Als Manuskript gedruckt

Technische Universität Dresden Herausgeber: Der Rektor

Semidiscretization and error estimates for distributed control of the instationary Navier-Stokes equations

Klaus Deckelnick and Michael Hinze

MATH-NM-09-2001

May 2001

Contents

1 Introduction 3 2 The optimal control problem 5 3 The discrete problem 9 4 Proof of Theorem 3.1 11 5 Numerical results 18

Semidiscretization and error estimates for distributed control of the instationary Navier-Stokes equations

Klaus Deckelnick School of Mathematical Sciences, University of Sussex, Falmer, Brighton BN1 9QH, UK email: K.P.Deckelnick@sussex.ac.uk Michael Hinze Institut für Numerische Mathematik, Technische Universität Dresden D–01069 Dresden, Germany, email: hinze@math.tu-dresden.de

Abstract

Optimal control problems governed by the two-dimensional instationary Navier- Stokes equations and their spatial discretizations with finite elements are investigated. A concept of semi–discrete solutions to the control problem is introduced which is utilized to prove existence and uniqueness of discrete controls in neighbourhoods of regular continuous solutions. Furthermore, an optimal error estimate in terms of the spatial discretization parameter is given. Finally a numerical example is presented that illustrates the potential of the discrete approach.

Key words. Optimal control, instationary Navier-Stokes equations, semi-discretization, error estimates, Newton’s method.

AMS(MOS) subject classification. 49M15,49M29,65K10,76D55.

1 Introduction

This research is devoted to the analysis and error control of finite element approximations of optimal control problems involving the time dependent Navier–Stokes equations. Thus we consider

(1.1) min J(y, u) over (y, u)

subject to

(1.2) y_t − νΔy + (y · ∇)y + ∇p = Bu(t) in Ω × (0, T ) −div y = 0 in Ω × (0, T ) y(., t) = 0 on ∂Ω × (0, T ) y(., 0) = y_0 in Ω,

where Ω is a bounded domain in R^2 and T > 0. The vector valued variable y and the scalar valued variable p represent the velocity and the pressure of the fluid. Furthermore, u denotes the control variable and B the control operator. The precise setting of problem

(1.1), (1.2) will be given in Section 2. The class of functionals J, which we allow, will include tracking type functionals

(1.3) J(y, u) =^1_2 ∫_T 0 ∫ Ω |y − z|^2dx dt +^γ_2 ∫ Ω |y(T ) − z(T )|^2dx +^α_2 ∫_T 0 ∫ Ω |u|^2dx dt and functionals involving the vorticity of the fluid

(1.4) J(y, u) =^1_2 ∫_T 0 ∫ Ω |curl y|^2dx dt +^α_2 ∫_T 0 ∫ Ω |u|^2dx dt where α, γ > 0 and z are given. For the following discussion it is convenient to formally represent all the equality constraints involved in (1.2) by ê(y, p, u) = 0 so that (1.1), (1.2) can be expressed in the form (P) { min J(y, u) over (y, u) subject to ê(y, p, u) = 0.

For tackling optimal control problems governed by the instationary Navier-Stokes equations two approaches can be distinguished depending on whether (y, p) in (1.1), (1.2) are considered as independent variables or as functions of the control variable u. In the former case ê(y, p, u) = 0 represents an explicit constraint for the optimization problem whereas in the latter case ê(y(u), p(u), u) = 0 serves the purpose of describing the evaluation of (y, p) as a function of u. In fact (P ) can be expressed as the reduced problem

(P̂ ) min Ĵ(u) = J(y(u), u) over u,

where y(u) is implicitly defined via ê(y(u), p(u), u) = 0.

Candidates u^∗ for optimal solutions of problem P̂ are characterized by the first order necessary optimality condition

(1.5) Ĵ^′(u^∗) = 0

which for example can be solved by Newton’s method [10].

The following discussion is related to problem (P̂ ). In general two approaches can be distinguished to compute discrete solutions to this problem; the first approach is called first discretize then optimize and works as follows: The terms appearing in the functional Ĵ and the state equations together with the controls are discretized. The solutions of the resulting finite dimensional optimization problem then are considered as discrete approximations to the continuous optimization problem. In this research we will utilize a second method which is called first optimize then discretize. To apply it, the state and adjoint variables which appear in equation (1.5) are replaced by their discrete counterparts. This procedure gives rise to an approximation F_h of the gradient Ĵ^′ and we are left with the equation

(1.6) F_h(u^∗_h) = 0.

The corresponding solutions u^∗_h are considered as approximations of critical points of the functional Ĵ in (P̂ ). We emphasize that in this approach the control space U is not discretized explicitly but the discrete solutions u^∗_h happen to be discretized implicitly in terms of the finite element approximation λ_h of the adjoint variable λ, compare (2.12) and (3.11).

To prove the existence of solutions to (1.6) and to estimate the error between u^∗ and u^∗_h we shall use a quantified version of Newton’s method. Roughly speaking, our main result is, that under suitable assumptions on the functional J and on u^∗, there exists h_0 > 0 and a neighborhood U(u^∗) such that for every 0 < h ≤ h_0 (1.6) admits a unique solution u^∗_h. Moreover we have the error estimate

(1.7) ∫_T 0 ‖u^∗ − u^∗_h‖^2_U dt ≤ Ch^4 ∀ 0 < h ≤ h_0. Let us briefly comment on some related contributions. In [6] Gunzburger and Manservisi investigate the first discretize then optimize approach for tracking type control of the instationary Navier-Stokes equations. Among other things they prove that discrete solutions converge to solutions of the continuous problem. However they did not provide error estimates and also did not prove that in a small enough neighborhood of every regular continuous solution there exists a unique discrete solution. Similar investigations for the boundary control case are provided by the same authors in [7]. Contributions for the stationary Navier-Stokes equations are given in [5, 12, 11],and semidiscrete Ritz-Galerkin approximations of nonlinear parabolic control problems are investigated in [14, 15].

The paper is organized as follows. Section 2 contains the necessary functional analytic prerequisites. The numerical preliminaries and the concept of discrete solutions are introduced in Section 3. Section 4 contains the convergence proof and in Section 5 we present a numerical example.

2 The optimal control problem

The purpose of this section is to describe the distributed control problem, which we are going to approximate. Let Ω ⊂ R^2 be a convex polygon and H and V the closure of {v ∈ C^∞_0 (Ω) | div v = 0} in L^2(Ω)^2 and H^1(Ω)^2 respectively. Furthermore, we denote by P : L^2(Ω)^2 → H the Leray–operator.

For T > 0 we define Ω^T := Ω × (0, T ) and (∂Ω)^T := ∂Ω × (0, T ) as well as the space of time dependent functions W := L^2(0, T ; H^1_0 (Ω)^2) ∩ C^0([0, T ]; L^2(Ω)^2) endowed with the norm ‖v‖_W := sup_{0≤t≤T} ‖v(t)‖ + (∫ T 0 ‖∇v‖^2dt ) 1_2 . Here and in what follows we use ‖ · ‖ to denote the L^2–norm. Our control space is a Hilbert space ( U, (., .)_U ) and B ∈ L(U, L^2(Ω)^2) is the control operator. Now, let us fix y_0 ∈ V ∩ H^2(Ω)^2 and consider for u ∈ L^2(0, T ; U) the Navier–Stokes equations (1.2).

Since Bu ∈ L^2(0, T ; L^2(Ω)^2) and Ω is convex, standard results imply that (1.2) has a unique solution (y, p) satisfying y ∈ L^2(0, T ; H^2(Ω)^2) ∩ C^0([0, T ]; V ) with y_t, ∇p ∈ L^2(Ω^T ). Furthermore

(2.1) sup_{0≤t≤T} ‖y(t)‖_H1 + ∫_T 0 ( ‖y‖^2_H2 + ‖y_t‖^2 + ‖∇p‖^2 ) dt ≤ C = C(‖y_0‖_H1 , M) as long as ‖u‖_L2_{(0,T ;U)} ≤ M. In particular, we can consider u → y = y(u) as a mapping from L^2(0, T ; U) to W .

