k8kOJDrfRwP5S6AsAT9edEQnylxr6nO7MT1byXif95nRj6Z27CgygGFtDpon4sMIQ4SwP3uGQUxFgTQiXXt2I6JJJQ0JkVdAj2/Mt/SbNStk/K1etqsXb5MI0jj/bRASohG52iGrpAddRAFKXoCb2gV+PReDbejPdpa86YRbiLfsH4+AZ4PJbE</latexit>

Mp(2,Z)
<latexit sha1_base64="f8xgzhqEe0QHbCqbQuUGeQbiwyo=">AAACAnicbVDLSsNAFJ34rPUVdSVugkWoKCUpRV0WXCjoooJ9YBPLZDpth04ezNyIJQRd+CtuXCji1q9w5984abvQ1gMXDufcy733uCFnEkzzW5uZnZtfWMwsZZdXVtfW9Y3NmgwiQWiVBDwQDRdLyplPq8CA00YoKPZcTutu/zT163dUSBb41zAIqePhrs86jGBQUkvftoHeQ3x2mdwe5IuHtoeh57rxTbLf0nNmwRzCmCbWmOTQGJWW/mW3AxJ51AfCsZRNywzBibEARjhNsnYkaYhJH3dpU1Efe1Q68fCFxNhTStvoBEKVD8ZQ/T0RY0/KgeeqzvREOeml4n9eM4LOiRMzP4yA+mS0qBNxAwIjzcNoM0EJ8IEimAimbjVIDwtMQKWWVSFYky9Pk1qxYB0VSlelXPnicRRHBu2gXZRHFjpGZXSOKqiKCHpAz+gVvWlP2ov2rn2MWme0cYRb6A+0zx9fX5c3</latexit>

GL+(2,Z) [Pantev, Sharpe ’16], [Tachikawa, Yonekura ’18] 

Spin/Pin lifts due to action on fermions

orientation reversal of worldsheet



What do we expect?
Remember (D = 10):

•  lead to global symmetries

•  leads to potential global quantum gravity anomalies

Ωd<10 ≠ 0

Ω11 ≠ 0

Since we know a consistent UV completion we expect:

<latexit sha1_base64="6HFnNTCArvJQWSyP0IXkK8y4pGI=">AAACAnicbVDJSgNBEO1xjXEb9SReGoPgKcyIRC9CiBdzMoJZIImhp1NJmvQsdNeIYQhe/BUvHhTx6ld482/sLAdNfFDweK+KqnpeJIVGx/m2FhaXlldWU2vp9Y3NrW17Z7eiw1hxKPNQhqrmMQ1SBFBGgRJqkQLmexKqXv9y5FfvQWkRBrc4iKDps24gOoIzNFLL3m9c+9Bld0kD4QGTYrEwHLba9II6LTvjZJ0x6DxxpyRDpii17K9GO+SxDwFyybSuu06EzYQpFFzCMN2INUSM91kX6oYGzAfdTMYvDOmRUdq0EypTAdKx+nsiYb7WA98znT7Dnp71RuJ/Xj3GznkzEUEUIwR8sqgTS4ohHeVB20IBRzkwhHElzK2U95hiHE1qaROCO/vyPKmcZN1cNndzmskXpnGkyAE5JMfEJWckT65IiZQJJ4/kmbySN+vJerHerY9J64I1ndkjf2B9/gAxzpao</latexit>

⌦IIB
d = 0



Calculation using spectral sequences
Mainly Adams (at prime 2),

we have calculated
the bordism groups

(Also Atiyah Hirzebruch and homotopy 
equivalences to other spectra)



many potential
global symmetries

[Debray, MD, Heckman, Montero ’21 & ’23]

many potential
anomalies



[Debray, MD, Heckman, Montero ’21 & ’23]

many potential
anomalies



The duality anomalyAppendix D, where several useful formulas including the ⌘-invariants of spin-32 fermions on

lens spaces are derived. The results are summarized in the following table, where we list, for

each of the factors in (4.15), a generator, a cohomology class or ⌘-invariant that detects it

(using the notation in Section 3.1), and the value of the anomaly theory on each of them:

Factor Generator Detector A(gen.)

