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Abstract: We consider an elliptic optimal control problem with control and pointwise state con-
straints. The cost functional is approximated by a sequence of functionals which are obtained by
discretizing the state equation with the help of linear finite elements and enforcing the state con-
straints in the nodes of the triangulation. The control variable is not discretized. Error bounds for
control and state are obtained both in two and three space dimensions. Finally, we discuss some im-
plementation issues of a generalized Newton method applied to the numerical solution of the problem
class under consideration.
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1 Introduction

Let © € R? (d = 2,3) be a bounded domain with a smooth boundary 9 and consider the
differential operator

d d
Ay = — Z 8%. (aijym) + Z biya, + cy,
ij=1 =1

along with its formal adjoint operator
d
Aty =— Z Oz, (Z iy, + biy) + cy
i=1 j=1

where for simplicity the coefficients a;j,b; and ¢ are assumed to be smooth functions on Q.
We associate with A the bilinear form

d d
aly,z) = /Q(Z i (0) Y, 22, + Z bi(2)yz, 2 + c(z)yz)dz, y,z € H'(Q)
i,j=1 i=1
and subsequently assume that there exists ¢y > 0 such that
d
Z aij()&E; > col€)? for all € € R? and all z € Q.
i,j=1
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Furthermore we suppose that the form a is coercive on H'(f), i.e. there exists ¢; > 0 such
that
a(v,v) > c1|jv]| 3 for all v € HY(Q). (1.1)

From the above assumptions it follows that for a given f € (H'())’ the elliptic boundary
value problem
Ay = f inQ

d _
zi,j:1az’juxﬂ/j = 0 on 09

(1.2)

has a unique weak solution y € H'(Q) which we denote by y = G(f). Here, v is the unit
outward normal to 9. Furthermore, if f € L?(£2), then the solution y belongs to H?(Q2) and
satisfies
[ylla= < CISIl,

where have used || - || to denote the L?norm.
Next, let (U, (+,-)r) be a Hilbert space and B : U — L*(2) a linear, continuous operator. We
are interested in the following control problem

min I =5 [ =l + Gl —wl}
subject to y = G(Bu) and y(x) < b(z) in Q.

(1.3)

Here, U,y C U denotes the set of admissible controls which is assumed to be closed and
convex. Furthermore, we suppose that a > 0 and that yo € HY(Q), up € U and b € W%%°(Q)
are given.

In the special case U = L?(9) without control constraints, i.e. U,g = L?(f2) the finite element
analysis of problem (1.3) is carried out in [6]. In the present work we extend the analysis to the
case of control and pointwise state constraints. Here we use techniques which are applicable
to a wider class of control problems. In particular the results of [6] are contained as a special
case.

From here onwards we impose the following assumption which is frequently referred to as
Slater condition or interior point condition.

Assumption 1.1.
Ju € Uyg G(Bu) < bin Q.

Since the state constraints form a convex set and the set of admissible controls is closed and
convex it is not difficult to establish the existence of a unique solution v € U,q4 to this problem.
In order to characterize this solution we introduce the space M(Q) of Radon measures which
is defined as the dual space of C°(Q2) and endowed with the norm

Iy = sup / fdp.
Feco(Q),|fI<1/Q

Using [3, Theorem 5.2] we then infer (compare also [2, Theorem 2])

Theorem 1.2. Let u € U,y denote the unique solution to (1.3). Then there exist u € M(Q)
and p € L?(Y) such that with y = G(Bu) there holds

d
/pAv = /(y —Y0)v + / vdp Vv € H?(Q) with Z a;jvg;v; = 0 on 09 (1.4)
Q Q Q =
i,j=1

(B*p+ a(u — up),v —ug)y >0 Yo € Uy (1.5)

w>0, y(xr) <b(x) in Q and /Q(b —y)dp = 0. (1.6)



Our aim is to develop and analyze a finite element approximation of problem (1.3). We
start by approximating the cost functional J by a sequence of functionals J; where h is a
mesh parameter related to a sequence of triangulations. The definition of J; involves only
the approximation of the state equation by linear finite elements and enforces constraints on
the state in the nodes of the triangulation, whereas the controls are still sought in U,4. We
shall prove that the minima of J, converge in L? to the minimum of J as h — 0 and that
the states convergence strongly in H! with corresponding error bounds. We thereby extend
the semi—discrete approach to purely control constrained control problems presented by the
second author in [9] to problems with control and state constraints.