We shall study the following cost functional Ĵ : L^2(0, T ; U) → R:

Ĵ(u) := ϕ_0(y(T )) + ∫_T 0 Θ(y(t), t)dt + α 2 ∫_T 0 ‖u(t)‖^2_U dt where y = y(u) satisfies (1.2). The functions ϕ_0 and Θ appearing in the definition of Ĵ have the following properties:

(C1) ϕ_0 ∈ C^2(L^2(Ω)^2, R^+ ) and ϕ^′_0(ζ), ϕ^{′′}_0(ζ)v ∈ H if ζ, v ∈ H;

(i) ‖ ( ϕ^{′′}_0(ζ) − ϕ^{′′}_0(ζ̃) ) v‖ ≤ C(L)‖ζ − ζ̃‖ ‖v‖, for all ζ, ζ̃, v ∈ L^2(Ω)^2, ‖ζ‖, ‖ζ̃‖ ≤ L. (ii) If ζ, v ∈ V , then ϕ^′_0(ζ), ϕ^{′′}_0(ζ)v ∈ V and ‖ϕ^′_0(ζ)‖_H1 ≤ C(L), ‖ϕ^{′′}_0(ζ)v‖_H1 ≤ C(L)‖v‖_H1 for ‖ζ‖_H1 ≤ L. (C2) Θ : H^1_0 (Ω)^2 × [0, T ] → R^+ , D_yΘ and D_{yy}Θ are continuous and

(i) ‖ ( D_{yy}Θ(y, t) − D_{yy}Θ(ỹ, t) ) v‖_H−1 ≤ C(L)‖y − ỹ‖_H1 ‖v‖_H1 for all y, ỹ, v ∈ H^1_0 (Ω)^2, ‖y‖_H1 , ‖ỹ‖_H1 ≤ L and t ∈ [0, T ]. (ii) If y ∈ H^2(Ω)^2 ∩ H^1_0 (Ω)^2, t ∈ [0, T ], then D_yΘ(y, t) ∈ L^2(Ω)^2 and ‖D_yΘ(y, t)‖ ≤ C(L)(1 + ‖y‖_H2 ), for ‖y‖_H1 ≤ L. (iii) If v ∈ H^2(Ω)^2 ∩ H^1_0 (Ω)^2, t ∈ [0, T ], then D_{yy}Θ(y, t)v ∈ L^2(Ω)^2 and ‖D_{yy}Θ(y, t)v‖ ≤ C(L)‖v‖_H2 , for ‖y‖_H1 ≤ L. Remark 2.1. We note that

a) the above hypotheses also imply for ‖ζ‖, ‖ζ̃‖ ≤ L, ‖y‖_H1 , ‖ỹ‖_H1 ≤ L ‖ϕ^′_0(ζ) − ϕ^′_0(ζ̃)‖ ≤ C(L)‖ζ − ζ̃‖ (2.2) ‖D_yΘ(y, t) − D_yΘ(ỹ, t)‖_H−1 ≤ C(L)‖y − ỹ‖_H1 , (2.3)

b) for a given z ∈ C^0([0, T ]; V ) and γ > 0 the choices

ϕ_0(ζ) := γ 2 ∫ Ω |ζ − z(T )|^2dx, Θ(y, t) := 1 2 ∫ Ω |y − z(t)|^2dx lead to tracking–type functionals (1.3), and c) functionals (1.4) regulating the square of the vorticity are included via the choices

ϕ_0 ≡ 0, Θ(y, t) := 1 2 ∫ Ω |curl y|^2dx. The proof of the following theorem can for example be found in [1, 9].

Theorem 2.1. The problem

(2.4) min Ĵ(u) s.t. u ∈ L^2(0, T ; U) and y = y(u) satisfies (1.2)

has at least one solution u^∗.

A possible way to find a solution of (2.4) is to analyze the necessary first order optimality condition, which requires the first derivative of Ĵ. From the arguments in [1] it follows that the derivative of u → y(u) in the direction ϕ ∈ L^2(0, T ; U) is given by ⟨y^′(u), ϕ⟩ = v, where v ∈ W is the solution the linearized Navier–Stokes equations

(2.5) v_t − νΔv + (y · ∇)v + (v · ∇)y + ∇r = Bϕ in Ω^T −div v = 0 in Ω^T v(., t) = 0 on (∂Ω)^T v(., 0) = 0 in Ω.

It is not difficult to verify that (v, r) satisfies

(2.6) sup_{0≤t≤T} ‖v(t)‖^2_H1 + ∫_T 0 ( ‖v‖^2_H2 + ‖v_t‖^2 + ‖∇r‖^2 ) dt ≤ C(M)‖ϕ‖^2_L2_{(0,T ;U)} as long as ‖u‖_L2_{(0,T ;U)} ≤ M.

Thus, we obtain the following formula for the derivative of Ĵ:

⟨Ĵ^′(u), ϕ⟩ = (ϕ^′_0(y(T )), v(T )) + ∫_T 0 ⟨D_yΘ(y(t), t), v(t)⟩dt + α ∫_T 0 (u(t), ϕ(t))_U dt. In order to rewrite this expression and for later calculations it is convenient to introduce the operator R : W × L^2(0, T ; H^{−1}(Ω)^2) × L^2(Ω)^2 → W as follows: w = R(z, f, ζ) if w solves the linear backward problem

(2.7) −w_t − νΔw − (z · ∇)w + (∇z)^tw + ∇ξ = f in Ω^T −div w = 0 in Ω^T w(., t) = 0 on (∂Ω)^T w(., T ) = P ζ in Ω. An energy argument combined with the well–known inequality ‖v‖_L4 ≤^4 √ 2‖v‖^12 ‖∇v‖^12 for v ∈ H^1_0 (Ω) implies that ‖w‖_W ≤ C(K) ( ‖ζ‖ + ‖f‖_L2_{(0,T ;H}−1_) ) provided that ‖z‖_W ≤ K.

Note that under the above conditions on (z, f, ζ) the pressure in (2.7) only exists as a distribution on Ω×(0, T ) (cf. e.g. [13], Chapter III). If in addition (z, f, ζ) ∈ C^0([0, T ]; H^1_0 (Ω)^2)× L^2(Ω^T ) × V then it is possible to prove

(2.8) sup_{0≤t≤T} ‖w(t)‖^2_H1 + ∫_T 0 ( ‖w‖^2_H2 + ‖w_t‖^2 + ‖∇ξ‖^2 ) dt ≤ C(K) ( ‖ζ‖^2_H1 + ∫_T 0 ‖f‖^2dt )

as long as sup_{0≤t≤T} ‖z(t)‖_H1 ≤ K. If we now define

(2.9) λ := R ( y(u), D_yΘ(y(u), .), ϕ^′_0(y(T )) ) it is not difficult to verify using integration by parts together with the fact that P ϕ^′_0(y(T )) = ϕ^′_0(y(T )) (by (C1)) that (cf. [1]) ⟨Ĵ^′(u), ϕ⟩ = ∫_T 0 ( (λ(t), Bϕ(t)) + α(u(t), ϕ(t))_U ) dt = ∫_T 0 ( B^∗λ(t) + αu(t), ϕ(t) ) U dt for all ϕ ∈ L^2(0, T ; U). Thus, it is natural to introduce the mapping F : L^2(0, T ; U) → L^2(0, T ; U) by

(2.10) F (u) := B^∗λ + αu,

where λ is given by (2.9). The functions u that satisfy the first order optimality conditions then are precisely the zeros of F .

In what follows we shall assume that u^∗ ∈ L^2(0, T ; U) satisfies F (u^∗) = 0 and that this solution is nonsingular in the sense that

(2.11) F^′(u^∗) is an isomorphism from L^2(0, T ; U) onto L^2(0, T ; U).

It is straightforward to derive the following expression for F^′(u):

(2.12) ⟨F^′(u), ϕ⟩ = B^∗ R ( y(u), (v · ∇)λ − (∇v)^tλ + D_{yy}Θ(y(u), .)v, ϕ^{′′}_0(y(T ))v(T ) ) + αϕ, where v and λ are given by (2.5) and (2.9) respectively.

Remark 2.2. With ê from (P) the action of the reduced Hessian Ĵ^{′′}(u) associated to the control problem (P̂ ) at u ∈ U is given by (2.13) Ĵ^{′′}(u)• = ê^∗_u(y, p, u)ê^{−∗}_y (y, p, u)J_{yy}(y, u)ê^{−1}_y (y, p, u)ê_u(y, p, u) • + ê^∗_u(y, p, u)ê^{−∗}_y (y, p, u)⟨ê_{yy}(y, p, u) ( ê^{−1}_y (y, p, u)ê_u(y, p, u)•, ∘ ) , λ⟩ + J_{uu}(y, p, u)•, with λ from (2.9) and ⟨·, ·⟩ denoting the duality pairing between L^2(0, T ; H^1_0 (Ω)^2) and L^2(0, T ; H^{−1}(Ω)^2) . Clearly, Ĵ^{′′}(u) = F^′(u) with F^′(u) from (2.12). Second order sufficiency conditions for control problem (P) which ensure (2.11) are discussed in [9, 10].