Z27 L
11
3 ⌘

D
1 � ⌘

D
3

1
3

Z3 HP
2
⇥ L

3
3 ⌘

RS
1 � ⌘

RS
3

1
3

Z8 Q
11
4 ⌘

D
1 � ⌘

D
3

k
4

Z2 HP
2
⇥ L

3
4 ⌘̃

RS
1 � 2⌘̃D1 � ⌘̃

D
�3

1
2

Z2 RP
11

x
11 0

Z2
]
RP

11
y
11 0

Z2 HP
2
⇥ RP

3
w

2
4 x

3 0

Z2 HP
2
⇥

g
RP

3
w

2
4 y

3 0

Z2 X10 ⇥ S
1

w4w6 x 0

Z2 X10 ⇥
fS1 w4w6 y 0

Z2 X11 w
4
2 x

3 0 or 1
2

Z2
gX11 w

4
2 y

3 0 or 1
2

(4.16)

Here, ⌘̃ are reduced ⌘-invariants introduced in (D.14) in Appendix D. We now describe some

of the manifolds in the second column of (4.16):

• L
2k�1
n denotes the lens space S

2k�1
/Zn, where Zn acts as

(z1, z2, . . . zk) 2 C
2k

! e
2⇡i
n (z1, z2, . . . zk) , (4.17)

and S
2k�1 is regarded as the unit sphere in C

2k. Principal Zn bundles over L
2k�1
n are

classified by H
1(L2k�1

n ,Zn). The lens spaces for all the entries in (4.16) are equipped

with the Zn bundle S
2k�1

! L
2k�1
n ; the class of this bundle is a generator of the

cohomology group H
1(L2k�1

n ;Zn). This Zn bundle specifies the associated principal

GL(2,Z) bundle over the lens space, via the embeddings Z4 ! GL(2,Z), Z3 ! GL(2,Z)

sending the generators to S and U , respectively. In these cases, the lift from the GL(2,Z)

bundle to a Spin-GL+(2,Z) bundle is unique, so the solutions are specified completely.

• HP
2 is the quaternionic projective plane, one of the two generators of ⌦Spin

8 [113], with

a trivial duality bundle over HP
2. As a cross-check, we also computed anomalies for

the other generator of ⌦Spin
8 , the Bott manifold, although an Adams spectral sequence

argument (which we will explain in [35]) shows that the anomaly on products of Bott

manifolds and lens spaces is linearly dependent with the anomaly on HP
2
⇥L

3
n as written

here. For completeness, we recall that a Bott manifold is defined as a Spin 8-manifold

with unit Dirac index; we consider here the particular example with p1 = 0 discussed

in [42]. We take a trivial duality bundle over the Bott manifold. With these choices,

– 22 –

<latexit sha1_base64="eXJUKtYaXh0DgW8PPlyfedB7VGc=">AAACBnicbZDLSsNAFIZP6q3WW9SlCINFqJuSaFE3QsWN4KaCvUBTymQ6aYdOLsxMhBICghtfxY0LRdz6DO58GydtF9r6w8DPf85wzvnciDOpLOvbyC0sLi2v5FcLa+sbm1vm9k5DhrEgtE5CHoqWiyXlLKB1xRSnrUhQ7LucNt3hVVZv3lMhWRjcqVFEOz7uB8xjBCsddc19x8dqQDBPLtNS6whdIEd5ApPETpOTtGsWrbI1Fpo39tQUYapa1/xyeiGJfRoowrGUbduKVCfBQjHCaVpwYkkjTIa4T9vaBtinspOMz0jRoU56yAuFfoFC4/T3jwT7Uo58V3dmS8vZWhb+V2vHyjvvJCyIYkUDMhnkxRypEGVMUI8JShQfaYOJYHpXRAZYU1CaXEFDsGdPnjeN47J9Wq7cVorVm4cJjjzswQGUwIYzqMI11KAOBB7hGV7hzXgyXox342PSmjOmCHfhj4zPHxxxmLQ=</latexit>