To the authors knowledge only few attempts have been made to develop a finite element
analysis for elliptic control problems in the presence of control and state constraints. In [4]
Casas proves convergence of finite element approximations to optimal control problems for
semi-linear elliptic equations with finitely many state constraints. Casas and Mateos extend
these results in [5] to a less regular setting for the states and prove convergence of finite
element approximations to semi-linear distributed and boundary control problems. In [11]
Meyer considers a fully discrete strategy to approximate an elliptic control problem with
pointwise state and control constraints. He obtains the approximation order O(h2_d/ 2=¢) for
the state in H' and for the control in L?, where d denotes the spatial dimension and € > 0
can be chosen arbitrarily. His results confirm those obtained by the authors in [6] for the
purely state constrained case.

Let us comment on further approaches that tackle optimization problems for pdes with
control and state constraints. A Lavrentiev-type regularization of problem (1.3) is investigated
in [13]. In this approach the state constraint y < b in (1.3) is replaced by the mixed constraint
eu +y < b, with € > 0 denoting a regularization parameter. It turns out that the associated
Lagrange multiplier j. belongs to L?(Q2). Numerical analysis for this approach with emphasis
on the coupling of gridsize and regularization parameter € is presented by the second author
and Meyer in [10]. The resulting optimization problems are solved either by interior-point
methods or primal-dual active set strategies, compare [12]. The development of numerical
approaches to tackle (1.3) is ongoing. An excellent overview can be found in [7, 8], where
also further references are given, for the latter see also [16].

The paper is organized as follows: in §2 we describe our discretization and establish bounds
on the relevant discrete quantities which are uniform in the discretization parameter. These
bounds are used in §3 in order to prove the following error bounds

O(h
O(h

), ifd=2,

lw = unllo, ly = ynllm = .
), ifd=3,

INES [SIE

where u, and 7, are the discrete control and state respectively. If in addition Bu € W1$(Q)
we obtain

3_4d
lu = unllo, |y = ynllgr < Ch272:y/[log hl.

Roughly speaking, the idea is to test (1.5) with u, and (2.8), the discrete counterpart of
(1.5), with the continuous solution w. This is feasible since controls are not discretized ex-
plicitly. An important tool in the analysis is the use of L°—error estimates for finite element
approximations of the Neumann problem developed in [14]. The need for uniform estimates
is due to the presence of the measure p in (1.4).



2 Finite element discretization

Let 7, be a triangulation of £ with maximum mesh size h := maxye7;, diam(7") and vertices
Z1,...,%m. We suppose that {2 is the union of the elements of 7}, so that element edges lying
on the boundary are curved. In addition, we assume that the triangulation is quasi-uniform
in the sense that there exists a constant x > 0 (independent of h) such that each T € 7}, is
contained in a ball of radius k~'h and contains a ball of radius xkh. Let us define the space
of linear finite elements,

X, := {v, € C%Q) | vy, is a linear polynomial on each T € T;,}

with the appropriate modification for boundary elements. In what follows it is convenient
to introduce a discrete approximation of the operator G. For a given function v € L?(Q) we
denote by z, = Gp(v) € X}, the solution of the discrete Neumann problem

a(zp,vp) = /vvh for all vy, € Xj,.
Q

It is well-known that for all v € L?(Q)
IG() = Gr()l < CR?|lull, (2.1)
d
IG(v) = Gn()llz=e < CH"2]u]l. (2.2)
The estimate (2.2) can be improved provided one strengthens the assumption on v.

Lemma 2.1. Suppose that v € W15(Q) for some 1 < s < d;fl. Then

el
IG(v) = Gu(v)llz < CH*~%|logh| [[v]lwa.s.

Proof. Let z = G(v), z;, = G, (v). Elliptic regularity theory implies that z € W3*(Q) from
which we infer that z € W?29(Q) with ¢ = % using a well-known embedding theorem.
Furthermore, we have

Izllw2ae < ellzllws.s < clvllprs (2.3)

Using Theorem 2.2 and the following Remark in [14] we have
|2 — znllz < cllogh| inf ||z — x| pe, (2.4)
XE€Xp
which, combined with a well-known interpolation estimate, yields
_d _d
12 = znllzoe < ch® 4| log hl||2[lw2a < ch®5[log h||o]|y .

in view (2.3) and the relation between s and gq. 1

Problem (1.3) is now approximated by the following sequence of control problems depending
on the mesh parameter h:

: 1 a
min Jp(u) := 5 /Q lyn — yol* + E”U - Uo,h”zU

u€Uyq (25)
subject to y, = Gp(Bu) and yp(x;) < b(x;) for j =1,...,m.
Here, ug j, denotes an approximation to ug which is assumed to satisfy
H’LL(] — uO,hH S Ch. (2.6)