3 The discrete problem

Let T_h be a triangulation of Ω with maximum mesh size h := max_{S∈Th} diam(S). We assume that T_h is uniformly regular, i.e. that each triangle S ∈ T_h contains a ball of radius κ_1h and is contained in a ball of radius κ_2h, where the constants κ_1 and κ_2 are independent of h. Our discretization of the Navier–Stokes equations uses the Taylor–Hood element, so that the velocity space H^1_0 (Ω)^2 is approximated by

X_h = {v_h ∈ C^0(Ω̄)^2 | v_{h|S} ∈ P^2(S)^2 for all S ∈ T_h, v_{h|∂Ω} = 0},

while the pressure space L^2_0(Ω) = {q ∈ L^2(Ω) | ∫ Ω qdx = 0} is approximated by

M_h = {q_h ∈ C^0(Ω̄) | q_{h|S} ∈ P^1(S) for all S ∈ T_h, ∫ Ω q_hdx = 0}. The discrete analogue of V is given by

V_h := {v_h ∈ X_h | (div v_h, q_h) = 0 for all q_h ∈ M_h}.

The L^2–projection P_h : L^2(Ω)^2 → V_h is defined by ∫ Ω (v, ϕ_h)dx = ∫ Ω (P_hv, ϕ_h)dx, ∀ϕ_h ∈ V_h and satisfies (cf. [8, I,Lemma 4.3]) (3.1) ‖v − P_hv‖ + h‖∇(v − P_hv)‖ ≤ ch^2‖D^2v‖ ∀v ∈ V ∩ H^2(Ω)^2. Furthermore, there exists an interpolation operator i_h : L^2_0(Ω) → M_h with the property that (3.2) ‖p − i_hp‖ ≤ ch‖∇p‖ ∀p ∈ L^2_0(Ω) ∩ H^1(Ω). It is convenient to introduce the following trilinear form N_h(v, w, z) := 1 2 ∫ Ω (( (v · ∇)w ) z − ( v · ∇)z ) w ) , v, w, z ∈ H^1_0 (Ω)^2,

which satisfies N_h(v, z, z) = 0 for all v, z ∈ H^1_0 (Ω)^2.

The discrete analogue of (1.2) then takes the form: given u ∈ L^2(0, T ; U), find (y_h(t), p_h(t)) ∈ X_h × M_h, 0 ≤ t ≤ T such that y_h(0) = P_hy_0 and

(y_{h,t}, ϕ_h) + ν(∇y_h, ∇ϕ_h) + N_h(y_h, y_h, ϕ_h) − (div ϕ_h, p_h) = (Bu(t), ϕ_h)

(3.3) −(div y_h, q_h) = 0

(3.4)

for all ϕ_h ∈ X_h and q_h ∈ M_h. This problem has a unique solution, which we denote by y_h = y_h(u) in order to emphasize the dependence on u. Inserting ϕ_h = y_h into (3.3) and observing that N_h(y_h, y_h, y_h) = 0 we immediately obtain the estimate

(3.5) ‖y_h‖_W ≤ C ( ‖y_0‖ + ‖u‖_L2_{(0,T ;U)} ) ≤ C(M), as long as ‖u‖_L2_{(0,T ;U)} ≤ M.

An error analysis for finite element solutions to the Navier–Stokes equations was carried out in [8, I]. A careful inspection of the proofs of Lemma 5.1 and Lemma 5.4 therein shows that the estimates (2.1) on the continuous solution (y, p) of (1.2) are sufficient to ensure that ∫_T 0 ( ‖y − y_h‖^2 + h^2‖∇(y − y_h)‖^2 ) dt ≤ ch^4 (3.6) sup 0≤t≤T ‖(y − y_h)(t)‖^2 ≤ ch^2 (3.7)

with a constant c which is uniform in u as long as ‖u‖_L2_{(0,T ;U)} ≤ M. Next, we introduce a discrete approximation R_h : W ×L^2(0, T ; H^{−1}(Ω)^2)×L^2(Ω)^2 → W to R. Given (z, f, ζ) denote by w_h = R_h(z, f, ζ) the unique solution of the discrete problem: −(w_{h,t}, ϕ_h) + ν(∇w_h, ∇ϕ_h) − ((z · ∇)w_h, ϕ_h) + ((∇z)^tw_h, ϕ_h) − (div ϕ_h, ξ_h) = ⟨f, ϕ_h⟩ (3.8) −(div w_h, q_h) = 0

(3.9)

for all ϕ_h ∈ X_h and q_h ∈ M_h, which satisfies w_h(T ) = P_hζ. Inserting ϕ_h = w_h into (3.8) one deduces the following a–priori estimate:

(3.10) ‖w_h‖_W ≤ C(K) ( ‖ζ‖ + ‖f‖_L2_{(0,T ;H}−1_{(Ω)}2 ) , provided that ‖z‖_W ≤ K.

We now define an approximation F_h : L^2(0, T ; U) → L^2(0, T ; U) to F by

(3.11) F_h(u) := B^∗λ_h + αu,

where λ_h = R_h(y_h(u), D_yΘ(y_h(u), .), ϕ^′_0(y_h(T ))).

Definition 3.1. We call u^∗_h a discrete solution of the optimality system, if F_h(u^∗_h) = 0.

In other words, u^∗_h is a discrete solution, provided the following relations hold for (y^∗_h, p^∗_h), (λ^∗_h, ξ^∗_h) ∈ X_h × M_h: y^∗_h(0) = P_hy_0, λ^∗_h(T ) = ϕ^′_0(y^∗_h(T )) and

(y^∗_{h,t}, ϕ_h) + ν(∇y^∗_h, ∇ϕ_h) + N_h(y^∗_h, y^∗_h, ϕ_h) − (div ϕ_h, p^∗_h) = (Bu^∗_h(t), ϕ_h)

(3.12) −(div y^∗_h, q_h) = 0

(3.13) −(λ^∗_{h,t}, ϕ_h) + ν(∇λ^∗_h, ∇ϕ_h) − ((y^∗_h · ∇)λ^∗_h, ϕ_h) + ((∇y^∗_h)^tλ^∗_h, ϕ_h) −(div ϕ_h, ξ^∗_h) = ⟨D_yΘ(y^∗_h, .), ϕ_h⟩

(3.14) −(div λ^∗_h, q_h) = 0

(3.15)

for all ϕ_h ∈ X_h, q_h ∈ M_h with B^∗λ^∗_h + αu^∗_h = 0. Note that we have not actually discretized the space U. Our main result can now be formulated as follows:

Theorem 3.1. Suppose that u^∗ is a solution of F (u^∗) = 0 and that (2.11) holds. Then there exist h_0 > 0, δ_0 > 0 such that for all 0 < h ≤ h_0 there is a unique discrete solution u^∗_h ∈ L^2(0, T ; U) of the optimality system satisfying ‖u^∗ − u^∗_h‖_L2_{(0,T ;U)} ≤ δ_0. Furthermore, we have for 0 < h ≤ h_0

(3.16) ‖u^∗ − u^∗_h‖_L2_{(0,T ;U)} ≤ ch^2.

The proof uses a quantified version of Newton’s method and will be presented in the next section. It is worth mentioning at this point that Newton’s method is also used in order to solve the discrete problem numerically as will be described in §5.

4 Proof of Theorem 3.1

Let us begin by stating the quantified version of Newton’s method mentioned above.

Theorem 4.1. Let X, Y be Banach spaces, u_0 ∈ X, R > 0 and G ∈ C^1(B_R(u_0), Y ). Assume that G^′(u_0) is an isomorphism of X onto Y with ‖G^′(u_0)^{−1}‖_{L(Y,X)} ≤ γ, that ‖G^′(u_0)^{−1}G(u_0)‖_Y ≤ ϵ and that ‖G^′(u) − G^′(v)‖_{L(X,Y )} ≤ K‖u − v‖_X for all u, v ∈ B_R(u_0). If (4.1) 2ϵ < R, 2Kϵγ < 1 then the problem G(u) = 0 has a unique solution ū ∈ B_{2ϵ}(u_0).

Proof. see [3, Theorem 15.6].

We shall apply the above result with the choices X = Y = L^2(0, T ; U), u_0 = u^∗, R = 1 and G = F_h, where F_h is defined in (3.11). In order to verify the corresponding conditions on F_h, we shall exploit the fact that F_h is an approximation to F together with our assumptions on F . Since F and F_h are defined in terms of R and R_h, a first step is to compare these two operators.