A(X) = 1
3

<latexit sha1_base64="eXJUKtYaXh0DgW8PPlyfedB7VGc=">AAACBnicbZDLSsNAFIZP6q3WW9SlCINFqJuSaFE3QsWN4KaCvUBTymQ6aYdOLsxMhBICghtfxY0LRdz6DO58GydtF9r6w8DPf85wzvnciDOpLOvbyC0sLi2v5FcLa+sbm1vm9k5DhrEgtE5CHoqWiyXlLKB1xRSnrUhQ7LucNt3hVVZv3lMhWRjcqVFEOz7uB8xjBCsddc19x8dqQDBPLtNS6whdIEd5ApPETpOTtGsWrbI1Fpo39tQUYapa1/xyeiGJfRoowrGUbduKVCfBQjHCaVpwYkkjTIa4T9vaBtinspOMz0jRoU56yAuFfoFC4/T3jwT7Uo58V3dmS8vZWhb+V2vHyjvvJCyIYkUDMhnkxRypEGVMUI8JShQfaYOJYHpXRAZYU1CaXEFDsGdPnjeN47J9Wq7cVorVm4cJjjzswQGUwIYzqMI11KAOBB7hGV7hzXgyXox342PSmjOmCHfhj4zPHxxxmLQ=</latexit>

A(X) = 1
3

<latexit sha1_base64="yeHBd11Bc0Ou9glMNdQZ1PafpGc=">AAACBnicbZDLSsNAFIYnXmu9RV2KMFiEuimJFHUjVNwIbirYCzShTKaTdujkwsyJUEJAcOOruHGhiFufwZ1v46TtQlt/GPj5zxnOOZ8XC67Asr6NhcWl5ZXVwlpxfWNza9vc2W2qKJGUNWgkItn2iGKCh6wBHARrx5KRwBOs5Q2v8nrrnknFo/AORjFzA9IPuc8pAR11zQMnIDCgRKSXWbl9jC+wA74kNB1maTXrmiWrYo2F5409NSU0Vb1rfjm9iCYBC4EKolTHtmJwUyKBU8GyopMoFhM6JH3W0TYkAVNuOj4jw0c66WE/kvqFgMfp7x8pCZQaBZ7uzJdWs7U8/K/WScA/d1MexgmwkE4G+YnAEOGcCe5xySiIkTaESq53xXRANAXQ5Ioagj178rxpnlTs00r1tlqq3TxMcBTQPjpEZWSjM1RD16iOGoiiR/SMXtGb8WS8GO/Gx6R1wZgi3EN/ZHz+AHbGmO8=</latexit>

A(X) = k
4

<latexit sha1_base64="v7mqD38UhRTeseT6nsnpX6ifD3I=">AAACBnicbZDLSsNAFIYn9VbrLepShMEi1E1JSlE3QsWN4KaCvUBTymQ6aYdOLsycCCUEBDe+ihsXirj1Gdz5Nk7aLrT1h4Gf/5zhnPO5keAKLOvbyC0tr6yu5dcLG5tb2zvm7l5ThbGkrEFDEcq2SxQTPGAN4CBYO5KM+K5gLXd0ldVb90wqHgZ3MI5Y1yeDgHucEtBRzzx0fAJDSkRymZbaJ/gCO+BJQhM7TSppzyxaZWsivGjsmSmimeo988vphzT2WQBUEKU6thVBNyESOBUsLTixYhGhIzJgHW0D4jPVTSZnpPhYJ33shVK/APAk/f0jIb5SY9/VndnSar6Whf/VOjF4592EB1EMLKDTQV4sMIQ4Y4L7XDIKYqwNoZLrXTEdEk0BNLmChmDPn7xompWyfVqu3laLtZuHKY48OkBHqIRsdIZq6BrVUQNR9Iie0St6M56MF+Pd+Ji25owZwn30R8bnDxrsmLM=</latexit>

A(X) = 1
2

Indeed the duality has a subtle anomaly

[Debray, MD, Heckman, Montero ’21]

others vanish

Determine anomaly theory  and evaluate𝒜
<latexit sha1_base64="MogarWsxhgNgMt4t1YnFdysinzQ="></latexit>

A(X) = ⌘RS
1 (X)� 2⌘D1 (X)� ⌘D�3(X)� 1

8⌘
sig
� (X) + Arf(X)� Q̃(c̆)