Problem (2.5) represents a convex infinite-dimensional optimization problem of similar struc-
ture as problem (1.3), but with only finitely many equality and inequality constraints for
the state, which form a convex admissible set. Again we can apply [3, Theorem 5.2] which
together with [2, Corollary 1] yields (compare also the analysis of problem (P) in [4])



Lemma 2.2. Problem (2.5) has a unique solution up, € Uyq. There exist p1,. .., um € R and
pr € Xy such that with yp, = Gp(Buy) and pp, = Z;ﬂzl pj0z; we have

a(vn, pr) = /Q(yh — Yo)Vn +/{_thth Yoy, € X, (2.7)

(B*pn + aup —uop),v —up)y >0 Yo € Uy, (2.8)

pi >0, yp(z;) <blzj),j=1,...,m and /(Ihb — yn)dpp, = 0. (2.9)
o)

Here, 0, denotes the Dirac measure concentrated at z and I}, is the usual Lagrange interpo-
lation operator.

Remark 2.3. Problem (2.5) is still an infinite-dimensional optimization problem, but with
finitely many state constraints. This is reflected by the well known fact that the variational
inequalities (1.5) and (2.8) can be rewritten in the form

1 1
u=1Ily,, <—EB*]) + U()> and up, = 1y, <—EB*ph + UO,h) (2.10)

respectively, where 1y, , : U — U,q denotes the orthogonal projection onto U,q. Due to
the presence of Ily,g the function wy will in general not belong to X; even in the case
U = L*(Q),B = Id. This is different for the purely state constrained problem, for which
IIy,, = Id, so that u, = —éph +upp € Xp, by (2.10). In that case the space U = L2(2)
in (2.5) may be replaced by X}, to obtain the same discrete solution wuy, which results in a
finite-dimensional discrete optimization problem instead. However, we emphasize, that the
infinite-dimensional formulation of (2.5) is crucial for our numerical analysis in §3.

As a first result for (2.5) we prove that the sequence of optimal controls, states and the
measures py, are uniformly bounded.

Lemma 2.4. Let up € Uy be the optimal so}ution of (2.5) with co_rrespondz’ng state yp, € Xp
and adjoint variables pp, € Xy, and pp, € M(Q). Then there exists h > 0 so that

lynlls lunllos lenllavey <€ for all0 < h <h.
Proof. Since G(B1) is continuous, Assumption 1.1 implies that there exists § > 0 such that
G(Bu)<b—-4  in Q. (2.11)
It follows from (2.2) that there is hg > 0 with
Gn(Bu) <b inQforall 0<h< hg
so that Jy(up) < Jp() < C uniformly in h giving
lurllo, llynl| < C for all h < hy. (2.12)

Next, let u denote the unique solution to problem (1.3). We infer from (2.11) and (2.2) that
vi= %u + %ﬂ satisfies

1 1 N _d -
Qh(Bv) < §Q(Bu) + §g(Bu) + Ch2 g(”BUH + ”BUH) (2.13)
< bSO H(ul + il <b- 0w



provided that h < h,h < hg. Since v € Uuq, (2.8), (2.7), (2.12) and (2.13) imply

0 < (B*pp+ a(u, — uo,h), v — “h)U = / B(v — up)pn + a(up, — U,V — up)u
Q
= a(gh(Bv) — Yn,Ph) + a(uh — UQh,V — up)uU

= /(gh(BU) — Yn)(Yn — yo) + /(Qh(BU) — yn)dpp + a(up — ugp, v — up)u
Q a
< O ml) ) =023y
= =1

where the last equality is a consequence of (2.9). It follows that

lenllag@y = €

and the lemma is proved. |

3 Error analysis

An important ingredient in our analysis is an error bound for a solution of a Neumann
problem with a measure valued right hand side. Let A as above and consider

A*q = [ in Q

i=1\2uj=1 ijqz; + ZQ)VZ = on .

Theorem 3.1. Let i € M(Q). Then there exists a unique weak solution ¢ € L?(f2) of (3.14),
ie.

d
/ qAv = /_ vdfi Vv € H?(Q) with Z a;jVg;vj = 0 on OS).
Q Q

1,7=1

Furthermore, g belongs to W1#(Q) for all s € (1, d;fl). For the finite element approximation
qn € Xy, of q defined by

a(vp, qn) = / vpdfi for all vy, € Xj,.
0

the following error estimate holds:

_d, .
lg — anll < CR*~2|il| pye)- (3.15)

Proof. A corresponding result is proved in [1] for the case of an operator A without transport
term subject to Dirichlet conditions, but the arguments can be adapted to our situation. We
omit the details. |

We are now prepared to prove our main theorem for the optimal controls.