Lemma 4.1. Let (z, f, ζ) ∈ C^0([0, T ]; H^1_0 (Ω)^2)×L^2(Ω^T )×V , (z̃, f̃, ζ̃) ∈ W ×L^2(0, T ; H^{−1}(Ω)^2)× L^2(Ω)^2, w = R(z, f, ζ), w_h = R_h(z̃, f̃, ζ̃) and suppose that ‖z‖_W , ‖z̃‖_W ≤ K. Then there exists a constant C = C(K) such that ‖w − w_h‖_W ≤ C ( ‖w − P_hw‖_W + ‖ξ − i_hξ‖_L2_{(Ω}T_) +‖z − z̃‖_W ‖w_h‖_W + ‖P ζ − ζ̃‖ + ‖f − f̃‖_L2_{(0,T ;H}−1_{(Ω)}2_) ) .

Proof. Multiplying the first equation in (2.7) by ϕ_h ∈ X_h we obtain −(w_t, ϕ_h) + ν(∇w, ∇ϕ_h) − ((z · ∇)w, ϕ_h) + ((∇z)^tw, ϕ_h) − (div ϕ_h, ξ) = ⟨f, ϕ_h⟩. Combining this equation with (3.8) we see that e := w − w_h satisfies e(T ) = P ζ − P_hζ̃ and −(e_t, ϕ_h) + ν(∇e, ∇ϕ_h) − ((z · ∇)e, ϕ_h) + ((∇z)^te, ϕ_h) − (div ϕ_h, ξ − ξ_h) = ⟨g, ϕ_h⟩ (4.2) −(div e, q_h) = 0

(4.3) for all ϕ_h ∈ X_h, q_h ∈ M_h. Here, g ∈ L^2(0, T ; H^{−1}(Ω)^2) is given by ⟨g, ϕ⟩ = ⟨f − f̃, ϕ⟩ + (((z − z̃) · ∇)w_h, ϕ) − (((∇z)^t − (∇z̃)^t)w_h, ϕ), ϕ ∈ H^1_0 (Ω)^2. Inserting ϕ_h = P_he =: e_h ∈ V_h into (4.2) and observing that (e_t, P_he) = (P_he_t, P_he) as well as (div e_h, q_h) = 0 for all q_h ∈ M_h we obtain − 1 2 d dt ‖e_h‖^2 + ν‖∇e_h‖^2 = ν(∇e_h, ∇(P_hw − w)) + ((z · ∇)e, e_h) − ((∇z)^te, e_h) + (div e_h, ξ − i_hξ) + ⟨g, e_h⟩ ≤ ν‖∇e_h‖‖∇(w − P_hw)‖ + ‖z‖_L4 ( ‖∇e_h‖ + ‖∇(w − P_hw)‖ ) ‖e_h‖_L4 +‖∇z‖ ( ‖e_h‖_L4 + ‖w − P_hw‖_L4 ) ‖e_h‖_L4 + ‖∇e_h‖‖ξ − i_hξ‖ +‖f − f̃‖_H−1 ‖∇e_h‖ + ‖z − z̃‖_L4 ‖∇w_h‖‖e_h‖_L4 + ‖∇(z − z̃)‖‖w_h‖_L4 ‖e_h‖_L4 .

Using the interpolation inequality ‖v‖_L4 ≤^4 √ 2‖v‖^12 ‖∇v‖^12 for v ∈ H^1_0 (Ω) along with Young’s inequality we derive for β, δ > 0 − 1 2 d dt ‖e_h‖^2 + ν‖∇e_h‖^2 ≤ δ‖∇e_h‖^2 + C_δ‖∇(w − P_hw)‖^2 +C_δ(1 + ‖z‖^2)‖∇z‖^2‖e_h‖^2 + C_δ‖∇z‖^2‖w − P_hw‖^2 + C_δ‖ξ − i_hξ‖^2 +C_δ‖f − f̃‖^2_H−1 + C_δ‖z − z̃‖^2‖∇w_h‖^2 + C_δ‖∇(z − z̃)‖^2(β^2 + ‖w_h‖^2) + 1 β^2 ‖∇w_h‖^2‖e_h‖^2. If we choose δ =^ν_2 and integrate with respect to time the result is 1 2 ‖e_h(t)‖^2 + ν 2 ∫_T t ‖∇e_h‖^2ds ≤ 1 2 ‖P_h(P ζ − ζ̃)‖^2 +C(1 + ‖z‖^2_W )‖w − P_hw‖^2_W + C ∫_T 0 ‖ξ − i_hξ‖^2ds + C ∫_T 0 ‖f − f̃‖^2_H−1 ds +C(β^2 + ‖w_h‖^2_W )‖z − z̃‖^2_W + C(K) ∫_T t ( ‖∇z‖^2 + 1 β^2 ‖∇w_h‖^2 ) ‖e_h‖^2ds. Choosing β = ‖w_h‖_W and applying Gronwall’s lemma we finally obtain sup 0≤t≤T ‖e_h(t)‖^2 + ∫_T 0 ‖∇e_h‖^2dt ≤ C(K) ( ‖w − P_hw‖^2_W + ‖ξ − i_hξ‖^2_L2_{(Ω}T_)

+‖P ζ − ζ̃‖^2 + ‖f − f̃‖^2_L2_{(0,T ;H}−1_{(Ω)}2_) + ‖w_h‖^2_W ‖z − z̃‖^2_W ) and the lemma follows since w − w_h = (w − P_hw) + e_h.

Before we apply this result to derive an estimate for λ − λ_h, it is convenient to prove a uniform bound on ‖y_h(t)‖_H1 . Let us denote by J_h the Riesz projection onto X_h. Using an inverse estimate we get ‖∇y_h(t)‖ ≤ ‖∇(y_h(t) − J_hy(t))‖ + ‖∇(J_hy(t) − y(t))‖ + ‖∇y(t)‖ ≤ Ch^{−1}‖y_h(t) − J_hy(t)‖ + 3‖∇y(t)‖ ≤ Ch^{−1}‖y_h(t) − y(t)‖ + C‖∇y(t)‖. In view of (3.7) and (2.1) we obtain

(4.4) sup_{0≤t≤T} ‖y_h(t)‖_H1 ≤ C

for all u ∈ B_1(u^∗) = {u ∈ L^2(0, T ; U) | ‖u − u^∗‖_L2_{(0,T ;U)} ≤ 1}.

Lemma 4.2. Let λ = R ( y, D_yΘ(y, .), ϕ^′_0(y(T )) ) , λ_h = R_h ( y_h, D_yΘ(y_h, .), ϕ^′_0(y_h(T )) ) , where y = y(u), y_h = y_h(u), u ∈ B_1(u^∗). Then

(4.5) ‖λ − λ_h‖_W ≤ Ch for all u ∈ B_1(u^∗).

Proof. In view of the regularity of y and (C1), (C2) we have (y, D_yΘ(y, .), ϕ^′_0(y(T )) ∈ C^0([0, T ]; H^1_0 (Ω)^2) × L^2(Ω^T ) × V , so that Lemma 4.1 together with (2.1), (4.4) and Remark 2.1 implies ‖λ − λ_h‖^2_W ≤ C ( ‖λ − P_hλ‖^2_W + ‖ξ − i_hξ‖^2_L2_{(Ω}T_) + ‖y − y_h‖^2_W ‖λ_h‖^2_W

+‖ϕ^′_0(y(T )) − ϕ^′_0(y_h(T ))‖^2 + ∫_T 0 ‖D_yΘ(y, .) − D_yΘ(y_h, .)‖^2_H−1 dt ) (4.6) ≤ C ( ‖λ − P_hλ‖^2_W + ‖ξ − i_hξ‖^2_L2_{(Ω}T_) + ( 1 + ‖λ_h‖^2_W ) ‖y − y_h‖^2_W ) . Furthermore, we deduce from (C1)(ii), (C2)(ii) and (2.1) that ϕ^′_0(y(T )) ∈ V , D_yΘ(y, .) ∈ L^2(0, T ; L^2(Ω)^2) as well as

‖ϕ^′_0(y(T ))‖^2_H1 + ∫_T 0 ‖D_yΘ(y, t)‖^2dt ≤ C, so that (2.8) yields

(4.7) sup_{0≤t≤T} ‖λ(t)‖^2_H1 + ∫_T 0 ( ‖λ‖^2_H2 + ‖λ_t‖^2 + ‖∇ξ‖^2 ) dt ≤ C. In view of Remark 2.1a) (C1), (C2), (4.4), (3.10) and (3.5) we also have

(4.8) ‖λ_h‖^2_W ≤ C ( ‖ϕ^′_0(y_h(T ))‖^2 + ∫_T 0 ‖D_yΘ(y_h, t)‖^2_H−1 dt ) ≤ C.