<latexit sha1_base64="t2utLxPQNSl43sthzapluppR53A=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiRa1GXRjd1VsA9oQ5hMJ+3QyYOZG7XEfoobF4q49Uvc+TdO0yy09cCFwzn3cu89Xiy4Asv6Ngorq2vrG8XN0tb2zu6eWd5vqyiRlLVoJCLZ9YhigoesBRwE68aSkcATrOONr2d+555JxaPwDiYxcwIyDLnPKQEtuWa5D+wR0pmFG42rqWu7ZsWqWhnwMrFzUkE5mq751R9ENAlYCFQQpXq2FYOTEgmcCjYt9RPFYkLHZMh6moYkYMpJs9On+FgrA+xHUlcIOFN/T6QkUGoSeLozIDBSi95M/M/rJeBfOikP4wRYSOeL/ERgiHD27IBLRkFMNCFUcn0rpiMiCQWdVkmHYC++vEzap1X7vHp2W6vUa3kcRXSIjtAJstEFqqMb1EQtRNEDekav6M14Ml6Md+Nj3low8pkD9AfG5w/V8ZOu</latexit>

type IIB1

<latexit sha1_base64="Oks3nFIdMXx9sHR61JZVcxkx/TU=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclaQWdVl0Y3cV7APaECbTSTt08mDmRi2xn+LGhSJu/RJ3/o3TNAttPXDhcM693HuPFwuuwLK+jZXVtfWNzcJWcXtnd2/fLB20VZRIylo0EpHsekQxwUPWAg6CdWPJSOAJ1vHG1zO/c8+k4lF4B5OYOQEZhtznlICWXLPUB/YI6czCjcbV1K26ZtmqWBnwMrFzUkY5mq751R9ENAlYCFQQpXq2FYOTEgmcCjYt9hPFYkLHZMh6moYkYMpJs9On+EQrA+xHUlcIOFN/T6QkUGoSeLozIDBSi95M/M/rJeBfOikP4wRYSOeL/ERgiHD27IBLRkFMNCFUcn0rpiMiCQWdVlGHYC++vEza1Yp9Xjm7rZXrtTyOAjpCx+gU2egC1dENaqIWougBPaNX9GY8GS/Gu/Exb10x8plD9AfG5w/XdZOv</latexit>

type IIB2

<latexit sha1_base64="wPxtu+1SS7YdY2BIMUgRr3UqCMQ=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUSLeix48VjBfkAbymazaddudsPupFBK/4MXD4p49f9489+4bXPQ1gcDj/dmmJkXpoIb9LxvZ219Y3Nru7BT3N3bPzgsHR03jco0ZQ2qhNLtkBgmuGQN5ChYO9WMJKFgrXB4N/NbI6YNV/IRxykLEtKXPOaUoJWa3VGk0PRKZa/izeGuEj8nZchR75W+upGiWcIkUkGM6fheisGEaORUsGmxmxmWEjokfdaxVJKEmWAyv3bqnlslcmOlbUl05+rviQlJjBknoe1MCA7MsjcT//M6Gca3wYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRANKFoAyraEPzll1dJ87LiX1euHqrlWjWPowCncAYX4MMN1OAe6tAACk/wDK/w5ijnxXl3Phata04+cwJ/4Hz+AMnVjzw=</latexit>...

<latexit sha1_base64="q51xCgu+3fWnsNVOs6rx+hWfp4g=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0m0qMeCF71VsB/QhrDZbtqlm03YnYg19Jd48aCIV3+KN/+N2zQHbX0w8Hhvhpl5QSK4Bsf5tlZW19Y3Nktb5e2d3b2KvX/Q1nGqKGvRWMSqGxDNBJesBRwE6yaKkSgQrBOMr2d+54EpzWN5D5OEeREZSh5ySsBIvl3pA3uEbGbh26nv+nbVqTk58DJxC1JFBZq+/dUfxDSNmAQqiNY910nAy4gCTgWblvupZgmhYzJkPUMliZj2svzwKT4xygCHsTIlAefq74mMRFpPosB0RgRGetGbif95vRTCKy/jMkmBSTpfFKYCQ4zzVwdcMQpiYgihiptbMR0RRSiYrMomBHfx5WXSPqu5F7Xzu3q1US/iKKEjdIxOkYsuUQPdoCZqIYpS9Ixe0Zv1ZL1Y79bHvHXFKmYO0R9Ynz+tfpMP</latexit>