Theorem 3.2. Let u and up, be the solutions of (1.3) and (2.5) respectively. Then

_d
lu = unllo + lly = yullgr < ORI

If in addition Bu € WY*(Q) for some s € (1, 7%7) then

3_d
lu —unllv + |y —ynllgr < Ch2"24/|loghl.



Proof. We test (1.5) with wuy, (2.8) with u and add the resulting inequalities. This gives
(B*(p — pn) — a(uo — uo,n) + au — up), up —u),; >0,
which in turn yields
allu —upl|f < / B(up — u)(p — pr) — o (uo — uo,p, up — ) - (3.16)
Q

Let 3" := G, (Bu) € X}, and denote by p" € X}, the unique solution of

a(whaph) = /Q(y — yo)wp + /Qwhdﬂ for all wy, € Xp,.

Applying Theorem 3.1 with 1 = (y — yo)dx + p we infer
d

lp = p"I < CR*72 (ly — woll + [l pmaey)- (3.17)

Recalling that y;, = Gy (Buy),y" = Gn(Bu) and observing (2.7) as well as the definition of p”
we can rewrite the first term in (3.16)

/Q Blun — u)(p — pn) = /Q Bluy —w)(p — p) + /Q Blun - w)(p" — pr)
- /Q Blup —w)(p— ")+ alyn — " 7" — pn) (3.18)
= /QB(Uh—U)(p—ph)+/Q(y—yh)(yh—yh)+/Q(yh—yh)du—/ﬂ(yh—yh)duh
= [ B -0~y wlP+ [ -
Q Q
+/Q(yh—yh)du+/ﬁ(yh—yh)duh.

After inserting (3.18) into (3.16) and using Young’s inequality we obtain in view of (3.17),
(2.1) and (2.6)

a 1
Sl = unllg + 5lly = yull” (3.19)

< Clp—p"I + ly — "2 + lluo — uonll?) + /Q (g — ")y + /Q (5" — y)dian

< ontig /Q (v — y")da + /Q (5" — yn)diin.

It remains to estimate the integrals involving the measures p and py. Since

yh—y" S Ub=b)+(b-y) +(y—y") nQ
we deduce with the help of (1.6)

=5 < Dy (1= Vo + =9

Similarly, (2.9) implies

/(yh = yn)dpn < |lunl pm@) <”b — Inblle + |ly — yh”oo> :
Q



Inserting the above estimates into (3.19) and using Lemma 2.4 as well as an interpolation
estimate we infer

lu—upllf + ly — yul* < CR*™%+ Clly — y"|| 1. (3.20)

The estimates on ||u — uy ||y now follow from (2.2) and Lemma 2.1 respectively. Finally, in
order to bound ||y — yp|| g1 we note that

a(y — Yn,vn) = /QB(U — up)vp

for all v, € X}, from which one derives the desired estimates using standard finite element
techniques and the bounds on ||ju — up]|v. 1

Remark 3.3. Let us note that the approximation order of the controls and states in the
presence of control and state constraints is the same as in the purely state constrained case,
if Bu € W1#(Q). This assumption holds for the important example U = L?(f2), B = Id and
ug, = Pyug, with ug € H(Q) and Py, : L*(Q) — X, denoting the L?-projection, and subsets
of the form

Ugg = {v € L*(Q),a; < v < ay ae. in Q},

with bounds a;, a,, € WH#(Q), since ug € H' (), and p € WhH3(Q).

4 Implementation issues

The numerical computation of solutions to problem (2.5) is more involved than in the purely
state constrained case, i.e. Uyg = U. The latter is treated in [6] for the special case U =
L?(2). As already mentioned in Remark 2.3 the purely state constrained problem may be
substituted by a finite—dimensional one which yields the same solution uy,. Therefore, common
solution techniques for finite-dimensional optimization problems with equality and inequality
constraints can be applied for its numerical computation.

In the present situation this is definitely different, since problem (2.5) really is infinite—
dimensional, with finitely many state constraints. It is not clear at the first instance, whether
an iterative solution algorithm for this problem can be implemented on a computer without
further discretization steps, while keeping the management of information overhead bounded
with increasing number of iterations. We now sketch that this is indeed possible.