Combining these estimates with (3.6), (3.7), (3.1) and (4.6) finally shows ‖λ − λ_h‖^2_W ≤ Ch^2 ( sup 0≤t≤T ‖λ(t)‖^2_H1 + ∫_T 0 ( ‖λ‖^2_H2 + ‖∇ξ‖^2 ) dt ) + C‖y − y_h‖^2_W ≤ Ch^2 (4.9) which concludes the proof of the lemma.

For u = u^∗ and corresponding λ^∗, λ^∗_h we also have the following Lemma 4.3. Let u^∗ be a solution of F (u^∗) = 0. Then

(4.10) ∫_T 0 ‖λ^∗ − λ^∗_h‖^2dt ≤ Ch^4, in particular, ‖F_h(u^∗)‖_L2_{(0,T ;U)} ≤ Ch^2.

Proof. The proof of (4.10) will be given in the Appendix. With the same notation as above we have F_h(u^∗) = F_h(u^∗) − F (u^∗) = B^∗(λ^∗_h − λ^∗). Therefore, ‖F_h(u^∗)‖_L2_{(0,T ;U)} ≤ C‖λ^∗ − λ^∗_h‖_L2_{(Ω}T_) ≤ Ch^2.

Our next aim is to compare F^′(u) and F^′_h(u). Recall from (2.12) that ⟨F^′(u), ϕ⟩ = B^∗η+αϕ where (4.11) η = R ( y, (v · ∇)λ − (∇v)^tλ + D_{yy}Θ(y, .)v, ϕ^{′′}_0(y(T ))v(T ) ) . We infer from (C1)(ii), (C2)(iii), (2.1), (2.6) that ϕ^{′′}_0(y(T ))v(T ) ∈ V , D_{yy}Θ(y, .)v ∈ L^2(Ω^T ) and ‖ϕ^{′′}_0(y(T ))v(T )‖^2_H1 + ∫_T 0 ‖D_{yy}Θ(y, t)v‖^2dt ≤ C ( sup 0≤t≤T ‖v(t)‖^2_H1 + ∫_T 0 ‖v‖^2_H2 dt ) ≤ C‖ϕ‖^2_L2_{(0,T ;U)}. Applying (2.8) to (4.11) and using (4.7) as well as the above estimate we arrive at sup 0≤t≤T ‖η(t)‖^2_H1 + ∫_T 0 ( ‖η‖^2_H2 + ‖η_t‖^2 + ‖∇ρ‖^2 ) dt ≤ C‖ϕ^{′′}_0(y(T ))v(T )‖^2_H1 + C ∫_T 0 ( ‖(v · ∇)λ‖^2 + ‖(∇v)^tλ‖^2 + ‖D_{yy}Θ(y, .)v‖^2 ) dt ≤ C‖ϕ‖^2_L2_{(0,T ;U)} + C ( sup 0≤t≤T ‖v(t)‖^2_H1 ∫_T 0 ‖λ‖^2_H2 dt + sup_{0≤t≤T} ‖λ(t)‖^2_H1 ∫_T 0 ‖v‖^2_H2 dt ) (4.12) ≤ C‖ϕ‖^2_L2_{(0,T ;U)}.

Similar as above we can write ⟨F^′_h(u), ϕ⟩ = B^∗η_h + αϕ, where

(4.13) η_h = R_h ( y_h, (v_h · ∇)λ_h − (∇v_h)^tλ_h + D_{yy}Θ(y_h, .)v_h, ϕ^{′′}_0(y_h(T ))v_h(T ) )

and v_h is the solution of the discrete linearized problem: v_h(0) = 0 and

(v_{h,t}, ϕ_h) + ν(∇v_h, ∇ϕ_h) + N_h(v_h, y_h, ϕ_h) + N_h(y_h, v_h, ϕ_h) − (div ϕ_h, r_h) = (Bϕ(t), ϕ_h) (4.14) −(div v_h, q_h) = 0

(4.15)

for all ϕ_h ∈ X_h, q_h ∈ M_h.

In view of the regularity (2.6) of (v, r) it is possible to prove the following error estimate ‖v − v_h‖^2_W ≤ C ( sup 0≤t≤T ‖∇v‖^2 ∫_T 0 ‖∇(y − y_h)‖^2dt + h^2 ∫_T 0 ( ‖v‖^2_H2 + ‖∇r‖^2 ) dt )

≤ Ch^2‖ϕ‖^2_L2_{(0,T ;U)}.

(4.16)

Lemma 4.4. We have for u ∈ B_1(u^∗)

(4.17) ‖F^′(u) − F^′_h(u)‖_{L(L}2_{(0,T ;U))} ≤ Ch,

in particular there exists an h_0 > 0 so that for all 0 < h ≤ h_0 F^′_h(u^∗) is an isomorphism and ‖F^′_h(u^∗)^{−1}‖_{L(L}2_{(0,T ;U))} ≤ 2‖F^′(u^∗)^{−1}‖_{L(L}2_{(0,T ;U))}.

Proof. Combining (4.11), (4.13) with Lemma 4.1 (note that ( y, (v · ∇)λ − (∇v)^tλ + D_{yy}Θ(y, .)v, ϕ^{′′}_0(y(T ))v(T ) ) ∈ C^0([0, T ]; H^1_0 (Ω)^2) × L^2(Ω^T ) × V ) and denoting the corresponding pressure by ρ we obtain ‖η − η_h‖^2_W ≤ C ( ‖η − P_hη‖^2_W + ‖ρ − i_hρ‖^2_L2_{(Ω}T_) + ‖y − y_h‖^2_W ‖η_h‖^2_W

+‖ϕ^{′′}_0(y(T ))v(T ) − ϕ^{′′}_0(y_h(T ))v_h(T )‖^2 + ∫_T 0 ‖D_{yy}Θ(y, .)v − D_{yy}Θ(y_h, .)v_h‖^2_H−1 dt + ∫_T 0 ( ‖(v · ∇)λ − (v_h · ∇)λ_h)‖^2_H−1 + ‖(∇v)^tλ − (∇v_h)^tλ_h‖^2_H−1 ) dt )

≤ Ch^2 ( sup 0≤t≤T ‖η(t)‖^2_H1 + ∫_T 0 ( ‖η‖^2_H2 + ‖∇ρ‖^2 ) dt ) (4.18) +C‖y − y_h‖^2_W ( ‖η_h‖^2_W + sup_{0≤t≤T} ‖v(t)‖^2_H1 ) + C sup_{0≤t≤T} ‖v_h(t)‖^2_H1 ‖λ − λ_h‖^2_W +C‖v − v_h‖^2_W ( 1 + sup_{0≤t≤T} ‖λ(t)‖^2_H1 ) by (3.1), (3.2), (C1)(i), (C2)(i) and (2.1), (4.4).

Let us next find a bound on ‖η_h‖_W . Applying (3.10) to (4.13) and recalling (4.4) we deduce ‖η_h‖^2_W ≤ C ( ‖ϕ^{′′}_0(y_h(T ))v_h(T )‖^2 + ∫_T 0 ‖D_{yy}Θ(y_h, .)v_h + (v_h · ∇)λ_h − (∇v_h)^tλ_h‖^2_H−1 dt )

≤ C ( ‖v_h‖^2_W + sup_{0≤t≤T} ‖v_h(t)‖^2_H1 ‖λ_h‖^2_W + sup_{0≤t≤T} ‖λ_h(t)‖^2_H1 ‖v_h‖^2_W ) . The same argument which led to (4.4) can be applied to (2.6), (4.16) and (4.7), (4.5) respectively to give (4.19) sup_{0≤t≤T} ‖v_h(t)‖_H1 ≤ C‖ϕ‖_L2_{(0,T ;U)}, sup_{0≤t≤T} ‖λ_h(t)‖_H1 ≤ C for all u ∈ B_1(u^∗).

Inserting (4.19) into our estimate for η_h we arrive at (4.20) ‖η_h‖_W ≤ C‖ϕ‖_L2_{(0,T ;U)} for all u ∈ B_1(u^∗). If we now return to (4.18) and use (4.12), (3.6), (4.20), (4.19), (4.5) and (4.16) the result is (4.21) ‖η − η_h‖_W ≤ Ch‖ϕ‖_L2_{(0,T ;U)} which implies (4.17) in view of ⟨F^′(u), ϕ⟩ − ⟨F^′_h(u), ϕ⟩ = B^∗(η − η_h). The second part of the lemma is a consequence of (2.11) and (4.17).