type I1

<latexit sha1_base64="BmWCFSKxityiwr25XCLfdyoV8FE=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkpSi3oseNFbBfsBbQib7bZdutmE3YlYQ3+JFw+KePWnePPfuE1z0NYHA4/3ZpiZF8SCa3Ccb6uwtr6xuVXcLu3s7u2X7YPDto4SRVmLRiJS3YBoJrhkLeAgWDdWjISBYJ1gcj33Ow9MaR7Je5jGzAvJSPIhpwSM5NvlPrBHSOcWvp35Nd+uOFUnA14lbk4qKEfTt7/6g4gmIZNABdG65zoxeClRwKlgs1I/0SwmdEJGrGeoJCHTXpodPsOnRhngYaRMScCZ+nsiJaHW0zAwnSGBsV725uJ/Xi+B4ZWXchknwCRdLBomAkOEs1cHXDEKYmoIoYqbWzEdE0UomKxKJgR3+eVV0q5V3Yvq+V290qjncRTRMTpBZ8hFl6iBblATtRBFCXpGr+jNerJerHfrY9FasPKZI/QH1ucPrwKTEA==</latexit>

type I2

<latexit sha1_base64="+Ppr29VaauGccgS5wzfDOtAuXR0=">AAACAnicbVDJSgNBEO1xjXGLehIvjUHwFGY0qMeIBz3GZZJAJoSeTiVp0rPQXSOGIXjxV7x4UMSrX+HNv7GzHDTxQcHjvSqq6vmxFBpt+9uam19YXFrOrGRX19Y3NnNb2xUdJYqDyyMZqZrPNEgRgosCJdRiBSzwJVT93sXQr96D0iIK77AfQyNgnVC0BWdopGZu10N4wNRxWvTWvbw5HzRTD7uAbNDM5e2CPQKdJc6E5MkE5Wbuy2tFPAkgRC6Z1nXHjrGRMoWCSxhkvURDzHiPdaBuaMgC0I109MKAHhilRduRMhUiHam/J1IWaN0PfNMZMOzqaW8o/ufVE2yfNVIRxglCyMeL2omkGNFhHrQlFHCUfUMYV8LcSnmXKcbRpJY1ITjTL8+SylHBOSkcXxfzpeIkjgzZI/vkkDjklJTIFSkTl3DySJ7JK3mznqwX6936GLfOWZOZHfIH1ucPoHuW6Q==</latexit>

11d SUGRA✓
<latexit sha1_base64="7jI9el2FkdaHbUShsedkaJ2LXKk=">AAAB+XicbVBNT8JAEN3iF+JX1aOXjcTEE2mVqEeMBz3iR4EEGrLdLrBhu212p0TS8E+8eNAYr/4Tb/4bF+hB0ZdM8vLeTGbmBYngGhznyyosLa+srhXXSxubW9s79u5eQ8eposyjsYhVKyCaCS6ZBxwEayWKkSgQrBkMr6Z+c8SU5rF8gHHC/Ij0Je9xSsBIXdvuAHuEzHVDfO9d311OunbZqTgz4L/EzUkZ5ah37c9OGNM0YhKoIFq3XScBPyMKOBVsUuqkmiWEDkmftQ2VJGLaz2aXT/CRUULci5UpCXim/pzISKT1OApMZ0RgoBe9qfif106hd+FnXCYpMEnni3qpwBDjaQw45IpREGNDCFXc3IrpgChCwYRVMiG4iy//JY2TintWOb2tlmvVPI4iOkCH6Bi56BzV0A2qIw9RNEJP6AW9Wpn1bL1Z7/PWgpXP7KNfsD6+AVSbksY=</latexit>

11d SUGRA

<latexit sha1_base64="DchrLheTorda84PG3IjarjuoR/g=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiRa1GXFjd1VsA9oQ5hMJ+3QyYOZG7XEfoobF4q49Uvc+TdO0yy09cCFwzn3cu89Xiy4Asv6Ngorq2vrG8XN0tb2zu6eWd5vqyiRlLVoJCLZ9YhigoesBRwE68aSkcATrOONr2d+555JxaPwDiYxcwIyDLnPKQEtuWa5D+wR0pmFG42rqWu7ZsWqWhnwMrFzUkE5mq751R9ENAlYCFQQpXq2FYOTEgmcCjYt9RPFYkLHZMh6moYkYMpJs9On+FgrA+xHUlcIOFN/T6QkUGoSeLozIDBSi95M/M/rJeBfOikP4wRYSOeL/ERgiHD27IBLRkFMNCFUcn0rpiMiCQWdVkmHYC++vEzap1X7vHp2W6vUa3kcRXSIjtAJstEFqqMb1EQtRNEDekav6M14Ml6Md+Nj3low8pkD9AfG5w/UapOt</latexit>