To simplify the exposition we now assume a;; = 6;;, B = Id, U = L2(2) and ug = 0,90 = 0.
We rewrite (2.5) as nonlinear, nonsmooth operator equation. To begin with, we define

A=dsit= | [Vove| | [oe vi= | [us| BB,
Q i,j=1, Q i,j=1, Q i=1,
and
Y= [?Ji]?iL P = [pi];il, M = [Mz’]?iL
where
Yn m | Yi%i
Ph (= Z Pi®i
K = il



denote the corresponding finite element representations of Y, P and M, respectively, and
u € L?*(Q). We recall that (2.8) in the present situation is equivalent to the nonsmooth

equation
1
up = Pu,, <——ph> ;
«a

and that the complementarity system in (2.9) can be equivalently rewritten in the form
M = max {0, M + ¢(Y — B)} component wise, (4.21)

where ¢ > 0 is arbitrary. Let us define the mapping G : R™ x R™ x L%(Q) x R™ — R™ x R™ x
L2(2) x R™ by
I AY U ]
AP — MY — M
u— Py, (_éph)
| M —max{0,M +c(Y — B)} |

G(Y, P,u, M) :=

Then, the first—order necessary optimality conditions y, = Gp(u) together with (2.7)—(2.9)
are equivalent to the nonsmooth system

G(Y,P,’LL}“M) :07

where wuy, denotes the solution of (2.5), and Y, P, and M the nodal representations of the
corresponding state yp, adjoint state pp, and multiplier up, respectively. Let us apply a
generalized Newton step to this system. For this purpose let [Y, P,u, M]* € R™ xR™ x L2(Q) x
R™ — R™ x R™ x L%(Q) x R™ be given. Let us define fmax := max (0, M + ¢(Y — B)) and
dmaz = diag (max’ (0, M + ¢(Y — B))). For the generalized Jacobian of G at [Y, P,u, M|
we obtain

DG(Y, P,u, M) =

4 0 - uﬂ’: 0 —

_ -M A 0 —1Idys
0 sl (=apn) e Idiag 0
—cdmazldy 0 0 Idyr — dmaxIdyy

- -

so that one generalized Newton step for the computation of [Y™, P" u™ M™]' amounts to
solving

yn 0
pn 0
DG(Y, P,u, M) = . .
u 3P0, (=apn) pu+ Pu,, (= 5pn)
| M™ | —cdmaxY — dmaxM + fmazx

From the first equation we deduce Y™ = A~1U", the second yields M™ = AP" — MA~U",
and from the third equation we obtain U™ = —éCP" + R, where the matrix C and the vector
R are defined by

m m

C = Clpp) = / 6or|  amd R= / ondi|  + / Py, <—$ph> 4
) =1 @

(= arn) Z(=%rn

m

- i=1.
1,7=1



Here, 7 (—éph) denotes the subset of 2, where —éph is inactive. Its description clearly relies
on the structure of U,4. Finally, with the substitutions from above the fourth equation leads
to

<A — dmaxA + l (M + dmazx (c]dy — M)) A_10> pP" =
!
= MA'R+ é <c Idy — M) A7'R — dmazY — dmaxM + fmazx, (4.22)

which represents a linear system for the computation of P™. We conclude, that a step of the
generalized Newton method is feasible, iff the matrix

A —dma:EA—l—é (M+dmam <c[dy —M)) A~lC

is regular. In this case, once P™ is computed, the vectors Y, M™ and the function u" are
obtained by performing the corresponding re—substitutions. Let us briefly comment on the
cases i.) Uyg = U and ii.) b = oo, i.e. no state constraints are present. In the first case the
system matrix in (4.22) takes the form

A —dmazA + é (M—I—dma:n (c[dy — M)) A7TM

and is positive definite if we choose ¢ large enough. In the second case we obtain the system
matrix

A+ lMA—lc
e}

which is positive definite since éM A~1C is positive semi-definite. In both cases the Newton
step is feasible. This reflects the fact that in these cases the adjoint variables p,p, and the
multipliers g, uj, are unique. Let us finally note that the constant ¢ in (4.21) may also be
replaced by an vector ¢ € R™ containing positive components ¢; > 0(i = 1,...,m). If one
now replaces the mass matrix M by its mass-lumped version M, the choice ¢ := diag(M)
leads to the system matrix

<A — dmaxA + éMA_lC>

in (4.22).

We note that the adjoint states p, pp, and the multipliers u, up need not be unique if state and
control constraints occur simultaneously. Necessary and sufficient conditions for the unique-
ness of multipliers in the presence of cone constraints are provided by Shapiro in [15].

The exposition in this section shows that the infinite dimensional problem (2.5) can numeri-
cally be implemented on a computer by a generalized Newton method, say, without further
discretization steps, and with keeping the management of information overhead constant in
each iteration step. Further details inc. convergence analysis for generalized Newton methods
applied to the numerical solution of (2.5) will be given in a forthcoming paper.
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