Finally, it remains to prove the Lipschitz continuity of F^′_h on B_1(u^∗). Lemma 4.5. We have

‖F^′_h(u) − F^′_h(ũ)‖_{L(L}2_{(0,T ;U))} ≤ C_2‖u − ũ‖_L2_{(0,T ;U)} for all u, ũ ∈ B_1(u^∗). Proof. Let ϕ ∈ L^2(0, T ; U). Clearly, ⟨F^′_h(u) − F^′_h(ũ), ϕ⟩ = B^∗(η_h − η̃_h), where η_h = R_h ( y_h, (v_h · ∇)λ_h − (∇v_h)^tλ_h + D_{yy}Θ(y_h, .)v_h, ϕ^{′′}_0(y_h(T ))v_h(T ) ) η̃_h = R_h ( ỹ_h, (ṽ_h · ∇)λ̃_h − (∇ṽ_h)^tλ̃_h + D_{yy}Θ(ỹ_h, .)ṽ_h, ϕ^{′′}_0(ỹ_h(T ))ṽ_h(T ) ) . Then η_h − η̃_h = R_h ( y_h, g, ϕ^{′′}_0(y_h(T ))v_h(T ) − ϕ^{′′}_0 (ỹ_h(T ))ṽ_h(T ) ) where ⟨g, ϕ⟩ = ⟨D_{yy}Θ(y_h, .)v_h − D_{yy}Θ(ỹ_h, .)ṽ_h, ϕ⟩ + ( (v_h · ∇)λ_h − (ṽ_h · ∇)λ̃_h, ϕ ) − ( (∇v_h)^tλ_h − (∇ṽ_h)^tλ̃_h, ϕ ) + ( ((y_h − ỹ_h) · ∇)η̃_h − ((∇y_h)^t − (∇ỹ_h)^t)η̃_h, ϕ ) for ϕ ∈ H^1_0 (Ω)^2. We use (3.10) and (C1), (C2) in order to estimate ‖η_h − η̃_h‖^2_W ≤ C ( ‖ϕ^{′′}_0(y_h(T ))v_h(T ) − ϕ^{′′}_0(ỹ_h(T ))ṽ_h(T )‖^2 + ∫_T 0 ‖g‖^2_H−1 dt )

≤ C ( ‖ ( ϕ^{′′}_0(y_h(T )) − ϕ^{′′}_0(ỹ_h(T )) ) v_h(T )‖^2 + ‖ϕ^{′′}_0(ỹ_h(T ))(v_h(T ) − ṽ_h(T ))‖^2 + ∫_T 0 ( ‖ ( D_{yy}Θ(y_h, .) − D_{yy}Θ(ỹ_h, .) ) v_h‖^2_H−1 + ‖D_{yy}Θ(ỹ_h, .)(v_h − ṽ_h)‖^2_H−1 ) dt + ∫_T 0 ( ‖(v_h · ∇)λ_h − (ṽ_h · ∇)λ̃_h‖^2_H−1 + ‖(∇v_h)^tλ_h − (∇ṽ_h)^tλ̃_h‖^2_H−1 ) dt + ∫_T 0 ( ‖((y_h − ỹ_h) · ∇)η̃_h‖^2_H−1 + ‖((∇y_h)^t − (∇ỹ_h)^t)η̃_h‖^2_H−1 ) dt )

≤ C ( ‖y_h − ỹ_h‖^2_W sup_{0≤t≤T} ‖v_h(t)‖^2_H1 + ( 1 + sup_{0≤t≤T} ‖λ_h(t)‖^2_H1 ) ‖v_h − ṽ_h‖^2_W + sup_{0≤t≤T} ‖ṽ_h(t)‖^2_H1 ‖λ_h − λ̃_h‖^2_W + ‖y_h − ỹ_h‖^2_W sup_{0≤t≤T} ‖η̃_h(t)‖^2_H1 ) . Using (4.4), (4.19) and deriving an analogous bound on sup_{0≤t≤T} ‖η̃_h(t)‖_H1 (which follows from (4.12) and (4.21)) we deduce

(4.22) ‖η_h − η̃_h‖_W ≤ C‖ϕ‖_L2_{(0,T ;U)} ( ‖y_h − ỹ_h‖_W + ‖λ_h − λ̃_h‖_W ) + C‖v_h − ṽ_h‖_W . It remains to estimate the above differences. The difference ẽ_h := y_h −ỹ_h satisfies ẽ_h(0) = 0 as well as

(ẽ_{h,t}, ϕ_h) + ν(∇ẽ_h, ∇ϕ_h) + N_h(y_h, ẽ_h, ϕ_h) + N_h(ỹ_h, ẽ_h, ϕ_h) −(div ϕ_h, r_h − r̃_h) = (B(u − ũ), ϕ_h) −(div ẽ_h, q_h) = 0

for all ϕ_h ∈ X_h and all q_h ∈ M_h. Inserting ϕ_h = ẽ_h and recalling that N_h(y_h, ẽ_h, ẽ_h) = 0 we can continue 1 2 d dt ‖ẽ_h‖^2 + ν‖∇ẽ_h‖^2 ≤ C‖u − ũ‖_U ‖ẽ_h‖ + C‖ẽ_h‖_L4 ‖ỹ_h‖_H1 ‖ẽ_h‖_H1 ≤ C‖u − ũ‖_U ‖∇ẽ_h‖ + C‖ẽ_h‖^{12} ‖∇ẽ_h‖^{32} ≤ ν 2 ‖∇ẽ_h‖^2 + C‖u − ũ‖^2 + C‖ẽ_h‖^2, where we again used (4.4). Gronwall’s lemma implies (4.23) ‖y_h − ỹ_h‖_W ≤ C‖u − ũ‖_L2_{(0,T ;U)}. Arguing in a similar way we also obtain (4.24) ‖v_h − ṽ_h‖_W ≤ C‖y_h − ỹ_h‖_W ‖ϕ‖_L2_{(0,T ;U)} ≤ C‖u − ũ‖_L2_{(0,T ;U)}‖ϕ‖_L2_{(0,T ;U)}.

Finally, λ_h − λ̃_h = R_h ( y_h, D_yΘ(y_h, .), ϕ^′_0(y_h(T )) ) − R_h ( ỹ_h, D_yΘ(ỹ_h, .), ϕ^′_0(ỹ_h(T )) ) = R_h ( y_h, D_yΘ(y_h, .) − D_yΘ(ỹ_h, .) + ((y_h − ỹ_h) · ∇)λ̃_h − ((∇y_h)^t − (∇ỹ_h)^t)λ̃_h, ϕ^′_0(y_h(T )) − ϕ^′_0(ỹ_h(T )) ) . Thus, we infer from (3.10), Remark 2.1a), (4.19) and (4.23) that ‖λ_h − λ̃_h‖^2_W ≤ C ( ‖ϕ^′_0(y_h(T )) − ϕ^′_0(ỹ_h(T ))‖^2 + ∫_T 0 ‖D_yΘ(y_h, .) − D_yΘ(ỹ_h, .)‖^2_H−1 dt + ∫_T 0 ( ‖((y_h − ỹ_h) · ∇)λ̃_h‖^2_H−1 + ‖((∇y_h)^t − (∇ỹ_h)^t)λ̃_h‖^2_H−1 ) dt )

≤ C‖y_h − ỹ_h‖^2_W ( 1 + sup_{0≤t≤T} ‖λ̃_h(t)‖^2_H1 ) ≤ C‖u − ũ‖^2_L2_{(0,T ;U)}. If we insert the above estimates into (4.22) we finally infer ‖⟨F^′_h(u) − F^′_h(ũ), ϕ⟩‖_L2_{(0,T ;U)} ≤ ‖B^∗‖ ‖η_h − η̃_h‖_L2_{(Ω}T_) ≤ C‖η_h − η̃_h‖_W ≤ C‖u − ũ‖_L2_{(0,T ;U)}‖ϕ‖_L2_{(0,T ;U)} for all ϕ ∈ L^2(0, T ; U), which implies the result.