type IIA1

<latexit sha1_base64="QV1o7gyyLItgThIiBxqx4hfK7rQ=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclaQWdVlxY3cV7APaECbTSTt08mDmRi2xn+LGhSJu/RJ3/o3TNAttPXDhcM693HuPFwuuwLK+jZXVtfWNzcJWcXtnd2/fLB20VZRIylo0EpHsekQxwUPWAg6CdWPJSOAJ1vHG1zO/c8+k4lF4B5OYOQEZhtznlICWXLPUB/YI6czCjcbV1K26ZtmqWBnwMrFzUkY5mq751R9ENAlYCFQQpXq2FYOTEgmcCjYt9hPFYkLHZMh6moYkYMpJs9On+EQrA+xHUlcIOFN/T6QkUGoSeLozIDBSi95M/M/rJeBfOikP4wRYSOeL/ERgiHD27IBLRkFMNCFUcn0rpiMiCQWdVlGHYC++vEza1Yp9Xjm7rZXrtTyOAjpCx+gU2egC1dENaqIWougBPaNX9GY8GS/Gu/Exb10x8plD9AfG5w/V7pOu</latexit>

type IIA2

<latexit sha1_base64="wPxtu+1SS7YdY2BIMUgRr3UqCMQ=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUSLeix48VjBfkAbymazaddudsPupFBK/4MXD4p49f9489+4bXPQ1gcDj/dmmJkXpoIb9LxvZ219Y3Nru7BT3N3bPzgsHR03jco0ZQ2qhNLtkBgmuGQN5ChYO9WMJKFgrXB4N/NbI6YNV/IRxykLEtKXPOaUoJWa3VGk0PRKZa/izeGuEj8nZchR75W+upGiWcIkUkGM6fheisGEaORUsGmxmxmWEjokfdaxVJKEmWAyv3bqnlslcmOlbUl05+rviQlJjBknoe1MCA7MsjcT//M6Gca3wYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRANKFoAyraEPzll1dJ87LiX1euHqrlWjWPowCncAYX4MMN1OAe6tAACk/wDK/w5ijnxXl3Phata04+cwJ/4Hz+AMnVjzw=</latexit>...

<latexit sha1_base64="vrAAWZGj4WjRQYxzFIeHEgBYWDs=">AAACC3icbVDJSgNBEO2JW4zbqEcvQ4IQQcJMEtRjwIs3I5oFkhB6OpWkSc9Cd40Yhrl78Ve8eFDEqz/gzb+xsxw08UHB472q7qrnhoIrtO1vI7Wyura+kd7MbG3v7O6Z+wd1FUSSQY0FIpBNlyoQ3IcachTQDCVQzxXQcEeXE79xD1LxwL/DcQgdjw583ueMopa6ZraN8IDxEBBkgJwl3Xim3F4n+VLx5JQnXTNnF+wprGXizEmOzFHtml/tXsAiD3xkgirVcuwQOzGV+n0BSaYdKQgpG9EBtDT1qQeqE09vSaxjrfSsfiB1+WhN1d8TMfWUGnuu7vQoDtWiNxH/81oR9i86MffDCMFns4/6kbAwsCbBWD0ugaEYa0KZ5HpXiw2ppEwnozI6BGfx5GVSLxacs0LpppyrlOdxpMkRyZI8ccg5qZArUiU1wsgjeSav5M14Ml6Md+Nj1poy5jOH5A+Mzx9qLps2</latexit>

heteroticSO(32),i

<latexit sha1_base64="GWmkSL+qMRy5IKUnNYS6IQp2niA=">AAACGnicbVDJSgNBFOyJW4xb1KOXxiB4kDCjQXMMiOAxglkgCUNP5yVp0rPQ/UYMw3yHF3/FiwdFvIkX/8bOAmpiQUNR9R7Vr7xICo22/WVllpZXVtey67mNza3tnfzuXl2HseJQ46EMVdNjGqQIoIYCJTQjBcz3JDS84eXYb9yB0iIMbnEUQcdn/UD0BGdoJDfvtBHuMRkAggpR8NRNpspV6pZpG4UPmv4oJyJ18wW7aE9AF4kzIwUyQ9XNf7S7IY99CJBLpnXLsSPsJEyZOAlprh1riBgfsj60DA2Yiewkk9NSemSULu2FyrwA6UT9vZEwX+uR75lJn+FAz3tj8T+vFWOv3ElEEMUIAZ8G9WJJMaTjnmhXKOAoR4YwroT5K+UDphg3RemcKcGZP3mR1E+Lznnx7KZUqJRmdWTJATkkx8QhF6RCrkmV1AgnD+SJvJBX69F6tt6s9+loxprt7JM/sD6/Af9aogM=</latexit>

heteroticE8⇥E8,i

Cancellation
[Debray, MD, Heckman, Montero ’21]

New term in the action of type IIB

Anomalies can be cancelled by:
• Modification of the 4-form field (its  

Bianchi identity)

• New topological degrees of freedom

Discrete Landscape vs. Topological Swampland



many potential
global symmetries

[Debray, MD, Heckman, Montero ’21 & ’23]



monodromy

Lk
n = Sk /ℤn

Typically: • Non-Higgsable 
clusters

•  S-folds

• 7-branes

• Topologically twisted 
theories

𝒩 = 3
[Morrison, Taylor ’12]

[Garcia-Etxebarria, Regalado ’15]

boundary of (T2 × ℂj)/ℤn

Symmetry-breaking defects
String theory takes care of it            interesting corners



S1

g ∈ GL+(2,ℤ)

k = 1: 7-branes
ΩSpin−GL+(2,ℤ)

1 (pt) = ℤ2 ⊕ ℤ2

taken care of by [p,q]-7-branes
(F-theory) see also [MD, Heckman ’20]



S1

g ∈ {Ω, (−1)FL}

k = 1: 7-branes
ΩSpin−GL+(2,ℤ)

1 (pt) = ℤ2 ⊕ ℤ2

new ‘reflection’ 7-brane
hinted at in [Distler, Freed, Moore ’09]

Q
Q̃

≠

D3

D3

Breaks supersymmetry

Alice string for D3 branes



Strings can end on R7-brane

(s
r)( s

−r)

( 0
2r) ( 0

2r)

F1-strings end on  braneΩ

D1-strings end on  brane(−1)FL

(at least in pairs)

something, e.g., gauge fields,
should absorb charge

See also [Cvetic, MD, Lin, Zhang ’21, ’22]
for [p,q]-7-branes

[MD, Heckman, Montero, Torres ’22]



D3-branes can end on R7-brane

D3D3

2 × D3 2 × D3

D3-branes end because of
 transformationC4 → − C4

(at least in pairs)

something should absorb charge



3-form fields
D3-brane creates 3d worldvolume in R7-brane

flux on transverse S4

suggests  (odd under reflections)F4 = dC3

massless 3-form on R7-brane

(potentially interesting behavior under S-duality; 
interacting non-supersymmetric CFT in 8d???)



Powerful tool to find:
New consistency conditions (anomalies)
New objects (breaking global symmetries)

Bordisms in Quantum Gravity:

Surprises even for well-understood theories
a lot more to be discovered



Other works

• Extension to U-dualities for 8d supergravity

• Discrete anomaly cancellation in 6d supergravity and its F-
theory realizations

• Anomalies for generalized symmetries and implications for 
string universality

• Implications for axion physics

[Braeger, Debray, MD, Heckman, Montero ’25]

[MD, Oehlmann, Schimannek ’22 + to appear], [MD, Tartaglia ’25]

[Cvetic, MD, Lin, Zhang ’20 + ’21 + ’21 + ’22]

[MD, Novicic ’24]



Conclusions and Outlook

• Anomalies (with some quantum gravity flavor)

• Topological charges and their global symmetries

• Symmetry-protected topological order (condensed matter theory)

Bordisms in physics:

What’s next:

• Extend our tools to more general symmetries

• Access more detailed information of symmetry-breaking defects

• Find a way to go beyond topological information