We are now in position to prove Theorem 3.1. Lemma 4.2 and Lemma 4.3 imply that

‖F^′_h(u^∗)^{−1}‖_{L(L}2_{(0,T ;U))} ≤ γ, ‖F^′_h(u^∗)^{−1}F_h(u^∗)‖_L2_{(0,T ;U)} ≤ γC_1h^2

where γ = 2‖F^′(u^∗)^{−1}‖_{L(L}2_{(0,T ;U))}. If we choose h_0 > 0 so small that

2γC_1h^2_0 < 1, 2C_2γ^2C_1h^2_0 < 1

(C_2 as in Lemma 4.5), then Theorem 4.1 yields the existence of a unique solution u^∗_h ∈ B_{δ0} (u^∗) of the equation F_h(u) = 0 for all h ≤ h_0 with δ_0 = 2γC_1h^2_0. Repeating this argument with ϵ = γC_1h^2 we even infer that u^∗_h ∈ B_{2γC1h}2 (u^∗) for h ≤ h_0, which completes the proof of Theorem 3.1.

5 Numerical results

The control problem considered here is of tracking type and is given by (P̂ ) with cost functional Ĵ(u) := 1 2 ∫ Ω^T |y(u) − z|^2 dxdt + α 2 ∫ Ω^T |u|^2 dxdt, i.e. ϕ_0(ζ) := 0 and Θ(y, t) :=^1_2 ∫ Ω |y − z(t)|^2dx, where Ω = (0, 1) × (0, 1) and T = 2. Our control space is U := L^2(Ω)^2 and the control operator is given by B = id_L2_{(Ω)}2 . The initial value of the uncontrolled flow is chosen as y(x, 0) = e [ (cos 2πx_1 − 1) sin 2πx_2 −(cos 2πx_2 − 1) sin 2πx_1 ]

with e denoting the Euler number, and the desired state z is time–dependent and given by z(x, t) = [ φ_{x2} (x_1, x_2, t) −φ_{x1} (x_1, x_2, t) ] , where φ is defined through the stream function

φ(x_1, x_2, t) = θ(x_1, t)θ(x_2, t)

with θ(y, t) = (1 − y)^2(1 − cos 2kπt), y ∈ [0, 1].

In the calculations we chose α = 1.e−2, k = 1 and ν = 1/Re = 1/10. For the discretization in time an equidistant grid with step size δt = 0.01 is used, for the spatial discretization the Taylor-Hood finite element [4], [2] is used on a grid containing 1024 triangles with 2113 velocity and 545 pressure nodes. The number of unknowns in the discretized control problem therefore has the magnitude 1.65×10^6, including the primal, adjoint and control variables.

We applied Newton’s method to the equation F_h(u) = 0 defined in (3.11) with initial control u = 0. In every iteration step the Newton system F^′_h(u^k)(δu^k) = −F_h(u^k) itself was solved iteratively using a conjugate gradient method. Note that due to the definition of the operator R_h in (3.8)-(3.9) every iteration of the conjugate gradient method amounts to solving one forward and one backward linearized Navier-Stokes system. For further computational details see [9, Chapter 6].

In Fig. 1 (left) the desired flow at T = 2 is shown. It forms four cells with opposite flow directions near the cell borders. In Fig. 2 a snapshot of the optimally controlled flow together with a snapshot of the control force at t = T is shown. The evolution of the costs is illustrated in Fig. 1 (right). The performance of Newton’s method applied to solve for an optimal solution is illustrated in Table 1. The method takes 2 iterations to compute an optimal solution. The numerical computation of the optimal control takes about 45 minutes cpu-time on a ORIGIN 200^{T M} work station.

Appendix

In this appendix we shall prove (4.10) with the help of a duality argument. Let e := λ^∗ −λ^∗_h and denote by μ the solution of the linear problem μ_t − νΔμ + (y^∗ · ∇)μ + (μ · ∇)y^∗ + ∇q = e in Ω^T −div μ = 0 in Ω^T μ(., t) = 0 on (∂Ω)^T μ(., 0) = 0 in Ω.

Figure 1: Desired flow at t = T = 2 (left) and Evolution of the cost functional for t ∈ [0, T ] (right)

Figure 2: Optimally controlled flow (left) and optimal control force at t = 2.

Iteration CG-steps^{|Ĵ ′(u)|}_{|Ĵ ′(u0)|}^{|δuk |U}_{|δuk−1|U} Ĵ(u^k) 1 - 1.e0 - 2.385417 2 6 5.113960e-3 1. 1.612258 3 6 1.862481e-4 2.70e-2 1.611528

Table 1: Performance of Newton’s method

We infer from (2.1) that

(A.1) sup_{0≤t≤T} ‖μ(t)‖^2_H1 + ∫_T 0 ( ‖μ‖^2_H2 + ‖∇q‖^2 ) dt ≤ C ∫_T 0 ‖e‖^2dt. Using integration by parts we obtain ∫_T 0 ‖e‖^2dt = ∫_T 0 ( e, μ_t − νΔμ + (y^∗ · ∇)μ + (μ · ∇)y^∗ + ∇q ) dt (A.2) = ∫_T 0 ( −(e_t, μ) + ν(∇e, ∇μ) − ((y^∗ · ∇)e, μ) + ((∇y^∗)^te, μ) − (div e, q) ) dt + (e(T ), μ(T )). The relations (4.2), (4.3) applied to w = λ^∗, w_h = λ^∗_h yield

−(e_t, ϕ_h) + ν(∇e, ∇ϕ_h) − ((y^∗ · ∇)e, ϕ_h) + ((∇y^∗)^te, ϕ_h) − (div ϕ_h, ξ^∗ − ξ^∗_h) = ⟨g^∗, ϕ_h⟩ −(div e, q_h) = 0

for all ϕ_h ∈ X_h, q_h ∈ M_h, where g^∗ ∈ L^2(0, T ; H^{−1}(Ω)^2) is given by ⟨g^∗, ϕ⟩ = ⟨D_yΘ(y^∗, .) − D_yΘ(y^∗_h, .), ϕ⟩ + (((y^∗ − y^∗_h) · ∇)λ^∗_h, ϕ) − (((∇y^∗)^t − (∇y^∗_h)^t)λ^∗_h, ϕ). Combining the above relations for ϕ_h = P_hμ with (A.2) we deduce ∫_T 0 ‖e‖^2dt = ∫_T 0 ( ⟨g^∗, P_hμ⟩ − (div e, q) + (div (P_hμ), ξ^∗ − ξ^∗_h) ) dt + (e(T ), μ(T )) + ∫_T 0 ( −(e_t, μ − P_hμ) + ν ( ∇e, ∇(μ − P_hμ) ) − ( (y^∗ · ∇)e − (∇y^∗)^te, μ − P_hμ )) dt = ∫_T 0 ( ⟨g^∗, μ⟩ + ⟨g^∗, P_hμ − μ⟩ − (div e, q) + (div (P_hμ − μ), ξ^∗ − i_hξ^∗) ) dt + (e(T ), μ(T )) + ∫_T 0 ( −(λ^∗_t , μ − P_hμ) + ν ( ∇e, ∇(μ − P_hμ) ) − ( (y^∗ · ∇)e − (∇y^∗)^te, μ − P_hμ )) dt (A.3) = ∫_T 0 ( ⟨g^∗, μ⟩ − (div e, q) + ⟨h^∗, μ − P_hμ⟩ ) dt + (e(T ), μ(T )). Note that we have used the facts that (div P_hμ, q_h) = 0 for all q_h ∈ M_h and (λ^∗_{h,t}, μ−P_hμ) = 0. Also h^∗ is given by ⟨h^∗, ϕ⟩ = −⟨g^∗, ϕ⟩ − (div ϕ, ξ^∗ − i_hξ^∗) − (λ^∗_t , ϕ) + ν(∇e, ∇ϕ) − ( (y^∗ · ∇)e − (∇y^∗)^te, ϕ ) .

Let us estimate the terms on the right hand side of (A.2). In order to bound ⟨g^∗, μ⟩ we first use integration by parts to see ∫ Ω ((∇y^∗)^t − (∇y^∗_h)^t)λ^∗_h · ϕ = − ∫ Ω div λ^∗_h (y^∗ − y^∗_h) · ϕ − ∫ Ω ( λ^∗_h · ∇)ϕ · (y^∗ − y^∗_h) so that we deduce from (C2)(iii) and the continuous embeddings H^1(Ω) → L^4(Ω), H^2(Ω) → C^0(Ω̄) that | ∫_T 0 ⟨g^∗, μ⟩dt| ≤ ∫_T 0 |⟨D_yΘ(y^∗, .) − D_yΘ(y^∗_h, .), μ⟩|dt + ∫_T 0 ∫ Ω |y^∗ − y^∗_h| ( |∇λ^∗_h| |μ| + |λ^∗_h| |∇μ| ) dt ≤ ∫_T 0 | ∫_1 0 ⟨D_{yy}Θ(sy^∗ + (1 − s)y^∗_h, .)(y^∗ − y^∗_h), μ⟩ds|dt (A.4) +C ∫_T 0 ‖y^∗ − y^∗_h‖ ( ‖∇λ^∗_h‖ ‖μ‖_C0 + ‖λ^∗_h‖_L4 ‖∇μ‖_L4 ) dt ≤ C ∫_T 0 ‖y^∗ − y^∗_h‖ ‖μ‖_H2 dt ≤ ϵ ∫_T 0 ‖μ‖^2_H2 dt + C_ϵ ∫_T 0 ‖y^∗ − y^∗_h‖^2dt ≤ ϵ ∫_T 0 ‖e‖^2dt + C_ϵh^4 by (A.1) and (3.6). Next, recalling that (div e, q_h) = 0 for all q_h ∈ M_h we infer from (3.2), (4.5) and (A.1) | ∫_T 0 (div e, q)dt| = | ∫_T 0 (div e, q − i_hq)dt| ≤ ∫_T 0 ‖∇e‖ ‖q − i_hq‖dt ≤ Ch ∫_T 0 ‖∇e‖ ‖∇q‖dt ≤ ϵ ∫_T 0 ‖e‖^2dt + C_ϵh^2‖λ^∗ − λ^∗_h‖^2_W ≤ ϵ ∫_T 0 ‖e‖^2dt + C_ϵh^4. (A.5)

Next, we have for ϕ ∈ H^1_0 (Ω)^2 |⟨h^∗, ϕ⟩| ≤ ‖g^∗‖_H−1 ‖∇ϕ‖ + ‖ξ^∗ − i_hξ^∗‖ ‖∇ϕ‖ + ‖λ^∗_t ‖ ‖ϕ‖ + ν‖∇e‖ ‖∇ϕ‖ + C‖∇y^∗‖ ‖∇e‖ ‖∇ϕ‖ ≤ C‖∇ϕ‖ ( ‖∇(y^∗ − y^∗_h)‖ ( 1 + ‖∇λ^∗_h‖ ) + h‖∇ξ^∗‖ + ‖∇e‖ ) + ‖λ^∗_t ‖ ‖ϕ‖ ≤ C‖∇ϕ‖ ( ‖∇(y^∗ − y^∗_h)‖ + h‖∇ξ^∗‖ + ‖∇e‖ ) + ‖λ^∗_t ‖ ‖ϕ‖ by (4.19) and (3.2). As a consequence, using (3.1), (A.1), (3.6), (4.7) and (4.5) | ∫_T 0 ⟨h^∗, μ − P_hμ⟩dt| ≤ C ∫_T 0 ‖∇(μ − P_hμ)‖ ( ‖∇(y^∗ − y^∗_h)‖ + h‖∇ξ^∗‖ + ‖∇e‖ ) dt + C ∫_T 0 ‖μ − P_hμ‖ ‖λ^∗_t ‖dt ≤ Ch ∫_T 0 ‖D^2μ‖ ( ‖∇(y^∗ − y^∗_h)‖ + h‖∇ξ^∗‖ + ‖∇e‖ + h‖λ^∗_t ‖ ) dt (A.6) ≤ ϵ ∫_T 0 ‖e‖^2dt + C_ϵh^4 ∫_T 0 ( ‖∇ξ^∗‖^2 + ‖λ^∗_t ‖^2 ) dt +C_ϵh^2 ∫_T 0 ( ‖∇(y^∗ − y^∗_h)‖^2 + ‖∇(λ^∗ − λ^∗_h)‖^2 ) dt ≤ ϵ ∫_T 0 ‖e‖^2dt + C_ϵh^4. Finally, (C1)(i) and (A.1) imply |(e(T ), μ(T ))| = | ( ϕ^′_0(y^∗(T )) − ϕ^′_0(y^∗_h(T )), μ(T ) ) | ≤ C‖y^∗(T ) − y^∗_h(T )‖ ‖μ(T )‖ ≤ C sup_{t∈[0,T ]} ‖y^∗(t) − y^∗_h(t)‖ sup_{t∈[0,T ]} ‖μ(t)‖_H1 ≤ ϵ ∫_T 0 ‖e‖^2dt + C_ϵ sup_{t∈[0,T ]} ‖y^∗(t) − y^∗_h(t)‖^2.

(A.7)

In order to estimate the last term, we note that u^∗ is a solution of B^∗λ^∗ + αu^∗ = 0 so that the right hand side Bu^∗ in (1.2) and (3.3) respectively satisfies

(A.8) ∫_T 0 ‖(Bu^∗)_t‖^2dt = ∫_T 0 ‖ 1 α BB^∗λ^∗_t ‖^2dt ≤ C ∫_T 0 ‖λ^∗_t ‖^2dt ≤ C. A careful inspection of the calculations in §2 of [8, I] shows that (A.8) together with the fact that y_0 ∈ V ∩ H^2(Ω)^2 implies sup t∈[0,T ] ( ‖y^∗(t)‖_H2 + ‖∇p^∗(t)‖ ) ≤ C, ∫_T 0 σ(t) ( ‖y^∗_t ‖^2_H2 + ‖∇p^∗_t ‖^2 ) dt ≤ C, where σ(t) = min(t, 1). The error analysis in §5 of [8, I] then yields

(A.9) sup_{t∈[0,T ]} ‖(y^∗ − y^∗_h)(t)‖ ≤ Ch^2.

Inserting (A.4)–(A.7), (A.9) into (A.3) and choosing ϵ sufficiently small, the result is ∫_T 0 ‖λ^∗ − λ^∗_h‖^2dt = ∫_T 0 ‖e‖^2dt ≤ Ch^4, which proves (4.10).

Acknowledgments

The second author acknowledges the support of the Special Research Grant SFB 557 Beeinflussung komplexer turbulenter Scherströmungen, sponsored by the Deutsche Forschungsgemeinschaft.

References

[1] Abergel, F. & Temam, R. On some Control Problems in Fluid Mechanics. Theoret.

Comput. Fluid Dynamics, 1:303–325, 1990.

[2] Bänsch, E. An adaptive Finite-Element-Strategy for the three-dimensional timedependent Navier-Stokes-Equations. J. Comp. Math., 36:3–28, 1991.

[3] Deimling, K. Nonlinear Functional Analysis. Springer, Berlin, 1985.

[4] Girault, V. & Raviart, P.A. Finite element methods for Navier-Stokes equations.

Springer-Verlag, 1987.

[5] Gunzburger, M.D.; Hou, L.S. & Svobodny, T.P. Analysis and finite element approximation of optimal control problems for the stationary Navier-Stokes equations with Dirichlet boundary controls. M^2AN, 25(6):711–748, 1991.

[6] Gunzburger, M.D. & Manservisi, S. Analysis and approximation of the velocity tracking problem for Navier-Stokes flows with distributed control. Siam J. Numer. Anal., 37:1481–1512, 2000.

[7] Gunzburger, M.D. & Manservisi, S. The velocity tracking problem for Navier- Stokes flows with boundary controls. Siam J. Control and Optimization, 39:594–634, 2000.

[8] Heywood, J.G. & Rannacher, R. Finite-element approximation of the nonstationary Navier-Stokes problem, I-IV. SIAM J. Numer. Anal., 19:275-311,23:750- 777,25:489-512,27:353-384, 1982-1990.

[9] Hinze, M. Optimal and instantaneous control of the instationary Navier-Stokes equations. Habilitationsschrift, 1999. Fachbereich Mathematik, Technische Universität Berlin.

[10] Hinze, M. & Kunisch, K. Second order methods for optimal control of timedependent fluid flow. Bericht Nr. 165, Spezialforschungsbereich Optimierung und Kontrolle, 1999. Institut für Mathematik, Karl-Franzens-Universität Graz, to appear in Siam J. Control and Optimization.

[11] Hou, L.S. & Ravindran, S.S. Numerical approximation of optimal flow control problems by a penalty method: error estimates and numerical results. SIAM J. Sci. Comput., 20:1753–1777, 1999.

[12] Hou, L.S. & Svobodny, T.P. Optimization Problems for the Navier-Stokes Equations with Regular Boundary Controls. J. Math. Anal. Appl., 177:342–367, 1993.

[13] Temam, R. Navier-Stokes Equations. North-Holland, 1979.

[14] Tröltzsch, F. On convergence of semidiscrete Ritz-Galerkin Schemes applied to the boundary control of parabolic equations with nonlinear boundary condition. ZAMM, 72:291–301, 1992.

[15] Tröltzsch, F. Semidiscrete Ritz-Galerkin Approximation of nonlinear parabolic boundary control problems. International Series of Numerical Mathematics, 111, 1993.